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Abstract

A geometric property of convex sets which is equivalent to a minimax inequality of the Ky
Fan type is formulated. This property is used directly to prove minimax inequalities of the
von Neumann type, minimax inequalities of the Fan-Kneser type, and fixed point theorems for
inward and outward maps.
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1. Introduction

Properties of convex sets in topological vector spaces related to fixed point and
minimax theorems were given in Fan (7, 10-15]. In 1972, Fan [13, Theorem
2] proved the following geometric theorem of convex sets which has numerous
connections with other areas of mathematics and serves to unify many apparently
diverse mathematical phenomena.

THEOREM 1 [KY FAN]. Let X be a non-empty compact convez subset of a
Hausdorff topological vector space and let B C X x X. Assume
(a) For each fized x € X, the section {y € X: (z,y) € B} is open in X.
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(b) For each fized y € X, the section {z € X: (z,y) € B} is non-empty and
convez.
Then there exists a point o € X such that (zg,20) € B.

In the present paper we shall extend Theorem 1 by relaxing the compactness
and convexity conditions. Direct applications to minimax type inequalities and
fixed point theorems are illustrated.

2. A Geometric property of convex sets

THEOREM 2. Let X be a non-empty convex subset of a Hausdorff topological
vector space and let A,B C X x X. Assume

(a) For each fized z € X, the section {y € X: (z,y) € A} is open in X.

(b) For each fized y € X, the section {z € X: (z,y) € B} contains the convex
hull of the section {z € X: (z,y) € A}.

(c) There exist a non-empty compact conver subset Xo and a non-empty com-
pact subset K of X such that

(c1) the section {z € X: (z,y) € A} # D for ally € K and

(ce) Xon{zeX: (z,y) €A} #D forallye X\ K.
Then there ezists a point xo € X such that (zo, o) € B.

PROOF. For each z € X, let A(z) = {y € X: (z,y) € A}; then by (a), A(z)
is open in X for each z € X. By (c1), K C U,cx A(z). By compactness of K,
there exists {z1,2,...,2Zn} C X such that

(%) K c LnJ A(zy).
i=1
Let 2 be the convex hull of Xp U {z;,z3,...,Z,} and define
A=AN(QxQ),
B=Bn(QxQ).

Then 2 is a compact convex subset of X and we have:

(i) For each fixed z € (), the section {y € Q: (z,y) € A} is open in 1 by (a).

(ii) For each fixed y € (1, the section {z € Q: (z,y) € B} contains the convex
hull of the section {z € (: (z,y) € A} by (b).

(iii) For each fixed y € €, the section {z € Q: (z,y) € A} # @ by (cy), (c2)
and (*).
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Now, for each z € (1, let A(z) = {y € Q: (z,9) € A}; then by (i) A(z) is open
in 0 for each z € 1. By (iii), = |, e A(z). By compactness of (2, there exists
{y1,¥2,---,Ym} C Q1 such that

0= Aly)
7j=1

Let {gl,ag,..., 94m} be a partition of unity subordinate to the covering
{A(y1), A(y2),---,Alym)}. Thus, a;,aq,...,a, are continuous non-negative
functions on (2 such that for each j =1,2,...,m, suppa; C A(y;) and

m
Zaj(y) =1 foralye.
=1

Define p: 1 — (1 by setting
m
p(y) = o;(v)y;.
j=1

Then p is a continuous map which maps the convex hull conv{ys,y2,...,¥m}
of {y1,¥2,--.,ym} into itself. By Brouwer’s fixed point theorem, there exists
a point zg € conv{yy,ys,-..,¥m} such that p(zo) = zo. Note that for each
J=12,...,m, if a;(z¢) > 0, then z¢ € fi(y,-) so that (y;,zo) € A; it follows
from (ii) that (p(zo),zo) € B. This proves the theorem.

REMARKS. (1) When A = B, X = Xy = K, Theorem 2 reduces to Theorem
1. (2) When A = B, Xy = K, Theorem 2 still contains a theorem of Fan
[14, Theorem 10]. (3) When X = X, = K, Theorem 2 reduces to our earlier
formulation [22, Theorem 3]. (4) Theorem 2 is equivalent to the following:

THEOREM 2'. Same hypotheses and conclusions as in Theorem 2 except that
the condition (b) i3 replaced by (b1) A C B, and (bg) for each fired y € X, the
section {z € X: (z,y) € B} i3 conver.

