Expansions in terms of Parabolic Cylinder Functions

By T. M. CaeErrYy
( Received 3rd October, 1946. Read 1st November, 1946.)

1. When the plane wave equation is expressed in terms of para-
bolic co-ordinates z, y, the variables are separable, and the elementary
solutions have the form

D — 4+ ("‘ved= iﬂ“) D -3 —iu (ye ii"l‘i):

where z, y, u are real. In this context, therefore, the functions D, (z)
which are directly significant are those where amp z = 4 =/4 and
v + } is purely imaginary, rather than those where zis real and v is
a positive integer. The expansion of an arbitrary function in terms
of the latter sort of D-function (substantially, in terms of Hermite
polynomials) is well known. This paper is concerned with the
expansion in terms of the former sort of D-function. The result
obtained is: if f(x) is of bounded variation in any finite interval of the
real variable x and is absolutely integrable in (— ®, ), then

@
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{D,(@n)D-,-1(ty) + D,(—an)D_,_(—tn)}dt,  (A)
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where = e™i, = e~
To put this result in ‘real” form, let v = —} 4 iy, and let
$u(@) =7t 2= W1 I(E — )D, (@n)+D,(—an)},
Yulz) = — m=+2-¥=te=mit D(—p)(D,(zn) — D,(~an)}.
Then ¢,.(z),=14+... and ¢,(x),=2x+ ... are respectively even and odd,
and are real when z, u are real; and .
© emtrdy r { Pulx) b, (st)
2 =| — t Bt -
2V2 fi=) j—wcosh pr ) w 1) TE+ 3@ — 3op)
2l )
- : —, rdt. B
T(E+ 3m) TG — bip) ®)
Using a different notation, W. Magnus? has proved formule
which are substantially equivalent to (A), for the case where f () is
an analytic function which has for z~+oc an asymptotic expansion
of the form

1 'W. Magnus, Jahresbericht Deutsch. Math. Verein., 50 (1940), 140-161. The
formula (A) was proved by A. Erdélyi about 1934, but was not published.
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fla)~emmm( Ly % f g > (C)

The formula (A) can be put in a variety of other forms, some of
"which are given in equations (15)-(18) below. All of these are
asymmetrical as regards v~iw , v~ — i® ; the essential reason for
the asymmetry is that, for | # | <2 | p | , the functions D_,, ,, (+a7)
are oscillating (roughly like exp (+1zv/p’) ) for p = — p’ <0, but non-
oscillating (roughly like exp (+z+v/u) ) for p > 0.

The inner integrals in (A) are absolutely convergent if x ~¥f(z) is
absolutely integrable, and it is possible that (A) is valid under this
condition; but I have not proved this. I do, however, prove (A)
when, for ¥ ~ o,

- C Ce
fl@) e (24 L2 o
with a > }; and for # ~ — w0, f(z) has a similar form; this condition is
somewhat wider than Magnus’s condition (C).

In the concluding section there are some examples of representa-
tion of continuous and discontinuous funections in the form (A).

The following properties? of D,(z) are required:

(i) For v~w,

D,z)=2"texp{lvlog( —v)—3v — (—v)iz} . {1 + O(v~%)} (1)
uniformly when z is bounded and | amp (—v) | < In: here, and always
in the sequel, log (—v) and (—v)* denote principal values.

(ii) Let 2= 2(—v)sin a, a=f 4+ iy. (2)

For the values of 2z, v with which we shall be concerned, we take
the principal determination of a, for which | y | =< 3=; this specifica-
tion is without ambiguity provided | y | < 3= while when | y | ==
the proper specification follows by continuity, as will be seen in § 3.

