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POSITIVE FORMS ON NUCLEAR «ALGEBRAS AND
THEIR INTEGRAL REPRESENTATIONS

ALAIN BELANGER* AND ERIK G. F. THOMAS

ABSTRACT. The main result of this paper establishes the existence and
uniqueness of integral representations of KMS functionals on nuclear *-
algebras. Our first result is about representations of x-algebras by means
of operators having a common dense domain in a Hilbert space. We show,
under certain regularity conditions, that (Powers) self-adjoint representa-
tions of a nuclear x-algebra, which admit a direct integral decomposition,
disintegrate into representations which are almost all self-adjoint. We then
define and study the class of self-derivative algebras. All algebras with an
identity are in this class and many other examples are given. We show
that if U is a self-derivative algebra with an equicontinuous approximate
identity, the cone of all positive forms on N is isomorphic to the cone of
all positive invariant kernels on 2 x 2. These in turn correspond bijec-
tively to the invariant Hilbert subspaces of the dual space ). This shows
that if % is a nuclear L¥ -space, the positive cone of A’ has bounded
order intervals, which implies that each positive form on ! has an integral
representation in terms of the extreme generators of the cone. Given a con-
tinuous exponentially bounded one-parameter group of *-automorphisms
of N, we can define the subcone of all invariant positive forms satisfying
the KMS condition. Central functionals can be viewed as KMS functionals
with respect to a trivial group action. Assuming that 2 is a self-derivative
algebra with an equicontinuous approximate identity, we show that the
face generated by a self-adjoint KMS functional is a lattice. If 2 is more-
over a nuclear LF x-algebra the previous results together imply that each
self-adjoint KMS functional has a unique integral representation by means
of extreme KMS functionals almost all of which are self-adjoint.

1. Introduction. Positive forms on x-algebras and their integral representa-
tions by extreme generators are of considerable importance in Statistical Me-
chanics, Field Theory and Harmonic Analysis. For particular classes of func-
tionals defined in terms of one-parameter groups of automorphisms one has
obtained not only the existence but also the uniqueness of the representing mea-
sures. For instance, in Statistical Mechanics, the KMS states on appropriate
C*-algebras play an important role in the study of equilibrium as was shown by
Haag, Hugenholtz and Winnink [14]. Their unique decomposition into extreme
elements has been obtained by Ruelle [24]. For further references see [7: p.
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233-234]. Lanford and Ruelle [17] have obtained a similar result for asymptot-
ically abelian functionals. On the other hand, the existence and uniqueness of
Plancherel measures, equivalently the unique decomposition of L? spaces into
irreducible components, is obviously of the very nature of Harmonic Analysis.
The Bochner-Schwartz theorem and its various non-commutative analogues are
examples of such results. In the case of Field Theory, theorems on the existence
of integral representations have been obtained by Borchers and Yngvason [4],
and Hegerfeld [15]. In this article we shall be interested in KMS functionals
on a general class of topological x-algebras. KMS functionals on x-algebras of
unbounded operators have been previously considered by Araki [1] and more
recently by Fulling and Ruijsenaars [11].

The two examples of topological x-algebras which motivated us were the con-
volution algebra of Schwartz test functions on a Lie group and the Field algebra.
They are both nuclear LF -spaces but the convolution algebra has no unit while
the Field Algebra does have one. We have not therefore systematically assumed
the existence of a unit in the algebra. This lack however can be compensated
by the presence of an approximate unit and the property of the algebra to be
self-derivative (4.3).

In the case of topological x-algebras the GNS representation is in general
realized by unbounded operators. Among the positive functionals on a x-algebra
those for which the GNS representation is essentially self-adjoint in the sense
of Powers [22] are particularly interesting. For convenience we have called such
functionals self-adjoint.

To handle fields of unbounded operators we have found convenient to make
a systematic use of Schwartz’ theory of reproducing kernels [25]. We recall the
relevant facts in 2. 3.

Our main result is the theorem about the existence and uniqueness of integral
representations of self-adjoint KMS functionals on self-derivative nuclear LF *-
algebras having an equicontinuous approximate identity. As a particular case we
obtain an integral representation for self-adjoint abelian (i.e. central) functionals
on such x-algebras.

2. Preliminaries

2.1. Nuclear and L7 -spaces. We refer the reader to [12], [13] and [21]
for the terminology and well-known properties of nuclear spaces and tensor
products. Precise references will be given for deeper (or lesser known) results
as they are used in the text. Let us warn the reader that our definition of an LF -
space is different from Grothendieck’s definition. We say that a locally convex
space E (always assumed Hausdorff), is an LF -space if it is the strict inductive
limit of a sequence {E,}, of Fréchet spaces. We denote this by £ = IimE,,. As

n
noted in the introduction, the space of Schwartz test functions D (G), on a Lie
group G, assumed countable at infinity, is an LF -space.
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There are three propositions which are part of the “folklore” that we would
nonetheless like to state with a sketch of their proof because they are often used
in the text.

ProposiTION 2.1.1. Let E, F and G be locally convex spaces such that E is
a Fréchet space and F is metrizable. Then any separately continuous bilinear
map B : E X F — G is continuous. In particular this is the case if both E and
F are Féchet spaces.

Proof. Let (y,)qeN be a sequence converging to y in F. Then by the uniform
boundedness principle B(x, y,) tends to B(x,y) uniformly for x belonging to a
compact subset of £. In particular, if (x,),eN converges to x in E, B(xi,y,)
converges to B(x;,y) uniformly with respect to k. This implies that B(x,,y,)
converges to B(x,y). Thus, E X F being metrizable, B is continuous. O

ProposITiON 2.1.2. Let E or F be a nuclear space. Suppose also E = limE,
and F = li_mF,, with E,, F,, Fréchet spaces. Then EQF = limE,,@F,,. In pal;'ri('-
ular if E a,),'zd F are nuclear the space EQF is nuclear. '

We will prove this proposition using the following well-known property of
the e-tensor product topology:

Lemma 2.1.3. Let E; be a linear topological subspace of the space Fy,
equipped with the induced topology. Similarly E; C F,. Let j and j' be the
inclusion maps of E| in E; and of F\ in F5 respectively, they are injective lin-
ear topological homomorphisms. Then j ® j': E\@.F| — Ey&F, is a one to
one linear topological homomorphism, i.e. the first space may be regarded as
a linear topological subspace of the second.

Proof of 2.1.2. By [13: Produits tensoriels topologiques, Prop. 14, p. 76],

EQF = IilnE,,®F,,. By the lemma E, ®.F,, is a closed subspace of E,,&.F,,
h

and hence it suffices to show that E,QF, = E,&F, = E,®.F,. The first equality
is a consequence of the fact that £, and F, are Fréchet spaces (cf. 2.1.1.). By
assumption, £ or F is nuclear. Let us assume it is E, then E, being a (closed)
subspace of E is also nuclear. Thus E,®F, = E,®.F, and the proposition is
proved. O

ProposiTiON 2.1.4. If E is a nuclear and LF -space then E is separable.

Proof. Let E be the strict inductive limit of a sequence E, of Fréchet spaces.
If £ is nuclear then so are the subspaces E,. If each E, is separable so is E.
Thus the proposition will follow if we prove that a nuclear and Fréchet space
E is separable. Let {p;},en be a fundamental family of seminorms on E. All
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the quotient maps m;: £ — E; : = (E/p;7'({0}))" are nuclear and therefore
compact. Thus there exists a neighbourhood V' in E such that 7;(V) is compact
in E;. Then m(E) = U,zonm;(V) is separable and so is its completion E;. But
E is isomorphic to a subspace of the countable product of the F; which is also
metrizable and separable. Therefore F itself is separable. ]

2.2 L¥F x-algebras. Let 2 be an algebra over C, equipped with an anti-linear
involution @ +— a* such that (ab)* = b*a*. We assume that U is a topological
x-algebra i.e. an algebra equipped with a locally convex Hausdorff topology
such that the product (a, b) — ab is separately continuous, and the involution
continuous. U will always be assumed to be barrelled. The cases of most interest
to us will be when U is in fact an LF -space i.e. a strict inductive limit of a
sequence of Fréchet spaces: A = lim,,. The defining spaces ,, are then closed

n
subspaces in 2, not in general subalgebras. However;

ProposITION 2.2.1. For every n and k in N, there exists m € N such that
W, W C W,y

LEmma 2.2.2. Let F be a Fréchet space, and u : F — E = limE,, a continuous
n
linear map to any LF -space. Then there exists an index n such that u(F) C E,,.

Proof. The spaces E, being closed in E, F is the countable union of closed
subspaces F = Uu~"(E)). By Baire’s theorem one of them has an interior point,
hence equals the whole space F. O

Proof of 2.2.1. The product restricted to W, x A, is separately continuous,
hence continuous (U, and A; being Fréchet spaces). Thus there exists a con-
tinuous linear map u : N, ®,; — N such that u(x ® y) = x.y. Applying the
lemma to this map gives the result. O

Examples (1) W = D(G), G a Lie group: Dx(G)* Dy (G) C Dk (G).
(2) Let E be a locally convex space. Recall that the tensor algebra over E| is
the locally convex direct sum:

T(E) = COE ® (EQE) ® (EQERE) ...

The sum and the product by a complex scalar is defined componentwise. The
product of two elements xf @i ®...@xf € E¥ and y|®@y,®...@y] € E® is the
element X} @13 ®. . .Qx; QY| @V, ®...®y] of E¥ x E® obtained by concatenation.
This product being bilinear and separately continuous extends to the completions
and finally if x = {xp,x1,..., X, ...} and y = {yo, ¥is.--s ¥, ...} € T(E) we
define their product by xy = {x0¥0,Xo¥1 + X1Y0s -+ 9 r4jmn kN5 - - - 1. Clearly,
if A is the tensor algebra over a Fréchet space and U, denote the sum of the
tensors of order = n. Then U, A, C N,.i. If E is Fréchet then N = liln‘ll,, is

H
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therefore an LY -algebra. When E has a continuous involution, denoted * as
usual, we define an involution on E%* by

Meode. oy =cHheou e e

we extend to the completion by continuity and bilinearity, and we finally define
it on T(£) componentwise. T(FE) then becomes an L¥ *-algebra. For example,
if E = S(RY), the space of rapidly decreasing functions, then the tensor alge-
bra 8 = T(S(RY)) is the Field Algebra defined by Borchers in his algebraic
formulation of Quantum Field Theory.

Approximate identities. We say that an algebra 2 has an approximate iden-
tity if there exists a net (eqy)qe; composed of hermitian elements such that
limg equ = a for all @ € N (and consequently lim, aeq = a Va). If all the
elements of the net (¢q)aes belong to a bounded set, we say that 9 has a
bounded approximate identity. We say that U has an equicontinuous approxi-
mate identity if the family of operators {L,, }ac; defined by left multiplication
by ¢o; L., (@) = eqa, is an equicontinuous family. If % has an equicontinu-
ous approximate identity and 2 is separable then 2 has a sequence which is
an approximate identity (cf. 4.2.4). If 9 is an LT -space which has a sequen-
tial approximate identity then it is automatically an equicontinuous approximate
identity by the principle of uniform boundedness. We will come back to these
concepts in chapter 4.

2.3. Embedded Hilbert spaces. Let £ be a quasi-complete locally con-
vex Hausdorff space over C. In this section we recall the main results from
Schwartz’s theory of Hilbert subspaces needed in the sequel [25]. Later we
shall specialize to the case where E is the strong dual of the *x-algebra L.

A Hilbert subspace #H of E is a linear subspace, equipped with an inner
product making it into a Hilbert space, and such that the inclusion map

() H — E
/
is continuous.

It will be convenient to introduce the space E* conjugate to the dual £’,
i.e. a linear space over C together with an anti-linear bijection between £’ and
E*. Thus all anti-linear maps on E’ become linear on £*. The elements of £*
will generally be denoted by greek letters (until we identify £E* with ). The
canonical bilinear map on E x E’ becomes a sesquilinear map on E X E*, which
we denote as:

(2) (v, 6)

[t is linear with respect to x, anti-linear with respect to &.
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If £ is a Hilbert space we shall usually identify £ and E* and replace the
duality bracket (2) by the inner product.

Given a continuous linear map from the locally convex space E to a locally
convex space F,u : E — F, we denote u* the adjoint map, defined by the
equation

3 (wxm) = (oan)

This is a linear map «* : F* — E* continuous with respect to the weak* and
strong dual topologies.

If E and F are Hilbert spaces, identified with their conjugate dual spaces, the
adjoint of a map u : E — F is simply the usual Hilbert space adjoint.

If u: E— F is antilinear the adjoint of u« is defined similarly by

3 (ux,n) = (x,un)

*

u* is then a weak® and strongly continuous antilinear map from F* to E*.
Given the Hilbert subspace # < E there exists by the Riesz representation
theorem a unique element j*¢ € # such that

4 «[j76) = (jx. §)

We denote H{ = jj*€ the same element regarded as element in E£. The linear
operator H : E* — E, will be called the reproducing operator of the space # .
If E is a Hilbert space, identified with E*, and # is a closed subspace of E., j*§
is obviously the orthogonal projection of £ on # . Consequently in that case H
is the orthogonal projector whose image is H .

Replacing x by j*n in H{ we obtain:

5 (Hn,&) = ("nlj*) Vn,§ € E
In particular, for £ = n one has
©  (Hn.n)= |0l VneE*

The equations (5) and (6) show that A is hermitian, i.e.:

7 (H&m)=(Hn,§) Y€k

and that H is positive:

(8) (Hn,m)20 VYnekE”

As a consequence one has the triangle inequality:

) (He,n)| < (HE €)' (Hn,n)'
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Sometimes it is convenient to consider, instead of the reproducing operator
H, the sesquilinear form (£,n) +— (HE&, n). This we shall generally denote by
the same symbol:

(100 H(Em) = (HEm)

It is a non-negative (hermitian) sesquilinear form, which is seprately continuous
with respect to the weak™ topology. Conversely, any non-negative sesquilinear
form on E* x E* which is separately weak™ continuous, gives rise to a positive
operator H : E* — E, via formula (10). If H is the reproducing operator of # ,
the sesquilinear form H is called the reproducing kernel of H .

Let Hilb(FE) be the set of Hilbert subspaces of £, and let L*(E*. E) be the set
of linear operators H : E* — E satisfying (7) and (8), briefly: positive operators
(recall that (7) is a consequence of (8)).

ProposiTiON 2.3.1 The map H — H, which associates with H its reproduc-
ing operator, is a bijection from Hilb(E) onto L*(E*,E).

Let us sketch the proof: Uniqueness: i.e. H is determined by H. By (4) the
subspace j*(E*) is dense in # , no element # 0 being orthogonal to it. The unit
ball B of H which is weakly compact, is weakly closed in E. Being convex,
B is closed. Thus B is the closure in E of the set {H& : (HE, €)'/> < 1}. This
proves that # is determined by H. Moreover it can be shown that one has, if

xeH:

(. )
HE €)'

(the supremum being taken over all £ € E* with (H¢, &) > 0) conversely if this
expression is finite x belongs to H (cf. [25: p. 146]).

(Il = sop i

Existence. Let N = {n € E* : (Hn.n) = 0}. Equip E*/N with the inner
product structure derived from the sesquilinear form H. It is a consequence of
the triangle inequality (9) that N = {n : Hn = 0} and there exists a continuous
linear map H : E* /N — E characterized by the relation HE = HE. This map
has a one-to-one continuous extension H : (E*/N) — E to the completion. The
image H = Im H with the Hilbert structure making A an isometry is a Hilbert
subspace with reproducing operator H. (cf. [25: p. 154]).

Remark. One often limits this construction to the abstract space (E*/N ).
Particularly in connection with fields of unbounded oprators it will be very useful
to embed the space # in E. In the case, considered below, where / is a kernel
defined on a x-algebra W by means of a positive functional: H(a,b) = w(b*a),
the Hilbert space # is the space Hilbert space occuring in the classical GNS
construction. It will be naturally embedded in the dual of L.

Remark. We retain from the proof the following fact which will be repeatedly
used in the sequel: Every Hilbert subspace # < E has a privileged dense
subspace Dy = j*(E™).
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Note that the map j* : E* — A is one to one, i.e. (E*,H ,E) is a Gelfand
triplet, if and only if # is dense in E.

Let E; be the space E* endowed with the topology of uniform convergence
on bounded subsets of E. For future reference we note the following corollary.

