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Let Q2 be the weakly pseudoconvex domain
(- s2) EC: 221 + - - -+, < 1},

and let 32 be its boundary. If ¢ € L*®(32), we denote by 7, the Toeplitz operator with symbol ¢
acting on the Hardy space H%(9Q), and by J(8Q) the C*-subalgebra of B(H X(3R)) generated by the
Toeplitz operators with continuous symbol. Our main theorem asserts that J(9Q) contains the ideal
K of all compact operators on H?(3%), and that the symbol map ¢ — T, induces an isomorphism of
C(3Q) onto the quotient C*-algebra T (9Q2)/ K. Similar results have been established before for other
domains, and in particular when Q is strongly pseudoconvex. The main interest of our results lies in
their proofs: ours are elementary, whereas those used in the strongly pseudoconvex case depend
heavily on the theory of the tangential Cauchy-Riemann operator.

1980 Mathematics subject classification (Amer. Math. Soc.): primary 47 B 35; secondary 32 F 15,
46 L 05.

Let Q be a bounded domain in C* with smooth boundary 9%, and let L%(952) be
the space of functions on 02 which are square integrable with respect to the
usual surface measure on 0f2. The smooth functions on 92 which extend to be
holomorphic in  span a closed subspace H2%(dR) of L%(d2); we denote by P the
orthogonal projection of L%9$) onto H?*(RQ). If ¢ € L=(RQ) the Toeplitz
operator with symbol ¢ is the bounded operator on H?*(9%2) defined by ()=
P(qf). These operators have been studied in several special cases: notably, when
Q is the unit disc in C, when  is the unit ball in C", and when & is strongly
pseudoconvex (references are given in, for example, Jewell and Krantz (1979)).

©Copyright Australian Mathematical Society 1981
1

https://doi.org/10.1017/51446788700018437 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018437

2 David Crocker and Iain Raeburn [2]

We shall consider Toeplitz operators on the domain

Q= {(zl, e Z) ECE D ¥ < 1},

i=1
where p = (p,, ..., p,) is an n-tuple of positive integers. If some p, is greater
than 1, these domains are pseudoconvex, but are not strongly pseudoconvex at
points of the boundary where z; vanishes (see, for example, D’Angelo (1978),
page 260). Two of these domains are biholomorphically equivalent only if the
corresponding p;’s are the same up to permutation (see, for example, Webster
(1979), section 6). We shall suppose n > 1 to avoid trivialities.

Our main result (Theorem 2.1) concerns the closed subalgebra F(9Q) of
B(H?3Q)) generated by {T,: p € C(3)}. It asserts that F(3Q) contains the
ideal K(H?*@©R)) of compact operators, and that the quotient C*-algebra
5 / K(H?) is isomorphic to C(32). This result is known for other choices of the
domain 2: when € is the unit ball (that is, when each p, = 1) it appears in
Coburn (1973), and it was proved for general strongly pseudoconvex domains
(and n > 2) by Raeburn (1978), and by Sato and Yabuta (1978). The crux of the
argument in this last case is to show that for ¢ € C(0f2) the operator
(I — P)M,: H?> - L is compact (where M_, stands for multiplication by ¢); the
proof of this uses the theory of the tangential Cauchy—-Riemann operator 9, (see
Foliand and Kohn (1972)). This theory is not available in our setting; since the
Levi form of © has zero eigenvalues at points of 92 where z; = 0 and p, > 1
(D’Angelo (1978), top of p. 260), the domain does not satisfy condition Y(1) of
Folland and Kohn (1972), p. 94. The compactness of (I — P)M, is used to show
that the commutators 7,7, — T, T, of Toeplitz operators are compact; we do it
here by calculating matrix entries relative to a fixed basis for H*(9).

In fact it turns out to be easier to do the necessary calculations for Toeplitz
operators defined in the interior, so we do this first in section 1. We then show
that the two notions of Toeplitz operators are the same up to compact perturba-
tion, and hence deduce our main theorem from the corresponding result in the
interior (section 2). Our third section contains a few remarks on some related
results which fall out without much extra effort; in particular, we consider
Toeplitz operators with other than continuous symbols.