With this determination of a, for Rlv £ 0, |v| 2Z N> 0 and
Rlz= |Imz |,

! 1t is likely that the results (i), (ii) are not new, but I know of no reference ;
they may be proved from the formula
ic+ ©

D)= (2n) j o SPUE ) bdt (e>0)
v T

by the saddle-point method. In Proc. London Math. Sec. (2), 17 (1918), 116, Watson
proves results like (3), but his work does not cover the case where ampv is near X 4.
For (iii) see Whittaker and Watson, Modern Analysis (4th ed.) § 16.52.
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| D2) | <4, | exp {}vlog (—v)—4v+v (sinh a cosh a + a)} | X
y v, for [ 14e=2 | < | v -
{ | 2e*secha |}, for |1+e=2=| > || 4 (3)
where the constant Ay depends only on N.
(iii) For any z, v
D,(z)=e™D,(—2) + (2m)}etC+ DD _, _(—i2)/T(—v), (4)
D, (2)=e~""D,(—2)+ (2m)te= 1 +17D __ (iz)/T(—v). (5)

2. Let a<xz<b be real constants; f(f) a function of a real
‘variable ¢, of bounded variation in ¢ < ¢t<5; and ¢ any constant
whose amplitude is between 4= (inclusive). Consider the function

I'(—v)r z b
WiDv(xe)L F{)D.(—16)dt+ D,(—26) J 0D, )t} (6)
This is an analytic function of v, regular except at the poles of I'(—v),
and we are to integrate it along a path equivalent to a large semi-
circle in the half-plane Rl» =< 0.

From (1), together with Stirling’s theorem, we have for v~ o
with Rlv < 0,
(27) " (—v) D, (¢6)D,(—20) = }(—v) "t exp {—(—v)~H0(t—2)}.{1 +O(v~)}.
(7)

P, )=

Hence, since f(t) is of bounded variation,

(27) =3 T( — v)D,( — xO)J.b F()D,(16)dt

= o [1(6—0) =02 — f(@+0) |

b
- %{Jb e + 5 E V)J e f() 0 (vmhdt,  (8)

where we have put (— v)i#0=n.

Since both (— v)} and 6 have amplitudes between 4-}r, and

x <t <b, the real parts of n and of n(t — z) are non-negative. Writing

then V(c, d) for the total variation of f(f) in the interval (¢, d),

C/ | v |? for the upper bound of | f(2)O(r~-%) | in (2, b) and n, = Rl
=RI[(—v)!0], we have

1Y oxpi— (— v)0(t — V(z,z 4+8)  V(z,b)

| ol el mite—aiio | <SPt o D)

1:2-(-_17)g [ expt— (it ~ anfOW-Hat 1 < ;,—Ii’—l {8+(b—x)e“’"ll

where § is any small positive number. The contribution of these two

e—an,,
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terms to the integral of F' round the semi-circle | v | = r in the half-
plane RIv=<0 is hence less than
dr(Viw. @ +98)/ | 0] + 8} + ¢(r,9),

where, by Jordan’s lemma, ¢(r, §)—0 as r—>o, for any fixed 8. By
first choosing 3§ sufficiently small and then r sufficiently large, we see
that these two terms give a zero integral in the limit as r— o ; and
by Jordan’s lemma the same applies to the first term on the right of
(8). Hence (8) gives
lim (77" (2m)-ir = Dﬁezjb HD,(t6)dt = ™ [z + 0 (9)
,g;‘[,p_#mw) I{—v)D,(—wf)dv | f(t)D,t6)dt = Ty f(z + 0),
where ¢ is any positive constant.

For later reference we note that, if the integral on the left of (8)
had had a lower limit a exceeding « (instead of the lower limit z),
every term on the right would have carried an exponential factor.
Hence:

if x <a<b, then for | v | sufficiently large, with Rly < 0,

(27) i (—v)D,(—26) JZf(t)DV(tG)dti <C vy-1 exp{—{—v)*(?(a—x)}i, (10)
where C is a constant depending on z, a, b  but not on v.

The first term on the right of (6) gives a result similar to (9);
hence if f() is of bounded variation in a <t < b, and a <z < b,and 0 is
a constant whose amplitude i3 between 4- 1 (inclusive), then

) r—1+ir
it =0+ fe+ 0l =lim| A, )y,
20 { r—>oJ —1 - ir

where F(v, x) is defined by (6).
If we abbreviate by writing f(z) for }{f(x — 0) + f(x -+ 0)}, this
formula is equivalent to

—%+ir b
7if () = lim f {(%)—m —)8D,( —xG)L J()D,(t9)dt

L
r=>w0 v —i—ir

where ¢(v, 8, ,t) = (27) ['(—v)0{D, (x8)D,(—t6)— D, (—x8)D,(t6)}. (12)
Since the integrand is regular in Rly < 0, the integral can be taken
along the line Rly = — }. :

