
Compositio Mathematica113: 1–22, 1998. 1
c 1998Kluwer Academic Publishers. Printed in the Netherlands.

Hilbert functions and generic forms
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0. Introduction

This paper is an attempt to understand what happens to the Hilbert functionH(R; d)
of a homogeneousK-algebraR after reduction modulo a homogeneous generic
form h of arbitrary degree. In other words, we want to compareH(R=hR; d) with
H(R; d).

There are several motivations to study this question. The same problem was
studied by M. Green for a generic linear formh, and applied to give short and
nice proofs of Macaulay’s theorem and the Gotzmann theorems; see [14] and [5].
Green’s theorem says thatH(R=hR; d) 6 H(R; d)hdi for all d. Here the operator
ahdi is defined for integersa as follows: consider thedth Macaulay expansion of
a, that is, the expansion

a =

 
k(d)

d

!
+

 
k(d� 1)
d� 1

!
+ � � �+

 
k(j)

j

!

with k(d) > k(d � 1) > � � � > k(j) > j > 1. Such an expansion exists and is
unique. Then one defines

ahdi =

 
k(d) � 1

d

!
+

 
k(d� 1)� 1

d� 1

!
+ � � � +

 
k(j) � 1

j

!
:

(Kb. 6) INTERPRINT: S.A. PIPS Nr.: 140863 MATHKAP
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There are similar operators defined using Macaulay expansions, and indeed, the
theorem of Macaulay as well as the Kruskal–Katona theorem on the possible
f -vectors of a simplicial complex are described by such operators, cf. [1].

In order to formulate the main result of the paper we have to introduce still some
more of these operators. So ford > i > 0 we define

ahd;ii =

 
k(d)� i� 1

d� i

!
+

 
k(d� 1)� i� 1

d� i� 1

!
+ � � �+

 
k(t)� i� 1

t� i

!
;

wheret = j if j > i andt = i+ 1 if j 6 i. Finally we set

ahhd;iii = ahd;ii +

 
k(i)� i

0

!
;

where as usual
�
k(i)�i

0

�
= 1 if k(i) > i and 0 otherwise.

Now the main result of this paper is the following

THEOREM. LetR be a homogeneousK-algebra whereK is a field of character-
istic 0, and leth 2 Rs be a generic homogeneous form. Then

H(R=hR; d) 6
s�1X
i=0

H(R; d)hhd;iii

for all d > s.

Unfortunately we have to require in our theorem thatK is a field of characteristic
0. We believe however that the theorem is true in all characteristics. The reason for
this unpleasant hypothesis is the method of our proof. It follows very closely the
arguments of Bigatti [3] who, in her thesis, proved among other theorems, Green’s
theorem along the following lines: One first proves it for lexsegment ideals, then
compares with strongly stable ideals which, and this is only true in characteristic
0, are generic initial ideals of arbitrary ideals. A direct generalization of Green’s
original proof seems to be not possible since the numerical identities which we
would need are not valid, as shown in Remark 3.9.

Another remark concerning the theorem is that the right hand sum of the inequal-
ity could as well be expressed as a difference of two terms. But in our opinion sums
are easier to control, so that we prefer this presentation.

As applications we have some results about Gotzmann spaces in a polynomial
ringR which are related to results of Gasharov [12]. In particular we show that ifI

is an ideal generated by a Gotzmann space andh is a generic linear form forR=I,
then all the powers ofh are generic forR=I, a fact which fails badly for arbitrary
homogeneous ideals.
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Even more interesting may be the application to the Eisenbud–Green–Harris
Conjecture [7] and [8] which in algebraic terms states that ifA is the quotient ring
of the polynomial ringK[x1; : : : ; xn] bym quadratic forms which areK-linearly
independent and such that dimK A < 1, and if

�
a

2

�
+ b is the dth Macaulay

expansion ofH(A;2) =
�
n+1

2

�
�m, then dimK A 6 2a+2b+n�a�1. We prove

the conjecture in caseK is of characteristic 0, the firstn quadrics form a regular
sequence and remaining quadrics are generic. The proof is an easy consequence
of the following slightly more general result which is a special case of Conjecture
(Vm) of [7]:

PROPOSITION. Let B a zero dimensional complete intersection defined by
quadric forms,A a factor ring ofB defined by generic quadratic forms ofA,
and letH(A;2) =

�
a

2

�
+ b with a > b. Then

H(A; d) 6

 
a

d

!
+

 
b

d� 1

!
for all d > 2:

With the same methods we prove Conjecture(III k;r) of [7] which is a generalized
Cayley–Bacharach theorem, again only under some assumption on genericness.
This result would also follow from a theorem of Stanley, but he uses the Hard
Lefshetz theorem whose proof is non-algebraic.

Our theorem however does not give very good results for the Fröberg Conjecture
[10] on generic algebras. For example, the generic algebra defined by 6 quadrics in
K[x1; x2; : : : ; x5] should have the Hilbert function 1+5t+9t2+5t3. But from our
theorem it follows only that the Hilbert function of the algebra is coefficientwise
bounded by the polynomial 1+5t+9t2+7t3+2t4. Nevertheless we hope that the
methods presented in our paper can be used in the future to give some contribution
to Fröberg’s conjecture.

