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1. In [10 ] , it is defined that a r i gh t (or left) idea l I of a r ing 
R i s v e r y l a r g e if the ca rd ina l i t y of R / I is f in i te . It is a l so p r o v e n 
in [10, T h e o r e m 3 .4 ] that if R is a p r i m e r ing with 1 such that i ts 
c h a r a c t e r i s t i c i s z e r o , then R is a r igh t o r d e r in a s imp le r ing with 
the m i n i m u m condi t ion on one sided idea l s if eve ry l a r g e r igh t idea l 
of R is v e r y l a r g e . In the p r e s e n t note, we shal l p rove that if R is 
a p r i m e r ing with 1 such that i t s c h a r a c t e r i s t i c is z e r o and R is 
a l so a compac t topological r ing , then R is a r igh t and left o r d e r in a 
s imple r ing with the m i n i m u m condit ion on one sided i d e a l s , which is 
a l so a n o n - d i s c r e t e loca l ly compac t topological r ing if and only if eve ry 
l a r g e r i gh t i dea l of R i s open. In p a r t i c u l a r , if R is an i n t e g r a l 
doma in with 1 (not n e c e s s a r i l y commuta t ive ) such that i ts c h a r a c t e r i s t i c 
is z e r o , then R is openly embed dab le [13, p . 58] in a loca l ly compac t 
( topological) d iv is ion r ing if and only if every l a r g e r igh t idea l of R 
i s open. Fol lowing S. Warner [13 ] , we sha l l say R is openly embeddab le 
in a quotient r ing Q(R) if t h e r e is a topology on Q(R) which is compa t ib le 
with i t s s t r u c t u r e , which induces on R i t s given topology and for which 
R is an open s u b s e t . 

2 . Let R be a compac t r ing which is a l so a p r i m e r i n g . If C 
i s the component of 0 then R ' C = 0 by [7, T h e o r e m 8, p . 161]. Since 
R i s a p r i m e r ing , this i m p l i e s that C = {0} . Hence by [3, (7 .7) 
T h e o r e m , p . 62] and by [7, L e m m a 9, p . 160] , R has a s y s t e m of 
c o m p a c t idea l ne ighbourhoods of 0. We sha l l u s e this n o n - e l e m e n t a r y 
fact concern ing compac t r i ngs in th is p a p e r . Cons ider R as a r i gh t 
r e g u l a r R - m o d u l e over i tself . An R - h o m o m o r p h i s m of a l a r g e r igh t 
idea l M of R into R is cal led a s e m i - e n d o m o r p h i s m of R [ l ] or [5] . 

R 
LEMMA 2 . 1 . Le t R be a compac t p r i m e r i n g . Jf eve ry l a r g e 

r i g h t idea l of R is open then eve ry s e m i - e n d o m o r p h i s m a of R 
R 

is con t inuous . 

Proof . Let M be a l a r g e r igh t idea l on which en is defined. 

Let U(0) be an open s e t containing a. (0) = 0. Then t h e r e ex i s t s a two 
sided idea l S which is open such that S C U ( 0 ) O M . If R i s not a 

— a 
2 

d i s c r e t e space , then S ^ (0) and S ^ (0) s ince R is a p r i m e r i n g . 
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Now f(s ) C RS. F o r if x e f(S2) then x = f( 2 a .b . ) = S f(a. )b. 
1 1 1 1 

for s o m e a., b e S, i = 1, 2, . . . , n , and x e RS . Hence 
l i 

2 2 
f(S ) C RS C S C U(0). Since S is a n o n - z e r o two sided idea l of a 
p r i m e r ing R , it is a l a r g e r igh t i dea l and hence it i s an open s e t . 
Thus a is cont inuous at the point 0. Since the addi t ive group of R 
is a topologica l group» th is imp l re s that a is con t inuous . 