CorOLLARY 2.3.2. Any positive kernel H : E* X E* — C is continuous on
E; < E;.

Proof. Since j* : E* — % is continuous with respect to the strong dual
topology on E* and the norm topology on # , identified with the strong dual
topology of # *, it is a consequence of (5) that the sesquilinear form H is
continuous on Ej x E; [25: p. 157]. [}

Image spaces. Let u : E — F be a continuous linear map to a second locally
convex space. Let H < E be a Hilbert subspace with reproducing operator H .
Let N be the kernel of the restriction of « to #{ . This is a closed linear subspace
of #H . The image u(# ) is always equipped with the Hilbert structure making
the restriction of u to the orthogonal complement N+ of N in 4 an isometry.
It follows that u(‘H ) is a Hilbert subspace of F.

ProPOSITION 2.3.3. The inner product in u(H ) of elements ux, and ux,, with
X1,x € H | is

(12) (x| ux2) oy = (X1 [X2) 97

provided x| or x» belongs to N*.

This is clear if both belong to N*. If x; € N one can replace x, by its
orthogonal projection on N+ without changing either the inner product on the
right or the image wux,.

If the restriction of u to # is one-to-one u : H — u(‘H ) is an isometric
isomorphism.

The preceding proposition has an obvious analogue for antilinear maps u, the
right hand side of twelve being replaced by its conjugate.

ProprosITION 2.3.4. Let u : E — F be a continuous linear or antilinear map.
Then the reproducing operator of u(H ) is uHu*.

Proof. (For u linear). Let y = ux, with x € N*. Then

|uHu &) g = (x|Hu™€) = (x,u™€) = (v, &).

COROLLARY 2.3.5. Let H be a Hilbert space, identified with H *, and let
K — H be a Hilbert subspace having the reproducing operator T : H — H .
Then K =T'*(H).
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Proof. The reproducing operator of T'/2(#() is equal to T'/*(T'/**) =
T2\ =T, O

COROLLARY 2.3.6. Under the previous assumption, let j : H — E be a
Hilbert subspace of E. The reproducing operator of X as subspace of E is

*

JTj.
Proof. K *‘as Hilbert subspace of E” is precisely j(X ). a

CoroLLARY 2.3.7. If H is an abstract Hilbert space identified to H *, and u :
H — E is a continuous linear map, the image space u(H ) has the reproducing
operator uu®.

The cone structure of Hilb(E). The sum of two positive operators from E*
to E is again a positive operator, as is the product of a positive operator by a
non negative number. Following Schwartz let us give a direct description of the
corresponding Hilbert spaces:

Let #, and %5 be Hilbert subspaces of E. Let #; X %5 as usual be equipped
with the norm defined by ||(x;,x2)||* = |lxi[|> + [|x2]]>. Let @ : %, x %5 — E
be the map defined by ®(x,x;) = x| +x,. Then | + 74 is by definition the
image Hilbert space ®(H; X H,). If Ker(®) = (0) i.e. if H; N = (0), the
map ® : H, X H, — H is an isometric isomorphism. In that case the sum
H = H, + 35 is said to be direct and one writes H = H, & %b.

Let A 2 0. Then if # < E is a Hilbert subspace the space A# is defined
as follows: if A = 0, A4 = (0). If A > 0 the underlying linear space for \H
equals % , the inner product on A% is (1/)) times the inner product of # .

Finally it is useful to introduce an order relation in Hilb(E) as follows:
H, < H, if By C B, i.e. the unit ball of #, is contained in the unit ball of
. Equivalently H; C %6, the inclusion being an operator of norm at most 1.

One then has:

ProrosiTioN 2.3.8. ([25 : §6]) Let H , H, and H, be Hilbert subspaces of E
with reproducing operators respectively equal to H,H, and H,.

1. The reproducing operator of H, + H, is H, + H,.

2. The reproducing operator of \H is \H.

3. Hy = b is equivalent to Hy < H i.e. Hy —H, € L*Y(E*,E).
Proof.

1. @(xy,x2) = jixg +j2x2, (&) = (1€, j58). Thus @D*E = H\ & + HHE.

2. (fINHE) 9 = (fIH s = ([, &)
3. This is a consequence of (11) (cf. [25: p. 160]). (]

Example . Let N be a nuclear LF space equipped with an anti-automorphism
x +— x*. Then if E = 2} we can identify E; with 2, the anti-duality being
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defined by:
([ a) =1 (a").

The reproducing kernel H of a Hilbert subspace H < U’ corresponds to a
continuous bilinear form B on 2L x N by 2.3.2 or to a continuous linear form L
on AR by the formulas

H(a,b) = B(a,b") = L(a® b")

Thus the cone L*(E*,E) can be identified to a closed convex subcone I' of
the conuclear space (UQWY : T = {L : Lla®a*) 2 0 Va € N}. We shall
later consider the case where 2 is a topological *-algebra, i.e. an algebra with a
separately continuous product and a continuous involution. Then, if w € W' is a
positive form the sesquilinear form H,, defined by H(a, b) = w(b*a) is positive
and continuous!

2.4. Integrals of Hilbert subspaces. In this section we summarize the main
properties of the integrals of Hilbert subspaces following [29].

We equip the space Herm(E*, E) of all hermitian operators, i.e. operators
satisfying condition (7), with the topology of pointwise convergence on E*
in E. It is a quasi-complete locally convex space over R, subspace of EF’.
The corresponding weak topology is the topology of pointwise convergence
in E equipped with the weak topology. The dual of Herm(E™*, E) is generated
by the linear forms H — (Hn, &) or even, by polarisation, the linear forms
H +— (HE, €). The set L¥(E*,E) is a closed convex cone in Herm(E*, E).

Let A be a topological Hausdorff space, equipped with a Radon measure
m (i.e. an inner regular locally finite measure on the Borel sets). Let F be a
topological space (in the sequel £ of Herm(E™, E)). A map f : A — F is said to
be m-measurable if for every compact set K and € > 0 there exists a compact
set K’ C K such that m(K\K’) = ¢, and such that the restriction of f to K’ is
continuous. If ' has a countable base of open sets every Borel function is m-
measurable (Lusin’s theorem). In particular every lower semicontinuous function
f + A —[0,+00] is m-measurable. If F is a topological vector space it is clear
that the sum of m-measurable functions is m-measurable. Also the product of a
vector valued and a scalar m-measurable function is m-measurable.

Definition 2.4.1. A family (#,)\ea of Hilbert subspaces of E is continuous
(resp. m-measurable) if the map A — H) € Herm(E™, E) is continuous (resp.
m-measurable).

If (#,)rea be an m-measurable family of Hilbert subspaces of E, a measurable
field is an m-measurable map A — f(\) € E such that f()\) € #, for all \.

Example. \ — H)§ is an m-measurable field for all £ € E*.

Lemva 2.4.2. If (H\)rek and f(.)x are continuous the map X — || f(N)||x
(norm in Hy) is lower semicontinuous.

https://doi.org/10.4153/CJM-1990-023-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-023-3

420 A. BELANGER AND E. G. F. THOMAS

Proof. Let

[(f ), )

P =t er

if (H)\&,&) >0, Fe(A\) =0 if (Hy&, &) = 0. Then F¢ is lower semicontinuous
on K and by (10) ||f(V)]], = supg Fe(N).

Consequently if (Hy)rea and f(.) are measurable, the norm || f (M), is a
measurable function of X. We denote L*(m,{#,}) the space of equivalence
classes, modulo fields almost everywhere 0, of square integrable fields:

0 / FOVIRdmOy) < +00

with the norm defined as the square root of this expression. This is a Hilbert
space (cf. [29]). O

ProPOSITION 2.4.3. Let (Hy)ren be m-measurable and such that
(2) /(HA§.£>dm()\) <+00 VEEE"

Then there exists a Hilbert subspace H < E whose reproducing kernel is
defined by

G {9 = [ anoy
Every square integrable field f(.) is m-summable with values in E. We pose
4) D(f()) = /f(/\)dm(/\)

The map ® : L*(m, {H,}) — E is continuous and the space H is the image of
L2(m, {H\}) under ® i.e. H = DWL>(m,{#H,})) and the restriction of ® to the
orthogonal complement of its kernel is an isometric isomorphism.

Remark 2.4.4. If E is the strong dual of a nuclear LF -space, which is neces-
sarily separable, it can be shown that (#)yca is m-measurable if H : X\ — H,
is scalarly m-measurable, i.e. A — (Hyn,&) or even A\ — (H)& &) is m-
measurable. The above proposition can then be deduced from Schwartz’s results,
particularly proposition 20. The general case is treated in [29].

Under the assumption of proposition 2.4.3 we shall say that the family () )yca
is m-summable. The space H is denoted H = fHAc/m(/\). If the kernel of ®
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is (0), in which case ® is an isometric isomorphism of L*(m, {H,}) onto H the
integral is said to be direct and one writes:

@
H :/ Hydm(N).

In this case it follows that every f € H has an essentially unique decompo-
sition (vector integral in E): f = ff()\)dm()\) with f(.) square m-measurable.
Moreover one then has:

1P = / 1] ZdmN)
(flg) :/(f(A)IS(A))Adm()\)

A particular example of such a decomposition is: HE = [ Hy&dm()). Let A C A
be a measurable subset. Then if () is m-measurable one can analogously define
Hy = [, Hdm()\) the space with kernel Ha(€,€) = [, Hy(€, §)dm(N). Since
H, = H, one has #; — H , the inclusion being an operator of norm = 1. It
is clear that if the integral is direct then for any measurable set A C A, #, is
a closed linear subspace of H , H; and Hp being orthogonal subspaces if A
and B are disjoint. Conversely for the integral to be direct it suffices to have
1y N Hz = (0) whenever A and B are disjoint (cf. [29]).

Let H = [ #H,dm()\) be a not necessarily direct integral. Then, if R4 is the
reproducing operator of #; in # , the map A — R} is a semi-spectral measure,
i.e. it takes value in the set of positive operators in # , is countably additive
with respect to the strong operator topology, and is such that Ry = I, the identity
in A . If the integral is direct R is a spectral measure.

Now consider the converse question. Let j : 4 < E be a Hilbert subspace
and let A — R, be a semi-spectral measure in # , and let H4 = jR4j* be the
reproducing operator of the subspace H, corresponding to R4. Then we have:

ProposiTiON 2.4.5. If E is a conuclear space (e.g. the strong dual of a bar-
relled nuclear space): Then under the previous assumptions one has:

(1) There exists a Radon measure m such that m(A) =0 = R4 =0, i.e. R is
absolutely continuous with respect to m.

(2) If R is absolutely continuous with respect to m, there exists an m-
summable family (H))xen of positive kernels such that Hy = fA Hydm(\) for all
Borel sets A C A.

In particular, if R is a spectral measure one has: H = | © A dm(N).

This is a generalization appropriate in the present context, of Maurin’s nuclear
spectral theorem [18]. For a proof we refer the reader to [18] or [29].
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3. Representations of x-algebras.

3.1 Self-adjoint representations. Let ) be a topological x-algebra. We now
assume that there is given a strongly continuous representation of 2 on £, i.e.
a separately continuous bilinear map (a,x) — ax from W X £ to E satisfying:

(1 (ab)x = a(bx) Va,b € U.Vx € E

We then define an action of U on E* as follows:
@ {ax,§) = (x.a"¢)

this is again a representation i.e.:

3) (ab)¢ = a(h) Va,b € W VEEE™

and the bilinear map (a, &) — a¢ is separately continuous if £* is equipped
with the weak” topology, or, 2 being barelled, if £ is equipped with the strong
dual topology.

Note that if E* is equipped with the weak® topology £ can be viewed as
(E*)*, the sesquilinear form being the complex conjugate of (x, &). The action
of 2l on (E*)* then coincides with the original action of ) on E.

Definition 3.1.1. A Hilbert subspace H «— E will be said to be invariant if:
4) aH¢ = Haé Ya € A VE € E"
Equivalently:
4 H(an, &) = H(n,a*&) Ya € N, Vn, £ € E”

Let Dy, = H(E*) be the corresponding dense subspace of # . Then D, C E
is invariant under the operators a, and we define a representation 7 of W on D
by restriction. Thus

(5) ma)p =ap @ €Dy ac N
Since Dy is a subspace of H , we shall write, in view of (4):
(6) m(a)j*(§) = j*(a&)

thus 7 is regarded as a representation of ) by, in general unbounded, operators
in H, with common invariant domain D, .

In this connection let us recall the notion of self-adjoint representation due to
Powers [22] and [23].

Definition 3.1.2. A representation 7 of a x-algebra I on a Hilbert space H
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is a mapping of 2 into linear operators defined on a common dense domain
D, C H , invariant under m(a) for all @ € U, and such that 7 is linear and
multiplicative on D,. The representation is hermitian if n(a*) C n(a)* for all
aeNie.

(7 (m(a)p|Y) = (p|m@ ) Ve, €D,

A hermitian representation is also called a *-representation.

One defines the closure of a *-representation 7 as the representation 7 defined
on Dz = Q,D;rm by putting 7(a) = m(a), and a representation 7* on the domain
D+ = MyDray by putting 7*(a) = m(a*)*.

One equips D,- with the “graph topology” i.e. the topology defined by the
seminorms || f|| and p,(f) = ||7*(@)f]|. Then D, is a complete topological vector
space and D; is the closure of D, in D,«. Note that contrary to the assumption
in [22] we have not stipulated the existence of a unit in 2. But if one replaced
A by the algebra in L (D;) by the algebra generated by the operators m(a) and
the identity one obtains precisely the situation considered by Powers.

Definition 3.1.3. A x*-representation 7 is said to be closed if 7 = 7, self-
adjoint if 7 = 7*, and essentially self-adjoint if 7.= 7*.

Definition 3.1.4. The weak commutant {m(2)}’ of the *-representation 7 is
the set of bounded operators S in # such that

€)) (Sm@)pl) = (Sp|n@)p) Yo, € Dy,Va € U

It is a weakly closed, symmetric, complex linear manifold in £ ().
The next proposition is proved in [22: Lemma 4.6, p. 96]. Its proof does not
require the existence of a unit. The result is crucial for the work below.

ProposiTION 3.1.5. Let m be a self-adjoint representation with domain D,.
Then a bounded operator S belongs to the weak commutant {w(W)}’ if and only
if SD, C D, and Sw(a)f = w(@)Sf for all a € W and f € D,. In particular
{TF(?/[)}I is an algebra, hence a von Neumann algebra.

Proof. Let ¢, € Dy = MDy. If S € {m(A)} using (8) we get that
p — (m@)e|S*Y) = (Se|r(a@*)) is continuous. Thus S*1) € Dy and
(p|m(@)*S* ) = (p|S*m(a*)y) for all ¢. Thus m(a)*S*y = S*n(a*)y for all
Y ie. S*Y € D, = D+. Moreover w(a)*(S)* = S*n(a*) for all @ € A. Replacing
S by §* we obtain the result.

COROLLARY 3.1.6. The weak commutant {n(0)}’ of an essentially self-adjoint
representation is a von Neumann algebra.

In fact {r(W)} = {7}

Note that there exist examples of weak commutants which are not algebras
(cf. [22: p. 92)).
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CorOLLARY 3.1.7. S : D, — Dy is continuous with respect to the graph
topology.

In fact: pu(Sf) = ||m(@)Sf|| = IST@f]| = [[Sllpa(f)-

Let us return to the specific situation at hand where # < E is a Hilbert
subspace of E, and 7 is defined by restricting the representation of 2 in E to

Dy = jH(E™).
For a € W we pose:

9) M, ={f€H 1af € H}

(10) M =[] 9

ae
This is a linear subspace of #{ containing D .

PropOSITION 3.1.8. One has Dy = M-, the maximal domain for a*, and

(1D w@'f=df f€ M

Proof. Let ¢ = j*(&) belong to D, and f € M,-. Then one has
(flm@yp) = (f|j"(@&)) = (f,a&) = (a"f. &) = @f|p)

Thus f belongs to the domain of m(a)* and w(a)*f = a*f. Conversely, let f
belong to the domain of m(a)* and let ¢ = w(a)*f. Then

(8:€) = /7€) = (I"j@®)) = (f,a8) = (a'f . €)
Thus a*f = g belongs to H , i.e. f € M. O
We get as an immediate consequence of the above:
PrOPOSITION 3.1.9. 7 is a x-representation of W : m(a*) = n(a)*|p,, .