1. Stable ideals and homogeneous generic forms

In this introductionary section we recall the notion of stable, strongly stable and
lexsegment ideals, and prove some basic facts needed in later sections.

Let K be an infinite field andR = K[x1; : : : ; xn] the polynomial ring with
the standard gradingR = �d>0Rd whereRd is the linear space spanned by all
monomials of degreed. Throughout the paper we consider the deglex order< on
the set of monomials ofR.

Given a monomialxa, a = (a1; : : : ; an), we denote bym(xa), following Bigatti
(cf. [3], or [4]) the greatesti, 16 i 6 n such thatai > 0.

LetJ � Rd be a set of monomials, and lethJi be theK-subspace ofRd spanned
by J . Recall the following

DEFINITION 1.1. The setJ of monomials is called
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(1) stable, if xi(u=xm(u)) 2 J for anyu 2 J and 16 i 6 m(u);
(2) strongly stable, if xi(u=xj) 2 J for anyu 2 J and 16 i < j 6 n such that

xj dividesu;
(3) lexsegmentif for all u 2 J and allv 2 Rd with v > u it follows thatv 2 J .

We will say thathJi has one of the above properties ifJ does. Finally, a
monomial idealI is said to be (strongly) stable or lexsegment, if all its homogeneous
componentsId have this property.

LEMMA 1.2. LetI � R be a stable ideal ands a positive integer. Then(I : xsn) =
(I : Rs).

Proof. Let d > s, d 2 N, u 2 Rd�s be such thatxsnu 2 Id. Then for each
i, 1 6 i < n, we havexixs�1

n
u 2 Id becauseI is stable. Thus,R1x

s�1
n

u � Id.
Using induction ons we obtainRsu � Id, that is,(I : xsn) � (I : Rs). The other
inclusion is obvious. 2

LEMMA 1.3. Let I � R be a graded ideal,d and s two positive integers with
d > s, andh a homogeneous form ofRs. Then

(i) dimK(Id : h)d�s = dimK(Id \ hRd�s);
(ii) dimK(Id \ hRd�s) > dimK(Id \ xs

n
Rd�s), if I is stable.

Proof. (i) The map(Id : h)d�s ! Id \ hRd�s given byv ! hv is clearly a
linearK-isomorphism.

(ii) By Lemma 1.2 we have(Id : xs
n
)d�s � (Id : h)d�s. Thus, using (i) we get

dimK(Id \ xsnRd�s) = dimK(Id : xsn)d�s 6 dimK(Id : h)d�s

= dimK(Id \ hRd�s):

PROPOSITION 1.4.Let I be a stable ideal. Then with the assumptions and the
notation of 1.3 we have

dimK(Id + hRd�s) 6 dimK(Id + xs
n
Rd�s):

In particular,xs
n

is generic forI and

H(R=(I; xsn); d) 6 H(R=(I; h); d):

Here H(R=I;�) denotes the Hilbert function associated with the gradedK-
algebraR=I.

Proof. By Lemma 1.3 (ii) we have

dimK(Id + hRd�s) = dimK Id + dimK Rd�s � dimK(Id \ hRd�s)

6 dimK Id + dimK Rd�s � dimK(Id \ xsnRd�s)

= dimK(Id + xs
n
Rd�s):
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HILBERT FUNCTIONS AND GENERIC FORMS 5

Let J � Rd be a set of monomials. Following [4] we set 2

Jxin = (J : xi
n
) \ fx1; : : : ; xn�1g

d�i

for all 0 6 i 6 d, wherefx1; : : : ; xn�1g
d�i denotes the set of monomials in

x1; : : : ; xn�1 of degreed� i. By abuse of notation we set alsohJixin = Jxin .

Note thatJ =
S
d

i=0x
i

n
Jxin . If J is stable thenJx0

n
is stable and ifJ is strongly

stable (resp. lexsegment) thenJxin is strongly stable (resp. lexsegment) for alli,
0 6 i 6 d (see [3, Prop. 1.4], or [4, (6.2.3)]).

The following result will be needed in Section 3.

COROLLARY 1.5.Let I � R be a stable ideal,s a positive integer andh a
homogeneous generic form ofRs. Then

H(R=(I; h); d) = H(R=(I; xs
n
); d) =

 
n+ d� 1

d

!

�

 
n+ d� s� 1

d� s

!
�

s�1X
i=0

j(Id)xin j

for all integersd > s.
Proof. By Proposition 1.4 we may supposeh = xsn. But

(I; xs
n
)d = Id + xs

n
Rd�s =

s�1X
i=0

xi
n
h(Id)xini+ xs

n
Rd�s;

which yields the desired equality. 2

Remark 1.6.If I is monomial but not stable, then there may exist no generic
monomial of degrees for I. Indeed, letn = 3, d = 3, s = 1 andI = (x1x2x3).
ThenH(R=(I; xi);3) > 4 for any i, 1 6 i 6 3, becausex1x2x3 2 xiR2. On
the other hand, by Green’s Theorem (see [14], or [5, (4.2.12)]),H(R=(I; h);3) 6
H(R=I;3)h3i = 9h3i = 3 for any generic linear form; see the next section for
notation. Indeed, choosing for exampleh = x1+x2 we see thatH(R=(I; h);3) =
3.

