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A B S T R A C T 

The non-linear, partial differential equations of magnetohydrodynamics are iterated simultane
ously by computer to determine the time development of a single sunspot. Axisymmetry and incom-
pressibility are assumed. The initial conditions are (1) zero velocity everywhere, and (2) the magnetic-
field distribution of a ring current embedded in the photosphere. The initial magnetic field is then 
allowed to relax by magnetic diffusion and by the creation of a velocity field. It is shown that (1) 
Evershed motion outward from the sunspot will develop from reasonable initial parameters, and (2) 
the growth rate of the magnetic configuration depends on the strength of the initial magnetic field. 

O n e of t he m o s t in t e res t ing p r o b l e m s c o n c e r n e d wi th t h e s u n s p o t p h e n o m e n o n is 
t h e o r ig in of t h e E v e r s h e d m o t i o n . I n a n a t t e m p t t o find s o m e c lues t o th i s p r o b l e m , 
we h a v e e x a m i n e d the M H D e q u a t i o n s in t h e non- l inea r , t i m e - d e p e n d e n t f o r m by 
n u m e r i c a l m e t h o d s . T h e m a g n e t i c a n d veloci ty fields a r e s t rong ly c o u p l e d wi th o n e 
a n o t h e r t h r o u g h t h e n o n - l i n e a r t e r m s in t h e differential e q u a t i o n s . M a g n e t i c forces 
acce le ra te the fluid via t h e J x B t e r m in the e q u a t i o n of m o t i o n a n d t h e fluid flow 
d i s t o r t s t he m a g n e t i c field via t h e V x (v x B) t e r m in t he e q u a t i o n for m a g n e t i c field. 
W e l imi t ourse lves t o a n i n c o m p r e s s i b l e m e d i u m a n d t o an a x i s y m m e t r i c s u n s p o t . 
W e neglec t t e m p e r a t u r e g r a d i e n t s . O u r p r i m a r y c o n c e r n is t h e acce l e ra t i on of fluid by 
J x B forces a n d t h e d i s t o r t i o n of t h e m a g n e t i c field by the fluid m o t i o n s . O u r ini t ial 
c o n d i t i o n s (i.e. a t t ime / = 0) a r e (1) ze ro veloci ty eve rywhere , a n d (2) t h e m a g n e t i c -
field d i s t r i b u t i o n of a r ing c u r r e n t e m b e d d e d in t h e p h o t o s p h e r e . T h e in i t ia l m a g n e t i c 
field is t h e n a l lowed t o d i s s ipa t e b y b o t h m a g n e t i c diffusion a n d t h e c r e a t i o n of a 
ve loc i ty field. 

O u r a b s t r a c t i o n f rom a rea l s u n s p o t t o an a x i s y m m e t r i c r i ng c u r r e n t in a n in
c o m p r e s s i b l e fluid wi th n o t e m p e r a t u r e g r a d i e n t s is s o m e w h a t severe . H o w e v e r , t h e 
a d v a n t a g e of a s imple c a l c u l a t i o n is t h a t we k n o w exac t ly w h a t phys ic s h a s been 
i n c l u d e d a n d w h a t a s s u m p t i o n s h a v e been m a d e . W e c a n t h e r e f o r e d e t e r m i n e in 
de ta i l t h e i n t e r ac t i ons of a few phys ica l p a r a m e t e r s . 

* Presented by M. D . Altschuler. 

Kiepenheuer feci). Structure and Development of Solar Active Regions, 193-200. G I.A.U. 
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In t h e absence of t e m p e r a t u r e g r a d i e n t s a n d dens i ty g r a d i e n t s , t h e r e a r e n o p re s su re 
g r a d i e n t s t o res t ra in the J x B forces , a n d a m a g n e t o s t a t i c m o d e l of a s u n s p o t c a n n o t 
evo lve . 