A second consequence is that the domain of the representation 7* is the space

M and

(12) m™a)f =af feEM

Thus M equipped with its graph topology defined by the seminorms: | f]|,
pa(f) = |laf ||,a € U, is a complete topological vector space. Recall that the
domain of 7 is the closure of D, in the space M .
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ProposiTion 3.1.10. Let H < E be an invariant Hilbert subspace. Let
K < H be a Hilbert subspace of H , and let T € L(H ) be its reproduc-
ing operator. Then K — E is an invariant Hilbert subspace if and only if the
operator T belongs to the weak commutant of the representation .

Proof. Let j : { < E be the injection. Then the reproducing operator of X
in E is the operator K = jTj*. Let T belong to the weak commutant {m(2)}’ i.e.
assume:

(13)  (Tn@ely) = (Te|ra@)p) Ve, € Dy
Then one has

K(an, &) = (Tj an,j*&) = (Tn(a)j*n,j*&) = (Ij*n, m(a*)j*§)
=K(n,d"§)

i.e. K is invariant. Conversely the invariance of K implies the equality of the
third and fourth term, i.e. T € {r(A)}. O

Under the hypotheses of proposition 3.1.10 there exists a representation of N
on the dense subspace D of X defined analogously. If necessary we distinguish
these representations by denoting them 74, and wg respectively.

The following theorem has been obtained by Powers [22: Theorem 4.7, p. 97]
in the case where 7 is self-adjoint and the space X is a closed subspace of # .

Tueorem 3.1.11. Let H and K be invariant Hilbert subspaces of E with
K — H . If my Is essentially self-adjoint, so is Ty .

LemMma 3.1.12. Let w be a self-adjoint representation of N with domain D,.
Let S be a one-to-one self-adjoint bounded operator on H belonging to the
weak commutant {m(W)} of m. Then S(Dy) is a dense subspace of D, equipped
with its graph topology.

Proof. For notational simplicity we assume S to be positive as well (the
only case used below). Let F be the resolution of the identity for S, i.e.
S = JOO AF(d)). Let F, = F[(1/n),n],B, = fl"/n(l/)\)F(d)\). Then F, and
B, belong to the von Neumann algebra {m(2))}. Let f € D,, f, = F,f and
gn = B,f,. Then f, and g, belong to D, and f, = Sg,. Thus f, € S(D,). Also f,
tends to f in A , and w(a)f, = F,m(a)f tends to m(a)f for all @ € . Thus f,
converges to f in the topological vector space D,. 0O

Proof of 3.1.11. Let m = w4 . Then Dy as linear subspace of 4 equals Tj*(E*)
i.e. it equals T(Dy). On the other hand we know (2.3.4) that K = T'/>(%().
Since {7(2)} = {m(2)} is a von Neumann algebra T'/? belongs to it. Thus
the space Al = TY2(M ) is invariant under the action of (. Let p be the
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representation of N in A defined by n(a)f = af (i.e. the restriction of the
closure of g to AL). O

Lemma 3.1.13. p is a self-adjoint x-representation.
Proof. a. p is hermitian: let g; = T'/%f;,i = 1,2, with f; € M = D;. Since

the orthogonal projection on Ker(T'/?) belongs to {m(2)}’ and so leaves M
invariant (3. 1.5), we may take f; orthogonal to Ker(T''/%). Then we have

(pla)gilg)x = T il = ([|T@) ) = (g1]pla)gr)x -
b. Let g = T'/%f;,i = 1,2, with f; € M and f, € H orthogonal to Ker(T'/?).

Let g> belong to D, i.e. assume that for every a € U there exists a constant ¢,
such that

l(p@gilg)x | < calla]lx Vg1 € N

Then we have

|®@ Ao | = el fillsr V1 eM.

Thus f> belongs to D, for all @ € . Therefore 7 being self-adjoint, f> belongs
to M and so g belongs to T'/>(M ) = D,.
Thus we have D, = D,, which implies that p is self-adjoint. O

Now Dy — T(Dy) = T'PTV2(Dy) C TVA(M) = N[, since T'/2(Dyy) C
T'>(M ) C M . To prove that the representation 74, i.e. p restricted to Dy,
is essentially self-adjoint it is sufficient to prove: Dy is dense in A, equipped
with its graph topology. We first prove:

Lemma 3.1.14.

(1) T2 is a bounded operator in X .

2) T2 is a positive operator in K .

) T'? is a one-to-one on X .

(@) T'/? belongs to the weak commutant of p.

Proof. Let ¢ = T'f. f € H orthogonal to Ker(T'/?). (1) Then g € H
so T'%g belongs to K = T'/2(H ). Also ||T'2g|lx = ||Tf||lx = |Tf|lo =
AT S lloe = 17N llgllx- @) (Tgledn = (8] Har = (TVf a2 0. (3)
If T'2¢ = 0,Tf = 0, so f € Ker(T) = Ker(T'/?); hence ¢ = 0. (4) We have
TV2A) = T'PTV2(M ) € TVAM ) = N since TX(M ) € M. Also T'/?
commutes with p(a) because this is the restriction of 7(a) to A . Therefore T''/2
belongs to the weak commutant by proposition 3.1.5. 0O

We can now terminate the proof of theorem 3.1.11: We know that D, is dense
in M. Now T'/? : M — A is continuous with respect to the graph topologies
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because 7'/2 is continuous and intertwines 7 and p. Consequently T]/z(Dy{) is
dense in T'/(M ) = A . Therefore T'/2 : A — A being continuous by lemma
3.1.7, Dg = T'2TY2(Dy; ) is dense in T'/2(A() for the topology induced by
A . Finally T'/2(A( ) being dense in A’ by lemma 3.1.12, it follows that Dy is
dense in N[ . O

Consequence 3.1.15. N = T'/z(M) is the maximal domain for 7 and
7_'1'7( = p.
In fact, every self-adjoint representation is maximal [22: p. 95].

3.2. Desintegration of self-adjoint representations. Now we assume that
H is the direct integral of invariant Hilbert subspaces:

D
M y{:/ Hdm(\)
A

Let H and H) denote the corresponding reproducing operators, D = H(E*) and
D) = H,(E™*) the privileged dense subspaces, and 7 and 7, the representations
of A obtained as before in D and D), respectively.

ProposITION 3.2.1. Let m be essentially self-adjoint. The following conditions
on M are equivalent:

(1) M equipped with its graph topology is metrizable.

(2) There exists a countable set A C W such that for all a € W there exist
ay,ax...,a, € Asuch that |laf || = || f|| + 12, llaif]| for all f € M.

(3) There exists a countable set A C W such that for all a € W there exist
ap,as...,ay € Asuch that |lag|| = |||l + 2o, llail| for all ¢ € Dy,

(4) There exists a countable subset S of W such that for all a € W there exist
b € S and a number k Z 0 such that ||ap| < k(||¢|| + ||bel]) for all ¢ € Dy

Proof. 1.4 2. is obvious. 2. < 3. because Dy is dense in M . 3.= 4. with

n

S the set of finite sums b = Zi:, ala;, with a; € A.4.= 1. obvious. O

Note that these conditions on M are satisfied if U is algebraically generated
by a countable subset.

More generally, assume 2 contains subalgebras © and Y% such that D is
countably generated, and such that every element in W has a decomposition
as finite sum a = Y. d;b;, with d; € D,b; € M. If n(d) is bounded for all
d € I, M is still metrizable. A situation in which this occurs, is the case where
2 is the convolution algebra of distributions with compact support on a Lie
group G, D is the set of distributions with support in the neutral element, and
I is the set of measures with compact support. Then if 7 is the representation
of A associated to a unitary representation of G, 7 is not bounded, U is not
countably generated, but M is metrizable.
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We do not at present know of any example where 7 is essentially self-adjoint
and where M is not metrizable (cf. [22] and [23]).

THEOREM 3.2.2. Assume W is a nuclear LF x-algebra. If w is essentially
self-adjoint, and the space M is metrizable, 7 is essentially self-adjoint for
m-almost all \.

Let us introduce some notations. Recall that M is the maximal domain for
the representation 7 in # . Thus M is the domain of the self-adjoint closure
of m, i.e. D is dense in M for the graph topology. Let M, denote the maximal
domains in H, respectively. We need to prove that D, is dense in M, for almost
all .

The self-adjoint representation 7 is the restriction to M of the given repre-
sentation in E.

If B C A is a measurable subset, let

Hy = / Hydm(\)
JB
be the subspace with reproducing kernel
H/;(U-, 5) - /}I,\(?], f)d}’)l()\)
B

Then Hy is a closed subspace of H . Let Py : H{ — Hz be the orthogonal
projection. The invariance H)(an, £) = H(n,a*€) implies the invariance of the
kernels Hp. Thus by proposition 3.1.10 Pg belongs to the weak commutant
{mr()}'. In particular the maximal space M is invariant under Pg.

Letf € M and let f = fAf()\)dm()\) be its decomposition with f(.) square
summable. Then Pgf = [, f(A)dm(X).

Lemma 3.2.3. The map A +— afy is a square summable field for all a € N
and

(H aPgf = /a_}‘;dm(/\)
B

Proof. Since the map x +— ax is continuous in £, we have (1) as a vector
integral in E. Let ¢ = m(a)f = af then g = [ g(Mdm(\) with g(.) square
integrable, and

2) Ppg = /g(/\)dm(/\)-
B

Since aPpf = 7w(a)Ppf = Ppg the expressions (1) and (2) are equal for any
measurable set B. Therefore af(\) = g(A) for a.a.\ and we get the desired
conclusion.
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We now want to prove that f € M implies that fy € M) for almost all A. So
let f € M . For B measurable in A, let H{, be the kernel defined on 2 x 2 by:

Hi(a,b) = (Pgaf |bf ) .

The map @ — af € # is continuous by the closed graph theorem. Thus
}[Bf is a continuous and positive kernel on N x . This defines a measure
B i— Hé € (USNY. By proposition 2.4.5 we know that ) being a nuclear LF
space this measure has a Radon-Nikodym derivative A i— J{Af with values in
the continuous and positive kernels:

Hl = / H{dm(\).
JB

Now by the previous lemma we have:

/ (H{a.a)dm(X) = (Hya.a) = (Pyaf laf ) = / (afi |af)dm(X).

Js B
Hence
G (Hia.a) = ahlaf)
for all A not belonging to a null set N, depending on a. O

Lemma 324, fe M = f € M, fora.a. X

Proof. Let %y = {a,} be a countable dense set of elements in 2. Applying
the preceding reasoning for each a, we get (H-ﬁan,a,,) = (apfilanfr) for all A
not belonging to the null set N = U,N,,. Let ¢ € A and (a;) be a sequence in
N such that @ = limg a;. Then afy, = lim; a,f) for all A. The map x — ||x||»
being lower semicontinuous on £ we have for each A € A:

llafill3 < lim lachill3 = li[ﬂwﬁa[,am = (H{a,a) < +00

for all A € A\ N. In particular f), € M, forall A € A\ N.

We now prove M, = A\ for almost every A € A. Let {p;}ie; be a funda-
mental system of seminorms on 2. Let U; = (?I/p,-"(O))A be the Banach space
associated with p;. Then by the nuclearity of U the canonical map ¢ — a from
A to U; is nuclear. Thus

4) a= Z a,Ly(a)a,

n

where («,) € i, {L,} is an equicontinuous sequence in W' and ||a,|| = pi(a,) =
1. For each i € I, let ¢;(f) = sup{||af|ls : pia) S 1}. Let M; = {f € M :
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qi(f) < +00}. Then M = Ui, M;. In fact, if f € M the map a — ||af ||«
is a lower semicontinuous seminorm on N. The space N being barrelled, it is
continuous. Thus there exists i € [ and ¢ 2 0 such that ||af |[ss = ¢pi(a) for all
a € N and so ¢;(f) = c.

If f € M; we have |laf||s = qi(f)pi(a). Therefore the map a — af factors
via a continuous linear map a — af = af defined on ;. Applying this to the
expansion (4) we get

(5) le = Z a,,L,,(a)a,,f.

By the metrizability of M , there exists a sequence {¢i} C Dy such that
apr — af in H for all a € U. Then the maps a — ap; from W to H are
equicontinuous by the uniform boundedness principle. This means that there
exists a continuous seminorm p; on I and a constant M such that ||ay|| =
Mpi(a)Va € W i.e. qi(pr) = M; Vk. Hence

la.(f — o)l =M +qi(f) Vn and Vk.
Define the function Fy : A — [0, +00] as follows:

Fir(\) = Z Ianl Hanf/\ - anSOk.A”)\-

n

Then

1/2 12
([ ran) ™ = Slanl ([ lauhs = avoualamon)

s Z Ian| ”an(f - SOA)“ < 400

n

This first of all implies that F;(\) < +oo for all £ € N except possibly for A
belonging to a null set N. Secondly, since the right hand side goes to zero as
k goes to oo, there exists a subsequence (still denoted F;) going to O for all A
outside a null set N’ D N. This implies that

||df/\ _a<Pk.A||A g Z ‘an| |L,,(CI)| “anf/\ _an(pk./\”A é sup |Ln(a)|FA(/\)

n neN

which goes to 0 for all @ € U and all A € A\ N’. Hence, f), € A\, for all
A € A\ N’ ie. almost all \. Thus 7, is essentially self-adjoint for almost all A,
which was to be proved. O

Remark . We have used the metrizability of M only to obtain an approxima-
tion of f in M by a subset of D, which is bounded in M . One would like to
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do without the metrizability assumption but it is an unsolved question whether
in general, 7 being essentially self-adjoint, every f € M belongs to the closure
of a bounded subset of D .

The analogous result for bounded representations is easier to prove. In this
case, we do not need the nuclearity assumption on U and M = # is automati-
cally metrizable.

ProposITION 3.2.5. Let W be an LF x-algebra and let w, 7y and m be defined
as above. If 7 is bounded then my is bounded for m-almost all .

Proof. Since 7 is bounded, there exists for each a € 2, a constant M, =
|lm(@)]| such that

||7r(a)<p||ﬁ' = Mdlellsr Yo €Dy
Then for each measurable set A, we have
(6) laPaollsr = MallPagllsr Yo €Dy

Assume first that (#))xea is a continuous family, A being equal to the support
of m. If ¢ = j*¢ for € € E* then it follows from (6) that,

Ha(a&,a&) = (Pyj"ag|ja&) < M HA(E, ).
Thus, for each a € N, we have
7 Hy(a€, af) < M2H,(E, )

for almost all A € A, hence for all A € A, and for all £ € E*. Rewriting (7) as
follows

llajx€llss = Mall j3€ll o

it is seen that for all A € A, the representation 7, is bounded, and ||m)(a)|| =
|l(a)|| for all A € A. In the general case the conclusion follows from the Lusin
measurability of the family (#))yca. O

4. Invariant kernels and positive forms.

4.1. Kernels associated to positive forms. The GNS construction. Let 2
be a topological x-algebra (cf. 2.2) and let w € W be a positive form, i.e. a
continuous linear functional satisfying the condition:

(N w(a@a)20 Vae N
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Then one defines a sesquilinear form H,, on A x W by:
2) H (a.b) = w(b*a).
We shall identify 2 with its conjugate space by means of the involution x — x*.

If E = I equipped with the weak dual topology, 2l may be identified with E*,
the anti-duality between E and 2 being defined by:

3) (foa) =fa).
With this notation (2) becomes:
(4) H(a,b) = {w,a*h).
The algebra U naturally acts on its dual U as follows:
5)  (afx)=(fa) axel
This defines a representation of W on U’
(0) a(hf) = (ab)f
which is separately continuous when %’ is equipped with the weak (or, 2 being
barrelled, the strong) dual topology.
The associated representation on 2 = E* (cf. 3.1) is the natural action of N
on N by multiplication from the left (left regular representation).
Before proceeding with the invariance properties of kernels let us point out

that in this case there is also a natural action of W on 2’ by multiplication from
the right:

(6) (fb,x)y={(f,xb*) x,be.
One then has the following associativity rule:
(7 (af)b = a(fb) Va,b € WNf € W.
The map (f.bh) +— fb is bilinear and separately continuous, but it is not a
representation.

Let U be the space conjugate to ), equipped with the x-algebra structure
which makes the conjugation x +— X a *-homomorphism:

(8) ax¥ =ax; a =a.