2. Some numerical Lemmas

In this section we introduce some numerical functions. Given positive integersa,
d > i, let

a =

 
k(d)

d

!
+ � � �+

 
k(1)

1

!
with k(d) > � � � > k(1) > 0
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6 JÜRGEN HERZOG AND DORIN POPESCU

be thedth Macaulay expansion ofa. Then set

ahd;ii =

 
k(d) + i

d+ i

!
+ � � � +

 
k(1) + i

i+ 1

!
;

ahd;�ii =

 
k(d)� i

d� i

!
+ � � � +

 
k(i+ 1)� i

1

!
;

andahhd;�1ii = a� ahdi, where as usual

ahdi =

 
k(d) � 1

d

!
+ � � �+

 
k(1)� 1

1

!
:

For i > 1, we then define inductively

ahhd;�iii = (ahhd;�1ii)hhd�1;�i+1ii:

We will need a formula forahhd;�iii, and for this purpose we will compareahhd;�iii

with ahd;�ii. We adopt the usual convention:
�
k

0

�
= 1 if k > 0, and

�
k

d

�
= 0 if

k < d.

LEMMA 2.1. With the notation introduced one has

(a+ 1)hhd;�1ii = ahd;�1i + 1:

Proof. We have(a + 1)hhd;�1ii = (a + 1)� (a+ 1)hdi. [9, Property 1.3] says

that(a+1)hdi = ahdi+
�
k(1)�1

0

�
, so that(a+1)hhd;�1ii = a�ahdi+1�

�
k(1)�1

0

�
=

ahd;�1i + 1 since

a� ahdi =

 
k(d)� 1
d� 1

!
+ � � �+

 
k(1)� 1

0

!

= ahd;�1i +

 
k(1)� 1

0

!
: (1)

2

Now we are in the position to prove the desired formula forahhd;�iii.

LEMMA 2.2. With the notation introduced one has

ahhd;�iii = ahd;�ii +

 
k(i)� i

0

!
=

d�iX
j=0

 
k(i+ j)� i

j

!
:
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Proof. We prove the assertion by induction oni. The casei = 1 is just equation
(1) in the proof of Lemma 2.1.

Suppose now thati > 1. Then

ahhd;�iii = (a� ahdi)
hhd�1;�i+1ii =

 
ahd;�1i +

 
k(1)� 1

0

!!hhd�1;�i+1ii

:

If k(1) = 0, then by induction hypothesis it follows that

ahhd;�iii = (ahd;�1i)hhd�1;�i+1ii

=

  
k(d)� 1
d� 1

!
+ � � �+

 
k(2)� 1

1

!!hhd�1;�i+1ii

= ahd;�ii +

 
(k(i) � 1)� (i� 1)

0

!
= ahd;�ii +

 
k(i)� i

0

!
:

If k(1) > 1, thenk(j) > j for all j > 1, and by the casei = 1, Lemma 2.1 and
our induction hypothesis we obtain

ahhd;�iii =

 
ahd;�1i +

 
k(1)� 1

0

!!hhd�1;�i+1ii

= ((ahd;�1i + 1)hhd�1;�1ii)hhd�2;�i+2ii

= (ahd;�2i + 1)hhd�2;�i+2ii

= ahd;�ii + 1 = ahd;�ii +

 
k(i) � i

0

!
: 2

Now we setahhd;iii = (ahhd;�iii)hd�ii, and

ahd;ii = (ahd;�ii)hd�ii =

 
k(d)� i� 1

d� i

!
+ � � � +

 
k(i+ 1)� i� 1

1

!
:

Remark 2.3.By definition one has

(i) (ahhd;�1ii)hhd�1;i�1ii = ahhd;iii;

(ii) ahhd;0ii = ahdi,
(iii) if a = bhd�1i for a certain positive integerb, thenahhd;1ii = ahd;1i:

There is a formula forahhd;iii similar to that ofahhd;�iii.
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8 JÜRGEN HERZOG AND DORIN POPESCU

LEMMA 2.4. With the notation introduced one has

ahhd;iii = ahd;ii +

 
k(i)� i

0

!
for i > 0:

Proof. By Lemma 2.2 we haveahhd;iii = (ahd;�ii +
�
k(i)�i

0

�
)hd�ii.

If k(i) < i, thenahhd;iii = (ahd;�ii)hd�ii = ahd;ii, and ifk(i) > i, then

ahhd;iii = (ahd;�ii + 1)hd�ii = (ahd;�ii)hd�ii +

 
k(i+ 1)� i� 1

0

!

= ahd;ii + 1;

by [9, Prop. 1.3]. Here we used thatk(i+ 1) > i+ 1 sincek(i) > i. 2

3. An extension of Green’s Theorem

In this section we study the behaviour of the Hilbert function of a homogeneous
gradedK-algebra after reduction modulo a generic homogeneous form of arbitrary
degree. In the first step we consider the special case that the defining ideal of the
algebra is lexsegment.

PROPOSITION 3.1.Let L � R be a lexsegment ideal ands a positive integer.
Then

H(R=(L; xs
n
); d) = H(R=(L; h); d) =

s�1X
i=0

H(R=L; d)hhd;iii

for all integersd > s and every homogeneous generic formh ofRs.
Proof. By Corollary 1.5 we have

H(R=(L; xsn); d) = H(R=(L; h); d)

=

 
n+ d� 1

d

!
�

 
n+ d� s� 1

d� s

!
�

s�1X
i=0

j(Ld)xin j

=
s�1X
i=0

  
n+ d� i� 2

d� i

!
� j(Ld)xin j

!