Throughout this paper, £ will be a fixed domain of the type introduced above,
and 02 will be its boundary. We shall use the usual multi-index notation: thus
z' = z{r. .- z»and |I| = Zi. We shall write e, for the multi-index with a 1 in
the ith slot and 0’s elsewhere, so that, for example, I + e, = (i, + 1, i,, . .., i)
If H is a Hilbert space, B(H) will be the algebra of all bounded operators on H
and K(H) the ideal of compact operators. The Hilbert spaces L*(2) and L%(3%)
are those associated to the usual Lebesgue measure dV on € and surface
measure dS on 9€2.
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1. Toeplitz operators acting in the interior

We denote by H*R) the closed subspace of L*) consisting of those
functions which are holomorphic in €, and we let Q: L) - H*Q) be the
orthogonal projection. If ¢ € C(R) then the Toeplitz operator S, with symbol ¢
is the bounded operator on H %) defined by So(f) = O(gf). We let () be the
C*-subalgebra of B(H*)) generated by {S: ¢ € C(S—Z)}. This section is
devoted to proving the following theorem:

THEOREM 1.1. The C*-algebra F(Q) contains the ideal K(H*Q)) and the map
S, = @lag induces an isomorphism of T()/ K(H?) onto C(3%).

We prove that 9(Q) O K(H? by the standard technique (see Douglas
(1972a), Theorem 5.39) of showing that 5 () is irreducible and contains nonzero
compact operators. The argument used in the first part of Raeburn (1978),
Theorem 2.2 shows that I () is irreducible, and we shall see later that there are
plenty of non-zero compact operators of the form S_S, — S,,,.

The isomorphism §: ¥ /K — C(3%) is defined by &S, + K) = @|ag; to show
that £ is well-defined we need to prove' that if S, is compact then @lyq is
identically zero. This will follow from the argument used in the proof of
Raeburn (1978), Theorem 2.3, if we can construct holomorphic functions which
peak at points of 9Q. One way to do this is to observe that if w € 3%, then

1
fi(2) = - z e

satisfies | f,(z)] € 1 on 2, and f,(z) = 1 only if zp = whi so that f, peaks locally
at w € 92, and then to use the construction of Hakim and Sibony (1977),
Rémarque 2 to obtain a global peak function. The map £ is *-linear, is clearly
onto, and is injective by (a slight generalization of) Theorem 2.3 of Venugopalk-
rishna (1972), so all that remains is to show that £ is a homomorphism.

Thus we have to prove that S,S, — S, is compact for each ¢, y € C(Q). By
the Stone-Weierstrass theorem and the linearity of the map ¢ — S, we need only
consider ¢ and y of the form z’z7, and some elementary manipulations show it
is enough to prove that each operator of the form

Sz,Sz‘, - Sz,z,
is compact (and since these are not zero, this will also complete the proof that
J(Q) o K(H?). We shall prove these are compact by calculating their matrix
entries in a suitable orthonormal basis.

! This is not enough. It is more satisfactory to define n = C(3Q) — F/K by n(¢p) = Sy

+ K, where ¢ € C(Q) satisfies y|5q = ¢; the properties of the S, established here, used
in a different order, show that % is well-defined and an isomorphism.
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We shall parametrize @ by
Q= {(y}/@”"e‘”i),'-'.l: v, €[0,1],6, €[0, 27], Sy, < 1};

the volume measure on {2 is then given by

dv = ( 11 1 Y(I/Pi)_l) dy,- - dvy,dl,- - -,

i=1 <P;
It is easy to see that {z’: I > 0} is an orthogonal set in H % ), and since € is
polynomially convex, the Oka-Weil theorem implies that they span H?(Q).
Hence an orthonormal basis for H*(R) is given by {e’: I > 0} where e’ =

z?/||z")|. Simple calculations show that
I+e,
277 i
S (el) = “
" (B8

and, since 7 z7 is orthogonal to every z7 except z/ ™%,
r

e
b

I
S;(e’) =1 1271 [ E2 [Ea

0 (i =0).

