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1. Introduction. Let G be a finite linear group of degree n; that is, a finite group of
automorphisms of an n-dimensional complex vector space (or, equivalently, a finite group
of non-singular matrices of order n with complex coefficients). We shall say that G is a
quasi-permuztation group if the trace of every element of G is a non-negative rational
integer. The reason for this terminology is that, if G is a permutation group of degree n,
its elements, considered as acting on the elements of a basis of an n-dimensional complex
vector space V, induce automorphisms of V forming a group isomorphic to G. The trace
of the automorphism corresponding to an element x of G is equal to the number of letters
left fixed by x, and so is a non-negative integer. Thus, a permutation group of degree n
has a representation as a quasi-permutation group of degree n. See [5].

By a quasi-permutation matrix we mean a square matrix over the complex field C
with non-negative integral trace. Thus every permutation matrix over C is a quasi-
permutation matrix. For a given finite group G, let p(G) denote the minimal degree of a
faithful permutation representation of G (or of a faithful representation of G by
permutation matrices); let ¢(G) denote the minimal degree of a faithful representation of
G by quasi-permutation matrices over the rational field Q, and let ¢(G) be the minimal
degree of a faithful representation of G by complex quasi-permutation matrices. See [1].

Let G= ﬁ C,,, where m; is a prime power. As in [2], define T(G)= )3 m;; when
i=1 i=1

G=1let T(G)=0. In [1] it is proved that c(G)=q(G)=p(G)=T(G) if and only if
G #1 and G has no direct factor of order 6.

The quantity p(G) for any abelian group depends on the decomposition of G into a
direct product of its cyclic subgroups [2]. In fact, if G #1 is a finite abelian group, then

p(G)=T(G). .
In this paper G = II G; will denote the direct product of the subgroups G; of G
(1=si<n). =t

For an abelian group G, the invariants ¢(G) and p(G) coincide because the Schur
indices for abelian groups are trivial. We shall calculate these invariants for an arbitrary
abelian group G. In view of [1], we need only resolve the case of an abelian group having
the cyclic group Cg as direct factor. Nevertheless our proof applies to an arbitrary finite
abelian group.

The main result is that ¢(G) =q(G) = T(G) —n for an abelian group G, where n is
the largest integer such that Cg is a direct summand of G.

LemMma 1.1. Let G be a finite abelian group and let G be the direct product of its
subgroups L and H. Then T(G)=T(L)+ T(H).

Proof. See [2].
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2. The minimal degree of a faithful quasi-permutation representation of an abelian
group. Let y be an irreducible character of G. Let mg(y) denote the Schur index of y in
G over Q.

LemMaA 2.1. Let G be a finite group and let y € Irr(G). Then mg(x) | x(1). Moreover
when y is linear, we have mg(y) = 1.

Proof. See [3, Corollary 10.2].

CoroLLARY 2.2. Let G be a finite group and let mg(y) =1, for all y € Irr(G). Then
¢(G) = q(G). In particular if G is a finite abelian group, then c¢(G) = q(G).

Proof. This follows from the definitions of ¢(G) and ¢q(G) together with Lemma 2.1.
LEMMA 2.3. Let y be a character of G. Then kery =ker X ¢, where I'(y)=

ael(x)

T'(Q(x): Q). Moreover y is faithful if and only if X x° is faithful.
ael(x)

Proof. 1t is clear that ker(y)=ker(y*), for @ € I'(y). However

ker > x*= () kery®=kery.
ael(x) ael(y)

Here are some well known facts about irreducible representations of finite abelian groups
over C and Q. See [4].

Let G be a finite abelian group, let y € Irr(G) and let K =kery. Then G/K is
isomorphic to a finite subgroup of C. Therefore G/K is cyclic.

Let V be an irreducible @G-module and let K;=Cg(V) be the kernel of the
representation of G on V. Let £ be the corresponding character of V. Then there exists
x € Irr(G) such that £ = }r]wx", where I'(y) = I'(Q(x): Q). From Lemma 2.3 we know

that K, = ker y, and so G/K| is cyclic.