=
s�1X
i=0

(jfx1; : : : ; xn�1g
d�i

j � j(Ld)xin j)

=
s�1X
i=0

H(R=L; d)hhd;iii:
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The last equality follows from the next Lemma. 2

LEMMA 3.2. LetL � R be a lexsegment ideal andd and i be two integers with
d > i > 0 andd > 0. Then

jfx1; : : : ; xn�1g
d�i

n (Ld)xin j = H(R=L; d)hhd;iii:

Proof. We apply induction oni. The casei = 0 has been done in [4, (7.3.1)]
(or use Green’s theorem [14] in connection with 1.4). Suppose now thati > 0. The
set of monomials

d[
i=1

xi�1
n

(Ld)xin

is a lexsegment infx1; : : : ; xng
d�1. We denote byL0

d�1 theK-vector space spanned
by this set. Notice thatL0 =

P
j>0L

0
j

is a lexsegment ideal, and we have

(L0
d�1)xi�1

n

= (Ld)xin :

By induction hypothesis we obtain

jfx1; : : : ; xn�1g
d�i

n (Ld)xin j = jfx1; : : : ; xn�1g
d�i

n (L0
d�1)xi�1

n

j (2)

= H(R=L0; d� 1)hhd�1;i�1ii:

But dimK Ld = dimK L0
d�1 + j(Ld)x0

n
j and j(Ld)x0

n
j = jfx1; : : : ; xn�1g

dj �

H(R=L; d)hdi,by the casei = 0. It follows that dimK Ld = dimK L0
d�1+

�
n+d�2

d

�
�

H(R=L; d)hdi, and so

H(R=L0; d� 1) = dimK Rd�1 � dimK L0
d�1 (3)

=

 
n+ d� 2
d� 1

!
� dimK Ld (4)

+

 
n+ d� 2

d

!
�H(R=L; d)hdi

= H(R=L; d) �H(R=L; d)hdi = H(R=L; d)hhd;�1ii:

Substituting (3) in (2) we obtain

jfx1; : : : ; xn�1g
d�i

n (Ld)xin j = (H(R=L; d)hhd;�1ii)hhd�1;i�1ii

= H(R=L; d)hhd;iii;

by Remark 2.3. 2
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COROLLARY 3.3.LetL � R be a lexsegment ideal,d > s two positive integers
and

H(R=L; d) =

 
k(d)

d

!
+ � � � +

 
k(j)

j

!
; k(d) > � � � > k(j) > j

be thedth Macaulay expansion ofH(R=L; d). Then

H(R=(L; xs
n
); d) =

s�1X
i=0

H(R=L; d)hd;ii +

 
s� j

1

!
:

The proof follows from Proposition 3.1 and Lemma 2.4.
The next result yields the crucial comparision between a lexsegment ideal and

a strongly stable ideal.

PROPOSITION 3.4.LetL be a lexsegment ideal andI � R a strongly stable ideal
such thatdimK Ld 6 dimK Id for a certain positive integerd. Then

tX
i=0

j(Ld)xin j 6
tX

i=0

j(Id)xin j

for any integert, 0 6 t 6 d.
Proof. By [2], [3, Th. 2.1]B or [4, Th. (6.3.2)] we see that the inequality holds

for t = 0. Suppose the inequality does not hold for a certaint, 1 6 t 6 d, which
we may consider to be the smallest possible. Set

aj =
jX

i=0

j(Id)xin j �
jX

i=0

j(Ld)xin j; 0 6 j 6 d:

Thenat�1 is not negative butat is. Set

L(t) =
d[
i>t

xi�tn (Ld)xin :

Note thatL(t) is a lexsegment offx1; : : : ; xng
d�t, becauseL(t) generates(L :

xt
n
)d�t. Let Ji � fx1; : : : ; xn�1g

d�i be the unique lexsegment such thatjJij =
j(Id)xin j, 06 i 6 d. By [3, Lem. 1.6 and its Remark, Th. 2.1], or [4, (6.2.9), (6.2.10),

(6.3.2)] the setJ (t) =
S
d

i>t x
i�t
n Ji is strongly stable sinceI(t) =

S
d

i>t x
i�t
n (Id)xin

generates(I : xtn)d�t which is strongly stable. (In fact,J (t) is the lexsegment ofI(t)

with respect toxn in the terminology of [3], or [4]). LetJ 0
t be the unique lexsegment

of fx1; : : : ; xn�1g
d�t such thatjJ 0

tj = j(Id)xtn j + at�1. Such a lexsegment exists
becausej(Ld)xtn j � j(Id)xtn j � at�1 = �at > 0 – in fact, evenJ 0

t � (Ld)xtn . Using
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[3, Lem. 1.5], or [4, (6.2.6)] we see also thatJ 0 = J 0
t
[
S
d

i>t
xi�tn

Ji is strongly
stable becauseJ (t) is so. But we have

jJ 0
j = jJ 0

t
j+ dimK Id �

tX
i=0

j(Ji)j

= j(Id)xtn j+ at�1 + dimK Id �
tX

i=0

j(Id)xin j

= at�1 + dimK Id �
t�1X
i=0

j(Id)xin j

> dimK Ld �

t�1X
i=0

j(Ld)xin j = jL(t)j:

Using again the caset = 0, it follows that

j(Ld)xtn j = jL
(t)
x0
n

j 6 jJ 0
x0
n

j = jJ 0
t j = j(Id)xtn j+ at�1;

that isat > 0, a contradiction. 2

We would like to remark that the inequality of 3.4 is only valid for the whole
sum and not necessarily for the single summands. In other words, it does not hold
in general thatj(Ld)xin j 6 j(Id)xin j for i > 0. Indeed, letn = 3, d = 2, I =

(x2
1; x1x2; x

2
2), L = (x2

1; x1x2; x1x3). ThenI is strongly stable,L is a lexsegment
ideal, dimK L2 = dimK I2, Lx3 = fx1g andIx3 = ;, that isjLx3j > jIx3j.

In the next steps we prove the desired inequality of Hilbert functions by a
comparison of the general graded ideals with their initial ideals.

LEMMA 3.5. Let I � R be a graded ideal,s a positive integer andh a homoge-
neous generic form ofRs. Then

H(R=(I; h); d) 6 H(R=(in(I); xs
n
); d)

for all integersd > 0.
Proof. If h is generic, thenH(R=(I; h); d) 6 H(R=(I; h0); d) for anyh0 2 Rs

andd 2 N. In particular, this inequality holds forh0 = xsn. Thus

H(R=(I; h); d) 6 H(R=(I; xsn); d) = H(R=in(I; xsn); d)

6 H(R=(in(I); xs
n
); d);

by Macaulay’s Theorem (see [15], [6, Th. 15.3], or [5, (4.2.10)]) and because
(in(I); xsn) � in(I; xsn). 2
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12 JÜRGEN HERZOG AND DORIN POPESCU

PROPOSITION 3.6.LetI � R be a graded ideal such thatin(I) is strongly stable,
s a positive integer andh a homogeneous generic form ofRs. Then

H(R=(I; h); d) 6
s�1X
i=0

H(R=I; d)hhd;iii

for all integersd > s.
Proof. SetJ = in(I). By Lemma 3.5 we have

H(R=(I; h); d) 6 H(R=(J; xs
n
); d) for all integersd > 0:

LetL � R be a lexsegment ideal such that dimK Ld = dimK Jd for all d 2 N. Fix
d > s. Then

Ld + xs
n
Rd�s =

*
s�1[
i=0

xi
n
(Ld)xin

+
+ xs

n
Rd�s;

Jd + xsnRd�s =

*
s�1[
i=0

xin(Jd)xin

+
+ xsnRd�s; (5)

the unions being disjoint. By Lemma 3.4 we have�s�1
i=0 j(Ld)xin j 6 �s�1

i=0 j(Jd)xin j
and using (5) it follows

H(R=(J; xsn); d) 6 H(R=(L; xsn); d): (6)

By Proposition 3.1 we have

H(R=(L; xs
n
); d) =

s�1X
i=0

H(R=L; d)hhd;iii

=
s�1X
i=0

H(R=J; d)hhd;iii

=
s�1X
i=0

H(R=I; d)hhd;iii : (7)

The last equality follows from Macaulay’s Theorem. The proof ends combining
(4), (6) and (7). 2

We are now ready to prove the main result of this paper.

THEOREM 3.7.SupposecharK = 0. LetI � R be a graded ideal,s a positive
integer andh a homogeneous generic form of degrees. Then

H(R=(I; h); d) 6
s�1X
i=0

H(R=I; d)hhd;iii

for all integersd > s.
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Proof. By Galligo’s Theorem (see [11], or [6, Th. 15.20]) the generic initial
ideal in(I) is Borel-fixed, and so strongly stable because charK = 0 (see [6,
Th. 15.23]). Now we may apply Proposition 3.6. 2

COROLLARY 3.8.SupposecharK = 0. LetI � R be a graded ideal,d > s two
positive integers,h a homogeneous generic form ofRs and

H(R=I; d) =

 
k(d)

d

!
+ � � �+

 
k(j)

j

!
; k(d) > � � � > k(j) > j

thedth Macaulay expansion ofH(R=I; d). Then

H(R=(I; h); d) 6
s�1X
i=0

H(R=I; d)hd;ii +

 
s� j

1

!
:

For the proof apply Theorem 3.7 and Lemma 2.4.

Remark 3.9.(i) The bound given by Theorem 3.7 and Corollary 3.8 is reached
whenI is a lexsegment ideal (see Proposition 3.1).

(ii) The proof of Green’s theorem in the cases = 1 is much easier than our
proof (see [14], or [5, Th. 4.2.12]. One could hope to give a proof of 3.7 along
those lines. Settinga = H(R=I; d) andb = H(R=(I; h); d) one can derive, using
Green’s arguments, the following inequality

b 6
s�1X
i=0

bhhd;iii +
s�1X
i=0

(a� b)hhn�s;iii:

We now would need that this inequality impliesb 6 �s�1
i=0ahhd;iii. For s = 1,

this was shown by Green. However, ifs = 2 the second inequality does not
follow from the first. Take for exampled = 4, a = 44 =

�7
4

�
+
�4

3

�
+
�3

2

�
+
�2

1

�
,

b = 32=
�6

4

�
+
�5
3

�
+
�4

2

�
+
�1
1

�
. Thenah4i = 18,ahh4;1ii = 13,(a�b)h2i = 12h2i = 7,

(a� b)hh2;1ii = 4, bh4i = 12,bhh4;1ii = 10. Thus

b < 33= bh4i + bhh4;1ii + (a� b)h2i + (a� b)hh2;1ii;

butb > 31= ah4i + ahh4;1ii.