Similarly we can compute S, ;, and if s # r we obtain

0 (=0
(5,85 = S,5)(e) = (lIZ'”'“"II [ IO -t )em,-e. (i, > 0)
— _ s *
llz!=%|? 27|l 1127+
Thus to prove that S, S; — S,; is compact in the case s # r, we have to show
P 2, Mz, z,2,
that
I+e —e 1 I+e 2
Z r s z z r
e e
fz7~%|| Iz ([z7F %~

For n = 2 the following elementary lemma is a well-known property of the
beta function; the general result can be deduced from the n = 2 case by
induction.

LEMMA 12. Let A, = {(Yy, - - -» Yo' V; €10, 1] and 3y, < 1}, and suppose that
o> -1forj=1,...,n Then

f(,ﬁyﬁ)dyl-..dy"= ,.EI,F(wnl) |
8\ =1 I‘(n+1+2aj)

Jj=1
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COROLLARY 1.3 (D’Angelo (1978), Lemma 2).

ar [ & i+ 1 noh+ 1
IIZ'I12=—(HI‘(——) I‘( +1).
lel\;<i \ » / ,-% P
After a bit of simplification, it follows that
i+ 2 i+ 1
F(a + i)r(a + i)r( r )r( ' )
p.y pr pr p.\‘

1 1\2 (i +1 i
Na+—+—|T I'f—
pr p; pr pS

11
T(a)T{a + — + =
(@) (a P, ps)

F(a + i)I‘(a + i)
p, Py

where we have set

1/2

)| =

_1,

i+ 1 ]
a=( > 2 )+—l’—+l.

j=lj*s P Ps
Thus
,B(b + L c)B(d + 1 e) 172
AD)| = 4 d Iy -1,
IA(T)| B(b. OB o) | (1) — 1]
where we have taken
o+ 1 i +1
b=, =3I 4y,
Pr i*r P
i i+1
d=-", e=> < +1+ i
Py J#*s pj P,

Since the beta function is decreasing in either variable, we deduce that
AD)| < |u(I) —1] forl > 0.

Now if x > 0, then from Erdélyi (1953), p. 47, we have
T'(x + a) _
I'(x+ B)

thus u(Z) - 1 as a — oo, or, equivalently, A(J) —> 0 as |I| — co.

x84+ O(x*~B1);

https://doi.org/10.1017/51446788700018437 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018437

6 David Crocker and Iain Raeburn [6]

It still remains to consider the case s = r; without loss of generality we
suppose r = 1. Then

”ZI+¢|”2

_———el l = 0 y

‘s , 27|17 (1 =0)
( %z, )( )= 12 I+ey2

||Z ” - ”z “ el (i > O)

T T e

We deal with the {; = 0 case first: now
2
I'f{—|T'(a
“21+e|”2 _ (pl) ( )

ne
12| P(L)r(a + L)
Py Py

where as before we have taken

(1)

i.+1
a= > 2 + 1
j=1 P Py

The right-hand side of (1) goes to 0 as |I| — oo since it behaves like a '/7', If

iy > 0, then
("p”)“c) ()l |,
) )

(Sz,Sz‘, - S|z,|2)(e1)

where we have written
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A simple calculation shows that (writinge = 1/p,)

L[ 6oy [ = )1 = )] [(op)* ~ 0*] dp do
B(a, b)B(a + &, b)

_ -1 a—lroy L N1EIf e _ e72

= S [ o= 00 = 0] [0 = o] do o

which is clearly negative. Thus since p;, > 1 we have

S(a,b) — S(a+ ¢, b) =

S(a, b) — S(a + p_ll’ b) < |S(a, b) — S(a + 1, b))

Now expanding S in gamma functions shows that

S(a+ 1,b) = (1 +;%‘;)S(a, b)/ (1 + —1—)

pi(a + b)
and so
b
b) — + _—
1Sa, b) = S(a+ 1, )] < S(a, )"
Using the estimate I'(a + ¢)/T'(a) ~ a® we see that
a 1/p, b
’b - s < s
|S(a, b) = S(a + 1, )| C( a+ b) pa(a + b)

which converges to zero by the following trivial lemma:

LEMMA 1.4. Suppose that a, b > ¢ > 0,a > 0. Then

a \“ b
(a+b)[a(a+b)]—)0 asa+ b— co.

