
ON HOMEOMORPHISMS BETWEEN EXTENSION SPACES 

BERNHARD BANASCHEWSKI 

Introduction. In this note, conditions are obtained which will ensure 
that two topological spaces are homeomorphic when they have homeomorphic 
extension spaces of a certain kind. To discuss this topic in suitably general 
terms, an unspecified extension procedure, assumed to be applicable to some 
class of topological spaces, is considered first, and it is shown that simple con­
ditions imposed on the extension procedure and its domain of operation easily 
lead to a condition of the desired kind. After the general result has been 
established it is shown to be applicable to a number of particular extensions, 
such as the Stone-Cech compactification and the Hewitt Q-extension of a 
completely regular Hausdorff space, Katetov's maximal Hausdorff-closed 
extension of a Hausdorff space, the maximal zero-dimensional compactifica­
tion of a zero-dimensional space, the maximal Hausdorff-minimal extension 
of a semi-regular space, and Freudenthal's compactification of a rim-compact 
space. The case of the Hewitt Q-extension was first discussed by Heider (6). 

1. Preliminaries. A pair (r, 7) consisting of a class r of Hausdorff spaces 
and a mapping 7 : T —•» T such that yX contains X as a dense subspace for 
each X Ç T will be called an extension structure. An extension structure (T, 7) 
will be called normal if for any X £ T the subspaces X — [a], a Ç X, of X 
also belong to r and 7 has the properties: 

CI. Any sequence of dense imbeddings 

iX Y^yX (X, F G T) 

such that g o / is the identity mapping on X can be extended to a sequence 
of homeomorphisms 

yXUyY^yX. 

C2. For each a £ X there exists a dense imbedding 

ha:yX- {a}-^y(X - {a}) 

which induces the identity mapping on X — {a}. 
It follows easily from CI that the extension space yX is a topological 

invariant of X in the sense that any homeomorphism X —> F can be extended 
to a homeomorphism yX —» 7 F. Also, one has 

LEMMA 1. 7 (7^ ) = yX for any X G r . 
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Proof. Consider the sequence of dense imbeddings 

X - Î yX U yX 

where j is the natural injection of X into yX and i the identity mapping. Then, 
CI gives, as an extension of this, the sequence of homeomorphisms 

•7 -y 

7 X ^ 7 ( 7 ^ ) - ^ yX. 

Now, if u G 7(7.30 — yX and v = {f)~lu G 7X then v = (i7 o jy)v = iyu, 
but also v = iv = iyv and hence iTw = ify which leads to u = u G 7X, a con­
tradiction. 

In view of Lemma 1 one can say that C\ implies a certain minimality of 
the extension space yX of X: If F £ T is such that 7 F = F and I Ç 7 C 7X 
then F = 7X, and thus yX is minimal in the class of all spaces 7 3 1 , 
F G T, with 7 F = F. 

For a number of known normal extension structures ( I \ 7) the following 
further condition is found to hold: 

C3. Any dense imbedding / : X —» F(X, F G T) can be extended to a 
continuous mapping p of 7X onto 7 F. 

Such extension structures will be called strongly normal. Strong normality 
can usually be checked by means of 

LEMMA 2. C3 and Lemma 1 together imply CI. 

Proof. If / : X —> F and g: F—> 7X are dense imbeddings such that g of 
is the identity mapping on X then the extensions 

p : 7X —> 7 F and g7 : 7 F -^ 7 (7^) = 7 ^ 

given by C3 are necessarily homeomorphisms since gyop is the identity 
mapping on yX. 

The conditions of strong normality imply a certain maximality of the 
extension space yX of X, which complements the above mentioned minimality : 
If X is a dense subspace of F with 7 F = F(X, F Ç r ) , then the natural 
injection X —-> F can be extended to a continuous mapping of 7X onto F in 
the case of strongly normal ( r , 7). 