COROLLARY 3.10.Let (A;m) be a Noetherian local domain of characteristic0,
R = A[x1; : : : ; xn] the polynomial ring,I � R a homogeneous ideal, andh a
homogeneous form of degrees which is generic inQ(A)[x1; : : : ; xn]. Then

e(R=(I; h); d) 6
s�1X
i=0

e(R=I; d)hhd;iii :
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14 JÜRGEN HERZOG AND DORIN POPESCU

For the proof we apply Theorem 3.7 for the quotient field ofA, and use that
eA((R=I; d) = e(A)rankA(R=I)d.

4. Some applications

Throughout this sectionKwill be a field of characteristic 0, andR = K[x1; : : : ; xn]
the polynomial ring overK.

The first applications we have in mind are related to the Eisenbud–Green–Harris
Conjecture. We shall need the following

LEMMA 4.1. Letb > a, thenbhhd;iii > ahhd;iii for all d > i > 0.

Proof. It suffices to show the assertion forb = a + 1. Leta = �d

j=1

�
k(j)
j

�
be

thedth Macaulay expansion ofa. We will use induction oni in order to prove the
lemma. Fori = 0 we have

(a+ 1)hhd;0ii = (a+ 1)hdi = ahdi +

 
k(1)� 1

0

!

> ahdi = ahhd;0ii:

Let i > 0. We have

(a+ 1)hhd;iii = ((a+ 1)hhd;�1ii)hhd�1;i�1ii:

Applying the induction hypothesis it suffices to show that

(a+ 1)hhd;�1ii
> ahhd;�1ii:

But

(a+ 1)hhd;�1ii = a+ 1� (a+ 1)hdi

= a� ahdi + 1�

 
k(1)� 1

0

!
> a� ahdi = ahhd;�1ii:

We have the following result about algebras defined by generic quadrics

PROPOSITION 4.2.LetB be a zero dimensional complete intersection defined by
quadratic forms,A a factor ring ofB defined by generic quadratic forms ofB, and
let
�
a

2

�
+
�
b

1

�
be the2-Macaulay expansion ofH(A;2). Then

H(A; d) 6

 
a

d

!
+

 
b

d� 1

!
for d > 2:
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Proof. We denote byAm the factor ring ofB which is defined bym quadrics.
If m = 0, thenAm is a complete intersection, and soH(Am; d) =

�
a

d

�
, as required.

Now letm > 0 and assume the inequality is already shown forAm. Let
�
a

2

�
+ b

be the 2-Macaulay expansion ofH(Am;2). We will distinguish two cases.
First assume thatb > 1. Then

�
a

2

�
+ b � 1 is the 2-Macaulay expansion of

H(Am+1;2). Ford > 3 we have

H(Am+1; d) 6 H(Am; d)hhd;0ii +H(Am; d)hhd;1ii

6

 
a� 1
d

!
+

 
b� 1
d� 1

!
+

 
a� 2
d� 1

!
+

 
b� 2
d� 2

!
:

This sum should be less than 
a

d

!
+

 
b� 1
d� 1

!
=

 
a� 1
d

!
+

 
a� 1
d� 1

!
+

 
b� 1
d� 1

!
;

which is obviously true.
In the second case we haveH(Am;2) =

�
a

2

�
. Then ford > 3,

H(Am+1; d) 6 H(Am; d)hhd;0ii +H(Am; d)hhd;1ii

6

 
a� 1
d

!
+

 
a� 2
d� 1

!
:

This is what we wanted to show, sinceH(Am+1;2) =
�
a�1

2

�
+
�
a�2

1

�
. 2

Remark 4.3.Using the same ideas as in the proof of 4.2 we get the following
stronger form which is very much connected with Conjecture(Vm) from [7]. Let
B be a zero dimensional complete intersection of quadrics,A a factor ring ofB
defined by generics-forms ofA, and let

H(A; s) =

 
k(s)

s

!
+ � � �+

 
k(1)

1

!

be thes-Macaulay expansion ofH(A; s). Then

H(A; d) 6

 
k(s)

d

!
+ � � �+

 
k(1)

d� s+ 1

!

for d > s.

From the above proposition the following version of the Eisenbud–Green–Harris
Conjecture [7] follows quite easily:
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16 JÜRGEN HERZOG AND DORIN POPESCU

COROLLARY 4.4.With the notation and assumptions of Proposition4.2one has

dimK A 6 2a + 2b + n� a� 1:

Proof. It follows from 4.2 that

dimK A =
X
i>0

H(A; i) 6 1+ n+
X
i>2

H(A; i)

= 1+ n+
aX
i=2

 
a

i

!
+

bX
i=1

 
b

i

!

= 2a + 2b + n� a� 1: 2

The next application is of a similar nature. We shall prove the following version
of Conjecture(III k;r) of [7].