If e v e r y l a r g e r i g h t i dea l of the n o n - d i s c r e t e c o m p a c t r ing R 
is open, then e v e r y l a r g e r i gh t i dea l I of R con ta ins a n o n - z e r o 
idea l , say S . Since aS ^ 0 for eve ry n o n - z e r o a G R , a l i 0 and 
the r igh t s ingu la r idea l of R is z e r o i m m e d i a t e l y . We a l so note that 
I i s v e r y l a r g e s ince R / I is a d i s c r e t e c o m p a c t g roup [3, (5 .22) , p . 38] . 

LEMMA 2 . 2 . Le t R be a c o m p a c t p r i m e r ing such tha t eve ry 
l a r g e r igh t i dea l of R is open . If a m a x i m a l r i g h t quot ient r i ng Q(R) 
of a r i ng R is topologized by d e c l a r i n g a fundamenta l s y s t e m of 
ne ighbourhoods of z e r o in Q(R) to be al l ne ighbourhoods of z e r o in R, 
then Q(R) i s a loca l ly c o m p a c t topo log ica l group under addi t ion, 
m u l t i p l i c a t i o n is cont inuous at (0, 0 ) , m u l t i p l i c a t i o n on the r i g h t by 
a i s cont inuous at z e r o for each a £ R , and m u l t i p l i c a t i o n on the 
left by q is cont inuous at z e r o for each q e Q(R) . 

P roof . The a s s e r t i o n s that Q(R) is a loca l ly c o m p a c t topo log ica l 
group under addit ion, m u l t i p l i c a t i o n is cont inuous at (0, 0) and the 
m u l t i p l i c a t i o n on the r i g h t by any e l e m e n t a in R follow at once f r o m 
the defini t ion of a topo log ica l r i n g . So it r e m a i n s to show tha t 
m u l t i p l i c a t i o n on the left by q is cont inuous at z e r o for each q e Q(R). 
Let q, x e Q(R) and S be an open idea l in R. Le t Mq = { r e R | q r e R} . 

Then Mq i s a l a r g e r igh t i dea l of R [5], and it i s open . By L e m m a 2 . 1 , 
t h e r e i s an open s e t U such tha t U C M q O S and q(U) C S . U con ta ins 

an open idea l of R , say S and q(x + S) C qx + S . Thus the left 

m u l t i p l i c a t i o n d e t e r m i n e d by q is con t inuous . 

COROLLARY. Le t R be a c o m p a c t p r i m e r i n g such that e v e r y 
l a r g e r i g h t i dea l of R is open . If the c e n t e r of R i s infinite then Q(R) 
i s a f ini te d i m e n s i o n a l topo log ica l v e c t o r s p a c e over i t s c e n t e r . 

P roof . Le t F be the c e n t e r of Q(R). Since Q(R) i s a p r i m e 
r ing e v e r y n o n - z e r o e l e m e n t of F is a r i g h t and left r e g u l a r e l e m e n t . 
Since Q(R) is a r e g u l a r r i ng , th i s i m p l i e s that F is a f ie ld . By 
[Z i P r o p o s i t i o n 7 . 1 ] , the c e n t e r of R is contained in F . Since the 
c e n t e r of R is c o m p a c t and inf ini te , F i s not a d i s c r e t e s p a c e as a 
s u b s p a c e of Q(R) with the topology defined in L e m m a 2 . 2 . If y e R , 
let F = {x £ Q(R) | yx = xy} . Le t L (x) = yx and T (x) = xy ( V x £ Q(R)). 

Then L , T a r e e n d o m o r p h i s m s of the addi t ive topo log ica l g roup 

Q(R) that a r e cont inuous at z e r o and h e n c e e v e r y w h e r e . Consequent ly 
the s e t F w h e r e they co inc ide is c losed , so the i n t e r s e c t i o n of a l l 

y 
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the F ' s , y e R , is also closed. Now by [2 , Proposition 7 . 1], 

. Thus F is a closed subset of Q(R) . Hence F is a 
ye R y 

non-discrete locally compact topological group with respect to + . 

