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1. Introduction

It is well known that no rational number is approximable to order higher
than 1. Roth [3] showed that an algebraic number is not approximable to order
greater than 2. On the other hand it is easy to construct numbers, the Liouville
numbers, which are approximable to any order (see [2], p. 162). We are led to the
question, ‘‘Let N, («,B) denote the number of distinct rational points with de-
nominators £ n contained in an interval (o, ). What is the behaviour of
N, (o, + 1/n) as a varies on the real line?’” We shall prove that

0§N,,(a,tx + ;1) Si(n+1)

and that there are ‘‘compressions’” and “‘rarefactions’’ of rational points on the
real line.
Given a real number «, define the density of rational points at o, denoted by
D(w), by
. 1 1 1
= 2N (g = — ).
D@ ,}l_,n; n ,,(a et Zn)

W: shall prove that D(x) is a constant for irrational « and that D(p/q), where
(p,q) =1, is a function of g only.

We now state the results. Throughout this paper [«] denotes the greatest
integer less or equal to «, and the constant implied by the 0-notation is an absolute
constant.

THEOREM 1. For any real a, N (o, + 1/n) < 3(n + 1).

THEOREM 2. Given any integers m and n satisfying 0 < m < ¥(n + 1), there
exists an o (indeed a rational «) such that N (a,0 + 1[n) = m.

THEOREM 3. If m, n > 0 are integers, then
243
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0if m=0

(L.1) N, (% m—t—l) m
" m(Tn-!-l)— rE o(r) + O(mlogm) otherwise,

where ¢(r) is Euler’s ¢-function.

It is easy to prove that

Nn(m, m 1)=Nn(_m_1: _m)
n n n n

and that, if m = m’'(mod n), then

WIS )
n n n n

It now follows that if N,(m/n, (m + 1) [n) is known for m = 0,1,2,---[3(n—1)],
then N, (m[n,(m + 1}/n) is known for all m.

COROLLARY 3.1 Ifm > 1, then

(1.2) iN,,('—"—, m“) =—1+o(l°gm)+o(ml°g’").
n m n

n n n?

The next two theorems enable us to estimate N, (a,x + 1/n) if we can find a
rational point with ‘‘small’’ denominator near «.

THEOREM 4. If O0<v <1, (p,9) =1, g >0, then
0 if [vg] =0

(1.3) N, (5,

»-m[*u
+
| <
S —
I

[vql
" r\ ¢

-Z<——)—+0vlov otherwise.
q =1 vq) r (vqlogvq) rwise

COROLLARY 4.1 IfO0<v< 1, (p,g)=1,q>0, then

1 1 1
a8 am (B L) o 2y o(REY) o[ 100 ),
n 9 4 n q n

COROLLARY 4.2 If u>0,v>0and p+v=1, then

1 1
(Bt 2y ) 2 eo8) 4 oft181).
n n q

n

The next theorem helps us to estimate N, (o, a + 1/n) when no rational point
in the interval (a,a + 1/n) has a small denominator of order O(n®), ¢ < 1.
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THEOREM 5. If u >0, then

1
(1.5 N, (1 + f—, LA ﬂ—-{—) = An + Bn + O{(u + Dglog(n + g},

q n- q

where
16 S S S
(1.6) e
and

1 [rg+q] r (b(r)
1.7 B=— % (1————) _
( ) q r=[ug+11'\ (ﬂ + l)q r

The following two theorems are on the density of rational points at a point
on the real line.

THEOREM 6. If (p,q) =1, then

()13 (-3)%

D (ﬁ) =24 o(—l"gq) .
a) = q

THEOREM 7. If o is irrational, then

and, for large q,

3

2

D(a) =

4

2. Proof of theorems 1 and 2

PROOF OF THEOREM 1. Suppose that

1 !
X, X3 X, X3 X3 Xs
T T T Ty ot

yi’ya n T "y,

’

v
are the distinct rational ipoints in (&, o + 1/n) satisfying
1Sy Sy, . Sy Sdn<y/S.. Sysn
For every y; < 1n, there exists integers ¢;, y..;, X..; such that
X =Xgp; and dn <y =y, Sn.
It is easy to see that no two of
Vis Voo Vo Viwts o Yras

are equal, for y; = y, implies
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This contradicts that the open interval (o, + 1/n) is of length 1/n. Hence
1
N, (zx,a + 7)=r+s§n—[%n]§_%(n+1).
PrROOF OF THEOREM 2. Clearly 0 < 1/y <1/n only if y > n. So