T h e e q u a t i o n s t h a t we wish t o solve a r e ( G a u s s i a n un i t s ) 

= V x V X B - M V X B (1) 
dt V ' ) 

8(\ x v) R I , X , X 2 I 
= V x — (V x B) x B — (V x v) x v -h vV v (2) 

dt \_4np J 

V -v = 0 , (3) 

w h e r e rj is t he m a g n e t i c diffusivity, v is t he viscosi ty ( a s s u m e d c o n s t a n t ) , a n d g is the 
dens i ty . A c o n s t a n t force of g rav i ty a n d a sca la r p re s su re m a y be i n c l u d e d in E q u a t i o n 
(2) , b u t they h a v e abso lu t e ly n o effect o n t he t i m e d e v e l o p m e n t of t h e m a g n e t i c a n d 
veloci ty fields in a c o n s t a n t dens i ty ( h o m o g e n e o u s ) a t m o s p h e r e , a n d v a n i s h w h e n t h e 
cur l o p e r a t o r is app l i ed . By t h e s a m e t o k e n , on ly t h e t e n s i o n d u e t o t h e c u r v a t u r e of 
t h e m a g n e t i c field affects t h e ve loc i ty . 

T o simplify t h e g e o m e t r y ( a n d dec rease t he n u m b e r of e q u a t i o n s ) , we a s s u m e the 
s u n s p o t t o be a x i s y m m e t r i c , t h e so l a r p l a s m a t o be i n c o m p r e s s i b l e , a n d t h e a z i m u t h a l 
fields t o be z e r o . E q u a t i o n s (1) a n d (2) c a n t h e n be wr i t t en in cy l indr ica l c o o r d i n a t e s in 
t h e sca la r fo rm ( C h a n d r a s e k h a r , 1956) 

dP 1 d(r2P,r2U) 
~=nAsP- 3 - l - -• • (4) 
dt r d ( z , r ) 

dA5U 1 d(A5P, r2P) d(A5U,r2U) / x 

r = v 5 - v 5 J + v F ( ( 7 ) , (5) 

w h e r e 

, x d2(A5U) 1 d2 , , x 1 3 / ? 

F(U)^r V >+ (r2A5V)- (r2A5U) (6) 
oz r dr r dr 

^9)sSfdg _dfdg 
d(z, r) dz dr dr dz 

(7) 

a n d 

5 dr2 r dr"^ dz2 ' ^ 

w h e r e z c o r r e s p o n d s t o t h e s u n s p o t ax is . T h e m a g n e t i c a n d ve loc i ty v e c t o r s a r e re la ted 
t o t h e sca la r s P a n d U b y t h e r e l a t i o n s 

B = - r 
(dp\ R I d / 9 1 
( r + (r2P) t (9) 
\oz J [_r or 
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O u r task is t o i t e ra te E q u a t i o n s (4) a n d (5) s i m u l t a n e o u s l y by n u m e r i c a l m e t h o d s . 
O u r ini t ial m a g n e t i c field is essent ia l ly t h a t of a r i ng c u r r e n t w i th a r a d i u s of 1000 

k m , a c u r r e n t of 2 x 1 0 1 1 a m p e r e s , a n d a d ipo le m o m e n t o f 6-3 x 1 0 2 6 gauss c m 3 

( = 6-3 x 1 0 2 3 a m p m 2 ) . W e h a v e modif ied t h e field in t h e r eg i o n i m m e d i a t e l y sur
r o u n d i n g t h e r ing t o a v o i d t h e s ingular i ty . ' F i g u r e 1 s h o w s o u r a s s u m e d in i t ia l m a g n e t i c 
field. T h e h ighes t field s t r e n g t h ( a t t h e p o i n t m a r k e d H) is 1800 g a u s s . T h e ini t ia l 
veloci ty field is c h o s e n t o be z e r o a t every p o i n t . T h e dens i ty is t a k e n t o b e Q = 1 0 " 7 

g m / c m 3 , t he viscosi ty t o be v = 1 0 1 2 c m 2 / s e c , a n d t h e m a g n e t i c diffusivity t o be 
rj = 1 0 1 0 c m 2 / s e c . T h e t i m e scale for t h e diffusion of m a g n e t i c field ac ro s s 1000 k m is 
l}/n=l0b sec. Since we will be l imi ted t o on ly a b o u t 1 h o u r of d e v e l o p m e n t , m a g n e t i c 
diffusion d o e s n o t affect t h e resu l t s of t he ca l cu l a t i on . 