Theorem 2 has the following analytic form.

THEOREM 3. Let X be a non-empty conver subset of a Hausdor[f topological
vector space and let f and g be two real-valued functions on X x X. Assume

(a) g(z,z) <0 for allz € X.

(b) For each fized z € X, f(z,y) 13 a lower semi-continuous function of y on
X.

(¢) For each fized y € X, the set {x € X: g(z,y) > 0} contains the convex
hull of the set {z € X: f(z,y) > 0}.
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(d) There ezists a non-empty compact convez subset Xo of X such that the
set {y € X: f(z,y) <0 for all z € Xo} i3 compact.
Then there ezists a point §j € X such that f(z,5) <0 for allz € X.

Indication of a proof for the equivalence of Theorems 2 and 3:
Theorem 2 = Theorem 3. Let

A={(z,y) X x X: f(z,y) >0},
B ={(z,y) € X x X: g(z,y) > 0},
K={yeX: f(z,y) <0 for all z € X},

and apply Theorem 2.

Theorem 3 = Theorem 2. Let f and g be characteristic functions of A and
B, respectively, and apply Theorem 3.

REMARKS. (1) When f =g, X = Xy = K, Theorem 3 reduces to the well-
known Ky Fan minimax principle [13]. (2) When f = g, Theorem 3 reduces to
Fan’s theorem [15, Theorem 6]. (3) When f = g and Xy = K, Theorem 3 reduces
to Allen’s theorem (1, Theorem 2]. (4) When Xo = K, Theorem 3 reduces to
Tan’s theorem [26, Theorem 1]. (5) When X = X¢ = K, Theorem 3 reduces to
Yen’s theorem [27]. (6) Conditions (a) and (b) imply the set {y € X: f(z,y) <0
for all z € Xy} is non-empty. The coercive condition (d) is a unification of the
two coercive conditions given in Allen [1, Theorem 2, condition (d)] and in
Brézis-Nirenberg-Stampacchia [3, Theorem 1, condition (5)].

The following example shows that Allen’s theorem [1, Theorem 2] is properly
contained in Fan’s theorem [15, Theorem 6.

EXAMPLE. Let 0 < p< 1,

lp = {z = (z(n)ezs: Y le(m)fP < 00},

dp(z,9) = Y |z(n) —y()I?, for all z = (2(n))3L1,y = (¥(n))3Zy € bp.

Then (l,,dp) is a completely metrizable topological vector space which is not
locally convex. Let (2,)3%, be a sequence in I, defined by

if k # n,

0,
z0 = (0,0,...), :c,.(lc)={ L e
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Let K = {z,: n=0,1,2,...},X = conv(K), the convex hull of K. Since z, — 0
as n — 0o, K is compact. Define f: X x X — R by

f(z,y) =0 for each {z,y) € X x X with 2 #0,
f(0,az,) =0 for each n=0,1,2,... and for each a € [0, 1],

f(0,az2n4+1) = for each n =0,1,2,... and for each a € (0, 1],

2n+1

N
f (0,204:1:,,‘) =N for each N > 2, for each a1, 0s,...,an € (0,1]
i=1

N
with 1 € n; < ng < --- < ny such that ZaiSI.
=1

1. For each fized z € X, y > f(z,y) i3 lower semi-continuous.
Let A € R be given.

Case 1. Suppose = # 0. Then the set
g ifr<o,
€X: flz,y) <A} =
wexs@nen={ 10

is open in X.

Case 2. Suppose z = 0. Then we see that

(&, ifA<0,

Ap ={aze,:n=0,1,2,...,0€[0,1]}, ifA=0,
AgU{Bzans1: n 2 N +1,8€[0,1]},

1 1
if <A<— N=0,1,2,...
N3 S <oy V=002
{oz,:n=0,1,2,...,0€[0,1]}, f1<A<2,

Ay, f2<N<A<KN+1,

{y€X: f(0,y) <A} =4

where

N N
Ay = {Eaixm: 0<n<ny<---<nn,01,09,...,an € [0’1]’20‘* < 1} .
=1 =1

Now, Ag is compact, being the continuous image of the compact set {Z2n: n =
0,1,2,...} x [0,1]. Similarly {822pn+1:n > N+ 1,8 € [0,1]} and {azp: n =
0,1,2,...,a € [0,1]} are compact. To show {y € X: f(0,y) < A} is closed in X,
it remains to show that Ay is closed in X for N > 2; in fact, each Ay is compact,
since it is the continuous image of the compact set Py x (I‘[f;l K ) where Py =

{1, 22, AN) ERN: A >0foralli=1,2,...,N and N N <1}
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II. For each fired y € X, z — f(z,y) is quasi-concave.
Let A € R be given.