The proof of Theorem 2.1 is now complete.

2. Toeplitz operators acting on the boundary

In this section we prove the following theorem (with notation as in the
Introduction):

THEOREM 2.1. The C*-algebra T (0R) contains the ideal K(H*(0R)) and the
symbol map ¢ — T, induces an isomorphism of C(9) with 5 (3Q) /. K(H?).

We want to use the proof of Theorem 2.2 of Raeburn (1978). Since we have

already observed in the course of proving Theorem 2.1 that there are holomor-
phic peak functions for the points of 0%, all we have to do to make this proof
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work is to show that operators of the form 7,7, — T, are compact. We shall
do this indirectly by showing that there is a unitary operator U: H?*(3Q) —
H?*(8) such that for each ¢ € C() the operator

u*s,Uu - T,
is compact; the result follows easily from this, Theorem 2.1 and the observation
that each ¢ € C(9R) is the restriction to 92 of some ¢ € C(§2). This approach

also yields the following result, which is still an open question for arbitrary
strongly pseudoconvex domains (see the concluding remarks in Raeburn (1978)).

laa

COROLLARY 2.2. The C*-algebras () and 5§ (3R) are equivalent extensions of
C(0D) by the ideal of compact operators.

We shall use the parametrisation
n
Q2 = {(y'/ZPfei""):.'_l: v, €[0,1], 2 v, =16, €[0, ZW]J,
i=1
so that the free parameters are v,, ..., y,_; and 8, ..., 8,. The surface area
measure on 9% is given by

as =

n 1/2
( I ya7eo- 1)( s p’_z},(Z—(l/p.-))) dy,- - dy,_,d8,- - - db,.

i=1 i=1

2" lIpl

Again, it is clear that the z’ are othogonal in H?(d%), and since £ is polynomi-
ally convex they form a basis. We therefore take as an orthonormal basis for
H?*3%) the set { f1 = z7/||z!)|q: I > 0}. (To distinguish between the norms of
z' € H¥0R) and z’ € H*Q) we shall sometimes write ||z’||,q for the former
and ||z’||g for the latter.) We write ¥/ for (Y, -+ o, Yuet) Ya =1 = Z;cnc1¥or
and set

7(v) =[ > phimam ]
i=1

We note that 7 is continuous on the set A,_, = {y": ¥ v, < 1}, and that 7 does

not vanish on A,_,; hence there are positive constants ¢ and M such that

e<tT(y)<Mfory €4,_,

The unitary operator U: H?*(3Q) — H*RQ) is defined by U(f') = e¢’. An
application of the Stone-Weierstrass theorem shows that it is enough for us to
check that the operators U*S, U — T, are compact; without loss of generality
we shall suppose i = 1. Calculations show that

Hzl+e|“Q 3 ||zl+el|ian )fl+e._

I
iz’ lla | EAPYY

(U*s,U - T)f) = (
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(9] Toeplitz operators 9

If we set

lz"*<lq — 2" llag
z'llg [ExIP

then we have to prove that A(J) — B(I) > 0as |I| > 0. We note that 4 — B =

(4% — B)/(4 + B), and that, in the notation of Section 1, 4 = S(a, b + 1)!/2
where

A(I) =

b

i+1 LI 2
a =1 , b=21
Dy j=2 P

The following lemma is easily verified by induction:

LEMMA 2.3.