PROPOSITION 4.5.Let B = K[x1; : : : ; xn]=I be a complete intersection of
dimension0 defined by quadrics, and letf 2 B be a generic form of degree
j. SetA = B=fB; then

dimK A 6 2n � 2n�j:

Proof. We have dimK Ad =
�
n

d

�
for d < j, while for d > j we have

dimK Ad 6

j�1X
i=0

 
n

d

!
hhd;iii

=
j�1X
i=0

 
n� i� 1
d� i

!
:

Thus

dimk A 6 2n +
nX

d=j

0
@j�1X
i=0

 
n� i� 1
d� i

!
�

 
n

d

!1A :

The assertion follows since

nX
d=j

0
@j�1X
i=0

 
n� i� 1
d� i

!
�

 
n

d

!1
A = �

nX
d=j

 
n� j

d� j

!
= �2n�j: 2

The following applications concern Gotzmann spaces. Recall that a linear sub-
spaceP � Rd is called aGotzmann spaceif R1P � Rd+1 has the smallest possible
dimension, that is, if

dimK Rd+1=R1P = (dimK Rd=P )
hdi:

LEMMA 4.6. Let d, t be two positive integers andP � Rd a linear subspace.
Then
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(i) dimK Rd+t=RtP 6 (dimK Rd=P )
hd;ti.

(ii) If equality holds in(i), thenP is Gotzmann.

Proof. Apply induction ont. If t = 1, then (i) follows from Macaulay’s Theorem
(see [15], or [5, (4.2.10)], and (ii) holds by definition. Supposet > 1. Then

dimK Rd+t=RtP 6 (dimK Rd+t�1=Rt�1P )
hd+t�1i

6 ((dimK Rd=P )
hd;t�1i)hd+t�1i = (dimK Rd=P )

hd;ti;
(8)

where the first inequality follows from Macaulay’s Theorem and the second one
from the induction hypothesis and [5, (4.2.13)]. If the ends of (8) are equal then the
inequalities of (8) are in fact equalities and soP must be Gotzmann by induction
hypothesis. 2

LEMMA 4.7. Let d, t be two positive integers,P � Rd a linear subspace andI
the ideal generated byP . Then the following statements are equivalent:

(i) P is Gotzmann.

(ii)
H(R=I; d + j + 1) = (H(R=I; d + j))hd+ji

for all j, 06 j < t.

(iii) dimKRd+t=RtP = (dimKRd=P )
hd;ti.

(iv)

H(R=I; d + t)�H(R=I; d) =
tX

j=1

H(R=I; d + j)hd+ji:

Proof. Note that (i)) (ii), by Gotzmann’s Persistence Theorem (see [13]),
(ii) ) (iii) by recurrence sinceId+j = RjP , and (iii)) (i), by Lemma 4.6. Since
we have

H(R=I; d+ t)�H(R=I; d) =
t�1X
i=0

(H(R=I; d + i+ 1)�H(R=I; d + i))

6

t�1X
i=0

(H(R=I; d + i)hd+ii �H(R=I; d+ i))

=
t�1X
i=0

(H(R=I; d + i)hd+ii)hd+i+1i

=
tX

j=1

H(R=I; d+ j)hd+ji;
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18 JÜRGEN HERZOG AND DORIN POPESCU

it is clear that (ii) is equivalent with (iv). 2

PROPOSITION 4.8.Let q > s be two positive integers,P � Rq a Gotzmann
subspace,I the ideal generated byP , z a generic element ofR1 andh a homoge-
neous generic form ofRs. Then

H(R=(I; h); d) = H(R=(I; zs); d) =
s�1X
i=0

H(R=I; d)hhd;iii

=
s�1X
i=0

H(R=I; d)hd;ii

for all d > q + s. In particular zs is generic forI.
Proof. We have

H(R=I; d) �H(R=I; d� s) 6 H(R=(I; h); d) 6 H(R=(I; zs); d)

6

s�1X
i=0

(H(R=(I; z); d � i)

6

s�1X
i=0

H(R=I; d� i)hd�ii

for any integerd > s. The last inequality follows from Green’s Theorem (we may
also apply Theorem 3.7 fors = 1). For the third inequality apply induction ons,
the cases = 1 being trivial. Supposes > 1. Note that

H(R=(I; z); d) = H(R=(I; zs); d) �H(R=((I; zs) : z); d� 1)

> (R=(I; zs); d) �H(R=(I; zs�1); d� 1):

Now, it is enough to apply the induction hypothesis.
By Lemma 4.7 (iv) we see that the above inequalities are in fact equalities.

Moreover we have

H(R=I; d)hd;ii = (H(R=I; d � 1)hd�1i)hd;ii = H(R=I; d � 1)hd�1;i�1i

= � � � = H(R=I; d� i)hd�ii

for 0 6 i 6 s. Since by Remark 2.3 (iii),

(H(R=I; d � j)hd�ji)hhd�j+1;1ii = H(R=I; d � j)hd�ji;

for 1 6 j 6 s, we similarly obtain

H(R=I; d)hhd;iii = H(R=I; d � i)hd�ii: 2
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The next result generalizes part of [12, Th. 2.1].

PROPOSITION 4.9.Let d > s be two positive integers,P � Rd a Gotzmann
subspace,I the ideal generated byP andh a homogeneous generic form ofRs.
Then(Iq : h)q�s = Iq�s for anyq > d+ s.