Case 1. If A < O or y = azoe,n = 0,1,2,...,a € (0,1], the set {z €
X: f(z,y) > A} = X is convex.

Case 2. If A >0 and y = azan4+1 for n=0,1,2,...,a € (0,1], the set

1
(0}, H0<A<——,
{z€X: flz,y) > A} = ntl

@, ifA>

n+1’
is also convex.

Case 3. IfAZOa.ndy=Ef;la,~zm forl1 <n; <---<ny,a1,...,0§ €

(0,1) with Zi]ilaiglwhereN22,
{0}, f0O<A<N,
€X: ,Y) > A=
wexi @y >n={ " O3

is also convex.

IT1. Allen’s coercive condition ts not satisfied, i.e., there does not exist a non-
empty compact convez subset M of X such that for each y € X\M, there exists
z € M with f(z,y) > 0.

Suppose the contrary, that is suppose there exists a non-empty compact con-
vex subset M of X such that for each y € X\ M, there exists z € M with
f(z,y) > 0. Since f(z,y) = 0 for each z,y € X with z # 0, we must have 0 € M
and for ally € X\M, f(0,y) > 0. As f(0,z2,) =0forn=0,1,2,..., {z2,: n =
0,1,2,...} C M and hence conv{zz,: n =0,1,2,...} C M since M is convex.
We shall show that conv{zs,: n =0,1,2,...} is unbounded. Indeed

N N
dp (0, 1/N Z 23211) = Z 1/N? - 1/(2n)(-P)P
n=1 n=1

>N -1/NP.1/(2N)1-P)P
=1/2r(1-P 'NO=?® L, 00 as N — oo.

Therefore conv{zs,: n = 0,1,2,,...} is an unbounded subset of the compact
convex set M, which is impossible.

IV. Fan’s coercive condition is satisfied, that is there exists a non-empty com-

pact convez subset Xo of X such that the set {y € X: f(z,y) <0 for allz € X}
18 compact.
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Indeed, take Xy = {0}; then
{y€X: f(z,y) <0forall z € Xo} = {azon: n=0,1,2,...,0 €[0,1]} = A

is compact.

3. Minimax inequalities of the von Neumann type

We have shown that Theorem 2 is equivalent to a minimax inequality of the Ky
Fan type. We shall now show that Theorem 2 also implies minimax inequalities
of the von Neumann type directly.

THEOREM 4. Let X and Y be non-empty convex sets, each in a Hausdorff
topological vector space, and let f,u,v, g be four real-valued functions on X X Y.
Assume

(a)u<vonXxY.

(b) For each fized z € X, f(z,y) i3 a lower semi-continuous function of y on
Y.

(c) For each fizedy €Y, g(z,y) is an upper semi-continuous function of z on
X.

(d) For each fized y € Y and for each A € R, the sectin {z € X: u(z,y) > A}
contains the convez hull of the section {x € X: f(z,y) > A}.

(€) For each fized x € X and for each X € R, the section {y € Y: v(z,y) < A}
contains the convex hull of the section {y € Y : g(z,y) < A}.

(f) For a given fized p € R, suppose there exist a non-empty compact convez
subset Xo of X XY and a non-empty compact subset K of X x Y such that

Xon[{w € X: f(w,y) > p} x{2€Y:9(z,2) <p}] # O

for each (z,y) € (X x Y)\K.
Then there exists a point (zo,yo) € K such that either f(z,y0) < p forallz € X
or g(zo,y) 2 p forallyeY.

PROOF. For each (z,y) € X XY, let

Cly)={z€ X: f(z,y) >p}, D(y)={z€X:u(zy)>p}
E@z)={yeY:v(z,y)<p}, F(z)={yeY:g(z,y)<p}

Define
A= |J cC@ xF@) x{(=}
(z,y)EX XY
B= |J D@ xE@) x{(y}
(z,y)EXXY
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Suppose that the assertion of the theorem were false. Then for each point
(%,9) € K, there exists (z,y) € X x Y such that F(z,§) > p and ¢(Z,y) < p so
that

{(z,y) e X xY: ((z,9),(%,5) € A} # for each (z,7) € K.
By (f),
XoN{(z,y) e X xY: ((z,y),(%,§)) € A} # for each (Z,7) € (X x Y)\K.