We have now to combine (11) with a similar formula so as to

+ rqs(u, 6, x,t)dt}»dv, (11)

eliminate the term in j ¢dt. Ior this purpose, write

7 = et 7 = e~ (13)
take 6 =7 in(11), and for the companion take § = 7in (11) and change
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the variable by putting v = —v' — 1. The companion is thus
—4+ir [/
mif(x) == lim| {(217) e+ 1D, - (— xﬁ)J- fOD _, _y(tmde
r—>x — oz Y a

+ }.I ¢( —V— 17 5) x, t)dt}dlf. (14)

a

Now from (12) we have, on substituting from (5) for D (—t5),
D,(— an),
¢(V: 7, %, t) = T)e_%(v T1)7”.{Drf(x7'])1)—1/ -1 ( - ”77) - D,,(tn)D_,, - 1( - “”7)}
= e W EIUD (an)D_, 1 (ty) — D(t)D_, _y(xn)},
since n = e¥=14y. With a similar substitution from (4), (12) gives
S, 7, %, 1) = 76k VD @)D,y (ity) — D, () D_, _(izn)}
= el UD (x))D_, _1(tn) — D, (D _, _ 1(an)};
and hence v, n, x, ) = —p(—v — 1, 1, , t).
Hence, putting § = 5 in (11) and adding to (14), we have
TuroREM 1. If f (1) is of bounded variation ina <t < b, and n = e,
1 = e~ ¥ then, for a <z <,

_ bio (o
(eyifte) = [T av |50 {1(= 9D (= Dot

£ T+ DD (D i fds (9
where the v-integral is a Cauchy principal value,

The formula (15) is capable of various transformations by means.
of (4), (5). For instance, we can express D, () in terms of D_,_,(tn),
D_,_(—ty), and D_,_,(—2n) in terms of D, (ay), D(—an). This
gives a common factor I'( —v)['(v 4 1), the terms in D, (—an)D_, _,(t1)
cancel, and we obtain

— 1+ gy +Bmidy

— i f() = J0{DzmD_ )

—} —i» SBinvry
FD(=amD_, (~ti|d (19)

If here we substitute for D_, _(tn) from (4) and for D,(— an) from (5),
we obtain

(2myiif) = |

344

— 4 4+ i b [
S| 00— D@D )
+ T+ DD a@) D=, (1)

which is similar to (15) but with the signs changed in the arguments.

https://doi.org/10.1017/50013091500024792 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500024792

ExpPANSIONS IN TERMS OF PARABOLIC CYLINDER FuNoTIONS 55

of the D-functions. If here we substitute for D (— #y), D_,_,(z7),
we obtain

mpife=]_ """ eids | i [T~ D oD (1)

— T+ 1D, (—anD_,. 1(_t1,1dt (18)
and there is an analogue of this with the signs of the arguments of
the D-functions changed. It is to be emphasised that the integrands
of (15)-(18) are identical, and that there are no forms with identical
integrands which are analogous to (16) and (18) but with the initial
factors e~ #v+dmi g-vmi  In fact, as will be seen, the integrals (15)-(18)
are more rapidly convergent for v~ix than for v~ —jw (so that,
incidentally, they exist in the ordinary sense and not merely as prin-
cipal values), and the formule in which the behaviours at v~ +4
are interchanged are derived from (15)-(18) by the change of variable

yv=—v —1.

3. With a view to extending Theorem 1 to an infinite x-range
we now develop certain consequences of the inequality (3). We

write
(—v)t=pde®, M =fvlog (—v)—v, (19)
E = E(v, ) = Rl {v (sinh a cosh a 4 a)}, (20)
where u! is real and positive and —}7r <0<}, and we take
r=xem,

where z is real. Then from (2), since a = B 4- ¢y and =z is real, we find
et sin ({m — 0 —y) = e P sin (37 — 0 + y) =+/4 (cos 2y —sin 26), (21)

z _ sin 2y ef sin 2y
wt 4/4(cos 2y — sin 20)  sin 37— 04++y)
e~ f sin 2y

~ sin Fr—0—9) (22)
and from (20), (21)
— E/p = }e® cos 2(0 + y )— te=% cos 2(0—y) + B cos 20 — y sin 26