Then the map (f, b) — fb* is representation of the algebra .

https://doi.org/10.4153/CJM-1990-023-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-023-3

NUCLEAR *-ALGEBRAS 433

Example . Let G be a unimodular Lie group equipped with a Haar measure
dg. Let C*>°(G) be the space of test functions equipped with the convolution
product and the involution ¢*(g) = ¢(g~"). Then W = D'(G) is the space
of distributions on G and the left and right actions of % and N’ are the usual
operators of left and right regularization of a distribution by test functions.

If w is a positive functional on 2, the kernel H = H,, defined by (2) or (4) is
associated with the reproducing operator H : A — )’ defined by:

9) Ha = aw
Clearly the operator and kernel H are invariant:
(10) aHx = Hax Na,x € U,

(11) H(ac,b) = H(c,a*b) Va,b,c € W.

Let H, < I’ be the Hilbert subspace associated with the reproducing operator
H, : a — aw. The subspace Dy (cf. 2.3) will now be denoted D,,. Thus the
space

(12) D, = {aw:a € N}

is dense in #,. The inner product of #, on D, has the expression:
(13) (aw|bw) = {aw, b);

alternatively:

(13)  (aw|bw) = (w,a*b) = w(b*a).

The space D,, is obviously invariant under left multiplication by elements
of A. We denote 7, the representation of 2 obtained by restricting to D, the
representation in W’ i.e.:

(14) @)y =ap, ¢ €D,

Then 7, is a *-representation of 2 by, in general unbounded, operators in 4L,
with common domain D, (3.1.9). The representation (#{,, D, m,) is called the
GNS representation associated to the positive functional w.

In the case of the example U = C*(G) = D(G), the positive forms on
A are just the positive definite distributions, denoted 2 (G). If w equals §, the
Dirac delta, H,, is the space L>(G; dg) which, as usual, is considered as a Hilbert
subspace of D'(G).

A natural question at this point is whether every invariant operator H : 2l —
W, i.e. satisfying (10), is associated with some positive functional w on 2, and if
so whether this w is uniquely defined by the operator or kernel H . More precisely
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we shall require to know when the correspondence w +— H,, is homeomorphism
with respect to appropriate topologies.

Let us merely note here that this has an obvious answer if U has a unit 1.
Since 1 = 1", w is determined by H:

(15) w(a) = H(a,1).

Conversely if H is invariant and w is determined by (15), we have H(a.b) =
Hb*a, 1) = w(b*a).

In the case A = D (G), A has no unit and it is in general impossible to extend
w as positive functional to the algebra obtained by adjoining a unit to (. This
will be shown in the next section. The other sections of this chapter will be
devoted to the correspondence w +— H, when 2 does not necessarily have a
unit.

Let us end this introductory section by applying section 3.1 to the GNS
representation.

Definitions 4. 1. 1. 1. A positive functional w on W will be called self-adjoint
if its associated x-representation w,, on H, is essentially self-adjoint (cf. 3.1).
2.w will be called bounded if 7 (a) is bounded for all a € N

Obviously, any bounded positive functional is a fortiori self-adjoint. Recall
the following result [2: §37]:

ProposiTioN 4.1.2. If w is a positive functional on a Banach *-algebra, then
w Is bounded.

Proof. Let w be a state on a Banach x-algebra and let (D, 7,,, #{,) denote, as
usual, the GNS construction associated to w. For a € U, then 7, (a) is bounded
if M, > 0 such that

(16)  [[mu(@bwlly, = M [lbwlls, Vb € U
ie.
w(b*a*ab) = M>w(b*b) Vb € .

If W is a Banach x-algebra with a unit, 1, we know that w is bounded and
[lwll = w(1). If A has no unit, we define for b € W, wy(a) : = w(b*ab). As
before, let B = ADC 1 be the algebra obtained from 2 by adjunction of a unit.
Because I is an ideal in ‘B, we can define &(¢) = w(b*ch) for all ¢ € B and ©
is a positive functional on the algebra B which is equal to w, on U (one could
check easily that @ is the extension given by proposition 4.2.1 with k = w(b*h)).

Thus ||@|| = @(1) = w(b*b). Hence,

|mu(@bwl = wyla*a)'? < |la*a||'?||bwls  Va,b € A O
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Remark 4.1.3. In the case of C.*°(G), m,, is bounded for each w since it is the
smeared version of the unitary representation of G by left translation in %,

However, even though the tensor algebra 7'(S (R4)) has a unit it is well-known
that in that case not all representations of the form m, are given by bounded
operators.

PROPOSITION 4.1.4. Let w and w' be functionals on W such that 0 £ w' < w.
Then if w is self-adjoint so is w'.

Proof. Let w” = w—w’'. Then H, = H, + H,». Hence H, < . This is
therefore a direct consequence of theorem 3.1.11. |

Remark. It is natural to think that a similar statement is valid with the word
“self-adjoint” replaced by “bounded” but we have not proved this.

4.2. Algebras with and without unit. Let % be a x-algebra without unit,
and let B = W +[1] be the algebra obtained by adjoining a unit. Recall that for
each linear functional f, we define another one by: f*(a) : = f(a*). If f = f*,
we say naturally that f is hermitian. The following proposition is well-known.

ProposITION 4.2.1. (cf. [20: p. 187]) The necessary and sufficient conditions
for a positive functional f on W to be the restriction to N of a positive linear
functional on B, are that

() there exists a constant k Z 0 such that:
(M B Sk B'b) Vb e

(b) f is hermitian. O

If 2 has an approximate identity (ey), then in particular the products of
elements of 2 form a total subset of 2. This is equivalent to the fact that each
positive functional on U is hermitian.

ProposiTion 4.2.2. If W is barrelled and has a bounded approximate identity
i.e. (eq)acs is a bounded subset of N, then every continuous positive functional
on U satisfies conditon (1).

Proof. For eachy € % and a € I : |f(eah)|* S fleqea)f (b*h). Now the
form (a, b) — f(ab) being separately continuous, it is hypocontinuous, and so
bounded on a product of two bounded sets. Thus k = sup,f(eqes) is finite.
Since |f(eab)|* < kf (b*b), we get (1) in the limit. (cf. [20: p. 188]) 0O

Example 1. Let 2 be the convolution algebra L'(G) on a locally compact
unimodular group. Then 2 has a bounded approximate identity, and so every
continuous positive form is hermitian and satisfies (1).

PropoSITION 4.2.3. Let w be positive and hermitian on W. Let H,, be the left
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invariant Hilbert subspace of W' whose reproducing operator is H : a — aw.
Then w € H, if and only if w satisfies condition:

(H |w(a)[2 < kw(a*a) Va e .

Proof. We pose as usual (T,a) = T(a*). Then (1) becomes, given the fact
that a positive form is hermitian:

(2) {w,a)|* £ k(Ha,a)
Equivalently
@ Nwal =M|jal ™ =Vh.

If this is satisfied there exists an element h € H,, such that (w,a) = (h|j*a),
which equals (jh,a). Thus w = h € #H. Conversely this implies (3) with M =
[lwll-

Example 2. Since D (G) has an approximate identity every element of P (G)
is hermitian. In this particular case, (1) is equivalent to two further properties.

PrOPOSITION 4.2.4. Let w € P . Then the following are equivalent:

(1) we H,

(2) w is a continuous function (i.e. w =Ty, with f € C(G)).

(3) w is the restriction to D(G) of a positive linear functional on L'(G).

Proof. (2) = 3. If w = Ty is a positive functional it is well known that f is
a continuous positive definite function. Thus w extends to a positive functional
on L'

(3) = 2. Conversely it is well known that a positive functional on L' is
associated to a positive definite continuous function.

(2)= 1. Lt K(t,s) :f(t"s). Then K is the reproducing kernel of a Hilbert
subspace H — C(G), with L,f € # . Now if H is the reproducing operator of
H as a subspace of D', we have Hy = [ (DK, dt = ¢ xf = ¢ xw = H_p.
Thus H = H,, and so w =T, € H,,.

(1) = 2. We have for all T € H, : (T|¢ * w) = (T, ). Then it is easily
verified that T is the regular distribution associated with the function ¢ 1—
(T|6, * w).

Example 3. Let L be any countable set. Let 2 be the set of matrices
(ajj)ieL, jeL» vanishing except for a finite number of terms. Let 1 be the identity
matrix, (0;)ies, jer. and let B be the algebra generated by 2 and I in the alge-
bra of all matrices whose rows and columns have finite length. Then 2 has an
approximate identity, namely the sequence (1) where 15 = ¢;; if i,j € A, and
0 elsewhere, A being a finite subset of L. We equip N with the inductive limit
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topology 2 = U4, A finite 2, = C***. Then it is a strict inductive limit. The
approximate identity is therefore not bounded.

Let w(A) = trace(A). Then w is a positive form and w(A*A) = ||A]|3, the
square of the Hilbert-Schmidt norm. Now if we had (5) i.e.: [r(A)] = M||A]|»
it would follow that every Hilbert-Schmidt matrix is of trace class. This is not
the case. Consequently the trace does not extend to a positive form on ‘B.

Since W = C“*!)| the anti-dual of 9 is the space of all matrices: C*", the
anti-duality is:

(A.B) = tr(AB") = > " A;Bj;.
if
The space #, associated to the trace is clearly the space of all Hilbert-Schmidt
matrices, i.e. [ 2(L x L). In the anti-duality between N and CH*L the form w is
identified with the identity matrix [ = (§;;) : tr(A) = (A,I). Thus the condition
is not satisfied because the identity matrix is not Hilbert-Schmidt.

Conclusion. These examples show that conditon (1) is in general too restric-
tive. But the existence of an equicontinuous approximate identity is not unusual
in an LF-algebra.

4.3. The Derived Algebra. Let 2 be a topological algebra, i.e. an algebra
equipped with a locally convex topology for which the product is separately
continuous. We assume ) to be complete, as is the case when U is an LF -

space. Let p : A x W — N be the map (x, y) — xy. Then p induces a continuous
linear map P = Py:

(1) P ARUA — AN

(Recall that for all matters concerning topological tensor products we refer to
[13: Produits tensoriels topologiques]). Let D A = P(URN) be the image, and
AN = Ker(P). Then we have a linear bijection:

) P ARA/N — DU

We equip D 3 with the quotient topology, i.e. with the topology for which P
becomes a homeomorphism.

ProposiTioN 4.3.1. (1) D W is an ideal in N and a topological algebra in its
own right, with continuous inclusion:

3) DU — N

More precisely: if a € N the operators L, : x — ax, and R, : x — xa leave
DN invariant and are continuous in D N.
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(2) If Wis a Banach algebra (resp. a Fréchet algebra, resp. a nuclear Fréchet
algebra) DN has the same property.

(3) If Wis a topological x-algebra, D W is invariant under the involution and
a topological x-algebra in its own right.

@ If u : W — B is a continuous homomorphism there exists a unique
continuous homomorphism Du . D W — DB such that Duo Py = Py ou® u.
We have u(‘DW) C DB, and Du is precisely the restriction-corestriction of u
to DU and DB.

(5) If W and B are x-algebras and u is a x-homomorphism, Du is a *-
homomorphism.

6) If U = {u} is an equicontinuous set of homorphisms N — B the set
{Du}ucv is equicontinuous.

(7) Let (eq)act be an equicontinuous approximate identity in the algebra .
Then the maps L,, (resp. R, ) are equicontinuous in D W, and converge point-
wise to the identity of D W. The family (¢2)ae; is an equicontinuous approximate
identity in DN,

Lemma 4.3.2. Let w : W — B be a linear map with the property that there
exists a continuous linear map v : UQWN — BRXB such that wo P = P o y.
Then w(D W) C DB and the restriction-corestriction of w to DN and DB is
continuous.

a@a f) ’B@’B
“4) p p
Da —w“‘)' DB

Moreover, if (W)ie; and (v)ic; are sets of linear maps such that wioP = Pov; for
alli €1, (wy)ig is equicontinuous in L(D W, DB)) if (vi)ies is equicontinuous
in LARXN, BRB).

Proof. Clearly w maps Im(P) to Im(P). Now D W having the quotient topo-
logy the map w : DN — DB is continuous if and only if woP is continuous. But
woP equals Pov and so is continuous to DB. Similarly if U is a neighborhood of
0in DB, P~ {7 ' U)) =P 'w '(U) = Mivi ' (P~1(U)) is a neighborhood
of 0 in AXMN and so ﬂ,-w,-"(U) is a neighborhood of 0 in D . O

Proof of 43.1. (1) axy = P(ax ® y). Thus if L, : A — 2 is the operator
of left translation we have, L,P(x ® y) = P(L,x ® y), and so by continuity
L,P =P o(L,®1I). It follows that the operator L, leaves D 2 invariant and is
continuous. Similarly R, corresponds to I ® R,,.

(2) If W is a Fréchet space the separately continuous linear maps on
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A x N are continuous, and the separately equicontinuous sets of bilinear maps
are equicontinuous. Thus AR = ARN. Consequently AR and AN /N
are Banach, resp, Fréchet resp. nuclear Fréchet spaces.

(3) Let I : x — x* be the involution and o : ARNU — NAXN be the ex-
change map: o(x ® y) = vy ® x. Since (vv)* = v*x* we have /] oP = Pogo
(I ® I). It follows that the R-linear operator I leaves 9 9 invariant, and that
it is continuous.

(4) We have u(xy) = u(x)u(v). By continuity 1o P = P o (& u). This implies
that (D A) C DB and that the restriction-corestriction Du of 1 to DN and
DB is continuous.

(5) This is obvious because the involutions in D 9 and DB are the restrictions
to DN and DB of the involutions in A and B respectively.

(6) Similarly {Du},cy is equicontinuous if and only if the set {DwuoP},ep is
equicontinuous. But this set is {Po(z@u)},,eu and this is equicontinuous because
the set {u®u},e is equicontinuous [13: Produits tensoriels topologiques, Prop.
13, p. 73].

(7) As in the proof of (1) we have L, P = Po(L,,®I). The maps L., ®I being
equicontinuous in AR, it follows that the operators L, are equicontinuous on
DAN. Since L, (xy) = P(eqx ® y) and the canonical map (v,y) — x @y is
separately continuous, it follows that L, (vy) tends to xy in D . The products
being total in D A (because the elements x ® y are total in AR W) the pointwise
convergence (and even uniform convergence on compact sets) follows from the
equicontinuity. To prove the last statement it is sufficient to show that the family
(€2)q is an equicontinuous approximate identity in 9. The operators L? = (L(Z,")
are equicontinuous. It is sufficient to prove that they converge pointwise to the
identity in £ (). Let p be a continuous seminorm on . Then there exists a
continuous seminorm ¢ on 2 such that p(eqx) = g(v) for all v € 9. Hence
pleqegy — X) = plegeyy — eoqX) +pleat —X) = g(egx — V) + p(eqax —v) which is
arbitrary small for a, 3 larger than some index «, in particular for & = 8 2 «.

O

As we first remarked in the introduction, we are particularly interested in
algebras N for which D = .

Definition 4.3.3. A self-derivative algebra is a topological algebra 1 such
that D 9 = U, as topological algebras.

Equivalently the map P : AR /N — W is a linear topological isomorphism,
or P : URN — W is surjective and open.

Remark 4.3.4. Let 2 be a Fréchet algebra. Then AR = AR, and every
element + € AR has a series expansion ¢ = DN Audy @ by with (X)) € [ L
and (a,) and (b,) bounded in . [13: Produits tensoriels topologiques, Thm. 1,
p. 51]. In this case D N is the set of elements ¢ € 2 which can be written as a
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convergent sum:

%) a= Z )\nauhu

neN

with (a,)uen and (h,),en bounded in 9 and (\,),en € (1. If 90 is a Banach
algebra it is simpler to write (5) as:

(5 a = Za,,/),,

neN

where Z”{N ||u/l|| ||h”|| < +00.

Thus DI = W it and only if every element ¢ in N has a series expansion
as in (5) or (5'). In that case, D and W being Fréchet spaces, the equality
DA = I is a linear topological isomorphism by the open mapping theorem.

If 2 = lir_nE,, is a nuclear LF space, strict inductive limit of closed Fréchet

n
subspaces E,, AR = IimE,,(f@E,, is a strict inductive limit of tensor products
n

of Fréchet spaces and every r € AR = U, E,®E, has a series expansion
as before. The open mapping theorem is also valid in this case [13: Produits
tensoriels topologiques, Thm. B, p. 17] and so U is self-derivative iff every
element ¢ € A has an expansion as in (5).