Other conditions of Theorem 2 are easily derived from the hypotheses of Theorem
4. Thus, according to Theorem 2, there exists a point (zg,%0) € X X Y such
that ((zo, ¥0), (z0,%0)) € B; it follows that

p < u(Zo, yo) < v(Zo,y0) < ps

which is a contradiction. This proves the theorem.

When X and Y are compact, the condition (f) in Theorem 4 is satisfied by
settng Xo = K = X X Y. Thus Theorem 4 is a generalization of a minimax
inequality in [2, Theorem 5.4] by relaxing the compactness and convexity condi-
tions.

Theorem 4 implies the following:

THEOREM 5. Let X and Y be non-empty convez sets, each in a Hausdorff
topological vector space, and let f,u,v,g be four real-valued functions on X xY .
Assume the conditions (a), (b), (c), (d), (e) in Theorem 4 are satisfied.

(1) If there ezists non-empty compact convez sets My C X,No C Y and there
ezist non-empty compact sets M C X, N CY such that infycy sup,cp, f(2,9)
= infyen supex f(2,y), and sup,cx infyen, 9(2,y) = sup,ep infyey 9(z, ),
then the following minimaz inequality holds:

Inequality I: infyen sup e x f(2,y) < supzen infyey 9(z,9).

(2) If there exist non-empty compact convez sets Mg C X and Ng C Y such
that infyey SUP,epr, f(Z,y) = infyey supex f(2,¥) and sup,cx infyen, 9(z,y)
= sup,ex infycy g(z,y) then the following minimaz inequality holds:

Inequality I1. infycy sup,cx f(z,y) < sup,ex infyey g(z,9).

When f = u = v = ¢, it is readily seen that Inequality I in Theorem 5 implies
the following minimax equalities, which generalize the minimax principle of the
von Neumann type due to Sion [19):

(i) min sup f(z,y) = max inf f(z,y),
(if) inf sup f(z,y) = sup Jnf f(z,9)-
€Y zeXx

When f = u,v = g, Theorem 5 also contains a minimax inequality of Liu [19).
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4. Systems of convex inequalities

According to Pietsch [21, page 40], a collection 7 of real-valued functions f
defined on a set X is called concave if, given any finite subset {f, f2,...,fn}
of ¥ and ai,as,...,an > 0 with Y. ; a; = 1, there exists f € ¥ such that
fz) 2 Y0 aifi(z) forallze X.

The following theorem given in Pietsch’s book [21, page 40] concerning sys-
tems of convex inequalities is useful to study absolutely r-summing operators [21,
page 232}, (p, g)-dominated operators [21, page 236] and absolutely 7-summing
operators (21, page 324].

THEOREM 6. Let X be a non-emplty compact convexr subset of a Haus-
dorff topological vector space, and let ¥ be a concave collection of lower semi-
continuous convez real-valued functions f on X. Suppose that for every f € F
there exists an z € X with f(z) < p. Then there exists a point o € X such that
f(zo) < p for all f € 7 simultaneously.

Observe that Theorem 6 is equivalent to a theorem of Fan [9, Theorem 1] and
Pietsch referred Theorem 6 as Fan’s Lemma. The proof of Theorem 6 in Pietsch’s
book used the well-known separation theorem on convex sets. Granas-Liu [16]
obtained a result which is a generalization of Theorem 6 to three collections
of functions whose proof used a minimax inequality of the von Neumann type.
We shall use Theorem 2 (or equivalently, Theorem 3, which is a Ky Fan type
minimax inequality) to further extend Theorem 6.

Given any two collections ¥ and § of real-valued functions on a set X, we
shall write ¥ < § if for any f € ¥ there exists g € § such that f(z) < g(z) for
allz e X.

THEOREM 7. Let X be a non-empty normal closed convex set in a Haus-
dorff topological vector space. Let ¥,G, and X be three collections of real valued
functions on X such that

(a) F<G< X

(b) for each f € ¥, [ i3 lower semi-continuous on X;
(c) for each g€ G, g 13 convez on X;

(d) the collection X tis concave;

(e) X has a non-empty compact convez subset Xy and a non-empty compact
subset K such that for any two finite sets {f1, f2,..., fn} T F, {91,92,---,9n} C
G, for any a1, a2,...,an > 0 with 3., o; = 1, and for any y € X\K there
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exists x € Xg such that

Yo wfily) > Y aigi(x)
i=1 i=1

Then given any p € R one of the following properties holds.
(i) There is an h € X such that infzex h(z) > p.
(ii) There exists a point § € K such that f(§) < p for all f € F.