2. The principal result. Let (r, 7) be a normal extension structure 
throughout this section and denote by 70X(X Ç T) the subspace (not necess­
arily belonging to r ) of X consisting of all those a G X for which the natural 
injection i : X — {a} —> X cannot be extended to a homeomorphism of 
7(X — {a}) onto 7X. These subspaces 70X have the following basic property: 

LEMMA 3. For any sequence of dense imbeddings 

xXvhyX (X, F G r) 
such that gof is the identity mapping on X one has f(yoX) = 70F. 
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Proof. First, it will be shown that 7 0 F Ç / X . For any c Ç F — fX> the 
given sequence of dense imbeddings leads to a new such sequence 

X K Y - {c}^yX (A, k induced by/ , g) 

which has the extension 

yX^y{Y- {c})^yX; 

also, the given sequence itself can be extended to 

xi y 

yXhyYhyX. 

It follows t h a t / 7 o ky is a homeomorphism of y(Y — {c}) onto yY, and since 
it maps the dense subset fX of Y — {c} identically it extends the identity 
mapping Y — {c} —•> F. Hence, c$ 70 F and thus 70 F QfX. 

Next, take a Ç X and 6 = /a. Here, one has the sequence of dense im­
beddings 

X - {a}^ Y- {b}XyX - \a}--^y(X- {a}) 

where h and k are again restrictions of / and g respectively and ha is given 
by C2. From C2 and the assumption that gof is the identity mapping on X 
one concludes that (ha o k) o h is the identity mapping on X — {a} ; hence, CI 
is applicable and one has a sequence of homeomorphisms 

(1) y(X- \a})^y(Y- \b}) {^°^ly(X- {a}). 

Now, suppose a $ y0X and let i* be the homeomorphism y(X — {a}) —-> 7X 
extending the natural injection i : X — {a} —> X. Then, one obtains from (1) 
the sequence of homeomorphisms 

(h okY i* fy 

which has the following effect on any point fz, z G X — {a} : 

fz—^z—^z —>fz. 

Hence, the homeomorphism y {Y — \b)) —> y Y given by (2) maps the dense 
subse t / (X — {a}) of F — {b} identically, and therefore the same holds for 
the whole of F - {b}. Thus, one has 6 $70 F o r / ( X - 7 oX) C F - 7 o F , and 
from 70F C fX it now follows that 70 F Ç^f(yoX). 

Conversely, assume b^y0Y and let j * be the homeomorphism y(Y — {b}) 
—>7F extending the natural injection j : Y — {b} —-> F Again, one obtains 
from (1) a sequence of homeomorphisms 

(3) y(X - {a})^y(Y- \b})£yY^yX, 
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giving a homeomorphism y(X — {a}) —-> yX which clearly extends the natural 
injection X — {a} —-> X . This shows a $ 70X which implies f(yoX) Ç 70 F ; in 
all, f(yoX) = 70 F is hereby established. 

The part icular case where / : X —» F is a homeomorphism and g : F —» 7 X 
taken as 3/ -^f~ly, y G F, makes it obvious t ha t any homeomorph i sm/ : X—>F 
maps YoX homeomorphically onto 70 F, t ha t is, the subspaces 70X are topo­
logical invariants of the spaces X . 

Lemma 3 now leads immediately to 

PROPOSITION 1. If TO CI T is the class of all X G r such that y0X = X then 
any homeomorphism f : X' —-> Y' between spaces X', Yf Ç T such that 
X Ç X ' £ 7X , F Ç F ' Ç 7 F and X , F Ç T0 is 2/&e extension of a homeo­
morphism X —> F. 

Proof. One has 70X = 7oX', 70 F = 70 F ; and / (7oX ' ) = 70 Y' from Lemma 3 
and hence from the given equations X = 70X and F = 70 F also fX = F. 

3. Charac ter i za t ion of r 0 for s trong ly n o r m a l ( r , 7 ) . Proposition 1 
natural ly leads to the question whether there exist other subclasses of I \ 
(T, 7) being any normal extension structure, for which the analogous propo­
sition holds. Of course, this is trivially so for any subclass of T0. Similarly, 
there may exist trivial enlargements of r 0 with this proper ty : If, for instance, 
T contains an X such t ha t 7 X = X bu t 7oX' ^ X' for any dense subspace of 
X , then r 0 does not contain any space homeomorphic to X , and r 0 \J [X\ 
would be of the said type. Consequently, one has to look for further properties 
of r 0 which together with Proposition 1 will give rise to some characterization 
of r 0 . This will be done in the present section a t least for the case of strongly 
normal extension structures (T, 7) . 