= % sin 2y 4 B cos 20 — v sin 24. (23)

Hence g _ cos 26. ’ 1 dx _ 1—-2cos 2y sin 26 4 cos? 2y
dy cos 2y — sin 20" (2u)t dy (cos 2y — sin 26)}

It follows that, for — 17 < g < }=, i.e. for Rlv < 0, both 8 and « run
monotonically from — o to < as y runs from — (7 — 6) to (= — 6),
and as (23) gives

— p~dE[/dy = cos 2y — sin 20 -+ cos 20dB/dy,
E then decreases steadily from « to — ©. Alsoy = 0 gives
B=x=FE=0.
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Hence, if Rlv < 0 and v, < 2, < 0 < 23 < 2, then

E(z,) > E(x,) > 0 > E(x;) > E(x,) (24)
where I} (x) specifies the magnitude of D,(xe™*) according to (3), (20).
In the limiting case where amp v = —1n, § = #/4, B runs from
— « to « with x while y, & both remain zero. In the limiting case
where amp v= 7/2, 8 = — w/4, we have:
for x < —2ui: y:——-g, —w <f<0, and £ = {p;
3 1. — m 7’ © .
for —2ut << 2ut:  B=0, —5 <V <g and§>E>——§,
for z > 2ut: y=i17, 0<f<w, andE:—’;—L,

the three forms of (22) serving for the respective ranges.

Regarding the second factor in (3), the statement is that we can
take the smaller of | 2e* sech a | !, | v |}, and the latter choice is
necessary only when |1+ e~2| < |v | ~3 i.e. when either a — ¢
or a + imiis O(v~%). Since a =+ iy and the extreme values of y
are + (}7 — 0), it follows that the choice | 2¢* sech a | ! is permissible
when 0 < 0= 1z, i.e. when both Rlv and Imv are non-positive. From
(21) we then have

sin? (jrr—6+)
2e¢* sech o 2= ,
| 2¢*secha | cos? 20 + (cos 2y — sin 26)?2
and hence, for 0 S in—0<}mand | y | <}mr — 6,
in? (Lo —
| 2¢# sech a 2= sl—n&g\zgz—) =1.
Hence (3) gives:

IfRy =<0, |v| = N >0 and z is real, then

| Du(an) | =4y | v exp (M + B, 2)) | , (25)
where M, E(v,x) are defined by (19), (20). If also x = 0, then
| Dyam) | < Ay | viexp M | . (26)
IfRv=0,Imy < 0, | v | ZN>0 and x is real, then
l Dv(”?) l éAN l exp (M -+ E(V, x)) i . (27)

For the similar consideration of D,(z7), the parts played by
# = + 1n are interchanged. Hence (25), (26) are valid when 7 is
replaced by 7, while a result like (27) is valid, when Imv = 0; and
replacing v by — v— 1, wehave: If Rlv= —1,Imr <0, | v4-1 | = N=0
and x is real, then
| Do _s(en) | S4x | exp{— 4+ Dlog (+ +1)
+v+ 1+ E(—v—1,2)} | . (28)
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Returning to the case z=27, we now show that (26) is valid when
z <0, provided Rlv = — 1. We have
| 2¢*sech a |} =] e | |2e %secha|t= |e| | 1+e%]| -1
and hence, from (3), (23),
| D,(zn) | < Ay | exp{M + B(1 — p cos 20) + u(y sin 260 — } sin 2y)} |
xf|e"‘v31, for|1+e~2| < |v] 78
Lj14e=| -}, for|lde=2|>|v]| H
Suppose for definiteness that |v|=4. Thenif|{l +e-2|<|v] -}
we have |[e=2%} | < (|v| P+ D |v[i=Q 4|} S (1 + 2%yt

(29)