PROOF. Without loss of generality we may assume that p = 0. For each
feF let Q(f) ={z € K: f(z) < 0}; then Q(f) is closed in K by lower semi-
continuity of f. If the set {Q(f): f € F} has the finite intersection property,
then by compactness of K we obtain the alternative (ii). Suppose {Q(f): € 7}
does not have the finite intersection property, then there are fi, f2,...,fn € 7
such that N, Q(f;) = @. For each i = 1,2,...,n, let V; = X\Q(f;); then each

V; is open in X and {V},V3,...,V,,} is an open covering of the normal space X.
Let {f1,52,.-..,Pn} be a continuous partition of unity subordinate to this open
covering. Thus, 81, 33, .. ., Or are continuous non-negative functions on X such

that for each ¢ = 1,2,...,n,suppf; C V; and ), Bi(z) = 1 for z € X. Choose
91,92,---,9n € § and hy,ho,...,hy € X so that f; < g; < h; on X for each
1=1,2,...,n. Define

A={(a:y)€XxX Zﬂz >Zﬂz(y)gz },

=1
= {(-‘M/) EXXX: ) Bi(v)ely) > Zﬁi(y)gi(z)} :
=1 1=1

Then the conditions (a), (b), (c2) of Theorem 2 are satisfied. Since for each
z € X, (z,z) ¢ B, by Theorem 2, there exists § € K such that {z € X: (2,§) €
A} = &. Therefore

n

n
> B i@ Z (9)gi(z) for all z € X.
i=1

By concavity of ¥, there is an h € ¥ satisfying h(z) > Y1, Bi(§)hi(z) for all
z € X. Consequently,

0< Y Bil Z Bi(9)gi(e

< ) Bi@)hi(z) < h(z) forallz € X.

This proves the alternative (i). This completes the proof.
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In the case when X is compact convex, condition (e) in Theorem 7 is satisfied
by setting Xo = K = X. Thus Theorem 7 generalizes Granas-Liu’s result [16].
In the case when X is compact convex and ¥ = § = ¥, Theorem 7 reduces to
Theorem 6.

Let h be a real-valued function defined on the product set X x Y of two
arbitrary non-empty sets X,Y. According to Fan (8], h is said to be concave on
X, if for any two elements z;,2z2 € X and two numbers a; > 0, ay > 0 with
a1 + ag =1, there exists o € X such that

h(zo,y) 2 a1h(z1,y) + azh(z2,y) foralyey.

THEOREM 8. Let X be an arbitrary non-empty set and 'Y a non-empty nor-
mal closed convex subset of a Hausdorff topological vector space. Let f,g, h:
X XY — R be three functions such that

(a) f<g<honXxY;

(b) for each fized x € X, f(z,y) is a lower semi-continuous function of y
onY;

(c) for each fized z € X, g(z,y) i3 a convex functions of y on Y;

(d) h i3 concave on X;

(e) Y has a non-empty compact conver subset Xo and a non-empty com-
pact subset K such that for each finite subset {z1,x2,...,2,} of X, for any
01,0z,...,an >0 with 3, o; = 1, and for any y € Y\K there ezists z € Xg
such that 30 oif(zi,y) > Yo, ig(zi, x).

Then
i sup f(z,y) < sup nf h(z,y).

PROOF. Let p = sup,¢x infyey h(z,y). Applying Theorem 7 with X being
the index set, there is a § € K such that f(z,§) < p for all z € X. The conclusion
follows.

In Theorem 8, X is not required to possess any topological or linear structure.
When X is convex and Y is compact convex, Theorem 8 is due to Granas-Liu
[16]. The connection of Fan’s convex inequalities with minimax theorems was
pointed out by Takahashi [25].

When f = g = h, we obtain the following new minimax theorem.