A preliminary result is: 

L E M M A 4. / / (T, 7) is a strongly normal extension structure and f : X —> F 
(X, F Ç T) a dense imbedding then (jy)~lfX = X . 

Proof. Let a G X and b Ç 7 X — X be such tha t fa = pb. This has to be 
shown to lead to a contradiction. Since 7 X is Hausdorff there exist disjoint 
neighbourhoods U and V oi a and b respectively in yX. Also, since / is an 
imbedding there exists a neighbourhood W oi fa in 7 F such t h a t / ( £ / P \ X ) 
= W r\fX. Now, by the continuity of/7 there exists a neighbourhood V0 £ V 
of b in 7 X such t h a t / 7 V0 Q W. This implies / ( V0 H X) C W P\ fX = / ( UC\X) 
and therefore V0 r\ X C U Pi X s i n c e / is one-to-one; this, however, leads 
to the contradiction <j> ^ F 0 P 1 I Ç JJ C\ V = 0. 

The desired property of r 0 will be obtained from the following 

LEMMA 5. If ( r , 7) is a strongly normal extension structure then 70X — {a} 
C 7 o ( X - {a}) for any a £X, X £ T. 

Proof. Let b Ç X — {a} be such tha t there exists a homeomorphism h: 
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y(X — {a, b}) —*y(X — {a}) inducing the identity mapping on X — {a, b\. 
Then b is not isolated in X and one has the following diagram of continuous 
mappings 

y(X- {b})- \a}-ly(X- {a, b}) 
k i i h 
yX - {a} y y(X - {a}) 

where g and j are the imbeddings given by C2 and k is the restriction of the 
continuous extension iy of the natural injection i: X — {b} —> X by C3 which 
is known to map y(X — \b\) — {a} onto yX — {a} by Lemma 4. Since all 
mappings induce the identity on X — {a,b} the diagram is commutative. It 
follows that k must be one-to-one since g and h are, and consequently iy: 
y(X — {b}) —> yX is also one-to-one. This means that iy has an inverse / , 
and this coincides with the hb (of C2) on yX — {b} as one sees immediately 
from the sequence 

yX - {b}hy(X - {b})^yX. 

This shows that the restriction of/ to yX — {b} is continuous. On the other 
hand, the restriction of/ to yX — {a} is merely k~l. Now, h~l oj and g map 
yX — {a} and y(X — {b}) — {a} respectively onto the same subspace of 
y(X — {a, b}); thus g~l is defined at each hrl{jx), x G yX — {a}, and clearly 
k~lx = g~l(hrl(jx)). Since hrl o j and g are dense imbeddings it follows that 
k~l is continuous. Therefore, the restriction of / to yX — {a} is also con­
tinuous, and this shows / to be continuous, hence iy to be a homeomorphism 
and finally b (£ Yo-X". 

With this it is proved that b(£yo(X — {a}) implies b(£y0X which imme­
diately gives the desired result y0X — {a} Q yo(X — {a}). 

After these preparations, the following characterization of T0 can easily 
be established. 

PROPOSITION 2. If ( r , 7) is a strongly normal extension structure then X Ç T0 

implies X — {a} Ç T0for any a G X and T0is the largest class of spaces X Ç r 
for which this condition and Proposition 1 hold. 

Proof. By Lemma 5, y0X = X implies X — {a} = y0X — {a} C y0(X— {a}) 
and thus Yo(^ — {a}) = X — {a}, as stated. Now, let Ti be any subclass 
of r such that X — [a] G Ti for any I f r b a Ç I , and Proposition 1 
holds for Ti (in place of r 0 ) . Then, if X £ Ti does not belong to r 0 there 
must be an a G X such that the natural injection X — {a} —> X can be 
extended to a homeomorphism y{X — {a})—>yX. However, this homeo­
morphism clearly does not induce a homeomorphism X — {a} —+X, and this 
contradicts the assumptions for IY It follows that Ti Ç r0 . 

Remark. We do not know whether Proposition 2 might not be true for any 
normal extension structure (T, 7). It is clear that r 0 is characterized as above 
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whenever X — {a} G r 0 for all a G X, X G r0, and even for those ( I \ 7) 
considered below which are not (or not known to be) strongly normal this 
can actually be verified explicitly. 