ﬁ I‘(aj +1)

j; H Yoy = j—-l—;—— (a; > -1).
mo1=l F( > aj+n)
=1
Using this lemma and the estimates ¢ < 7 < M, we obtain
, N 1/2
(2 5)
€ \1/2 1 Jj=1 J € \!/2 1/2
B — ={— S(a, b)/",
(M) h+2 2 i+l i+ 1 (M) (a.5)
r + > r
D j=2 P Dy
and so
A+B>Sab+ 1)+ (i)'/ZS(a b)'/?
b M b .
Now

a+b

S(a’b+1)=——_—a+b+(l/p,)

S(a, b) > %S(a, b)
for a + b sufficiently large, and so for large a + b we have

1
|A — B| < —————— |42 — BY|.
CS(a, b)'?
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An application of the second mean value theorem for integrals (to the de-
nominator) shows that there is some § € [¢, M] such that

f ( il y,«"f*')/m-')[S(a, b+ 1) — yVn]e(y) dy

Jj=1

n
S(a, b)'/%s f ( 11 yj((w-)/p,)—l) dy’

A\ j=1

S(a, b)'/*(42 - B?) =

= S(a, b)™'/? f H(Y)r(Y") adY,

say. To show this tends to zero as |[|— oo, it is enough by the Stone-
Weierstrass theorem to prove that

@) S(a, b)2 [ H(y)(¥)™ dy >0 as|I]> oo
for every multi-index M € N"~!, and that

S(a, & [1H )| dy'
is bounded for all 7. But

S(a, by [|H/(v)| dv < S(a, b)/*[ S(a, b + 1) + S(a, b)]

= S(a, b)'/? ——11—— + 1
1+ ————
pi(a + b)
which is clearly bounded, so it remains to verify (2). So let M € N"~!, Then
_ 1
3 S(a, b)Y V2 H,(v)(v)™ dy'l = S(ab+1)U- V)
@ s ) w5t )7 W=V
where
n—1 i
II r( )r(a + b)
U= n_l )
1I r( )r(a + b+ |M))
Jj=1 P
+2 n-1
r( d ) I r( )F(a + b)
ll J=2
. n—1 +1 1
IIF (a+b+——+|M|)
J=1 pj pl

From the expression of U as a quotient of integrals we have at once that U < 1.
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Hence the right-hand side of (3) is less than

1 | 4

— S, b+ 1) — —
8S(a, b)"? U

1
8S(a, b)'/?
It is easy to see that if m &€ N, then
S(a, b + m) = A, (a, b)S(a, b),

for some A, (a, b) which tends to 1 as a + b — oo. Thus we still have to show

n—1
S(a, b + 1)—S(a+ml,b+ > mj)
j=2

that
1
(C)) ———|8(a,b) — S(a + m, b)| >0 asa + b— .
8S(a, b)'/? :
Expanding S(a + m,, b) shows that this is
1
1 m1 e+ pi(a+r)
~S(a, b)"? 11 -1,
) fimir 1

+__—
pa+r+b)

(1+L)”- 1+ 1 )m
pa pla+b+m—1)

Since |x™ — y™| < m2™|x — y|for x, y € [0, 2], this is bounded by
b+m—1 b
ala+ b+ m—1) a(a + b)’

Using the same estimate as before for I'(a + ¢)/T'(a), we see that the expression

in (4) is bounded by
a 1/2p, b
Cz(a+b) (a(a+b))

for some constant C,. This converges to 0 as a + b — o0 by Lemma 1.4. Thus
(4) is proved and we have completed the proof of Theorem 2.1.

which is less than

%S(a, b)l/2

< C,S(a, b)"?