This shows that self-derivative algebras are algebras in which the product
does not ‘regularise’: products and sums of products are not better than any
other element in the algebra.

Examples.

(1) Convolution group algebras. Consider the convolution algebra C(T) of
continuous functions on the circle equipped with the sup norm, it is a cummuta-
tive Banach algebra. Let 2((T) be the algebra of continuous functions with abso-
lutely convergent Fourier series equipped with its usual topology: the topology
for which the Fourier transform is an isomorphism with [ (Z). Tt is a convolu-
tion subalgebra of the convolution algebra C (T) (the pointwise product of two
[' sequences being in [ '). The space L>(T) is also a convolution algebra, con-
taining C(T) as a dense subalgebra: C(T)— L(T). The convolution product
of two L2-functions is continuous. In fact L? is not self-derivative. Even ¢ (T)
is not self-derivative. We have precisely:

DLYT) = W(T). DC(T) = I(T), DIT) = I(T).

the equalities being linear topological isomorphism.
Similar results apply to more general compact abelian groups.
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Proof. We restrict ourselves to the case of the torus T. Then L'("i‘) =[Y2).
We know that the product (p,1) — ¢ * 1 is continuous from L>(T) x L*(T)
to W(T), and so a fortiori it is continuous from C(T) x C(T) to A(T).
Thus DC (T)— DL*(T)— W(T) the inclusions being continuous. Now ev-
ery element ¢ € U(T) can be written ¢ = anz A€y, Where (A,)uez €
[ YZ) and ¢,(0) = e™. The series converges in the algebra 2(T). Since
e, ¥ e, = e, has norm 1 in %(T) we can interpret this as p = P(y) where
© = ez e ® e, € WHRWT). Thus D) = A(T). In particular
W(T) = DI(T)— DC(T)~— DL*T) which proves the equalities. These are
topological isomorphisms by the open mapping theorem. O

(2) Unital algebras. Every topological algebra with a left or right unit is
self-derivative.

If 1 is a right unit we have ¢ = al = P(a ® 1), so P is surjective. To show
that P is open, or equivalently that P is an isomorphism, let Q(a) = ¢ ® 1 and
let 7: AR — ARW/AL be the canonical map. Then P(Q(a)) = a and so
PoQ = PonoQ = I the identity on 2. Thus P has moQ as continuous inverse.
A similar argument applies to a left unit.

(3) L' convolution algebras. Let G be a locally compact group. Then the
convolution algebra L'(G) is self-derivative.

Proof. Tt is well known that L'(G)QL'(G) = L'(G x G). We have to identify
the map P : L'(G x G) — L'(G). For ¢,y € L'(G) we have P(p Q1) = p * .
Thus almost everywhere P(¢ @ ¥)(y) = [ @(x)i(x~"'y)dx. Generally therefore,
we have, for every K &€ LYG x G), P(K)y) = fK(x,,\"'_v)d,\‘ almost every-
where. In fact by the left invariance of the Haar measure [ dy [ |K(x,x 'y)|dx =
J J|K(x,y)|dxdy so this map is well defined and continuous, and has the right
value on ¢ ® . To prove that DL' = L' we have to show that P is surjec-
tive. Let f € L'(G). Let ¢ € L'(G) be a function with [ ¢(x)dx = 1. Then, if
K(x,y) = @) f(xy), K belongs to LG x G) and PK =f. ]

(4) The algebra Cy(T). Let T be a locally compact space. Then the algebra
Co(T) of continuous functions vanishing at infinity, with pointwise defined prod-
uct, is self-derivative. In fact every non negative element is a square, and so
every element is a sum of at most four squares.

(5) Cx-algebras. More generally, if W is a not necessarily unital C*-algebra,
every non-negative element is a square, and every element can be written as a
sum of at most four squares. Thus 2 is its own derivative algebra.

(6) The group algebras. Let G be a locally compact abelian group and G
the dual group. Then the group algebra 2(B), with pointwise multiplication
and with the topology making the Fourier transform from 2(G) to L'(G) an
isomorphism, is self-derivative. This is an immediate consequence of example
(3). If G is compact the result is obvious because 2(G) has a unit.
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Question. If G is a non cummutative locally compact group one can still
define the group algebra 2 (G), for instance as the set of convolution products
of L? functions (cf. [10: p. 218)). Is DW(G) = W(G)?

(7) The algebra C.>°(G). Let G be a Lie group. Then the convolution algebra
C>(C) composed of infinitely differentiable functions with compact support is
self-derivative.

Since CX(G)RC.X(G) = C(G x G) this can be proved in the same way as
in the case of L'(G). It suffices to choose the auxilary function ¢ in C>2(G).
Since C,*°(G) is a strict inductive limit of a sequence of the closed subspaces
C°(G) of functions with support in K, this shows that every ¢ € C*°(G) has
a series expansion:

(6) Y = Z AP * Py

neN

where the sequences (y,) and (v,) are bounded in C,*°(G) and (),) € [,
In fact, the theorem of Dixmier and Malliavin [8] shows that every ¢ €
C.>(G) has a finite expansion ¢ = ZCJ:I O * 1Py, With N < 24m(G)

(8) Trace class and Hilbert Schmidt operators. Let H be a Hilbert space,
and let £;(H ) be the Banach algebra of trace class operators. Then L;(# ) is
self-derivative.

Let A € L;(H ) be self-adjoint. Then we have the spectral expansion

D A= NP

the P, being finite dimensional orthogonal projections, and (A, ) being a sequence
such that " |A,|rank(P,) < +oo. Thus the series converges absolutely in the
space Li(‘H ). Since the P, are idempotent this is an expansion as in (5'). If A is
not self-adjoint one can use a polar decomposition A = VS, with S a self-adjoint
trace class operator, and we get a decomposition A = Z” M VPP, = Z”A,,B,,
as in (5').

Now consider the algebra L,(# ) of Hilbert Schmidt operators. Then
DL(H ) = Li(H ). In fact, if A = 3, A,B, with > ||A|]2||Bull. < +o0,
the index indicating the Hilbert-Schmidt norm, we have A € £;(H ). Thus
DL(H y— Li(H ). Conversely every trace class operator factors as a product
of Hilbert Schmidt operators, so this inclusion is a surjection.

Similarly, if we consider the spaces [ ' and [ ? with pointwise multiplication,
we have DI 2= (" and D' = (".

In this case [ ! and [ ? can be identified with the closed subspaces of L£;(H )
and Lr(H ) composed of diagonal operators (with respect to some countable
orthonormal basis).

Higher derivatives. Now let

NO =90, A" = DAV if n=1, and N> = ﬂ?ﬂ"’,

n
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the last space being equipped with the weakest topology for which the inclusions
in the algebras (" are continuous. In other words %® is the projective limit
of the spaces A" : A = [imA". One then has:

(]) ?I(OO)C_;?[(”)(_)?{I(”fl)(_bh.(_,‘)[(l)c_)?l

Note that if A" = A"*D one also has U™ = AY for all k = n. Let us remark
also that if % is a Fréchet algebra so are the algebras 2 and .

In all the above examples we had either A" = 9, or AP = AV It is easy
however to give examples of algebras where all the derivatives are different.

(9) The algebra C"(T). Let A = C"(T) denote the convolution algebra
of all n times continuously differentiable functions on T. Then D (C "(T)) C
CP(T) and N = C)(T) the space of Schwartz test functions. Note that
U is a nuclear space although all the A" are Banach spaces.

In fact, we have more generally:

ProposiTION 4.3.5. If W is a Banach algebra then N = imN"" is a nuclear

space if and only if Yn, Im > n such that the natural inclusion of W™ into N
is absolutely summing (see [21: p. 36] for the definition of such maps).

Since the composition of two absolutely summing operators gives a nuclear
operator we have that this condition is equivalent to the existence for each n of
an m such that the inclusion of W' into W is nuclear.

(10) The tensor algebra. Let T(E) be the tensor algebra over the locally
convex space E (see 2.2). More generally let T,,(E) be the locally convex direct
sum of the completed tensor products E“*, with k = n. Then T(E) = C ®T\(E).
Clearly the subspaces T,(E) are closed ideals in T(E). Since T(E) is unital
DT(E) = T(E). On the other hand, T|(E) is not unital, and DT (E) = T>(E).
More generally: DT,(E) C T,(E). Thus if A = T,(E) the inclusions (1) are all
strict, and W) = (0).

In contrast to this we have the following:

ProposiTioN 4.3.6. Let N be a Fréchet algebra.

(1) If the products xy form a total subset of ) then W is a dense subspace
of W=V for all n, and N> is dense in .

(2) N s an ideal in N for all n < oo. If a € N, L, and R, are continuous
in W for all n.

(3) If (eq) is an equicontinuous approximate unit in N, L, is an equicontin-
uous approximation of I in L(N") for all n £ oo.

(4) If moreover (eq) C W, (ey) is an equicontinuous approximation of the
identity in W for all n < oo.

(5) If W is a separable Fréchet algebra having an equicontinuous approximate
unit, there exists a sequential approximate unit (e;),en, with e, € W Vk.
Consequently this is an approximate unit for W™ for all n = oo.
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Proof. (1) By hypothesis A" = D 90 is dense in . It follows that V@AV
has dense image in A® and thus A = DA is dense in AP, Similarly
2" is dense in A" 1. Now the fact that 2> is dense in Y, and in all the
algebras 2" is a consequence of the abstract Mittag Leffler theorem [5: Chap.
2, 83, no. 5].

(2) For finite n, we do an induction on n. Assume that L, is continuous on
2. Then the relation L,P = P(L,®1) and lemma 4.3.2 give the continuity of
L, on A"V For n = oo, note first that an intersection of ideals is an ideal. Now
L, : WO — ) is continuous, because L, : W — N is continuous for all
n since it is the composition of the injection 3* < A" with L, : A" — A,
The proof for right multiplication is entirely analogous.

(3) We prove it again by induction on n. Assume that L, is an equicontinuous
approximation of / in £ (N'"). Again using the relation L,,P = P(L,, @ 1) and
lemma 4.3.2 we get the desired conclusion. The argument for A‘* parallels the
argument used in 2.

(4) Obvious by 3.

(5) Let {p,} be an increasing sequence of seminorms defining the topology
of A. Let H = {L,,} be an equicontinuous approximation of the identity in
L(N). A being separable, H and its closure are metrizable. Hence there exists
a sequence e, € 2 such that L, converges to /. Let &, € N'* be such that
pu(@,—e,) = 1/n. By 4. (e,) is an approximate unit in 1 and in A" Vn € N.
O

It is well-known that C*-algebras and L'(G) do have bounded approximate
identities and that the convolution algebra (.*°(G), for a Lie group G, has an
equicontinuous approximate identity. In /j, with pointwise multiplication, the se-
quence y_" | ¢; does the trick. Similarly, £,(# ) has an equicontinuous approxi-
mate identity composed of finite rank projections.

THeoreM 4.3.7. If W is a nuclear Fréchet algebra with an equicontinuous
approximate identity then W' has the following properties:

(i) W is a nuclear Fréchet algebra.

(ii) DAY = WO e W js self-derivative.

(iii) W' has an equicontinuous approximate identity.

Proof. (i) D(N) = ?I@?I/Ker(l’) is a nuclear and Fréchet space. Hence
N = DA Dy is also nuclear and Fréchet. Thus 2™ as the projective
limit of nuclear and Fréchet spaces is itself nuclear and Fréchet by [12 Espaces
nucléaires; p. 48]. (iii) and the remainder of (i) are consequences of 4.3.6.

(11) Let

Tunel . 9[(”+])®?I(”+1) s ‘)I(/z)®s}[(n)
and

Tpel . c)I(oo)®r)I(oo)__>s)[(/ﬁl)@sn(wl)
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be the maps induced by the inclusions j, : A < A and A" < YU,
Then these form a projective system: 7, = 7,41 © Tue1. It follows that there
exists a continuous linear map:

(S (l[(w)@?I(w) N ‘-llnc)[(zl)@?[(”) -

n
LemMA 4.3.8. The map  is a linear topological isomorphism.

Proof. Since A is nuclear the € and 7 tensor product topologies coincide on
AW @ AW WIS AN = AMR A, Similarly AR, N = WAOID, N,
To show that 7 is an isomorphism we show that a typical continuous semi-
norm p on ACIRQN™ s of the form ¢ o w, where ¢ is a continuous semi-
norm on the projective limit. Given the definition of the projective limit this
means that there exists n such that p is equal to ¢, o m, where ¢, is a con-
tinuous seminorm on AU, Now the topology of N, A being the
topology of bi-equicontinuous convergence, the typical seminorm is of the form
pas(t) = sup{|t(€.n)| : £ € A and ) € B} where A and B are equicontinuous
subsets of >, Now N> being the projective limit of the spaces 3" there
exist an index n and a continuous seminorm p, on A" such that the elements of
A are in absolute value majorized by p, o, i.e. A is the image under the injec-
tion A" — 9 of an equicontinuous set A, in A", Similarly B comes from
an equicontinuous set B,, in a space A", Replacing if need be n and m by the
largest of the two, we may assume m = n. It then follows that py s = pa, s, 0 7T,.
This implies in particular that the map 7 is one to one and that it is an isomor-
phism onto its image. Next we observe that 7 has a dense image. In fact 2>
being dense in A", the image of A@N is dense in AN, This being
the case for all n, W&N> has a dense image in the projective limit. Now
the image being isomorphic to A &A™, hence complete and so closed. This
proves the lemma. m]

The proof of the theorem is complicated by the fact that we do not know
whether the maps 7,4+ and 7, are injective. (Contrary to the situation in lemma
2.1.3 we are not dealing here with topological vector space homomorphisms).

To discuss this more easily consider generally a projective sequence (£,. 7, ,+1)
of Fréchet spaces such that the maps m,,.+, have dense range. Let E = lilnE,,

n

be the projective limit, 7, : £ — E, the canonical map. Let there be given
continuous linear maps u, : E, — F to a locally convex space F, such that
Uy = U, © Typue for all n. Let u : E — F be the continuous linear map
such that u o m, = u,. Let N,, (resp. N) be the kernel of u, (resp. u). Then
Tpas1(Nus1) C Ny, and m,(N) C N,.. Thus there are maps 7,41 @ Epit [Nyt —
E,/N, and 7, : E/N — E, /N, obtained by passing to the quotients. Obviously
(E,,/N,,. Trans1) 1S @ projective system and 7, = 7, 41 07,4 for all n. Thus there
exists a continuous linear map p : E/N — lilnE,,/N,, such that the composition

n
of p with the canonical map lilnE,,/N,, — E, /N, is equal to 7,.
n
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Lemma 4.3.9. If Im(mw,) NN, is dense in N,, then the map p is a linear
topological isomorphism.

Proof. Since E is a Fréchet space the space E/N is a Fréchet space (in
particular, complete). Thus as in the previous lemma it sutfices to prove that p
is an isomorphism onto its image, and that the image is dense. Since the maps
7r,ae1 have dense range, p has a dense range (cf. [5: Chap. 2, §3, no. 3]). Thus it
suffices to prove that a typical continuous seminorm on E /N is for some n the
composition of a continuous seminorm on E,,/N,, with the map m,. Let x +— &
denote the canonical map £ — E /N or from E, to E,,/N,.. The topology of E /N
is defined by the quotient seminorms p defined by p(t) = inf,cy, p(y) where
p describes a fundamental directed system of continuous seminorm on E. Then
there exists n € N such that p = p, om,, where p, is a continuous seminorm on
E,. Since u(x) = u,(m,(x)), we have: x € N & m,(x) € N,,. Thus

[7(\) = inf {[7()’) ty € N +-\'} =inf {pn(ﬂn(.v)) : ﬂ/l(_") S Nu + 7(,,(.\')}
=inf {p,(z) 1 2 €N, + 1, (1)}

where the last equality makes use of the assumption. But this means that
P = ppmy ()] = py (7, ()

Thus p = p, o7, and this ends the proof of this lemma (the assumption ‘Fréchet’
was only used to prove that E/N is complete). O

We continue with the same framework. Let i, : E,,/N,, — F be the map
obtained by passing to the quotient. Then Im(u,) = Im(i,). Since u,y; = u, o
T+t and u = u, o m,, we obviously have:

Im(u) C Im(u,yy) C Im(u,) C F.