With this, the general considerations are concluded and the following 
sections deal with their application to particular extension structures, that 
is, with the proofs of the normality or strong normality and the explicit 
descriptions of T0 for several instances of ( I \ 7). For the latter, it is useful 
to observe that for any normal (T, 7) and I f T the points a^yoX of X 
cannot be isolated simply because the inverse of the supposed homeomor-
phism7(X — {a}) —>7Xmapsa G X into a point of 7(X — {a}) — (X — {a}) 
and any neighbourhood of such a point must meet X — {a}. 

4. Stone-Cech compactifications and Hewitt Q-extensions. Let 
(B, P) be the extension structure for which B is the class of all completely 
regular Hausdorff spaces and fiX the Stone-Cech compactification of X G B. 
Obviously, X G B implies X - {a} G B for any a G X, P(pX) = pX holds 
for all X G B and any dense imbedding X —-> Y has a continuous extension 
mapping PX onto PY by the well-known maximality property of PX. 

To obtain, for each a G X, an imbedding of (3X — {a} into P{X — {a}) as 
described in C3 it is sufficient to prove that every bounded continuous real 
function / on X — {a} can be continuously extended to pX — {a} (7). To 
show this, let u G PX — X be any point, V and W disjoint closed neighbour­
hoods in pX of u and a respectively and g a continuous function on pX such 
that gV = {1} and gW = {0}. Now, with the restriction h of g to X — {a} 
the product//^ is continuous on X — {a} and vanishes on W P\ (X — {a}); it 
can therefore be extended continuously to X with value 0 at a, and the resulting 
function has a continuous extension/* to pX.f* satisfies f*x = fx-hx = fx for 
all x G V C\X, hence 

lim fx = lim/*x = f*u. 
xtX-{a) xtX. 

The existence of this limit for any u G PX — {a} implies (4, ch. 1, § 6) that 
/ can be continuously extended to pX — {a}. 

In all, it is then established that P satisfies the conditions CI—C3. Further, 
it is obvious that for any non-isolated a G X the extension of the natural 
injection X — {a} —>X to P(X — {a}) is a homeomorphism if and only if 
any bounded continuous real function on X — {a} has a continuous extension 
to X. Hence one has: 

PROPOSITION 3. The extension structure (B, P) is strongly normal and B0 is 
the class of all X G B such that for any non-isolated a G X there exist bounded 
continuous real functions on X — {a} without a continuous extension to X. 

Remark. The class B0 can also be described in a variety of other ways such 
as: the filter on X — {a} given by the sets V — {a}, V the neighbourhoods 
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of a in X, is not maximal completely regular (4, ch. ix , p. 15) on X — [a] 
for any a f I ; or, as in (6), the finite open normal coverings of X — [a] are 
not all induced by such coverings of X. In the case of part icular types of 
spaces X, simpler topological conditions can be given. Thus , for fully normal 
X , X £ Bo is equivalent to the condition t h a t {a} = A P\ B with closed sets 
A, B both different from {a}, for each a £ X. Similarly, for locally compact 
X, X £ Bo amounts to the existence of compact A, B Ç X with A O B = {a}, 
A and B different from {a\, for each a £ X. 

If one considers the Hewi t t Q-extension vX for completely regular Hausdorff 
spaces X, one can easily see, by essentially the same a rgument as above, t h a t 
any continuous real function on X — {a} can be extended continuously to 
vX — {a}. Using the s tandard properties of vX, one then obtains for the 
class T of completely regular Hausdorff spaces and the operation v of Hewi t t 
<2-extension : 

PROPOSITION 4. The extension structure (T, u) is normal and To is the class 
of all X £ Y such that for any a £ X there exist continuous real functions on 
X — {a} without a continuous extension to X. 

Remark 1. Proposition 1 for ( I \ ?) = (T, v) which is hereby established is 
due to Heider (6) in the case where Xf = vX and Y' = vY. 

Remark 2. Although (T, v) is normal it is not strongly normal since a space 
E may have extension spaces X and Y such t h a t £ Ç I ^ Y ÇZ f3E, vX = X 
and vY = Y, in which case C3 breaks down for the na tura l injection X —-> Y. 
Nevertheless, it is still t rue t h a t X £ T0 implies X — {a} £ T0 for any a £ X 
and hence the characterizat ion of T0 as in Proposition 2 still applies. 