< 2t|vlt
Butif |14 ex*| <2 8|p|7},
then (e >1—274y| —h> 4,
andso |14 e 2| <22 H|y| d<jyi,
Hence if|1 + e~2| > |v|~* we- have |1 4 e*| 1< 2!|v|}; and for

the second factor in (29) we can always take 22| | ¢, provided [v| = §.
Regarding the first factor in (29), we have 8 < 0 for z < 0, while
p cos 20 is the real part of —v. Hence, if Rlv = —1,
B(l — n cos 26) < 0. Further,
d(y sin 26 — X sin 2y)/dy = sin 20 — cos 2y,
which is negative for the relevant range of y, viz. 0 = y > — (2m — 8).
Hence as z decreases from 0, p(y sin 20 — L sin 2y) increases steadily,
and it is never greater than
p{} sin (3w — 20) -- (27 — ) sin 26},
= 1u cos 26{1 — (im — 26) cot (1w — 20)} < IRI( —v) < L.
Hence (29) gives: if —1<RI=0,|v|= L and z < 0, then
| Dy(xn) | < A vt exp M |; (30)
there is of course a similar result for!v|& N >0 with the absolute
constant ! A4 replaced by .
Finally, we note that, when v}/z%|is large, (2) gives
a=lz(—v)"t+ O(z% %),
so that v (sinh a cosh a + a) = — z( — V)t + O(z%~1).
Hence, for|1¥z-3| = 2 and |v| = 1, say,

exp E(vz) = 4|exp {—z(—»)i}|, (31)
where 4 is an absolute constant; and since o is small, (3) gives
|D,(2)| < Alexp {M — z( — v)}}|. (32)

1 Here, and below, the usual convention is made that an 4 or 4y is not necessarily
the same at each occurrence.
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4. Let us now assume that f(z) is of bounded variation in any
finite interval and thatj | f(z) | dx exists. Then from (26), for
Riv=0and|v|= N>0, withd">b=0,

b’ .
| L f)D(im)dt | = Ay | viexp (3vlog(—v) — v} | fb | f@) | dt,
b

and so S f(t)D,(tn)dt converges uniformly in any compact part of the
0

region Rlv < 0,|v|= N >0. Hence this integral is an analytic
{regular) function of v in Rlv <0, and is continuous up to Rlv =0,

-0
except perhaps at v =0. Simi]ar]y-‘ f(@)D(— tn)dt is regular in

Rlv < 0; and, replacing v by —» — 1 and % by 75, we see that
- 0
[rop_. @ [ oD~

are regular in Rlv > — 1.

4.1 Now let = be arbitrary but fixed, and let b>x, b>0. We
shall prove that
..é @w
|77 @[ ve— aar @Du—enDiemat (33)
-}—iw b
exists, for integration along Rlv=— . For this purpose we use the
fact, just proved, that the v-integrand is regular in Rlv < 0; this
—}--i8
enables us to estimate j (....)dv by deforming the straight path
—3—du®
into the left half-plane.
Writing v=r2exp ¢(—{w—2¢), we choose a constant ¢,, say ¢,=4%m,
and take for the deformed path
(i) the arc r=u;=(} + w*)}, 0 < ¢ < &,,
(ii) the radius ¢=q, u, = 7 = s;=(} + s*),
(iii) the arc r=s,, ¢g = ¢ > 0.
The distinction between u, u; and between s, s, are trivial, and
will for simplicity be neglected below.
Let y be any real number exceeding 6. Then from (10), for

Rlvgo andl v l; Ny,

4 |
L) F(——V)f ()D,(— xn)D,,(t‘r])dt < Oyl v-1 exp{—(— u)*y)(b_x)} I »
where N, C, depend upon?!y; and here (— v)) = r exp i(}n— ¢ + }n),

1 In fact, as in the proof of (31), the choice N, = max(4y®, 42%) is suitable, but no
such explicit estimate is needed in the argument.
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80 that
”: I‘(—v)f(t)D,(—xn)D,(tn)dt\ < Cyr=2%exp { —(2fm)r(b— x)¢} (34)

Also, using (27) for D,(In) and (32) for D,(—=n) we have for Rlv< 0,
Imv <0 and|viz—3| =2,

H I(—v)nf (£)D(— ) D,(tn) dtl
< 4| T(—v)e | | exp{zn(— vt + E(r, y) [ Jm | f(t) | dt