Let a G F and q e Q(R). Let S# be a system of ideal neighbourhoods 

of 0 and let S e » . Let S, G 2* such that S, C S and qS, C S . 
a 1 1 — a 1 — 'a 

Let S0 e » such that Sn C S. and aS„ C S . 
2 2 — 1 2 ~ a 

Then 

(q + S J (a + S J Cqa + S 
2 2 "~ or 

since 

(q + s ) (a + s') = qa + qs ' + s a+ s s' = qa + qs ' + as 

+ s s ' G qa + S for all s . s ' e S . 
2 2 H a 2 2 2 

This implies that Q(R) is a topological space over F . Since F C Q(R) , 
the above proof also shows that (a, b) -> ab from F X F into F is 

continuous. Hence by [8, Theorem 9] or by [12], a -*• a is continuous 

for all non-zero a G F . Thus F is a topological division ring and 

by [8, Lemma 9 ] , Q(R) is finite dimensional. 

LEMMA 2 . 3 . Let R be a compact prime ring with 1 such that 
its character is t ic is zero . Jf every large right ideal of R is open then 
R is openly embeddable in a maximal right quotient pr ime regular ring 
Q(R) which is also a left quotient ring of R . 

Proof. By Lemma 2.2, all that needs to be shown is that 
multiplication on the right by q, q G Q(R) > is continuous at zero . By 
[3, (4, 4), p . 17] and [3, (5.22), p . 38], (qR + R)/R is finite. Hence 
nqR C R for some integer n, whence nq G R . Now, multiplication on 
the right by nq is continuous at zero by Lemma 2 .2 . Therefore, if 
S is a neighbourhood of zero, there is an open ideal S' such that 
S'nq C S; then S'n is a non-zero ideal, hence open, and (S'n)q C S , 
Thus multiplication on the right by q is continuous at zero . Q(R) 
being a pr ime regular ring follows from [5, Theorem 3] and 
[6, 2 . 7 , p . 1388]. Now if q e Q ( R ) such that q ^ O then Rq i (0). 

For if Rq = (0) , then the set (R) = {q G Q(R) | Rq = (0) } i s a non-zero 
right ideal of Q(R) and Q(R)OR ± (0). Hence Rq is a non-zero 
compact set since multiplication by q on the right is continuous and R. 
is compact . As before, (Rq + R)/R is a finite set and rqn = m q G R 
for some integer n and for any r G R. Thus Q(R) is also a left 
quotient ring of R. 
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COROLLARY. Let R be a compact pr ime ring with 1 such 
that the character is t ic of R is zero . If every large right ideal of 
R is open then Q(R) is a finite dimensional topological algebra over 
its center. 

Proof . Since 1 G R and the c h a r a c t e r i s t i c of R is z e r o , the 
cen t e r of R i s not a f inite s e t . Hence by (Corollary of L e m m a 2 . 2 
and L e m m a 2 . 3 , Q(R) is a f ini te d i m e n s i o n a l topo log ica l a l g e b r a over 
i ts c e n t e r . 

THEOREM 2 . 4 . Le t R be a c o m p a c t p r i m e r ing with z e r o 
c h a r a c t e r i s t i c such tha t R con ta ins 1 . Then R is openly embeddab l e 
in a loca l ly c o m p a c t r i n g Q(R) which is a s i m p l e r i ng wi th the m i n i m u m 
condi t ions on one sided idea l s if and only if e v e r y l a r g e r i g h t i dea l of 
R i s open, R is a l so a r igh t and left o r d e r in Q(R) i f e v e r y l a r g e 
r i g h t i dea l of R i s open . 