5. K a t e t o v e x t e n s i o n s . For any Hausdorff space X which is not abso­
lutely closed, K a t e t o v (7) introduced an absolutely closed extension which 
can be described as follows: Corresponding to each non-convergent maximal 
open ( tha t is, with a basis consisting of open sets) filter tyfl on X a new point 
x ^ . is adjoined to X and on this enlarged set the collection of all sets V ^J {x^}, 

V open in X and V Ç 90Î, is taken as a basis for the open sets. If one considers 
on the class K of all Hausdorff spaces the operator K which assigns to each 
I f K its K a t e t o v extension KX(KX = X if X absolutely closed), one has : 

P R O P O S I T I O N 5. (K, K) is a strongly normal extension structure and K0 is 
the class of all X ^ K such that for any non-isolated a Ç X there exists an open 
U Q X such that a Ç Û but U W {a} is not open. 

Proof. K(KX) = KX and the basic properties of KX proved in (7) implies 
CI and C3 for (K, K). C2 follows from the fact t h a t there is a natural one-
to-one correspondence between the maximal non-convergent open filters on 
X and those filters of this kind on X — [a] which do not converge to a in X 
given by m-+{A\aiA G 2R}. 

T o obtain the s ta ted description of K0, one first observes t h a t a $ KQX 
holds if and only if the filter consisting of the sets V — {a}, V the neigh-
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bourhoods of a in X , is a maximal open filter in X — {a}. Next, this is obviously 
the case if and only if any open U in X — {a} which meets all these V — {a} 
is itself one of them. Finally, in terms of the topology of X itself, this con­
dition means t ha t for any open U C X such tha t a G U — U, U U {a} is 
open in X. Therefore, a G KQX is equivalent, for non-isolated a G X, to the 
existence of an open [ / C I with a G V for which £/ \J [a] is not open. 

Remark. Proposition 1 for ( I \ 7) = (K, K) which is thus obtained was 
proved by Kate to v (7). 

6. M a x i m a l z e r o - d i m e n s i o n a l compact i f i ca t ions . For any zero-
dimensional Hausdorff space X there is defined a maximal zero-dimensional 
compact extension fX which can be considered as the completion of X with 
respect to the uniform structure of X given by the finite part i t ions of X into 
open-closed sets (1). Alternatively, fX is the maximal ideal space of the 
Boolean algebra of all open-closed sets in X, X imbedded in this as usual by 
identifying each point with the corresponding fixed ideal. Yet another de­
scription of f X is as follows: Let $ç(X) be the set of all maximal open-closed 
filters 3JÎ ( tha t is, with a basis consisting of open-closed sets) in X with void 
adherence. Then, corresponding to each 90? G ^r (X) a new point x~~ is adjoined 

to X, and on this enlarged set the collection of all sets F W { x ~ J V£$Jl£ <ï>f (X)}, 

V open-closed in X , is taken as a basis for the open sets. 
If Z denotes the class of all zero-dimensional Hausdorff spaces and f the 

operator which assigns to each X G Z its extension fX one has : 

PROPOSITION 6. (Z, f) is a strongly normal extension structure and Z0 is the 
class of all X G Z such that for any non-isolated a G X there exists an open 
U C X for which Û = Î / U j a ) and U VJ {a} is not open. 

Proof. One has f (fX) = fX for any X G Z and C3 follows immediately 
from the maximali ty proper ty of fX which states (1 ) t ha t any zero-dimensional 
compact extension of X is the continuous image of fX under a mapping which 
extends the identi ty mapping on X . C2 is again obtained from the fact t ha t 
(i) 9K —> 9DÎ* = {A\a^A G 90?} is a one-to-one correspondence between the 
9JÎ G 3>r(^0 a n d those 9t G $ f (X — {a}) which do not converge to a and (ii) 