<A| v~iexp {xn — v}t 4+ E(v, b)l“ | F@) i dt,
since, by (24), E(v, y) < E(v, b) and
[T(—v)eM | = |D(—v)exp{viog (—v) —v}[< d|v] L
Again, estimating E(v, b) from (31), we have, for RIv=<0 and | vibh—3| = 2
lexp {an(— v)! + B(v, b)}| = A|exp {— (b — z) 7 (—)}}]

< A exp{— (2/n)r(b — z)¢),
8o that

j I'(— v)nf (8)Dy( — 2m)Dy(tn)dt

<artexp(— 2y —o [ 110 d (3

This is established, with 4 an absolute constant, provided Rlv < 0,
Imv £ 0,|v | = 2 max (b3, |2|%), and y = b, and it is vital that the
lower bound for | v*|serves for arbitrarily large y.

By adding (34), (35) we have an estimate for the integrand, G(v)
say, of (33) on the deformed path. Since v = — r2ie-%¢ the contribu-
tion to the modulus of the integral from each arc r = constant is
hence less than

¢
joo exp {—%r b — z)$ } {027, L A7 }272(1(;6 jx@ﬂ + 4 Y>,
and the contribution from the ra.dms ¢ = ¢, is less than

" 2 (G, | AY)

Lexp {— ;r(b—x)gbo[ . { =+ i 2rdr, < = $)¢o ( + AY)
where we have taken % > s and written ¥ = S | f(#) | dt. Hence, for
s2 = N, s = 4b5, and u? > s?, !

oo |<r==a g )rei2i(Gegs) o

The right-hand side is made less than any positive ¢ by first choosing
a y for which
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b"f <2+¢>Y<%€,

and then choosing s such that
«C, 1 5
= ( ¢8><%e, 82> N,, s> 4bS.
This being true for any u exceeding s, the existence of the integral
(33) is established.
It follows that, as y—>

b

—3 v’} .
|7 af v s oD enDima

—4 -
"9]* . (IVJ- L(— v)nf (£)D,(— xn).D* (tn)dt (37)
i.e. that
-1 2 -3 T .
{I_Hw + % L L T(— v)nf (0)D,(~ @)D, (t7)dt—>0.

For the first :-integral, we may estimate the integrand by (35) pro-
vided s = 2 max (4%, «|3), and the preceding work gives

_“**"""‘(._.)(zy <7 (2 Bj 17 @] de;

i 5

while for the second integral, the crude estimate (25) gives

“__2_“2 (...)du]

<t _!.f(:)lde“"* | T(=v) oxp &M + B(, ~ ) + (v, b))

-} - is®

=) | " 1rw1a;
14
and since s is fixed independently of v, (37) is evident.
In & similar way we prove that, as y— o,

-3 v - —
j dv L T+ 1)nD_,_y(— =D _, _ (tp)dt

— =i
- * a0 _ _
> av| Te+nmp D e (38
- -— ’iw b *
The essential facts are that the integrand is regular in Rly > —1 and
that for Imv = 0 we have for the inner integral an estimate based on
(28); the analogue of (36) is proved by deforming the path into the
half-plane Rlv > — 1.
4.2 Next we prove that

-3

j b+ i dv L f(t){F( — u)'qD,,( —xn)D,(tn)
~% ~ - _
4+ T+ 1)gD_, o —(aq)D_,_(tn))dt (39)
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exists, and is equal to the limit as y-> » of the corresponding ex-

pression with the inner integral from b to y. If, by way of explora-

tion, we estimate the integrand by means of (7), we find for the two

terms in {....} the respective principal parts (for v~ie)
iim/2v]texp { v Yz — 1)}, — i, 7/2v:texp { v ¥z —1)};

so that they cancel (to this order), and in fact the terms separately

give divergent integrals. It is essential therefore to transform the

integrand as in the passage from (15) to (16); it is sufficient to
prove that

T g [ DD, \(5)+D D TNt (40
L f o OD(a0) D, y(t7) + Dy —am)D -, o —tm)}dE (40)

v
exists and tends to 0 as y— o0 .