—'": S(a, b)'"2

3. Concluding remarks

Toeplitz operators with discontinuous symbol
Let (L) be the C*-subalgebra of B(H?*(0%)) generated by the Toeplitz
operators T, with symbol ¢ € L*(3%2), and let J be the closed ideal in J(L>)
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generated by (T, — T, T,: @, ¢ € L™}. Jewell and Krantz have shown that the
map ¢ — T, induces an isomorphism of L>(9) with the quotient algebra
J(L*)/J (Theorem 14 of Jewell and Krantz (1979) and the subsequent remark).
In the case of a strongly pseudoconvex domain, they went on to consider
Toeplitz operators with symbol in the Banach algebra H*® + C, but they were
unable to extend their results to more general domains. They did observe,
however, that in our case the space H *(02) + C(3%) is a closed subalgebra of
L*02) (Jewell and Krantz (1979), Remark 1, p. 310). The result Jewell and
Krantz lacked was the following:

PROPOSITION 3.1. If ¢ € C(3%2), then the operator (I — P)M_P € B(L*Q)) is
compact.

PROOF (see Janas (1976b), p. 186). We have already seen in Section 2 that the
operator T;T, — T\.,p = PM_(I — P)M, is compact; thus if f, — 0 weakly in
H?, then

I = PYM, 1, |* = (PM(I = P)M,f,, f,) =0,

which proves the result. (We remark that although arguments like those used in
Section 1 can be used to show that (I — P)M; : H¥Q) — L*() is compact, we
do not know how to prove directly that the corresponding operator on the
boundary is compact.)

It follows from this proposition that if ¢ € C(3R) and ¢ € L=(32) then
T,T, — T,, is compact. For ¢ € H *(3Q) we have the equality 7, T, = T, so
that if S(H*® + C) is the subalgebra of B(H?) generated by the Toeplitz
operators with symbol in H*(32) + C(0R), then we have J N J(H* + C) =
K(H?). The following theorem now follows from Jewell and Krantz’s result on
the C*-algebra J(L*):

THEOREM 3.2. The closed subalgebra T(H® + C) of B(H*(3Q)) generated
by {T,: ¢ € H*(3R) + C(32)} contains K(H*?9R)) and the symbol map ¢ —
T, induces an isomorphism of H ©(02) + C(3R) onto the quotient algebra
JH™® + C)/K(H?).

The index of Toeplitz operators

Our main results imply that a Toeplitz operator T, on H 2(3R) (respectively,
on H?R)) is Fredholm if and only if the symbol ¢ € C(32)™ (respectively iff
®lag € COR)™). Since 9 is simply connected, all these Fredholm operators
have index 0 by the argument of Theorem 1.4 of Venugopalkrishna (1972). This
is, of course, no longer the case if we consider Toeplitz operators with matrix-
valued symbols. The analogues of Theorems 1.1 and 2.1 are obtained by
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tensoring the appropriate exact sequence

0> K(H*» > 9 > C(32) >0
by the C*-algebra M,(C), and again we see that T, is Fredholm precisely when
the symbol ¢ is invertible. Since the domain £ is star-shaped we can use the
reasoning of Janas (1976a), Corollary 2, to see that the index formula of
Venugopalkrishna (1972), Theorem 1.5, applies in this case; that the same
formula holds for operators defined on the boundary follows from our Corollary

2.2, This index formula can also be formulated in terms of K-theory (see Boutet
de Monvel (1979)).

Toeplitz operators in the polydisc

We close with an example showing that commutators of Toeplitz operators
defined on the boundary of a domain in C" need not be compact. Let D be the
unit polydisc in C2, so that

3D = {(z, w) € C?: either |z| = 1, or [w| = 1, or both}.

We then take H%@D) to be the closed span in L%(dD) of the analytic polynomi-
als, and define Toeplitz operators as usual. As in Section 1, T,T; — T,T, = T,T;
— T,,p is diagonal with eigenvectors z"w™. The eigenvalues corresponding to the
vectors {w™} are

1, 1
™2 [5+ +1]
A(m) = 1271 _ "

lw™|f [, + ]
m+1

and since A(m) —3 as m — oo, the operator cannot be compact. (We point out
that these Toeplitz operators are not the same as those defined on the dis-
tinguished boundary S' X S! of D, which have been extensively studied (see
Douglas (1972b), Sections 9 and 10). However, the ones considered here are the
natural analogue of those we looked at earlier: in fact, the polydisc can be
thought of as a limiting case of the domains {2.)
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