V G 99? is equivalent to V - {a} G 9DÎ*. 
As to the characterization of Z0, it follows immediately from the definition 

of f ( X — {a}) in terms of maximal open-closed filters t ha t a $ f 0X holds if 
and only if the open-closed filter on X — {a} consisting of the sets V— {a}, 
V the neighbourhoods of a in X , is a maximal open-closed filter in X — {a}. 
This will be the case if and only if any open-closed W in X — {a} which meets 
all these V — {a} is itself one of them. Expressed in terms of the topology of 
X this means t ha t for any open W Ç1 X with W = W U {a} the set W U {a} 
is open. Therefore, a G foX holds for non-isolated a G X exactly if there 
exists an open U Q X with V — U VJ {a} for which U \J {a} is not open. 
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A consequence of Proposition 1 for ( I \ 7) = (Z, f) , obtained from the 

description of ÇX in terms of the Boolean algebra B(X) of the open-closed 

sets of X, is the following: 

COROLLARY. If X, Y £ Z0, then any isomorphism B(X) —> B(Y) is induced 
by a homeomorphism X —> Y. 

7. M a x i m a l H a u s d o r f f - m i n i m a l e x t e n s i o n s . A space X is called 
Hausdorff-minimal if it is Hausdorff and its topology is minimal in the part ia l ly 
ordered set of all Hausdorff topologies on X (order by inclusion between the 
collections of open sets) ; in other words, if any continuous one-to-one mapping 
of X is a homeomorphism. I t is known (3) t h a t any semi-regular space X 
( tha t is, X is Hausdorff and the interiors of closed sets in X form a basis for 
the open sets) possesses a Hausdorff-minimal extension <rX such t h a t for any 
Hausdorff-minimal extension W 3 X (X dense in W), the na tura l injection 
X —* W can be extended to a continuous mapping of aX onto W. A description 
of aX can be given as follows: Let a filter in X be called semi-regular if it 
has a basis consisting of regular open sets ( = the interiors of closed sets) and 
denote by $<r(X) the set of all maximal semi-regular filters in X whose adher­
ence is void. Then , adjoin to X a new point xm for each 3D? G $<r(X) and take 

as basis for the open sets on this enlarged set the collection of all sets 
V\J {xm\V G §D? £ ^a(X)} where F is a regular open set in X. 

Now, if 2 denotes the class of all semi-regular spaces and a the operator 
which assigns to each X £ 2 its extension aX one has : 

PROPOSITION 7. ( 2 , a) is a strongly normal extension structure and S 0 is the 
class of all X £ 2 such that any non-isolated point of X belongs to the closures 
of two disjoint open sets. 

Proof. T h e strong normali ty follows from the mentioned properties of aX 
in the same way as it was obtained for (Z, f) . T o determine S 0 one again 
observes t h a t a £ voX (a £ X non-isolated) means t h a t the semi-regular 
filter on X — {a} consisting of all V — {a}, V the neighbourhoods of a in X, 
is not a maximal such filter on X — {a}. Since finite intersections of regular 
open sets are regular open, this means t ha t there exists a regular open set 
W of X — {a} which meets all V — {a} bu t is not itself one of them, t h a t is, 
for which W VJ {a} is not open. Such a W is the interior, in X — {a}, of its 
closure W — {a} in X — {a}, and since X — {a} is open in X this is the 
same as saying t h a t W is the interior of W — {a} in X. Also, since W VJ {a} 
is not open W is merely the interior of W in X, t h a t is, a regular open set 
of X, and a belongs to W as well as to the closure of its complement . There­
fore, a Ç Û r\ W with open disjoint U and W. Conversely, if this is the case 
then a cannot belong to the interior Wo of W since Wo P\ U = <t>, and hence 
Wo ^ X — {a} is the interior, in X — {a}, of the closed set W — {a} in 
X — {a}, t h a t is, a regular open set of X — {a}. Also, a Ç IT = ITo shows 
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that Wo meets all V — {a}. Finally, l^oU {a} is not open, for if it were 
a G W would imply a G Wo. 