N, (0.) =o.
n

Next we see that if 0 < m < in, then because 1/(n — m) £ 2/n the only rational
numbers with denominators < n contained in the interval

1 1 1 )
n—m n n-—m

are
1 1 1
n’n—1 "n—-m+1
Hence
Y SN R T
n—m n’ n—m
Lastly if m = 4(n + 1), then n is odd and
2 1 _2_.2 __ 2 _,
n n-m+1 n n+1 nn+1) " 7
Thus

1 2 . 2
N,, (7—8,7—8)) —-mlfm)>8>0. »
This completes the proof of Theorem 2.

3. Lemmas

In this section we prove the lemmas required for the proofs of Theorems 3-7.
Consider the set

S,s={c+1, c+2,:,¢c+5s}
of s consecutive integers with ¢ + 1 as the first element. Let 7,,(r) denote the

number of integers in the set S, ,, which are relatively prime to r. We use d(r) to
denote the number of divisors of r. Note that if r[ s, then

00 _ s ua

s
r dIr d

Tc,s(r) =
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We prove

LEMMA 1. For all integers ¢, s > 0, we have

i) = 22 <amy -1,

r

Proor. By theorem 261 of ([1], p. 234), we deduce for ¢ = 0 that

) = T ua)[4]

and alr
c+s
) = T u@ [,
dir
So for ¢ =0,
1'-r:,s(r) = To,s5+¢ ~ To.c
s+c¢ c
- 2wl - [])
Hence
s s+e¢ ¢ s
—_—— < _—] - —
w0 - 00| s = |[255]-[4] -
< X1-1
dlr
= d(r)—-1.
If ¢ <0, then there exists an integer a such that ¢’ =c+ar>0 and 7. (")
= Tc’,s(r)'
So

T0?) = 49| =

Ter) = —4() | SO =1,

as required.
Let 7,(a, B) be the number of integers, relatively prime to r, which are contained
in the open interval («, §). We prove

LEmMMA 2. For all « and B, o < B, we have

| )~ (8- 22

r

<d(r).

PrOOF. Let s be the number of integers in («, f), then
I(ﬁ —a)— sl =1 and t,(a,8) =7.r)

for some ¢, It follows from Lemma 1 that
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N
r

§

Tc,s(r) -

01 5 1ot -2 + -

{0, B) —(B— )
=< d(r).

LeMMA 3. For all positive integer n

Z": d(r)=nlogn+ 2y — n + 0(/n)
r=1

where y is Euler’s constant,

Proor. This is proved in [2], p. 264.
LemMA 4. (c.f[1], p. 131. 1.23-24) Let n be a positive integer. Then

(a) g‘. o(r) = 3%1; + O(nlogn)
r=1
(b) z ¢(rr) = %’} + O(logn).

Proor. (a) is proved in [2], p. 268
(b) can be proved similarly.

4. Proofs of theorems 3, 4 and 5

Proor oF THEOREM 3. We have shown in the proof of Theorem 2 that

w (2 Lo
\n’ n
Given r > 0, let
r m+ 1 r m
Sr= —:({r =1: v —HnZ ;1
(50 - y

Obviously S, is empty if r > m. Moreover if m = r = 1, then

rn

—] and (r,y) = 1.

LeS,ifand only if m>y >
y m

We deduce that the number of rational points in S, is t,(rn /(m + 1), rn/m). By
Lemma 2,

T,(ﬂ_ m) _ (’_”_L) 0 L,

m+1 m m m+1] r
n
= m¢(’)+”"
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where
|n,| < d@.
Therefore .
m m+1 n i i
N () e B0 S e

By Lemma 3,

) n.] < 3 d(r) = O(mlogm).

r=1 r=1

This proves Theorem 3.

ProoF OF CorOLLARY 3.1 Using Lemma 4, we see that

1 i _ 1 3m? mlog m
m(m + 1) ,§1 o) = m(m+1) =2 (m(m + 1))
= % +0 (logmm).

The proof is complete.