F igu res 2a a n d 2b s h o w t h e m a g n e t i c a n d veloci ty fields after 10 sec of d e v e l o p m e n t ; 
F igu re s 3a a n d 3b s h o w t h e fields after 100 s e c ; F igu re s 4a a n d 4 b s h o w t h e fields after 
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F I G . 1. The initial magnetic field. There is symmetry around the z-axis (r = 0) and with respect 
to the z = 0 plane. The r- and z-axes are calibrated in units of JO3 km. The H (high) locates the maxi
mum B of 1780 gauss; the L (low) locates the minimum B of 70 gauss. The contours extend to 1600 
gauss in steps of 200 gauss. 
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F I G . 2a. The magnetic field after 10 sec of development. Same scaling as in Figure 1. At H the value 
of B is 1750 gauss and at L the value is 55 gauss. 
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F I G . 2b. The velocity field after 10 sec of development. The contours are in steps of 500 m!sec. At 
H the maximum velocity is 1970 m/sec; at L the minimum velocity is 250 ml sec. 
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F I G . 3a. The magnetic field after 100 sec of development. Same scaling as in Figure 1. At H ( r = 0-3), 
B equals 760 gauss; at H (r = 1-1), B equals 820 gauss; at L (z = 0), B equals 20gauss. 
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F I G . 3 b. The velocity field after 100 sec of development. Same scaling as in Figure 2b. At H,v equals 
7130 mj sec; at L (r --=•- 0-3) v equals 120 mjsec; at L ( y 1-3), v • 210 ml see. 
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F I G . 4a. The magnetic field after 1000 sec of development. Same scaling as in Figure 1. At 
H (r = 0-3), B equals 220gauss; at H (r = 2-3), B equals 190gauss; at L, B equals 40gauss. 

4 - L 

2 -4 

F I G . 4b. The velocity field after 1000 sec of development. Same scaling as in Figure 2b. At 
H (r 0-3), v equals 1630 m/sec; at H(r 2-1), v equals 1590 m/sec; at L(r -2-3), r equals 
210 m/sec. 
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1000 sec. A l t h o u g h we h a v e c a r r i e d t h e c o m p u t a t i o n t o 1 0 4 sec, t hese ea r ly devel
o p m e n t s (in l o g a r i t h m i c t i m e s teps) s h o w the ac tua l d e v e l o p m e n t of t he velocity 
p a t t e r n . 

A careful e x a m i n a t i o n of t hese d i a g r a m s ind ica te s t h a t t h e magnet ic - f ie ld c o n 
f igura t ion is f rozen to t h e m o v i n g fluid, a n d t h a t the fluid veloci ty is a p p r o a c h i n g the 
Alfven veloci ty in t he r i n g - c u r r e n t r eg ion . T h e m a g n e t i c field, a l t h o u g h p e r p e n d i c u l a r 
t o t h e veloci ty field a t sma l l | z | , is swep t a l o n g b y t h e flow. N e a r t h e s u n s p o t axis , t h e 
m a g n e t i c a n d veloci ty fields a r e pa ra l l e l . 

T h e flow is r ad ia l ly o u t w a r d f r o m t h e s u n s p o t axis for | z | < 1500 k m , a n d rad ia l ly 
i n w a r d for \z\ > 1500 k m . T h i s resu l t is i n d e p e n d e n t of t h e m a g n e t i c p o l a r i t y of t h e 
s u n s p o t , a n d is s t rong ly sugges t ive o f t h e E v e r s h e d m o t i o n . T h e flow p a t t e r n r e sembles 
a v o r t e x r ing . A s t h e m a g n e t i c con f igu ra t ion e x p a n d s , t h e vo r t ex r ing e x p a n d s in s tep . 

T h i s ca lcu la t ion , wh ich app l i e s t o a la rge m a g n e t i c field a n d negl ig ib le m a g n e t i c 
diffusion (i.e., t o L u n d q u i s t n u m b e r Lu = vAL/rj$> 1), s h o w s t h a t a s t r o n g (non - l i nea r ) 
i n t e r a c t i o n be tween t h e m a g n e t i c a n d veloci ty fields achieves a n e q u i p a r t i t i o n be tween 
t h e k ine t ic a n d m a g n e t i c - e n e r g y dens i t ies . T h e t ime scale for t h e g r o w t h of t h e 
m a g n e t i c conf igu ra t ion is L/vA, w h e r e L is t h e scale l eng th for m a g n e t i c v a r i a t i o n s 
( ^ 1000 k m ) a n d vA is t h e Alfven veloci ty . 