Irrespective of the signs of z, y, we can estimate D,(4-x7) by (26)
or (30), and D_,_,(4in) by the analogous formula; hence the inte-
grand of (40) is less in absolute value than

A cosec vrr. (v2+ v)i exp {§vmi + 3v log (— v) — dv — }(v + 1) log (v+1)
R NFCIES
v
Since Imv > 0 on the path, we write

log (v + 1) =logv+4log (1 + v71) = log (—v) + 7i +v=1 + O(v-2),
and the argument of the exponential reduces to —} log (— v) + O(»-1).
Hence for | v| = 2, say, the integrand is less in absolute value than

Ay em’lr | £(ty] de;

while the same form is valid on the parts of the path for which | v| < 2,
since there the functions of v that are concerned lie between positive
bounds. It follows that the integral (40) is absolutely convergent,
and tends to 0 as y—>w .

Combining this result with (37), (38) we see that, forb >z, >0,

~t4iw @
[ @ rommps—anDitn
. __%.._100 b
+DO+DD-, - s(—zn)D- o il (41)

exists, and is equal to the limit as y—>» of the corresponding expres-
sion with the inner integral from b to y. But for any finite y the
latter expression is equal to zero, by Theorem 1, since this is true for
any finite b exceeding z. Hence the expression (41) is equal to zero,
provided b >z, b > 0,
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4.3 To prove the existence and vanishing of the expression
corresponding to (41) with the inner integral from — » to a, a <z,

++i»
the treatment of r (...)dv is the same as in § 4.2; but for
-1

j ! (.-..)dv the form (41) is unsuitable because each term of the
— 3} —iw
integrand is regular only in the strip — 1 < Rlv <0. We can however
transform the integrand to the form shown in (17), and for this the-
treatment of § 4.1 is applicable.
Tinally we add to the right-hand side of (15) the vanishing
integral (41) and its analogue, and have:

THEOREM 2. If f(x) is of bounded variation in any finite interval
and absolulely integrable in (— o, ), then for any real x

— 3+ i g+ by, (° _
—  f = - D (xn)D_, _4(t
smif@ = | S| SO, )
+ Dv(—'xn)D—v—l(—tn)}dta (42)
where 7 = e™t, 3 = e~ ™/,

5. Examples. The formula (42) is valid for the function
f(x, y) = exp { — 1i(x? — y*) co8 a — dixy sin a} T (43)
which specifies a plane wave in parabolic coordinates z, y, provided.
o is not a multiple of =. If we take either x or y as the variable, the-
t-integrals required for (42) exist; but since f is not absolutely
integrable we cannot appeal to Theorem 2, and the formula which is.
obtained, viz.

—2(2m)tif (z, y) = | s o Sin v | 605 ko D(—zn) D_,_1(ym)
(cot $a)”
sin §a

.j—H.iw dv  ((tan la)”

D~v_1(xn)Du(—yn)} (44)

-requires independent verification. It has been proved by Erdélyi?
in a slightly different notation; the form (44) is valid for 0 < Rla < o
and any complex z, y.

The two terms on the right of (44) both give convergent integrals.
and it is of interest that these represent Sommerfeld’s two diffracted.
plane waves.2 To prove this, let a be real, 0 <o < 7, and let

L Proc. Roy. Soc. Edinburgh, 61 (1941), 61-70.

2 See, for example, Baker and Copson, The Mathematical Theory of Huygens'
Principle, Chap. IV ; the function defined by (1.65) on p. 140 agrees, to a constant.
factor, with J as given by my equation (47).

https://doi.org/10.1017/50013091500024792 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500024792

EXPANSIONS IN TERMS OF PARABOLIC CYLINDER FUNCTIONS 63

P al’
J=j’ ﬂ_(t_a?i_)D,(— xv))D_ vw—1{ym); (45)

—j—ino SiDVT  COS {a

and let the integral shown in the footnote on page 51 be substituted for
each D-function, go that

) (—F+i® dy ic+® e+ % (tan la)“s"
J=21 j .[ ds I (tan }
27 —% —iw® sin vrr ic —® ic —» COS a rr+1 exp ¢' dt’
where $ = }(@® + y?) + in(yt — xs) — 3(s? + 82).