As in [1, p. 303], let A = (a) be a cyclic group of order m. Then for each d | m, there
is an irreducible Q@A-module V(d) of dimension ¢(d), where ¢ is the Euler totient
function. We can take V(d) to be Q(¢,), where £, is a primitive d-th root of unity, and a
acts on V(d) as multiplication by &,. Since dlz ¢(d) =m, the modules V(d) are, up to

isomorphism, all the irreducible QA-modules. Thus, there is exactly one for each divisor d
of m.

LemMa 2.4. Ler A =(a) be cyclic of order m and let d | m. Let x, denote the character
of QA-module V(d). Then y4(a) is the sum of the primitive d-th roots of unity, and so is
equal to u(d), where p is the Mobius function.

Proof. Let S(d) = x4(a). We have S(1) =1. Let f(n) = 2 S(d). This is the sum of all
n-th roots of unity. Therefore

DSd)=1+e+...+e" "=

djn e-1

where ¢ is a primitive n-th root of unity. Hence

ZS(d) {1, ?fn=1,

djn ifn>1.
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Then, by the Mobius inversion formula, we have S(n) = 2| ,u(%)f(d) =pu(n) forn=1.
din

LemMA 2.5. Let A be cyclic of order m and let b be an element of A of order d | m.

Then y,.(b) = %u(d). In particular, y,, is faithful and is the only faithful character of

an irreducible Q-representation of A.
Proof. See [1, Lemma 3.4].

CoroLLARY 2.6. Let A =(a) be cyclic of order p°. Let x,. be the character of the
QA-module V (p*). Then x,. is faithful and

| _px—], If (l’pv) =p:—1’
pr(a') = ps_l(p - 1)’ ifi = 0’
0, otherwise.

Proof. This follows from Lemma 2.5.

If n>1 is a natural number and n =p}... p}, where the p, are distinct primes, we
define n* = V_ilpf'; define 1* = 0. Note that, if m |n, then m*<n*. Thus, if G#1 is a
finite cyclic ‘g_roup, then |G|* = T(G).

LemMma 2.7. (1) Let m be a positive integer. Then 2¢(m)=m*, unless m =6 when
2¢(m)=4.

Q) Let m=2°n, where a =0 and n is odd. Then —2

p—1

¢(m) =n*, for each prime
divisor p of n.
Proof. See [1, Lemma 3.5].

Let G, denote the Sylow p-subgroup of G. We define Q,(G,) to be {z € G,:z” =1}.

Lemma 2.8. Let G be a finite abelian group, p a prime and K,,. .., K, subgroups of
index p in G. Let

=1
J={j:15j55,’01 K,.nQ,(G,,)ssK,}.

Then for each j e J there is a subgroup W,, cyclic of order p, such that G is the direct
product of the subgroups W, and the subgroup () K;.
jed
Proof. We may assume that J # . Our proof is by induction on s. If s =1, J = {1}
0
and () K; = G, so that the hypothesis implies that there is an element w of order p in K;.

i=1
As |G:K,|=p, G is a direct product of W = (w) and K.

Fors>1,letJ'=JN{l,...,s — 1}. By the induction hypothesis, for each j € J' there
is a subgroup W, of order p such that g is the direct product of the subgroups W; and the

subgroup H = (") K;. If s ¢ J, we are done. So we assume that s e J. It then suffices to
jed’

show that H is the direct product of a subgroup of order p and the subgroup
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s—1
NK;=K,NH. Assel, (K,NQ(G,) £ K, so that HNQ,(G,) £ K, and there is an
i=1

jed

element w of order p in H but not in K;. As |G:K,|=p we have HK, = G. It follows that
|H:K, N Hj=|HK,:K,|=|G:K,| =p, so that H is the direct product of (w) and K, N H, as
required.

CoroLLARY 2.9. Let G be a finite abelian group and K, . . . , K, subgroups of index 6
j—1
inG. Let J={j:1=j=5s, ]ﬂ K:NQ(G,) £ K, for p =2, 3}. Let n be maximal such that G
i=1
has a direct summand isomorphic to Cg. Then n = /).