PrOOF OF THEOREM 4. To determine N, (p/q,p/q + v/n), 0 <v £ 1, we look
for rational numbers x/y such that

x,»y=1,nzyz1
and

Since at most one of m/n, m an integer, is in the interval (p/q,p/q + v[n), we
shall neglect the rational points with denominator n and let

X v r
S,={—:x —yp=r,(x,)=1,n> ;1,—>—>0}.
5 ¥4 yP (x,) y T

Here S, is empty if r > [vq]. We assume [vg] =2 r>1.
Since (p,q) = 1, there exist integers x,, v, such that
Xoq — yop=1.
Moreover, all integral solutions of
CH) xXq—yp=r
are given by

4.2) X=Trxy+ pt, y="ryo +qt.
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Now (4.2) implies (r, #) | (x, ) and hence (r,) = 1. It follows that
x . . rn
—y—e S, if and only if (r,f) = 1 and n > ry, + gt > 7R

which can be reduced to

n rYyo rn rYo

A - - 7

g9 4 vq?
Thus the number of elements in S, is equal to
4.3) (_’1 _Ton _ ry_o) - (1 - _) LN
vq 9 4 q vq r
where |#,| < d(r) by Lemma 2. So by Lemma 3,
[vql
N, (L LA ) L 5 (1 ) o) + O(vqlogvg),
9 4 n q r=1 vq
which is (1.3) and the proof is complete.

r

PROOF OF COROLLARY 4.1 It follows easily from Lemma 4 that

P ¢ _ el

+ O(log[vq])
r=1 r

and that

[vql

2 gn="L4" 4 oualioglva.
r=1
So

%";5 (1 _%) o) _6bal_ 30al (&M)= 3y +O(1_<y_)

r  gn? vqin? q n? q

r=1
ProOF oF COROLLARY 4.2 This follows from
N, (ﬁ — _/f_ p) = N,,(—_I: it 2 ) and Corollary 4.1.
q n’ q q q

PROOF oF THEOREM 5. If x/y is in (p/g+p/n, pl/qg+(p+1)/n) and
1 <y <n, then

- 1
BH_x_p_xq-yp _pt+l
n "y 4q yq n

Putting xq — yp = r, we obtain from the above inequalities,

ng 77 w+Dg
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As in Theorem 4, neglecting rational points with denominator n, we let
X rn rn
S==—:x —yp=r, x,y)=1,n>ygl,——>y>——}.
S e ¢ uq (u+1)q
Here S, is empty if r > (u + 1)q. Moreover if x/y € S, then

Zsy> if[uglzrz1;

r rn
uq (u+1)q
and

rn
n>y> ——— if +glz=zr= + 1].
V> Gt e [ug +qlzr=[ug +1]

Using the same argument in Theorem 4, we deduce that the number of elements
in S, is equal to

@ W¢(r) +n, if [uglzrzl,
and is equal to

4.5 n( r \em ) s 0
@ q (1 q(u+1)) ~— 4, if [ug+qlzrzug+1]

where ln,l < d(r). It now follows from (4.4) and (4.5) that
{ra+ql
N, (_P_+£,£+”__+ 1)=An+Bn+ z 9,
q n q n r=1
where A, B are given in (1.6) and (1.7). Using Lemma 3, we obtain (1.5). This
proves Theorem 5.
5. The function D (o)

In this section, we prove the theorems on the density of rational points.

Proor oF THEOREM 6. Putting v = 4, we obtain from (1.3) that

[44]
N, (ﬂﬂ+ 1)=1 > (1 )¢()+O(qlogq)for g2
9 q 2n q r=1 q

It now follows from this equation and
[4q]
N, (_’L _1r + L) = 2n (1 7 ) ¢(r) + O(qlogq).
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[44]
D(L)=£ 3 (I_Er_)di(r)
q r=1 q r
as required.