Since all the integrals converge exponentially we can take the v-integra}
first, and use the result

J—QH” exp (vlog D)4y — — 24
—} —iw sin vrr l+p’

valid for |amp p| < = ; this condition being satisfied for all the:
values of p in question, viz. s tan {a /i, ¢ cot {a /s, provided s, ¢ lie on
straight paths Im s =¢, Im ¢ = ¢ in the upper half-plane. Hence

we get
nd =" dsr”“’ ___expydt
Lc_w so—w SSin$a 47 cos ta
It is easy to justify the change of variables
% = § co8 3o — ¢ 8in }a, = s 8in 4a 4+ ¢ cos }a,
il + o ik + © dv
which gives wJ = Lz 3 expy, du Lk-_wexp ¢27, (46)
where k = c¢(sin $a + cos }a) > 0,
l = c(cos La — sin 3a),
and ¢, = — 3u + in(z cos }a + y sin $a)}® — 1i(z cos ya+ty sin }a)?,

¢ = — 302 — dwy(x sin o — y cos }a) + }i(z sin §a — y cos }a)2
On the right of (46) we thus have the product of two simple integrals; in
particular the v-integral is equal to — i(27)*D_;{n(y cos }a — sin }a)}.
Hence we find
J= — 2iDy{n(x cos }a + y sin }a)}D_{n(y cos a — z sin }a)}; (47)
and this is the representation, in parabolic coordinates, of Sommerfeld’s.
diffracted plane wave.

An example of a discontinuous function, represented for real

values only of the argument, is provided by
f (@) = D, (x7) (z > 0) ] (48)

fl@y=0 @<0)J
Since D,(zn) ~ e~¥#*(xn)* for z ~ », the hypotheses of Theorem 2
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are satisfied if Rlu < — 1. The result can be written in the two forms

. [HHie dy e M'(—1%v) T3 -4
2imi f (2) _L%_im — #{2i< bD,(—zn) <I‘( — ;L) ‘Fé:_ ;,;))

Het) ey (LA A B) —z‘F(%'F%”))} 4
+ 2D (g T v ) 40
o - [Tt dy J IS TA— '-%) , rg — %v))
Z ==
ainif (o) = | T e ngen (I )
— Ohutr) - (TA+%) TG+ %"))} 50
Do) (R S+ F g )
These forms answer respectively to the general forms (15), (17), and
the two integrands are identical.

The truth of this formula is easily checked, and it is indeed valid
under the sole restriction that p be not zero or a positive integer,
provided the path of integration is so deformed that the point v = p
lies on its left while the points v=0, 1, 2,... remain on its right.
By use of (1) it is easily shown that, for the first term on the right of
(49), the path can be closed at infinity in the left half-plane, provided
amp z is between i=, = inclusive; and for the second term the path
can be closed in the right half-plane, provided amp z is between —3m,
— ar inclusive. Hence for = real and negative the right-hand side of
(49) is zero, the pole of (v — w)~! in the first term being cancelled
by the second factor. For z real and positive the form (50).is
similarly used, and the residue of the first term at v=pu gives
f(x) = D, (zn), in agreement with (48).

If p is a non-negative integer, the terms in I'(— 4v) or I'(} — v)
are absent from {49) and (50), according as u is even or odd. In both
cases we find, in place of (48),

f@)= —3Dzn) (@< 0)}
f(z) = 3D,(xn) (x>0 )
In the general case, if we take the point v = u to the right of the
path, the function represented by (49) or (50) is again discontinuous;
in place of (48) we have _
f(=) =3 exp (= yipmT(p -+ 1)D_,_s(7) (= > 0))
f (@) = —}exp (bipm)D(pn+1)D_,_1(—z7) (@<0)l
Finally, if in (49), (50) we replace « by — z, we get the repre-
sentation of the function f, (z) for which
(@) =D —zn) (z < 0))
fuz) =0 (@>0)f"

(51)
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It is easy now to prove that the formula (A) is valid under the
condition (D) of § 1. For (i), we have just verified (A) for the
functions given by (48), (51), provided Rl g < —} (this condition
being imposed so that we can use the original path of integration
Rlv = — 4); and (ii), for 2 ~ + o,

D,(xn) ~ e~ =2 {(xn)* —fu(p — 1)@n)*~3.
Hence a function satisfying (D) can be reduced to an absolutely
integrable function, for which Theorem 2 is valid, by adding suitable
multiples of the functions (48), (51).
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