Lemma 4.3.10. Im(u) = M, Im(u,).

Proof. It is sufficient to prove that M, Im(u,) is included in Im(u). Let v € F
belong to the intersection. Then there exist unique elements X, € E,,/N,, such
that y = i, (x,). Since it (7,01 (5p1) = 1 (Xp1) = y we have &, = 7,401 (X041,
i.e. (X,),en belongs to limE,,/N,,. Thus by the previous lemma there exists an

n
clement X € E/N such that 7,(t) = x, for all n. If x € £ represents X, we have
u(x) = u,(m,(x)) = i,(t,) = y. Since y € Im(u) this proves the lemma.

For n = oo let us denote P, the map A" &N — I characterized by the fact
that P,(x ®y) = xy. By lemma | we can apply the previous results to the spaces
E =A@ E, = NWQA™, F = I and to the maps u, = P,. Obviously
P, =P,om, s and Po, = P, om, for all n. If N, = ker(P,)) C N"&IY and
N = Ker(P,), there only remains to check that Im(x,) YN, is dense in N,,. In
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order to check this, a closer look at the elements of N and N, will be needed.
In the next lemma N can be taken to be a general topological algebra.

Lemma 4.3.11. If W is an algebra with an equicontinuous approximate iden-
tity then ker(P) = span{xy ® z —x @ yz : x,y,z € U}

Proof. Let {e,} be an equicontinuous approximate identity in 2. Let us
denote by K the closed subspace Span{xy ® z — x @ yz : x,y,z € U}
If 1 € ker(P) then let t = limy )¢/, XX @ y® with I(k) finite. Then
% = i Xy = P@®) tends to zero as k goes to infinity. For each
«, define

10 = E leax® @ y P — e @ x Py,
i€l (k)

Then clearly #% € K for all k and a. Now let Ly : AU — ARN be defined
by Lo(a ® b) = eqa @ b. L, is well-defined, linear and equicontinuous in o
by the universal property of & [13: Produits tensoriels topologiques, p. 73].
But 1) = Lo(1™)) — eq ® z where of course 9 = Y. x® @ y® and
La(x ® y) = exx @y tends to x ® y. By equicontinuity the maps L, extends to
the whole of A®N and that we still have ¢ = limy Lo(¢). Thus ¢t € K. O

This preceding lemma will also be of use later but it enables us now to prove
that we are in a situation where we can apply lemma 4.3.9 and 4.3.10.

LemmAa 4.3.12. m,(N) is dense in N,.

Proof. Use theorem 4.3.1 part 7 in order to apply lemma 4.3.11 to A" and get
that N, is generated by the elements of the form xy®z—x®yz forx, y, z € A,
2 being dense in A" it implies that any element of the form xy ® z —x ® yz
for x, y and z € A" can be approximated by XaVa ® zg — Xo ® YaZq With
Xy Yas Za € WO But Xgyaq ® 2o — Xa ® Yozq € N for all a.

Now we can apply lemma 4.3.10 in order to get;

IM(Poo) = [ Im(P,) ie. DU = (DAY = [)U"" = u>,

n n n

The identity D 0> = A i a linear topological isomorphism by the open
mapping theorem. This ends the proof of the theorem. a

A degenerate example. Let N be a Fréchet space (e.g. finite dimensional) and
define xy = 0 for all x, y € 2.

(1) Then Ker P = A®U while xy ® z —x ® yz = 0 for all x, y, z. Thus
Ker P is not generated by the elementary expressions.
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(2) Any bilinear kernel H satisfies H(zx, y) = H(x, zy)(= 0) but no kernel
# 0 is of the form H (x, y) = w(xy).

Taking the product of this algebra with a reasonable algebra (e.g. with unit)
one obtains intermediate situations less drastically degenerate.

4.4. Correspondance theorem. Let 2l be an LF -algebra and let P :
ARU — D(A) be as in the last section. Let f € (DAY and let H be de-
fined by the equation:

(1) H(x, y)=f(y).

Then H is a separately continuous bilinear form on 2 x 2. We may view H as
an element of (UXN). Then we have

2 H=foP="Ff

The map P being a surjective homomorphism the transpose ‘P : D (W) —
(URNY is a homomorphism with respect to the weak* topologies. If H €
(URNY satisfies (2) we have Ker(H) D Ker(P). Since the quotient map P
AN/ Ker(P) — D (N) is an isomorphism onto, we get conversely that if H is
0 on Ker(P) there exists a unique f € D (N) such that H = f o P.

PropoSITION 4.4.1. The map f +— H = f o P is a bijective correspondance
between D (W) and Ker(P)° = {H € (NQWY : Ker(H) D Ker(P)}. This is an
isomorphism with respect to the weak* topology on D (WY and the topology
induced by the weak* topology of (URNY .

Let us recall that a bilinear map H on W x A is called invariant if
3) H(ab, ¢) = H(a, bc) Ya, b, ¢ € N.

Let Bj,,(U) be the space of all separately continuous and invariant bilinear
forms with the topology induced by the weak* topology of (ARWY. If K =
span{xy®z—x®yz : x. y, z € U} as before, then obviously H € Bj,, () iff H,
as a continuous linear map on A®N, is such that K C Ker(H). Since K C
Ker(P), H = f o P € B, () for all f € D (WY. Conversely, if each invariant
H corresponds to an f in D (W) via (2), we have Ker(P) = K by the Hahn-
Banach theorem. a

ProposiTiON 4.4.2. Ker(P) = span{xyy ® z —x @ yz : x, y, z € W} iff the
map f — H = f o P is an isomorphism of D (W) onto B;,, (N).

As we have seen in lemma 4.3.11, the condition Ker(P) = K is satisfied
whenever 2 has an equicontinuous approximate identity.
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CoroLLarY 4.4.3. If W is a self-derivative topological algebra with an
equicontinuous approximate identity, then the correspondance f — f o P is
an isomorphism between W and By ().

Remarks 4.4.4. (1) The case of U unital is of course trivial since the corre-
spondance is given right away by the formula: H(a, 1) = f(a).

(2) If W is an LF -algebra with an e.c. approximate identity, we get a converse
to the corollary: %’ is isomorphic to Bipy (W) iff D (W) = W. Indeed, if 'P :
A — (USN/ Ker(P))' is an isomorphism onto then P : AR/ Ker(P) — Wis a
weak isomorphism onto by [12: Cor. de la Prop. 27, p. 109]. But A®U / Ker(P)
and N are both barrelled, hence they have their Mackey topology and P is a
homorphism by [12: Cor. 3, p. 112]. This proves that in this case U is self-
derivative.

In order to use the results of this chapter in the context of x-algebras, it will
be sufficient to adapt the notations.

Note first that if w is a positive functional on 2 then the map H, defined by:

(3)  Hua, b) = (w, a*b)

for a, b € U, is a non-negative, hermitian, separately continuous sesquilinear
form on 2 x . The invariance of H,, is now expressed by the following relation:

4) H.(ca, b) = H(a, ¢*b) Va, b, ¢ € .

Such a map was called a left invariant kernel (3.1.1) and the space of all such
maps, denoted Herm},,(20), is endowed with the topology induced by the weak*
topology of (A@NY'.

The analogue of the map P is now defined on A ® A by P'(a ® b) = b*a.
P and P’ correspond to each other via the R-linear isomorphism a ® b —
b* ® a and hence they define the same “derivative”. Note also that K becomes
span{ca®b —a®c*b :a, b, c € U}.

We can restate Corollary 4.4.3 as the first part of the following theorem:

TheoreM 4.4.5. If W is a self-derivative LF x-algebra with an equicontinuous
approximate identity, then the map w — H,, is a homeomorphism between I,
and Herm? ().

CoroLLARY 4.4.6. If W is moreover a nuclear space a subset Q C W, is
bounded if and only if the corresponding kernels are bounded with respect to
the topology of pointwise convergence on W x .

Proof. Note that ) being barrelled it is equivalent for a set Q in A’ to be

bounded with respect to the weak™ topology or with respect to the strong dual
topology (uniform convergence on bounded sets). Given the isomorphism the
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boundedness of Q is equivalent to the boundedness of {H,}.cq in the space
(URN) equipped with the weak* topology. This obviously implies:

5) sup |[Hy(a, b)] <+oo Va, b e N.
we

Conversely assume condition (5) is fulfilled. Then if A}, A> C 2 are abso-
lutely convex bounded sets, the principle of uniform boundedness, applied to
the Banach spaces U4, whose unit ball is A;, implies that

6) supsup{H, (a, b):a € A, b € Ay} <40
we

Lemma. On (UQW)Y the strong dual topology (uniform convergence on
bounded sets) coincides with the topology of uniform convergence on sets
Al ® Ay, with A; C W bounded.

Proof. Let (U,)en be a sequence of Fréchet spaces such that 2 = li{n‘)l,,.

Then by the nuclearity of A, ARN is the strict inductive limit of the spaces
A, &, (2.1.2) and so every bounded subset A of AR is contained in one of
the spaces U, ®W,,. Thus it is contained in the closed absolutely convex hull of a
set A| ® Ay, with A; bounded in 2, and therefore in 2 [12: Espaces Nucléaires,
83 no 1, prop. 12]. Conversely, if the sets A; C 2 are bounded, they are bounded
in some space U, and so A; ® A, is bounded in %,®A, and in ARN. This
proves the lemma. O

As a consequence of the lemma we get that (6) and therefore (5) imply the
boundedness of the kernels in (U&N);, and so in (URU) equipped with the
weak* topology. The map ‘P : W, — Herm! (%) being an isomorphism the
corresponding set of linear forms in W’ is bounded. (The positivity of the kernels

was not needed for this argument). O

Let us note finally that the result holds without the nuclearity assumption if
A is Fréchet algebra.

5. Entire elements.

5.1. Vector-valued holomorphic functions. Let £ be a quasi-complete lo-
cally convex space over C. Let Q C C be an open subset of C. A continuous
function f : Q — E is holomorphic if for every disc D in Q and z € D one has;

1
M o= r{ioz

d

where T = dD.
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Note that the quasi-completeness of E is required to make sure that the Cauchy
integral makes sense a priori, for any continuous function with values in E.

It is well-known that this definition is equivalent to the existence of a deriva-
tive for f at each point of Q or equivalently that there exists a neighborhood
around each point of € on which f has an absolutely convergent Taylor series
expansion.

ProposITION 5.1.1. Let E and F be q.c. locally convex spaces with E contin-
uously embedded in F. Let j be the injection
(1 JiE—F

and such that E has a fundamental system of neighborhoods which are closed
in the relative topology of F. If f : Q — E is a locally bounded function such
that jof is holomorphic, then f is holomorphic.

Proof. The condition on E and F is equivalent to the following: There ex-
ists a fundamental family of continuous seminorms p on E, which are lower

semicontinuous for the topology of F, i.e.

) pl) = sup|{x, n)l,
n

where 7 describes the set {n € F' : [(x, n)] = p(x) Vx € E.}. Thus, in
particular, we can view p as a lower semicontinuous function on F, which is

finite on E.
Let f = jof. Then we have in F:
; f©
!
7) = — dc.
& FO=55 | T w
Thus

o’ _ ! f©
o= [ (L% n)a

Therefore, if D = D(R) is a disc of radius R contained in Q, and M =
sup.ep P(f(2)) = sup.cp p(f(2)), we have for z € D(R/2), using (2):

@  srersm-(5) (3 2
PURD =517 \2z ) \R) ~

Now again in F we have, for u, v € D(R), f(v)—f(u) = fu"_f’(z)d:, the integral
being taken along the line segment connecting u and v. Applying n and taking
the supremum as before we get

(&) p(fw) —f(v) = Mifu—v|,
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which proves that f is continuous. This being so, the Cauchy integral for f makes
sense, and we have

y 1 [ f© I [ f©
7)) = — ————-—d e e ]
@ /r j ~-d(

i Jrc—z > 2n J =

and so j being one-to-one we have (1). O

The following example shows that some assumption is needed on f for the
proposition to be true.

Counterexample. Let E = ¢(N) be the space of converging sequences with
the sup norm. Let FF : C — E be a function, F(z) = (f,(z))uen such that
every f, is holomorphic. Then F need not be holomorphic. In fact, lim being
a continuous linear form on ¢(N), the function z +— lim, ;o f,(z) would then
be holomorphic, whereas it is known that the limit of a pointwise convergent
sequence of holomorphic functions need not be holomorphic.

5.2. Exponentially bounded one-parameter groups and entire elements.
Let £ be a locally convex space. The space of all continuous linear operators
on E with values in £ will be denoted L (E). If an element L in L(F) has a
continuous inverse, then L is called an automorphism of E.

Definition 5.2.1. Let 7: R XE — E be a map such that;

(i) VteR, 1, =1(,.) € LE).

(ii) Vt;, h € R, 14, =T, 0T, and 19 = Id.

(iii) 7 is jointly continuous.
Then {7} is called a continuous one-parameter group of automorphisms of £.

Note that whenever E is barrelled, we have by [6: chap. 8, §2, proposition 1]
that iii) is equivalent to iii’) 7 is separately continuous.

Now let us assume that {7, } is a continuous one-parameter group at automor-
phisms of E.

Definition 5.2.2. If x € E is such that the map ¢ — 7,(x) is the restriction to
R of an entire function (necessarily unique) then x is called an entire vector of
E with respect to 7. The set of all entire vectors is denoted E;.

For x € E., let z +— 7.(x) € E denote the entire function extending the
map ¢ — 7(x). If x, y € E; and A, v € C then by the principle of analytic
continuation, 7-(Ax + vy) = A7.(x) + v7.(y). It is also immediate that if x €
E., m,x) € E, for all u € C and 7.,,(x) = 7. o 7,(x). This proves that E, is a
subspace of £ which is invariant under the action of 7. for all complex numbers

Now, given x € E; letf = f, denote the entire function f : C — E; z i— 7-(x).
This function f has the further property that;

(D T(f(z) =f(z+1) VteR.
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Let Hol(C : E) denote the space of all entire functions with values in E endowed
with the topology of uniform convergence on compact sets and let Hol,, (C : E)
denote the closed subspace of Hol(C : E) composed of those functions f having
the invariance property (1). Given f € Holi(C : E), f(0) is an entire element
determining f completely on C by

(2) f(@) =7(£(0)).

PropoOSITION 5.2.3. The map x +— f, is a linear bijection between E, and
Hol;, (C : E).

Proof. Equip E, with the topology making this bijection a homeomorphism.
Explicitely, E; is equipped with the seminorms pg(x) = sup.cx p(7-(x)) where
K is a compact subset of C and p is a continuous seminorm on E. Clearly, one
has a continuous injection E,; — E. g

Definition 5.2.4. Let w 2 0. {7} is said to be exponentially bounded, of
bound = w, if for every continuous seminorm p on E, the map x — g(x) =
SUp,cr p(rx)e ! defines another continuous seminorm on E. Equivalently, if
there exists a continuous seminorm g on E such that p(r;x) = e“’“'q(x) for all ¢
and x.

Remarks 5.2.5. (1) Recall that if E is a Banach space, then any continuous
one-parameter group is exponentially bounded [9: Cor. 5, p. 619].

(2) If E is barrelled, then {r;} is exponentially bounded of bound =
w iff sup,cg p(rx)e ! < 400 for each continuous seminorm p and for all
xX€eEL.

ProrosITION 5.2.6. (1) If E is a Fréchet space then so is E;.

(2) If E is an LF -space and if {1,} is exponentially bounded then E; is also
an LF -space.

(3) If E is a nuclear space then so is E;.

Proof. (1) If E is Fréchet then so is Hol(C : E) and its closed subspace E,.