Proof. Let n, be maximal such that G has a direct summand isomorphic to Cp”. By
the Fundamental Theorem of Finitely Generated Abelian Groups, it suffices to show that
n,=|J| and ny;={J| as n = min{n,, n3}.

Let p =2. For each j, with 1 <j =<y, there is an element x; of order 3 not in Kj; put
K] = K;(x;), a subgroup of index 2 in G. It is clear that K; N Q(G) = K; N ;(Gy). Thus
we have

j=1

N KNG =N (K NG = N (KNG = [ K NG

i=1

i—1
If j € J, then () K] N(Gy) £ K, and so
i=1

j-1
Q K; N Ql(Gz) < K] N Q](Gz) = K]I N Q](Gz),
whence -
j—
N K NQ(G) =K.
i=1

The previous lemma implies that G has a direct summand isomorphic to CY', so that
|.” = ny.
It follows similarly that |/} < n,.

LemMA 2.10. Let G #1 be a finite abelian group and let n be maximal such that G has
a direct summand isomorphic to Cg. Also let V be a QG-module. Suppose that V is faithful
for G, but no proper submodule of V is faithful for G. Then G contains an element g such
that yv(g) <0 and

dimV -y (g)=T(G) —n.

Proof. Let V=V,®...®V,, where each V, is an irreducible QG-module; let
K;=Cqs(V:) and K;"=jDiK,-. Since V is faithful, ’(j] K;=1; also, as V has no proper
faithful submodule, K} =1 if 1<i=<s. Let K;, = K; N G,. Choose a subset / ={1,...,s}
minimal such that DIK,-_2=1. Renumbering if necessary, we may assume that [ =

{1,...,1} for some 1. We interpret the case ¢ = 0 as corresponding to G, = 1.

Let |G/K;| = n;,. Then dim V; = ¢(n;) since V; is the unique faithful module over Q for
the cyclic group G/K;; namely, V; is isomorphic to Q(w), where w is a primitive n;-th root
of unity and the generator of G/K; acts as multiplication by w.
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t
For each j, where 1 <j =<1, let x; be an involution in () K;,, and x =x, ... x, Then x
i=1
i#j
is an involution and acts as an involution on each of Vi,. .., V,; therefore, it acts as —1 on
each of these modules. [See Note (3) in Chapter 1.] Now renumber the V; so that

Vi,...,V, are precisely those on which x acts as —1. Then x acts triviallyon V,,,..., V..
For j=u+1,...,s, choose x; of prime order in K¥, and let g=xx,....x,=
Xy...XX,41 ... X. Thus, g acts as —1 on each of V,,...,V, and as an element of order

pion Viif u+l=<j<s By Lemma 2.5 we have y,(g)=-dimV; if 1=j=<uy, and

1

xv(@)= ———dimV;if u +1=<j=s Hence we have y,(g) <0 and

§ p~—1 J
J

dimV—xV(g)=2idim V.+ 2 <1+—>d1mV 1)

J=u+1 P,

For 0=j=s, define I, h K;, so that I, = G. Let

Jo={jiu+1=sj=s},
={j:l=sj=u,l|G: K] [, NQ(G,) £ K, for p=2, 3},
Jz—{jl<j<ulG 1=6, 51N (G) = K}
={j:1=j=U,|G: K| L NQUG) =K, ;.. NQ(G,) £ K},
andJ4 {j:il=j=zu,|G:K |¢6}
Define subgroups M; of G as follows:
K;, ifjedyul,
M=y GK;, ifjelyUl,
GK;, ifjels
Let m; =G : M| so that:
(a) for jelJy, m; is the maximal odd divisor of n; and so, by Lemma 2.7(2),

—Li_ dim V,zmf,

(b) for j & J;, m;=n; =6 so that dim V; = ¢(6) =2 while m} = 5;

(c) for j € J,, mj=3, n; =6 so that dim V; =2 while m} = 3;

(d) for j e J5, m;=2, n; = 6 so that dim V; =2 while m} =2;

(e) for j e J,, m;=n;# 6 so that dim V; = ¢(n;) and so, by Lemma 2.7(1), 2dim V; =
mk.