This follows from the next lemma and 4.7(ii).

LEMMA 4.10. Let I � R be a graded ideal,d > s two positive integers andh a
homogeneous generic form ofRs. Then

dimK [(Id : h)d�s=Id�s] 6 H(R=I; d� s)� (H(R=I; d))hhd;�sii :

Proof. By Theorem 3.7 we obtain

dimK [(Id : h)d�s] = H(R=(I; h); d) �H(R=I; d) + dimK Rd�s

6

s�1X
i=0

H(R=I; d)hhd;iii �H(R=I; d) + dimK Rd�s:

It follows that

dimK [(Id : h)d�s=Id�s] 6 H(R=I; d � s)�H(R=I; d)

+
s�1X
i=0

H(R=I; d)hhd;iii : (9)

Note that
s�1X
i=0

H(R=I; d)hhd;iii �H(R=I; d)

=
s�1X
i=1

H(R=I; d)hhd;iii �H(R=I; d)hhd;�1ii

=
s�1X
i=2

H(R=I; d)hhd;iii + (H(R=I; d)hhd;�1ii)hd�1i �H(R=I; d)hhd;�1ii

=
s�1X
i=2

H(R=I; d)hhd;iii �H(R=I; d)hhd;�2ii

= � � � = �H(R=I; d)hhd;�sii; (10)

by recurrence. Substituting (10) in (9) we are done. 2
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We end our paper with the following

PROPOSITION 4.11.Let d, s be two positive integers,P � Rd a Gotzmann
subspace,h a homogeneous generic form ofRs, and

dimK Rd=P =

 
k(d)

d

!
+ � � � +

 
k(1)

1

!
;

thedth Macaulay expansion ofdimK Rd=P . Suppose thatk(j) 6 j for all j < d.
ThenhRt�dP; hRt�si � Rt is a Gotzmann subspace for allt > d+ s.

Proof. LetI be the ideal generated byRt�dP in R. By Proposition 4.8 we have

H(R=(I; h); t) = H(R=(I; zs); t) =
s�1X
i=0

H(R=I; t� i)ht�ii:

ButH(R=I; t� i) = (dimK Rd=P )
hd;t�d�ii, and so

H(R=I; t� i)ht�ii =

 
k(d) + t� d� i� 1

t� i

!
;

becausek(j) + t� d� i� 1 < t� d� i+ j for all j < d: Thus

H(R=(I; h); t) =
s�1X
i=0

 
k(d) + t� d� i� 1

t� i

!

is exactly thetth Macaulay expansion ofH(R=(I; h); t). It follows

H(R=(I; h); t)hti =
s�1X
i=0

 
k(d) + t� d� i

t� i+ 1

!
= H(R=(I; h); t + 1);

that is,It + hRt�s is Gotzmann. 2

EXAMPLE 4.12. LetP = Kx1 � R1. Then dimK R2=R1P =
�
n+1

2

�
� n =

�
n

2

�
and dimK R1=P =

�
n�1

1

�
. Clearly P is Gotzmann. By Lemma 4.7(Rt�1x1;

hRt�s) � Rt is a Gotzmann subspace for any homogeneous generic formh

of Rs.

Remark 4.13.Let P � Rd be a Gotzmann subspace. Ifz is a generic element
of R1 thenRt�dP + zRt�1 � Rt is a Gotzmann subspace for anyt > d by
[12, Th. 2.1]. Then we may ask if the conditions of Proposition 4.11 are not too
restrictive. This is not the case since there are Gotzmann subspacesP � R2 such
that hP; hi � R2 is not Gotzmann for a homogeneous generic formh 2 R2 as
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shown in the following example. Roughly speaking the reason is that the operation
‘ h i’ does not commute in general with the integer addition.

EXAMPLE 4.14. LetP = Kx2
1 � R2, I be the ideal generated byP andh a

homogeneous generic form ofR2. We have

dimK R2=P =

 
n+ 1

2

!
� 1 =

 
n

2

!
+

 
n� 1

1

!

and

dimK R3=R1P =

 
n+ 2

3

!
� n =

 
n+ 1

3

!
+

 
n

2

!
= (dimK R2=P )

h2i;

that is,P is Gotzmann. Then

H(R=I; t) =

 
n+ t� 2

t

!
+

 
n+ t� 3
t� 1

!

for all t > 2, and so

H(R=(I; h); t) = H(R=I; t)hti +H(R=I; t� 1)ht�1i

=

 
n+ t� 3

t

!
+ 2

 
n+ t� 4
t� 1

!
+

 
n+ t� 5
t� 2

!

for all t > 4 by Proposition 4.8. Forn = 4 we have

H(R=(I; h);5) = 20< 22= 16h4i = H(R=(I; h);4)h4i

(note that 16=
�6

4

�
+
�3

3

�
is the 4-Macaulay expansion of 16). Thus ifn = 4

thenR2hP; hi � R4 is not Gotzmann and sohP; hi cannot be Gotzmann, too (see
Lemma 4.7).
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comp4157.tex; 15/07/1998; 10:12; v.7; p.22

https://doi.org/10.1023/A:1000461715435 Published online by Cambridge University Press

https://doi.org/10.1023/A:1000461715435