(2) (Note that a closed subspace of an LF-space need not be an LF-space).
For any x € E, the boundedness of the function e’“""p(T,(x)) implies that
e”""'T,(x) takes all its values in E, for a certain n which, in turn, implies that
T,(x) € E, ¥Vt € R. In particular, the same is true for x € E,. But if [ € E;, the

annihilator of E, in E’, then the function z — (r,(x), [) is entire and 0 on R,
hence identically 0 on C which means that 7,(x) € E, Vz € C. Therefore if

Holiy(C : E,) := {f € Holjn,(C: E) : f(C) CE,}
then E, ~ Hol;,,(C : E) which is equal to lilnHolmv(C : E,). But Holjy(C : E,)

is a closed subspace of the Fréchet space Hol(C : E,) = Hol(C)®E,. Thus
Hol;,, (C : E,) is a Fréchet space and E; is an LF-space.
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(3) If E is nuclear then each subspace E, is nuclear. Then Hol(C)&E, (the
tensor product of two nuclear spaces) is nuclear and so is the inductive limit
Hol(C : E). Therefore its subspace E; is nuclear as well. O

Let us assume all throughout this section that £ is the strict inductive limit
of a sequence of Fréchet spaces {E,},en and that {7, },cr is a continuous and
exponentially bounded one-parameter group of automorphisms of E.

ProposiTioN 5.2.7. (1) {r;} is a continuous and exponentially bounded one-
parameter group of automorphisms of E, with the same bound.
(2) (E;); = E; as topological vector spaces.

Proof. (1) First note that 7, acts on £, = Holy,(C : E) as translation by ¢ i.e.
T(f(2)) = f(z+1). If {f4} is a net converging to f in E,, then the translates of f,
converge to the translate of f uniformly on compact sets thus proving that 7, acts
continuously on E7. 7 is moreover continuous in ¢ because continuous functions
are equicontinuous on compact sets. Moreover, if x € E,, K is a compact subset
of C and p is a continuous seminorm on E, then there exists ¢, a continuous
seminorm on E such that p(r-(1.x)) < p(r,(m-x)) < e*llg(r.(x)) for all 7 in R
and z in K. Taking the sup on each side we get pg(rx) = e“’“lqk(x).

(2) By definition (E;), — E.. If x € E, then f, : C — E, > E is holomorphic
in E. f is locally bounded since we have for every u € H, a compact subset
of C, px(1,x) = pg+r(x). Applying proposition 5.1.1 we get that x € (E;), and
the equality between the two spaces is an isomorphism by the open mapping
theorem.

Tueorem 5.2.8. (1) If {7, } is exponentially bounded then E, is dense in E.
(2) If F C E; is T-invariant and dense in E then F is dense in E..

Without the assumption in 1. £, may reduce to (0).

Example. Let D (R) be the space of Schwartz test functions on R. Let
T(Y)(x) = YPx + 1) for all x, + € R and for all test functions . Then ¢ is
an entire vector for 7 iff v is the restriction to R of an entire function. But v
has compact support hence 0 is the only entire vector of D (R). One can check
of course that in this case, 7 is not exponentially bounded. Thus some growth
condition has to be assumed in order to get enough entire vectors.

To prove this theorem, we introduce the following space. Define S to be the
space of all holomorphic functions ¢ : C — C having the property that

Prs() = sup {eM o+ M|} < +o0o
t
|7T§h
for all A and b positive.

ProposITION 5.2.9. (1) The space S with the seminorms {pxp}rp=0 is a nu-
clear Fréchet space containing the Gaussian functions g,(t) = (n / ) e,
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(2) For every ¢ € S and z € C, the function . : u +— p(u — z) belongs to
S. Moreover z +— . is holomorphic i.e. every vector in S is holomorphic with
respect to the group of real-translations.

Proof. (1) The only non-trivial thing to prove is the nuclearity of § and since
we make no use of this property here we will omit it.

(2) Let ¢ € S and z € C. Define ¢, : = p(u—1z) forevery u € C. If |z| = r
then py »(p.) = e’\’Ap,\’hﬂ.(ap) which shows that p. € § and that the map z — ¢,
from C to § is locally bounded. Applying 5.1.1 we get that z — . is an entire
functions with values in §. a

Proposimion 5.2.10. (1) For every ¢ € § and x € E, Tox : = fR ()T, (x)dt
exists in E. Moreover for all x € E, T7,(x) € E; with T.7,(x) = 7, (x) and if
X € Ery T.1,(x) = 7,7 (X).

(2) The map (p,x) — T,(x) is continuous from SxE to E;.

(3) For x € E (resp. x € E;) T x — x in E (resp. in E;).

Proof. (1) Since {r;} has an exponential bound less than w = 0, there
exists for each continuous seminorm p on E a continuous seminorm ¢ such
that p(r,(x)) < e*llg(x) for every r € R and x € E. If ¢ € S, we get that
PleDr () < |o®)]e"Vg(x) = e pyr 0(9)q(x). Thus

P, (X)) = 2pyi1 0(@)g(x).

This proves the first statement and the continuity of the map (¢,x) — 7,(x)
from SxE to E. Note that 7.7, (x) = 7, (x) for all z € R. But the map z +— 7, (x)
from C to E is holomorphic since it is the composition of a continuous map and
a holomorphic one (5.2.9). Thus 7,(x) € E; and 7.7,(x) = 7, (x) for all z € C.

2)Let p € 5, x € E, z € C and p be a continuous seminorm on E. Note
that

P(TT, (X)) = p(Ty (X)) = 2pys1 0(p:)g(x).

If p,(x) 1= supy.|g, p(7.(x)) then p,(1,(x)) = 2" Dp,. 11, (¢)q(x). Which proves
the continuity of the map (¢, x) — 7,(x) from SxE to E;.

(3) The proof is based on the two well-known facts:

() [ggn(dt =1 forall n € N and

(i1) 1imy—oo f|t|>5 gn(DeMNdr = 0 for any § > 0 and X > 0.
First, let us take an x in E.. Let K be a compact subset on C. Note that

p(T(7y,(x) — X)) = /RP(TZ(Tt(X) —X))pa(t)dt
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for all z in K and for all n € N. Given ¢ > 0, use the continuity of 7, on E,
(5.2.7) to get & > 0 such that |¢| < § implies sup..x p(7-(1,(x) —x)) = €/2. Using
i), we then get

)
/ PT-(Ti(x) — X)) @u(t)dt = €/2.
J—b

Now since {r;} is exponentially bounded with bound = w, there exists a semi-
norm ¢ on E such that p(r,(x) £ e“""q(x). Let M = sup..x(p + q)(7-x) then for
all z € K,

/l | 5P(T:(T;(X)-X))<pn(t)dt§ / p(TT-(xX))p,(t)dt
>

[t]>6

+ / p(T-(x))pn(t)dt
[f]>6

< / g(r-( e, (n)dt
[f|>6

+ / p(T-(X))p(t)dt
[t|>6

<M (/ e“""cp,,(r)dt) )
[t]>6

Using (i) we get N € N such that for all n 2 N and for all z € K,
/ PT-(T(x) — X))@ (t)dt = €2
|e[>6

Thus given e > 0 there exists n 2 N, such that pg (7, (x) —x) = e. This proves
the case x € E; while the case x € E is proved applying the same reasoning
with K = {0}. a

Proof of 5.2.8. (1) Follows from 5.2.10 part 3.

(2) Replacing F by its closure in E;, we may and do assume that F is closed
in E;. If x € E; then 7.x € E; for every ¢ € R. Since 7 is exponentially bounded
on E; (5.2.7), fT,(X)(p(l)df exists as a vector integral in E; for each ¢ € § by
5.2.10. If x € F, we see that 7,(x) = fT,(x)cp(t)dt € F since F is assumed
closed and 7-invariant. If x € E; let {xo} C F be a net such that x, — x in
E. By 5.2.10 part 2 this implies that 7,(xq) — T,(x) in E; for all ¢ € §. In
particular, it means that 7,(x) € F and since 7,,(x) — x in E; when n — oo,

¥n

this implies that x € F. Thus F' = E; as was to be proved. O

5.3. One-parameter groups of x-automorphisms. Let us return to the con-
text of LF x-algebras. Let 2 be an LF x-algebra. Now we further assume that
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each 7, is a *x-automorphism of U (as a x-algebra). We denote U, the set of all
the entire elements of .

ProposiTioN 5.3.1. (1) W, is a T-invariant *-subalgebra of W. Moreover,
7.(ab) = 1.(a)1.(b) and T.(a*) = (1:(a))".

(2) W, is an LF *-algebra.

(3) {n} is a continuous one-parameter group of x-automorphisms on ..
Moreover T acting on W, is exponentially bounded with the same bound as T
acting on U.

@) (N,), = W, as topological x-algebras.

Proof. (1) Given a and b in W, the functions z i— 7.(a)7.(b) and z — (1=(a))*
are holomorphic and equal to 7.(ab) and 7.(a*) resp. for all z € R. Thus they
are equal for all z and (1) follows.

(2) This is a particular case of 5.2.6.

(3) and (4) follow from (1) and 5.2.7. O

Example 1. Let H be a finite dimensional Hilbert space. Let {r,} be a con-
tinuous one-parameter group of *-automorphisms of £ (4 ). Then by [7: p. 243]
we get that {7,} is implemented by a continuous group of unitary operators on
# , hence there exists a self-adjoint operator £ on # such that

(@) = e™ae™™ Na e L(H).

But then all elements are entire and 7,(a) = ¢'“ae ™" ¥z € C.

Example 2. Let A = (G, be the 27 periodic functions on R with the usual
product and the sup norm. Let 7, f (x) = f(x +1¢) i.e. T is the group of translations
on R. Then U, is the space of all holomorphic functions on C with the property
that f(x +iy) € G, in x for all y € R. Note that N, with its natural topology is
nuclear even though U is a Banach space.

Example 3. Let W = S (R) the Schwartz space of rapidly decreasing functions
on R. Let 7, be translation as in example 2. Then 7 has polynomial growth i.e.
for each continuous seminorm p on 2, there exists a continuous seminorm ¢
and n € N such that

p(r(a) = (1+t))"qa) Vt€R, a€ .

a fortiori 7 has exponential bound = w for every w > 0.

Example 4. Let H be a Hilbert space and let H be a self-adjoint operator
defined on a dense domain in H . Let D be the space of the analytic vectors for
H, i.e.

S ”HNV”,.II
D={veH:veDH"VneN and ZT

n=1

<+ooVr>0).
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D 1is a core for H and hence H|D is also self-adjoint. Thus we will let D be the
domain of H. Let U, = ¢ Vi € R. {U,} defines a one-parameter group of
isometries on H . If v € D then

o0 .
i H"v(iz)" .,
Uv=e Hyy = E - (iz)

n=1

makes sense for any z € C. If A € L (D) then define the following group action:
A. = a.(A) = U.AU_.. Let U be the set of all those A’s such that the seminorms
pk(A) = sup.cx [|A-|| < +oo for all K compact in C. It can be shown that U is
stable under the product and the * operation and moreover that U is an algebra
for which these two operations are continuous. U is actually a Fréchet algebra
continuously embedded in £ (D). It is possible moreover to show that all A € N
are entire. If W, = {A € L (H ): the map ¢ — o, (A) is || ||-continuous} then A
is a x-subalgebra of the closed algebra %, in L (A ). In fact A = W, .

Let us end this section with the following result about the relation between
the derived algebra and the entire elements.

ProposiTiON 5.3.2. Let N be a topological algebra (resp. x-algebra). Let
(T)ier be a one-parameter group of automorphisms (resp. x-automorphisms)
of W of exponential bound = w. Then DT, form a one-parameter group of
automorphisms of exponential bound = w on D (N).

Proof. In fact by the parts 3. and 4. of 4.2.1 {D7,} forms a one-parameter
group of automorphisms, resp. * automorphisms of D 2. Now the exponen-
tial bound means that the linear operators e *I7, are equicontinuous. But we
have e D7, = Del7, and so these operators are again equicontinuous in
DN. a

6. Central and KMS functionals. Throughout this section, 2 will denote
an LF x-algebra with an equicontinuous approximate identity. Let {7,} be a
continuous and exponentially bounded group of x-automorphisms of . The
second definition below is due to Kubo [16], Martin and Schwinger [19].

Definitions 6.1.1. Let w be a positive functional on U invariant under the action
of a continuous one-parameter group of *-automorphisms {7} i.e. w(r;(a)) =
w(a) for all t € R and a € .

(1) w is called a central functional (also called abelian or tracial functional)
if

(1) (w,ab) = {(w,ba) ¥a, b € N.

(2) Let 8 € R. Then w is said to satisfy the (, 3)-KMS condition (for short,
w is a (1, 3)-KMS functional) if

2) (wyarig(h)) = (w,ba) Vb € U, and Va € N.
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Remark. If 7, equals the identity on U for all # € R then all the elements of
the algebra are entire and (1) and (2) are identical. Then the KMS functionals
with respect to the trivial group are the central ones. This observation motivates
our treatment of central functionals as a particular case of the more general
KMS functionals.

If B # 0 and the action of the group 7 is bounded then it is known that
condition (2) implies the invariance of the functional. Similarly,

ProposITION 6.1.2. If 3 # 0 and suppose that the group T has polynomial
growth (see example 3, §5.2) i.e. for each continuous seminorm p on U, there
exists a continuous seminorm q and n € N such that

(3) p(ri(@) < (1+t])"qa) Vt€R, a€N.
If w is a functional on W satisfying (2) then w is T-invariant.

Proof. Since U, is dense (5.2.8) and 7, and w are continuous it is sufficient
to prove that w(r;a) = w(a) for all r € R and @ € . Let a € ! and define the
entire function F(z) : = w(r.a). Let p be a continuous seminorm on N such that
|w(@)] = p(a). Let ¢ be as in (3) and let M : = supy<,<s g(1iva). Then Vr € R
and Vv € [0, 8], we have

(4) |F(t+im)| = |wr(Th@)| = p(r(tina)) = (1 +[t))"q(rna) = M (1 + |t])".

Let us also define the functions Fy(z) : = w(T.(a@)ey) and Gy(z) : = w(eyT.a).
Since {e,} is an approximate identity they both converge pointwise to F. The
KMS condition implies that G(z + i) : = w(eqTig(T:a) = wW(T-(a)eq) = Fo(2).
Passing to the limit we get F(z +i8) = f(z) Vz € C. But (4) and the periodicity
of F now gives us that |F(z)|| < M(1+|Re(z)|)" for all z € C. Thus the function
F is a polynomial and since it is periodic it is constant. O

Clearly the KMS functionals for a fixed a fixed 7 and a fixed 3 form a weak*
closed and convex subcone of the positive cone in U'.

Example 1. Let K be a compact set. Let {r,} be a group of x-automorphisms
of C(K). Then 7, is implemented by a group {#} of homeomorphisms of K
ie. 7;(f (x)) = f(h(x)). Suppose that there exists an x € K such that h,(x) = x
for all + € R. Then the evaluation at x,5, € C(K) is a (1, §)-KMS for every
B €R.

Example 2. Let H, denote then n-dimensional Hilbert space, and L (#,), the
von Neumann algebra of all linear operators on #,. It is well-known that the
trace is the unique (up to a constant) abelian functional on L (). Recall that
if {r;} is a continuous group of *-automorphisms then

/

7.(a) = e™ae”™" ¥z € C and Va € L(H,).
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where h € L (#H,) is self-adjoint. Suppose then that w is a (1, 3)-KMS functional
for a certain 3 € R. Again, a simple calculation shows that w’(a) = w(ePha)
now defines an abelian functional. Therefore w(a) = tr(e *"a) is the unique
(1, 3)-KMS functional on £ (#,). Now if W C L (H,) is a *-subalgebra with a
non-trivial projection p in its center and if ¢ belongs to 3 for all ¢+ € R (i.e.
{m} is inner) then we get two other KMS functionals w; and w, defined by
wi(@) = tr(e Phap) and wy(a) = tr(e a1 —p)).

Example 3. We can also combine the two last examples as follows. Recall
that if %, and %, are two Banach *-algebras then 2;&®, (> is also a Banach x*-
algebra with product defined as follows: If u = 371, @;®b; and v = 377, ¢;®d,
then uv = i 4iCj ® bid;. (Actually, it is the unique Banach algebra which
extends the product (@ ® b)(¢ ® d) = ac @ bd. For more details see [2: p. 235]).
Let A, = C(K), 7! and w; = §, be as in the first example, and let %, = L (H,)
with 7 and w,(a) = tr(e % a) be as in the second. Then one checks easily that
w Quws is a (7' ® 72, B)-KMS functional on C(K)®.L (H,).

Let us now define the action of 7, on 2’ simply by the adjoint action;

(5) (r(w),a) = (w,7_(a)) VteER.

PROP()S!TI()N 6.1.3. For every w € W and every a € U,
(6) T(aw) = Ti(@)T (W),
and
(6) T(wa) = T(w)r(a).

