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Abstract

We show that if the pair (f, g) of functions mapping a linear space X over the field K =R or C into K
satisfies the composite equation

Sflx+g(xy) = f0)f(y) forx,yeX

and f is nonconstant, then the continuity on rays of f implies the same property for g. Applying this
result, we determine the solutions of the equation.
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1. Introduction

The functional equation

Jx+g)y) = f()f() (1.1)

is a generalisation of the Gotab—Schinzel equation

Fx+ fx)y) = fFf).

Equations of this type belong to the most intensively studied composite functional
equations. They have their roots in the problems related to determination of
substructures of various algebraic structures. Such equations are also closely
connected with some problems in mathematical meteorology and fluid mechanics, for
example evaporation of cloud droplets and water discharging from a reservoir (see
[9]). More details concerning these Gotab—Schinzel type functional equations and
their applications can be found in [1] and in a survey paper [3].

In the recent papers [7] and [8], Jablonska considered the solutions of (1.1) in
the real case under the assumption that f is continuous and continuous on rays,
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respectively. The main idea of the considerations presented in [7] and [8] is to
prove that if the pair (f, g) satisfies (1.1) and f is nonconstant then the continuity
or continuity on rays of f implies the same property for g. Then, in order to determine
the solutions of (1.1), it is enough to apply the results of [4] and [6], respectively.

The aim of this paper is to present a significantly shorter and simpler proof of the
main results in [7] and [8] which works also in the complex case.

2. Results

The crucial new idea in our considerations is the nontrivial fact that, in some classes
of functions, the condition

gx+gx)y)=0 ifandonlyif g(x)g(y)=0 (2.1)

is equivalent to the Gotab—Schinzel equation. It seems that the approach suggested
in this section could be applied in several problems arising from Golagb—Schinzel type
equations.

In order to formulate the result precisely, we need to recall some notions. Let X be a
linear space over the field K = R or C. A function f : X — Kis said to be continuous on
rays provided that, for every x € X\{0}, the function f, : K — K given by f,(¢) = f(tx),
for ¢ € K, is continuous. Furthermore, given a nonempty subset A of X, a pointa € A
is said to be an algebraically interior point of A provided that, for every x € X\{0},
there is an r, > 0 such that {a + tx: t € K, |¢| < r,} C A. By int,A, we will denote the
set (possibly empty) of all algebraically interior points of A.

TueoreM 2.1. Assume that X is a linear space over the field K=R orC, g: X - K,
0€g(X) and int,{x € X | g(x) #0} # 0. Then the following three conditions are
equivalent:

(i) (2.1) holds for every x,y € X;

(i)  g(x + g(x)y) = g(x)gy) for x,y € X;

(iii) there exists a nontrivial K-linear functional L : X — K such that g(x) = L(x) + 1
for x € X, or there exists a nontrivial R-linear functional L : X — R such that
g(x) = max{L(x) + 1,0} for x € X.

The equivalence of (i) and (ii) has been proved in [5, Theorem 1] and the
equivalence of (ii) and (iii) has been established in [2, Theorem 3].
The next theorem is the main result of the paper.

THEOREM 2.2. Let X be a linear space over the field K =R or C and f,g: X —» K.
Assume that f is nonconstant and that the pair (f, g) satisfies the equation

f(x+g)y) = f)f() forxyeX. (2.2)

If f is continuous on rays, then so is g.
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Proor. Assume that f is continuous on rays and put F :={x € X | f(x) =0} and
G :={xe X|g(x) =0} Then
F=0G. (2.3)

In fact, if x € G, then, in view of (2.2), f(x) = f(x)f(y) for y € X. As f is nonconstant,
this means that x € F. Conversely, if x € F, then, making use of (2.2), we get
f(x+ g(x)y) =0for y € X. Hence, x € G, because otherwise f would be constant.

First consider the case where G # (). Then, taking into account (2.2) and (2.3), for
every x,y € X,

gx+gy) =0 f(x+gx)y) =0 f(0)f(y) =0 gxgl) =0.

Therefore, for every x,y € X, (2.1) holds. Furthermore, applying (2.2) with x =y =0,
we get f(0) € {0, 1}. If f(0) =0, then, substituting y = 0 in (2.2), we obtain f =0,
which yields a contradiction. Thus, f(0) =1 and so f,(0) =1 for x € X. Since f
is continuous on rays, this means that O € int,{x € X | f(x) # 0}. Hence, in view of
(2.3), int,{x € X | g(x) # 0} # 0. Consequently, as G # 0, by applying Theorem 2.1, we
conclude that (iii) holds. Thus, g is continuous on rays.