A s imi la r ca l cu l a t ion for w e a k m a g n e t i c fields a n d la rge m a g n e t i c diffusion (Lu = 
vAL/rj<^l) i nd ica te s t h a t t h e dr if t of t h e m a g n e t i c field c o r r e s p o n d s t o a t i m e scale 
L2/rj. Never the less , a s m a l l - m a g n i t u d e E v e r s h e d flow p a t t e r n still r esu l t s . 

F o r different ini t ia l L u n d q u i s t n u m b e r s a n d field s t r e n g t h s , t h e m a g n e t i c field c a n 
d e v e l o p t o w a r d d i ss imi la r con f igu ra t i ons . 

O u r ca l cu la t ions s h o w t h a t t h e ex is tence of m a g n e t i c forces is a sufficient c o n d i t i o n 
for t h e d e v e l o p m e n t of E v e r s h e d m o t i o n . F u r t h e r w o r k is n e e d e d t o d e t e r m i n e w h e t h e r 
m a g n e t i c forces a r e a l so a necessa ry c o n d i t i o n . 

W e c o n c l u d e : 
(1) T h e Eve r shed m o t i o n is p r o b a b l y t he resu l t of J x B forces which a r e r ad ia l to 

t h e axis of t he s u n s p o t in t h e p h o t o s p h e r i c r eg ion . 
(2) T h e flow is p e r p e n d i c u l a r t o t h e d i r ec t ion of m a g n e t i c field n e a r t h e edge of t h e 

s u n s p o t (whe re t h e c u r r e n t V x B is c o n c e n t r a t e d ) , a n d para l le l t o t h e m a g n e t i c field 
n e a r t h e s u n s p o t axis . 

(3) T h e E v e r s h e d flow m a y be t h e m o s t i m p o r t a n t f ac to r in t h e d e c a y of s u n s p o t s . 
W e h a v e ref ra ined f r o m a de ta i l ed c o m p a r i s o n of o u r resul ts wi th o b s e r v a t i o n a l 

d a t a , because o u r a s s u m p t i o n of incompress ib i l i t y a n d t h e c o n s e q u e n t omi s s ion of 
t h e r m a l p re s su re g r a d i e n t s a r e severe . F u r t h e r d e v e l o p m e n t of o u r n u m e r i c a l m o d e l 
will even tua l ly jus t i fy a t h o r o u g h c o m p a r i s o n of t h e o r y a n d o b s e r v a t i o n . 

Reference 
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D I S C U S S I O N 

Jager: In your calculations what did you assume for the magnetic-energy density compared with 
the energy density of matter? 

Altschuler: The initial condition is a medium of constant density which is nowhere in motion. 
As the magnetic-field configuration relaxes, magnetic energy is converted into kinetic energy by the 
J X B forces. 

F. Meyer: I would like to add a remark of caution, if I may, with respect to the direct comparison 
of your computations with real sunspots. In your model you basically compute the development of 
a ring current in an incompressible medium. At the outset this current is in unequilibrium with the 
surroundings and then expands to achieve a lower energy configuration. This all occurs in a few 
hours, comparable to the traveling times of Alfven waves. The much longer life-times of real sunspots 
indicate that they are basically in equilibrium with their surroundings. The forces leading to motions 
and changes here seem to be of convective type as evidence by the granulation, supergranulation and 
the penumbral convection rolls of Danie lson. Thus it seems important to include the energy transport 
in the treatment. That this is much more complicated I think we all know. 

Altschuler: Your points are well taken. W e agree completely. 
Sturrock: Your theory assumes that the Evershed effect is a transient phenomenon peculiar to the 

decay phase of sunspots. I believe that observations do not support this assumption. If the Evershed 
effect can occur in a sunspot which is virtually in a steady state, one must look for a power supply, 
not an energy supply. I suggest that the 'missing power' mentioned by Dr . Danie lson, associated 
with the reduced radiation from sunspots, may in fact be the power which drives the Evershed effect. 

Altschuler: We did this calculation in order to understand as much as possible about the behavior 
of a few physical parameters, rather than to understand only a little about the behavior of a great 
many parameters. If we could understand in detail how the missing power from sunspots is converted 
into Evershed motion, we would have much of the problem solved. 
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