If w is T-invariant then 17 (w) = w for all t € R and (6) becomes; T,(aw) = 1,(a)w
while (6') can now be read; 1, (wa) = wri(a).

We will now assume for simplicity that 2L = [, in the following propositions.
Later we will drop this assumption and apply these results to the subalgebra 2,
(which equals (2,),) and to the restriction of w € W’ to ..

Then

(7) <T:(Ld)7 (1> = <OJ, Tff((l)> Vz e C

is the analytic extension of the dual action defined above and each w € W
becomes an entire element for this group action.

LemMA 6.1.4. If we W and a € N then

(8) 7-(aw) = T-(a)T-(W)
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and
(&) T-(wa) = 7. (w)-(a).

Thus, if w is invariant 7-(w) = w for all z € C and (8) and (8') become;
T-(aw) = T-(a)w and T-(wa) = wr-(a).

ProposITION 6.1.5. The following statements are equivalent:
(1) wis a (1, 3)-KMS functional.

(2) wr_ig(a) =aw Va € N.

(3) Tigpp(@)w = wr_ig/a(a) Va € N.

Proof. wis a (r, 3)-KMS functional iff (w, b1,3(a*)) = (w, a*b) Va, b €
U But (w, briga®)) = (wr—is(a), b) and (w, a*b) = (aw, b). While (2) and
(3) correspond replacing a by T43/2(a). O

In the case of central functionals it reduces to:
COROLLARY 6.1.6. w is abelian if and only if aw = wa Va € N.

For w € W, let w* € W be defined as before by the formula; (w*, a) : =
(w, a’).

Lemma 6.1.7. (1) If w € W then 1.(w)* = T=(w*).
) If we W and a € N then (aw)* = w*a*. Thus, if w is hermitian, we have
(aw)* = wa*.

Define the following anti-automorphism on %,
©) k(a): = Tigp(@’) Vae N
In fact & is an involution on U i.e. k> equals the identity on (. Recall that the

adjoint of an antilinear map is defined by (k*w, a) = (w, ka). Let us denote J
the adjoint of k. One checks directly that

(10) K'wo=Jw=T1gpw) Ywel

J is also involutive and anti-linear. Note that in the case where w is central,
Jw = w*. The last two propositions can now be restated as follows;

ProposiTioN 6.1.8. If H,, is the reproducing operator of w then w is a (1, (3)-
KMS functional if and only if JH,k = H,. Equivalently, w is a (1, (3)-KMS
functional if and only if JH, = H, i.e. J restricted to H, defines an anti-
unitary operator.
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Proof. In view of proposition 2.3.4, we only need to prove the first assertion.
Forallae N,

JH k(a) = JH (Tig)2(a")) = J (1i5/2(a")w)
= 7_ig2{(Tigj2(a")w)" }
=T igp{wrigp(a)}
= wr_ig(a)
This equals H,a = aw if and only if w is a (7, 3)-KMS by proposition 6.1.5.
Note that J leaves D, invariant. Let us denote by J, the anti-unitary operator
obtained by restricting J to #{,. As usual, let 7 (a)f = af for f € D, be the

GNS representation of U, associated to w.
Let us define the following representation, denoted p,, of % in L (D,);

(11) p@)f 1 =fT_igp(a") Vae 2N.
In the central case, p, becomes simply;
1y pu@f =fa* Vae .
Note that the action of p,, on N defined by (3) in 3.1 gives;
(11")  pu(@)b = brigja(a”) = bri(a)

for every a and b belonging to . a

ProposiTiON 6.1.9. p (@) = J7n,(a)) Vae N,

The proof is again straightforward. Now recall from section 4.1 that if w is a
self-adjoint functional on 2 then 7, ()" and hence

(12) pw(ﬁ)l = iﬂw(?/[)l‘[.

are both von Neumann algebras.
Define

(13) M =7, Np,(NY.

Of course, I is another von Neumann algebra. Denote the positive cone of I
by I+ ie. M+ ={T € M : T = 0}. O

Now let us return to the general situation and drop the assumption 2 = .
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LemMA 6.1.10 Let w € W. Let D, : = {aw : a € W} and let 7, : = 7,
the representation m, restricted to D.. Then

D, be

(14) 7w = (W)
Similarly, we have

(15)  pA0) = pu(N).
Thus

(16) M = (W) Np(Ny) = 7, (WY N pu (N

Proof. Suppose (14) verified, then (15) and (16) follow since
pu(?:[)/ = «Lﬂ'w(?{)/i = ‘LWT(?/[T)/l = Pr(ﬂr),-
Let us prove (14). S € 7 (W,) if and only if

17 Sm@eld) = (Se|rua))

for all ¢, ¥ € D, and all a € 2. Let b, ¢ € U, be such that ¢ = j*(h) and
¥ = j*(c). Then (17) becomes

(18)  (jSj*ab, ¢) = (jSj*h, a*¢)

for all @, b and ¢ in 2,. But each side of the equality in (18) is separately
continuous in a, b and ¢. Thus the equality extend to every a, b and ¢ in 2.
This implies that (17) holds for every ¢, ¥ € D, and every @ € N and it proves
(14). ]

Let us recall that 3 € R is fixed and that {r; },eg is a continuous one-parameter
group of x-automorphisms of 2 with exponential bound. Let I" denote the cone
of all positive (1, 3)-KMS functionals. Given w € T let [(w) = {w’ € T: 3\ €
R such that w’ = Aw}. T'(w) is called the face generated by w in the cone T.

THEOREM 6.1.11. Let U be a self-derivative LF x-algebra having an equicon-
tinuous approximate identity. Let w € W be a self-adjoint (1, 3)-KMS functional.
Then T(w) is linearly isomorphic to M*. Moreover, if T € IN* one has JTJ = T.

Proof. Let w and w’ be two functionals on ! such that 0 £ w’ £ w. Then
Hyr— H,<—(WN,). Let us denote by T the reproducing operator of #, as a
Hilbert subspace of #,. %, being invariant we get by proposition 3.1.10 that
T € 7, (N,). Now let us assume that w and w’ are KMS functionals. Then
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JH, = H, and J H, = H,. Thus JH, = H,. But this is equivalent by 2.3.4
toJTJ*=Tie JTJ =T.Hence T € Jr (WS = p(N). Thus T € M*.
Conversely let T € I*. Then in particular T € 7 (U,), = 7,(W),. Let
K < H,<— W be the 7 -invariant Hilbert subspace of H having T as a re-
producing operator in #,. Let K denote the reproducing operator of X in W'
Since L = D(N) and N has an equicontinuous approximate identity, we can
apply theorem 4.4.5 in order to get an element w’ € W, such that Ka = aw’ for
alla € W. Now T € p,(NY. Applying 3.1.10 with the representation p,, this time
we get that H,,/ is invariant under p,,. Thus p,(@)H,/(b) = H,(p.(a)h). Hence
p(@)(bw’) = (pu(@b)w' ie., bw'T_i552(a*) = brig/(a*)w’. Since the products
are dense in U, this implies w'r_3/2(a*) = 7i3/2(a*)w’ for all a € U. Therefore
w’ is a KMS functional by proposition 6.1.5. O

THEOREM 6.1.12. Let N be a self-derivative LF x-algebra with an equicontin-
uous approximate identity. Then the face generated by a self-adjoint (1, 3)-KMS
Sfunctional in the cone of all (1, 3)-KMS functionals is a lattice.

Proof. From the last assertion of 6.1.11, we have JAJ = A also for A € I
self-adjoint. Thus for a general A = A +iA; € I we have by the antilinearity
of J that JAJ] = A| — iA> = A*. Then A*B* = JABJ = B*A* which implies
that 2N is commutative and hence a lattice (actually, IR is a lattice iff I is
commutative [27: Theorem 1, p. 227]). ad

CoroLLARY 6.1.13. If W is a self-derivative Banach x-algebra then the cone
of all (1, B)-KMS functionals is a lattice cone. In particular, if W has a unit
then the (1, 3)-KMS states form a simplex.

Proof. Since positive functionals on Banach x-algebras are bounded (4.1.2),
the first statement is a particular case of 6.1.12. The second assertion comes
from the fact that the evaluation of a functional at the unit defines a hyperplane
section of the positive cone. Thus the (1, (3)-KMS states form a base of the
lattice cone of all (7, 3)-KMS functionals. O

This last result is due to Ruelle [24: Theorem 5.1.6] in the case of C *-algebras
with a unit.

7. Existence and uniqueness of an integral representation for self-adjoint
KMS functionals on nuclear x-algebras. We will prove in this chapter the
theorem announced in the introduction on the existence and uniqueness of an
integral representation for KMS functionals on nuclear x-algebras.

Let A be a nuclear LF x-algebra. Let ?I’+ be the closed convex cone of positive
functionals on .

Let Q be a Suslin section of 2, i.e. a Suslin subset which meets each ray in
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precisely one point # 0. If 2 has a unit 1, we naturally define Q to be the set
of states:

(1) Q={we W, :wl) =1}

In the general case one may be obliged to choose €2 in some arbitrary fashion.
Since it is known that 2’ is a Suslin space [26: Cor. 1. p. 115], the cone W/
is a Suslin cone and as such has a Suslin section  [28: Thm 1.19]. None of
the results essentially depend on this choice however. Using conical integrals
instead of Radon measures, one can avoid any choice ([28]).

Let " C %, be any closed convex subcone. If w belongs to T, the set TM(w—T)
is the interval between 0 and w with respect to the order relation defined by I,
and IN'(w) = Uyzol'N (Aw —T') is the face generated by w in I'. The set ext(I')
of extreme generators of I" is the subset of those elements w for which I'(w) is
the half line R* w.

ProposITION 7.1.1. Let W be a self-derivative nuclear LF x-algebra having
an equicontinuous approximate identity. Let T be a closed convex cone in ,.
(1) The cone T is generated by its extreme rays i.e.

2) I' =7co ext(T).

Let § = QNMext(D).
(2) For every element w € T there exists a Radon measure m on S such that

3) w= /wdm(w).
s

The measure is uniquely determined by w if and only if the face I'(w) is a lattice
with respect to its proper order (i.e. the order induced by T).

Proof. Corollary 4.4.6 shows that the order intervals TN(w—T"), w €T, are
bounded subsets of the topological vector space W’. The theorem now results
from theorems 5.5, 5.8, 1.18 and 1.19 of [28].

Let {7, },er be a continuous and exponentially bounded one-parameter group
of x-automorphisms of . Let § be any real number. Let I'g be the cone of
positive and invariant KMS functionals and let

4) S =ext(I'p) NQ

be the corresponding normalized set of extreme KMS functionals. If N has a
unit and Q is defined by (1) S is the set of extreme 3-KMS states.

Recall that a functional w is said to be self-adjoint if the corresponding GNS
representation 7, is essentially self-adjoint in the sense of Powers (4.1.1). Also
w is said to be bounded if the operators ,(a) are bounded for all a € .
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THeOREM 7.1.2. Let N be a self-derivative nuclear LF x-algebra with an
equicontinuous approximate identity. Let {1, },cr be a continuous and exponen-
tially bounded one-parameter group of x-automorphisms of W. Let 3 be any real
number, and let T'g be the corresponding cone of KMS functionals. If w € T'g is
self-adjoint there exists a unique Radon measure m on S with the property (3).

This decomposition is orthogonal in as much as the integral

D
(5) H, = /g H,dm(w)

is direct. The GNS representation t, is the integral of the representations m,,:

© = / T odm(w)
S

i.e. the vector

(7 .f:/f(w)dm(w); /Ilf(w)llzdm(w)<+oo
S S

belongs to the maximal domain of 7., if and only if m-almost all the components
f(w) belong to the maximal domains of the corresponding representations and

(®) /Ilaf(w)llzdmm <+00 Vae .
JS

If the maximal domain of w, is metrizable in the graph topology, almost all
the representations m,, are essentially self-adjoint. If w is bounded the extreme
functionals w are almost all bounded.

Proof. Let I' = I's. By theorem 6.1.12 the face I'(w) is lattice isomorphic to
the positive part of the commutative von Neumann algebra:

9) D= 7, N p (Y.

The order intervals of I" being bounded (4.3.6) the existence and uniqueness of
the measure m representing w is a consequence of theorems 5.1 and 5.8 in [28],
S being an admissible section of ext(I') (cf. 1.18, 1.19 loc. cit.).

Next we prove that the integral # = [ H, dm(w) is direct. We have to prove
that if A; and A, are disjoint Borel subsets of S, the spaces #;, = fA, Hdm(w)
are disjoint, i.e. Hy, N Hy, = (0). Let T; be the reproducing operator of #;, in
H = H,. Let M*(m) be the face generated by m in the cone of non negative
Radon measures on S. The correspondance between M*(m) and JIR* being a
linear bijection, the fact that the measures 14,m and 14,m are mutually singular
implies that inf(7T|, T>;) = O in the lattice IN*. Let E; and E, be the spectral
measures associated to 7| and T,. Let P; = E;(0,+00). Then since P; = f(T;),
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with f = 1400 vanishing at 0, inf(P;, P,) = 0 in IN*. Thus P, + P, =
sup(Py, P») =1, ie. Py =1 — P,, which implies that P, and P, project on
orthogonal subspaces. Since #; = Im(T,-'/z) C Im(P;), i = 1, 2, the spaces
Hy, and H,, are disjoint.

Let M be the maximal domain for the representation m, and let M, be
the maximal domains for the m,. Let f = f f(w)dm(w) bel(_mg to M . Then
by lemma 3.2.4 we have f(w) € M, for m-almost all w. Moreover ||af||*> =
[ llaf ()|*dm(w) < +o0 for all @ € A. Conversely, if f(w) € M, for m-almost
all w and [ [|af (w)||*dm(w) < +oo for all @ € U, af = [ af (w)dm(w) belongs
to H forallae U, ie.feM.

If M is metrizable, theorem 3.2.2 implies that 7, essentially self-adjoint for
almost all w. The last assertion follows from proposition 3.2.5. O

CoroLLARY 7.1.3. The decomposition (5) is precisely the diagonalization of
the commutative von Neumann algebra I, defined in (9). Explicitly: For ¢ €
L>®(m) let T, be the operator defined as follows:

(10)  Tof = / (W) f (Wdm(w); / || £ (w)||2dm(w) < +00
S

f being defined by (7). Then the map ¢ +— T, is a *-isomorphism between
L>®(m) and IN.

Proof. We have established linear bijections between the following cones:
IN* and T'(w), I'(w) and M*(m), and obviously M*(m) and L>®(m)*. It suffices
to prove that the resulting correspondance between L°(m)* and JR* is the map
@ +— T, Letj: H,— W and j, : H,— W be the canonical injections. Let
@ € L>(m)*, and let o' be the KMS functional corresponding to ¢m. Then we
have

(Hya, b) = / (Hoa, b)p(wydm(w) = / (joal jLb)p(w)dm(w)

_ / (T,i%al jbydmw) = (T,j*alj*b) = (T,j*a, b

Thus T, is the reproducing operator of #, in #{,. In particular by 6.1.11 T,
belongs to M*. This proves that the map ¢ — T, is a linear bijection between
L>®(m) and IN. The integral being direct, formula (10) shows that it is a *-
isomorphism. O

CoroLLARY 7.1.4. Let 2 be a self-derivative nuclear LF x-algebra with an
equicontinuous approximate identity. Let " be the cone of positive central func-
tionals on 2, let Q be a Suslin section of I" and let S = ext(INNQ. If w € T is
self-adjoint there exists a unique Radon measure m on S such that

(1D g:/wdm(w)
S
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Moreover this decomposition is orthogonal. The other statements in the theorem
also remain valid.

In fact this is a particular case of the preceding theorem, where 7, is the
identity on A for all r € R.

Remark 7.1.5. It may happen that N is neither self-derivative nor nuclear,
but that the infinite derivative 2 is both. In that case one may be able to
apply the theorem or its corollary to 2. For instance if A = C.!'(G) is the
convolution algebra of functions of class C! with compact support on a uni-
modular Lie group G, the algebra U is equal (at least algebraically) to the
space of Schwartz test functions C,°°(G), which is self-derivative, nuclear, and
has an approximate identity. If we apply corollary 7.1.4 to the convolution aige-
bra C*°(G), taking into account remark 4.1.3, we recover the Bochner-Schwartz
theorem for unimodular Lie groups (cf. [30]).
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