Now assume that G = (). Then, in view of (2.3), F =0. Let X; :={xe X | fy = 1}.
Since f is nonconstant and f,(0) = 1 for x € X, we have X\ X # 0. We claim that

g.=1 forxeX\X. 2.4)

To this end, fix an x € X\X;. Since f, is continuous, there exists a nonempty open set
U, c Ksuch that f(tx) = f,(t) # 1 for t € U,. Suppose that g(tyx) # 1 for some ¢y € U,.
Then, as F =0, applying (2.2) with x and y replaced by #tyx and fyx/(1 — g(fox)),
respectively, we get f(fox) = 1, which yields a contradiction. Therefore, g(zx) = 1
for ¢t € U,, which together with (2.2) gives

St +5) = fltx + sx) = f(tx + g(tx)sx) = f(tx) f(sx) = fo(t) f(s) forseK, te U,.

Hence, as f, maps K into K\{0}, according to [10, Lemma 18.5.1],

St +5) = f(Dfi(s) forseK, 1e[U],

where [U,] denotes the subgroup of the additive group of K generated by U,. However,
as U, is open, we have [U,] = K. Thus, f,(t + 5) = fi(1)fi(s) for s, € K and so f; is
the exponential function. Therefore, since F' = (), taking into account (2.2), for every
s, tekK,

[(8x(®)s) _ [sf(8x(0)3) _ [t + 8:0)s) _ fltx+g(tx)sx)
fi(s) F0fi(s) LD f(s) fa0)f(sx)

Thus, g,(f) = 1 for t € K, because x € X\ X;. In this way, we have proved (2.4).
Now note that f is exponential, that is, for every x,y € X,

fx+y) = fO)fO). (2.5)

F((gx(1) = 1)s) =
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In fact, fix x,y € X. If x € X\ X, then (2.5) follows from (2.2) and (2.4). If x € X1,
then, applying (2.2),
X

FGx+y) =f(y+g(y>i) =f(y)f( L
g(y)

g(y) gy

Since f is exponential and F = 0, taking into account (2.2), for every x,y € X,

fe)y) _ f()f@(y) _ fx+gx)y) _ .
f fOf) ffQ)

As f is nonconstant, this means that g = 1. Therefore, g is continuous on rays. O

) = f(y)fx( ) =f) = f0f).

f((g(x) = Dy) =

We conclude the paper with the following result describing the solutions of (2.2).

ProrosiTION 2.3. Assume that X is a linear space over the field K =R orC, f: X - K
is nonconstant and continuous on rays and g : X — K. Then the pair (f, g) satisfies
(2.2) if and only if one of the following possibilities holds:

(@) g=1and f is exponential;
(b) there exist a nontrivial K-linear functional L: X — K and a nonconstant
continuous multiplicative function m : K — K such that

gx)=Lx)+1 forxeX (2.6)

and
f(x)=m(L(x)+1) forxelX; 2.7

(c) there exist a nontrivial R-linear functional L: X — R and a nonconstant
continuous multiplicative function m : [0, c0) — K such that, for x € X, g(x) =
max{L(x) + 1,0} and

_ fm(L(x) + 1) whenever L(x) +1 >0,
S = {0 otherwise. 2:8)

Proor. In view of Theorem 2.2 and [6, Proposition 3], in order to complete the proof,
it is enough to prove the continuity of m. To this end note that in the case of (2.7), we
have m(t) = f((t — Dx/L(x)) = f.((t — 1)/L(x)) for t € K, where x € X\ker L is fixed;
and, in the case of (2.8), we get m(?) = f,((t — 1)/ L(x)) for t € [0, 00), where x € X\ker L
is fixed. Since f is continuous on rays, in both cases we obtain that m is continuous. O

Remark 2.4. According to [10, Theorem 13.1.6], a nonconstant continuous function
m : R — R is multiplicative if and only if there is an a € (0, c0) such that either
m(t) = [t|* for t € R, or m(f) = |t|*sgn t for € R. A nonconstant continuous function
m : [0, 00) — R is multiplicative if and only if there exists an « € (0, o0) such that
m(t) = t* for t € [0, 00).

Continuous multiplicative complex-valued functions are closely related to the
characters. From [11, Section 3.2], it can be shown that a nonconstant continuous
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function m : [0, co) — C is multiplicative if and only if there exist an @ € (0, o) and a

B € R such that
) = 0 fort =0,
M=t for £ € (0, 00).

Furthermore, a nonconstant continuous function m : C — C is multiplicative if and
only if m(0) = 0 and

m(re'?) = r*e ) for r € (0, 00), p € R

with some a € (0,c0), B€ Rand n € Z.
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