For large g, using Lemma 4, we see that

]

p(Z) = 2 (%60 +0t0s0) | - 5 {607 + 0alosa)|

and the proof of Theorem 6 is complete,

ProOF oF THEOREM 7. Given an irrational real number «, let [ag,a,,a,, ]
be the infinite simple continued fraction representation of « and let

Ds

g =[ao,ai,"',as], s=091’29"'9

denote the convergents. It is well known that

Ds
ds

P
ds9s+1

and that g, < q,4, if s>0.
We may suppose then that

s
qs

1 -
X ’K>2’qs 1>qs+1'

(5.1) =

_“I=

Now for every n, there exists an s such that
(5.2) ql <2 =g
We consider separately the cases
g <2m=<q% qr<2n<wglrqr<2n gl

if either of ¥, kq*is greater than ¢2, ,, then one or more of the cases does not arise.
We prove that if (5.2) holds, then

1 1 1 3 log g,
(5.3) —n—N,,(oz — ot 7'1—) =5+0 (—q—)

Case 1. Suppose that g2 < 2n < g% Then

Ps (a 1 oc+i)
as 2n’" " 2n
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and there exist positive numbers p,v satisfying u + v = 1 such that

and
tam Ty T
It now follows from Corollary 4.2 that
Iy (oLt l) = LNn(&_y_,gs+ Al
n 2n 2n n d, n’ q, n
3 log q,\ . 2
2 + O( 2 ),smcen>%q,.

s

Case 2. Suppose that kqg* < 2n < q2,,.
Here

ps—+1_a] <___1_—_._ —_—
ds+1 ds+1 9s+2 2n

So

Ps+1 _ 1 1
qs+1e (OC 2"’a+2n )

and there exist positive numbers u,v such that u +v=1,

By Corollary 4.2,

1 A\
_N“a_.i,a.l._l_ =i+01ggqs_+1 +0(q_“11_0£1i1_
n 2n 2n 9s+1 h

- j + 0(log qs)
ds

because g, < ¢,41 < ¢ and kq" < 2n.
Case 3. Suppose that q§ < 2n < kq;. Writing p for p,, q for q, and putting

2n = (2u + 1)4%,
we obtain
2u+1
2n

(5.4) 1<2u+1§xand%=
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In (5.1), if « — p/q = 1/g*, then by (5.4),

1 1 p 1 1 p 1 1
——at o) =N, [t -t —
(5.5) N,,(a zn,oc+2n) "(q ikt +qx+2n)

1 1 p 1 1 p 1 1
- =N (- L 4
(5.6) N,,(ac e+ 2n) ,,(q et 2n)

Il
=
—

L
a1
+
+

Using (1.5) we obtain, from (5.5) or (5.6),

1 1
— —|=A4A+B+0
2n’a+2n) + 5+ {

(¢ + Dglog(u + I)q:
n 3

—l—N,,( o —
n Ay
where A, B are given in (1.6) and (1.7). Cleatly, as k¥ > 2,

0 {(u + 1)glog(u + l)q} -0 {(2# + 2)qlog(u + 1)4}

n - (2u + 1)g~
1
vy

=0{logq}.
q

We now prove
3
n q

First suppose p = ¢g. Then by Lemma 4,
1 “‘E’”

VT r

FuGv 1) 2, 70

_ 1 3 2 loguq
‘qmm+n{n“®}+0@+m}

A =
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[ug+q] —_
IBI - (u-:l)q lr=[§,+1]((u+1‘)1q r) ¢E'r)l

g

Thus (5.3) is true if 4 = gq.

Next we suppose 0 <y < 1/q. Then [ug]=0. So 4 =0 and

A
B—q,i (1 (#+1)q) r
1 (6 1 3q?
=7 {;[22 + 0 (log q)}—m‘—fj—+0(q log ‘1)}
3v0().

Thus (5.3)is true if 0 < p < 1/gq.

Lastly suppose 1/q £ u < q. Then using Lemma 4, we see that

_ 3u logg
4 —(u+1)7r2+0( q )
and
_ i[llq+q] _ r ¢_(r2___1-[uq] _ r ¢(r)
B=o 2 (1-gann) 7 B (- o) 2
6 3 2
= {(uq +Q)—(H4)}*q—zm {(uq + 9)* ~ (ug)*}
log g
+o(22)
_ 6 32u+1) log g
T on? (ﬂ+1)7r2+ ( )
Thus

A+B=%+Oc%qy
T q
We have shown that (5.3) is true if

qsz <2n= qs2+1-

This proves Theorem 7.

The author would like to thank Professor E. S, Barnes for his help in proving
the results of this paper.
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