THEOREM 9. Let X be an arbitrary non-empty set and Y a non-empty nor-
mal closed convez subset of a Hausdorff topological vector space. Let f be a
real-valued function defined on X x Y such that

(a) For each fized x € X, f(z,y) i3 a lower semi-continuous convez function
ofyonY;

(b) f i3 concave on X
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(¢} Y has a non-empty compact convez subset Xy and a non-empty com-
pact subset K such that for each finite subset {z1,z2,...2,} of X, for any
01,02,...,0n >0 with 30 0y =1, and for any y € Y\K there exists z € Xo
such that

Y aif(@iy) > Y aig(i, o).
=1

=1
Then

min su z,y) = sup inf f(z,y).
yexzegf( y) megyeyf( 'Y)

When X is convex and Y is compact convex, Theorem 9 is a well-known
minimax theorem of Kneser [18]. Another generalization of Kneser’s minimax
theorem was obtained by Fan [8] where both the linear structures of X and Y
are eliminated.

5. Fixed point theorems

Fixed point theorems for inward or outward maps, and for single-valued or set-
valued maps were studied by Browder [4, 5, 6], Fan [12, 13, 15] and Halpern and
Bergman [17]. In this section, we shall apply Theorem 2 to give a generalization
of Browder’s recent fixed point theorem [6] to non-compact convex sets.

THEOREM 10. Let X be a non-empty convex subset of a Hausdorff topological
vector space E and let f: X — FE be a continuous map. Suppose that p i3 a
continuous real-valued function on X x E such that for all z € X, p(z,-) 3
a convez function on E. Assume that there exist a non-empty compact convez
subset X of X and a non-empty compact subset K of X such that

(a) For each y € K with y # f(y), there exists * € y + (Jy50 A(X — y) such
that p(y,z — f(y)) <p(y,y — f(¥)).

(b) For each y € X\K with y # f(y), there exists z € y + s>, A(Xo — 9)

such that p(y,z — f(y)) <p(y,y — f()).
Then f has a fized point in X.

PROOF. Suppose that f has no fixed point in X. Define A = {(z,y) €
X x X:ply,x — f(y)) < p(y,y — f(y))}. Then (i) For each fixed z € X,
the section {y € X: (z,y) € A} is open in X by continuities of f and p.
(ii) For each fixed y € X, the section {z € X: (z,y) € A} is convex since
p(y,-) is a convex function. (iii) By (a), for each y € K there exists zp €
¥+ U0 A(X —y) such that p(y, zo — f(y)) < p(y,y— f(¥)). If zo € X, then the
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section {z € X: (z,y) € A} # &. If 25 ¢ X, by convexity of X, there exist
Z € X and A > 1such that zop = y+A(Z—y), so that Z = ((A—1)/A)y+ (1/A)zo.
As ply, ) is convex, we have

p(¥,Z - f(y)) < %p(y, y—f(y)+ ;p(y, zo — f(y))
<ply,y — f));

thus (Z,y) € A and hence the section {z € X: (z,y) € A} # &. (iv) By (b),
for each y € X\ K, there exists Z € Xp and A > 1 such that z = y + A(Z — y)
and p(y,z — f(y)) < p(v,y — f(y)). If A =1, then z = Z, so that (Z,y) € A. If
A > 1 by the same argument as in (iii), we also have (Z,y) € A. In both cases,
we conclude that

Xon{zeX: (z,y) € A} #OD.

Applying Theorem 2 with A = B, there exists £ € X such that (%, ) € 4,
which is impossible. Thus f has a fixed point X, completing the proof.

Theorem 10 generalizes Browder’s fixed point theorem [6, Theorem 1] to non-
compact convex sets. By setting p(z,y) = ||ly|| in Theorem 5 if the underlying
space is a normed linear space, we have the following generalization of the Brow-
der fixed point theorem [6, Corollary 1] and therefore a new generalization of
the classical Schauder fixed point theorem.

COROLLARY 1. Let X be a non-empty convez subset of a normed linear space
E andlet f: X — E be a continuous map. Suppose that there exist a non-empty
compact convez subset Xo of X and a non-empty compact subset K of X such
that

(a) For each y € K, f(y) lies in the closure of y + U, 50 A(X — ).

(b) For each y € X\K, f(y) lies in the closure of y + Uy, M(Xo — v).
Then f has a fized point.

REMARKS. (1) Theorem 10 and Corollary 1 remain valid if in the unions
Uaso and U, »; in conditions (a) and (b) are replaced by |, .o and Uy<_,,
respectively. (2} A more general version of Corollary 1 has been obtained in our
recent paper [23].
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