8. Freudenthal extensions. A Hausdorff space X is called rim-compact 
(also: semi-compact) if the open sets V Q X whose boundary B(V) = V(^\CV 
(C V the complement of V) is compact form a basis for the open sets in X. For 
any such space X there exists, according to (5), a compact extension <pX 
with the property that (i) every point in <pX has arbitrarily small neighbour­
hoods whose boundaries lie in X and (ii) for any other compact extension 
W 2 X satisfying (i) the natural injection X —> W has a continuous extension 
ipX-^W. The extension <pX has been described in the following way: If 
$ip(X) denotes the set of all filters in X which have a basis consisting of open 
sets with compact boundary (such filters will be called rim-compact here), 
are maximal with respect to this property and have void adherence, then 
(pX is obtained by adjoining to X a new point xm for each 9JÎ G %(X) and 

taking the sets V U {x~J V G Wl G %(X)} y V Q X open with compact B(V), 

as basis for the open sets in this enlarged set (5). Alternatively, <pX is the 
completion of X with respect to the uniform structure of X which is defined 
by the finite coverings of X by open sets with compact boundary (8). 

For the class <i> of all rim-compact Hausdorff spaces and the operator which 
assigns to each X G $ the extension <pX the following holds: 

PROPOSITION 8. ($, <p) is a normal extension structure and $0 is the class of all 
I f $ such that any non-isolated a G X lies on the boundary B{U) of some 
open U C X for which B(U) — {a} is compact and U U {a} not open. 

Proof. To verify CI for ($>, <p) it is sufficient to consider X, Y G $ such 
that I Ç F Ç <pX and prove that the sequence of natural injections 

X±> F - i ifX 

can be extended to a sequence of homeomorphisms 

/ f 
<pX —> <p Y —> cpX. 

This amounts to the same as the existence of a homeomorphism <p Y —> cpX 
which extends the natural injection j . Now, the existence of a continuous 
extension k of j mapping ç Y onto <pX follows from the maximality property 
of <pY and since pY and <pX are compact it is enough to show k to be one-
to-one. Therefore, consider 8, 2ft G %(Y) such that kx^ = kx^ = x™, 

91 G %(X). If 2x and %Jlx are the filters on X obtained from 8 and 9JÎ respect­
ively by intersecting all their sets with X one has 9Î Ç 8X, 9ï?x by the con­
tinuity of k and the limit relations lim 2 = au, lim 9}? = x~^ in cpY. Now, 

£ x and $lx are rim-compact filters: For any open U G ? there exists a F G ? 
such that 7 Ç [/ and 5 ( F ) is compact (topological operations all in Y). This 
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B(V) can be covered by finitely many open sets Wi in <pX such tha t 
Vi = Wt r\ Y Ç U and the boundaries B ( V%) are compact and lie in X . For 
the open set F* = V\J [} Vt one has B(V*) Q B(V) n [} B(V{) which 
implies 5 ( 7 * ) Ç [}B(Vt) since 5 ( F ) Ç [} Vt shows t h a t no x £ B(V) 
belongs to B(V*). I t follows t h a t B(V*) is compact and lies in X ; hence 
X C\ F* is an open set with compact boundary of X . As F* G 8 (by F* 2 F) 
and F * C [/ where [7 was an arbi t rary open set in 8, this means t h a t 8X 

is a r im-compact filter. This result now leads to the equat ions 2X = 9̂  = 9Jîx 
which in tu rn give S = 9JÎ ; finally, this proves t h a t k is one-to-one. 

T h e proof of C2 for (<ï>, <p) is of the same na ture as t h a t for (Z, f) , and 
the remaining thing is to characterize <ï>o. For this one uses the fact t h a t a 
r im-compact filter © on a space is maximal if and only if any open U with 
compact boundary which meets all sets of © itself belongs to ©; this can 
easily be deduced from the relation B(JJ C\ V) C B(U) H B(V). I t follows 
t h a t a non-isolated a (E X belongs to cpoX if and only if there exists an open 
1 / Ç I — {a} which meets all neighbourhoods of a, t h a t is , a Ç 6r, and 
whose boundary in X — {a} is compact , bu t for which U U {a} is not open 
in X. Since a $ U and a Ç £7 means a G B(U), the boundary of [ / i n X ( ( / 
is open in X ) , the boundary of U in X — {a} is B(U) — [a). This completes 
the proof of Proposition 8. 

Remark. ( $ , <p) is not strongly normal : If X is the open circular uni t disc 
and Y the closed circular unit disc in the plane and / : X —-> F the natural 
injection there exists no extension of / t o a continuous mapping of <pX onto 
<pF = Y since <̂ X is the one-point compactification of X . 
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