It follows that

22dlmv+ E <1+——)dlmv > mr—\l+ X mk
j=u+1 Py jeh jeh

It follows from Corollary 2.9 that n = /4|, so that we have

dimV—xV(g)zzmj-“—n. )
j=1

We next show that ﬂ M; =1. Suppose that this is not the case and that m is an
j=1
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element of prime order p in this intersection. As { ) K; = 1, there is a minimal index j for
which m ¢ K. =1

Suppose that p =2. Then j e J,UJ, as here M; =K. Also j ¢ J; as here M; = G;K;
and so M;/K; = G3/G;K;, a 3-group. If j € Jy, thenm € K, for 1 =i =t,so thatm e NG,
which is trivial; this is a contradiction. If jeJ;, then by the minimality of j,
m e I;,_, NQ)(G>) so that m € K;, by the definition of J;, again a contradiction.

Suppose that p =3. As before j ¢ JyUJ, UL, UJ,. If jelds, then m e I,_, NQ(G3) =
K;, a contradiction.

The case o(m) =35 also leads to a contradiction as the Sylow p-subgroup of M; is
contained in K; for each p #2,3 and for all j, 1 =j=s.

As ﬁ M;=1, G can be embedded as a subgroup of the direct product Drj-; G/M;.
j=1
However from [2],
T(G)=<T(Dr., G/IM)= > T(G/M)= m?.
j=1 j=1
From (2), we deduce the inequality
dimV - xv(g)= T(G) —n,
as required.

THEOREM 2.11. Let G #1 be a finite abelian group and let n be maximal such that G
has a direct summand isomorphic to Cg. Then

c(G)=q(G)=T(G)—-n.

Proof. By Corollary 2.2 we have ¢(G) = ¢(G).

Now let V be a faithful quasi-permutation representation of G over @ of minimal
degree. Then g(G) = dim V. Write V = V,® W, where V, is a faithful QG-module with no
proper faithful submodules for G. By Lemma 2.10, there is g € G such that

A dimV, - xv(g)=T(G) —n
and yv,(g) <O0. Since xv(g)=0 we have
0=xv(g)=xv(@)+ 2wl(g) =dimV, - (T(G) — n) + xw(g)
=dim V, = (T(G) ~ n) + dim W.
Hence
dimV =¢q(G)=T(G) - n. (4)
Now we show that there exists a quasi-permutation module U over Q for G such that
dim U = T(G) — n and, since T(G) — n is the minimal value, we have ¢(G) = T(G) — n.
Let G = ﬁ G;. Here G;=(,, where p;, is a prime, m; is a positive integer for

i=1

i=1,...,n, and G;=Cpn for i=n+1,...,s. Let K;=]1G; for i=1,...,s. Then

JHEi
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M Ki=1 and G/K; is cyclic. Let y, be the faithful irreducible Q-character of

fe=1
G/K;= G;; (see Lemma 2.5). Let V; be its module and let U, = €B V;. Then, by Lemma
2.5 and Corollary 2.6, we have: =

dimV;=2 for i=1,...,n, and min{y;(g):ge G}=-2 for i=1,...,n;
dimV,=p™ ' (p;,—1) for i=n+1,...,5, and min{y,(g):g e G}=—-p/~!

fori=n+1,...,s. Hence dim U, = i dim V, and
i=1

A=min{y,(g):g e G}= g min{y,(g):g € G}.

Let /=—A and let /Q denote the direct sum of [ copies of the trivial module. Let
U= U, +1Q, so that U is a faithful quasi-permutation module over Q. Hence by (4) we
have T(G)—n =q(G) and, by the definition of ¢g(G), we have g(G) =dim U. It follows
that

T(G) - n =dim U = dim(U, ®1Q) < dim U, = >, min{y:(g):g € G} = T(G) - n.
i=1

Hence dim U = T(G) — n, as required.
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