P roof . A s s u m e tha t e v e r y l a r g e r i g h t i dea l of R i s open . By 
L e m m a 2 . 3 , R i s openly embeddab l e in Q(R) which is a p r i m e r e g u l a r 
r ing with 1 . Since e v e r y l a r g e r i g h t i dea l of R i s open, e v e r y l a r g e 
r i g h t i dea l of R is v e r y l a r g e . Thus by [10, T h e o r e m 3 . 4 ] , Q(R) i s a 
s i m p l e r ing with the m i n i m u m condi t ion on one sided i d e a l s . If Q(R) 
i s a c l a s s i c a l r i ng of r i gh t quot ien ts of R by [6, 4 . 2 , p . 1391] and hence 
eve ry l a r g e r igh t i dea l of R con ta ins a r e g u l a r e l e m e n t [6, p . 1390] or 
[4, L e m m a 8, p . 267] , Le t I be a l a r g e r i gh t idea l of R and let a 
be a r e g u l a r e l e m e n t in I . Then a i s a unit of Q(R) by [11 , L e m m a 1, 
p . 110] , F u r t h e r m o r e , if q e Q(R) and q / 0 then t h e r e e x i s t s pos i t i ve 
i n t e g e r s m and n such tha t qma ^ 0 e R and naq ^ 0 e R . Since the 
c h a r a c t e r i s t i c of R is z e r o , m a and na a r e r e g u l a r e l e m e n t s and 
they a r e uni t s in Q(R). Thus R i s a r i gh t and left o r d e r in Q(R) . The 
c o n v e r s e s t a t e m e n t fol lows f r o m the fac t s tha t I contains a r e g u l a r 
e l emen t , say a, which is a unit of Q(R) by [11 , L e m m a 1, p . 110] 
and hence the left m u l t i p l i c a t i o n by a i s a h o m e o m o r p h i s m . 

COROLLARY A. If R i s a c o m p a c t i n t e g r a l d o m a i n with z e r o 
c h a r a c t e r i s t i c s , then R is openly embeddab le in a loca l ly c o m p a c t 
d iv i s ion r ing Q(R) if and only if e v e r y l a r g e r i gh t idea l of R is open . 

P roof . A s s u m e e v e r y l a r g e r igh t idea l of R is open . Then Q(R) 
is a s imp le r ing with the m i n i m u m condi t ion on one sided idea l s by 
T h e o r e m 2 . 4 . Hence by Go ld i e ' s T h e o r e m [4, p . 270], R is a r i g h t 
Ore doma in and thus Q(R) is a d iv i s ion r i n g . Since Q(R) is a loca l ly 
c o m p a c t space and (x, y) -> xy of Q(R) X Q(R) into Q(R) is cont inuous , 

-1 
by [8, T h e o r e m 9] x -*- x i s cont inuous for a l l n o n - z e r o x e Q(R). 
The c o n v e r s e follows f r o m T h e o r e m 2 . 4 . 

COROLLARY B . Le t R be a c o m p a c t i n t e g r a l d o m a i n with z e r o 
c h a r a c t e r i s t i c . If eve ry l a r g e r i gh t idea l of R is open then R is an 
Ore d o m a i n . 
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Proof . By C o r o l l a r y A , Q(R) is a topological d iv is ion r ing and 
R is an open s u b s e t of Q(R). Hence if a, b a r e n o n - z e r o e l e m e n t s of 
R then aR and bR a r e open s e t s . Hence aR ObR £ 0 u n l e s s R 
is a f ini te r i n g . S imi l a r ly , R a O R b ^ 0-

R e m a r k . We note h e r e that if R is a compac t i n t e g r a l domain 
with z e r o c h a r a c t e r i s t i c such that e v e r y l a r g e r igh t idea l is open, then 
R a d m i t s a va lua t ion which p r e s e r v e s the topology. This follows f r o m 
C o r o l l a r y A and [9, T h e o r e m 8 ] . 

Acknowledgmen t , The author i s indebted to P r o f e s s o r J . Lambek 
and the r e f e r e e for m a n y helpful s u g g e s t i o n s . 
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