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Abstract

Pseudodifferential operators are formal Laurent series in the formal inverse 3 ! of the derivative operator
o whose coefficients are holomorphic functions on the Poincaré upper half-plane. Given a discrete
subgroup I" of SL(2, R), automorphic pseudodifferential operators for I" are pseudodifferential operators
that are I'-invariant, and they are closely linked to Jacobi-like forms and modular forms for I'. We
construct linear maps from the space of automorphic pseudodifferential operators and from the space of
Jacobi-like forms for I'" to the cohomology space of the group I', and prove that these maps are compatible
with the respective Hecke operator actions.
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1. Introduction

Modular forms are holomorphic functions on the Poincaré upper half-plane H
satisfying a certain transformation formula with respect to the linear fractional action
of a discrete subgroup I' of SL(2, R), and they play a major role in number theory
and are also related to various other areas of mathematics. In particular, it is well
known that the space of modular forms for I' of a given weight corresponds to some
cohomology group of the discrete group I (see [1, 2, 8]).

Pseudodifferential operators are formal Laurent series in the formal inverse 3~ of
the derivative operator d whose coefficients are complex-valued functions, and they
have been studied extensively over the years in connection with a variety of topics
in pure and applied mathematics. For example, they play a critical role in the theory
of nonlinear integrable partial differential equations, also known as soliton equations
(see, for example, [5]). If the coefficients of a pseudodifferential operator W belong to
the space R of holomorphic functions on H, then the usual linear fractional action of "
on H induces an operation of the same group on W. Pseudodifferential operators that
are invariant under such an operation are automorphic pseudodifferential operators
for I, and they are closely linked to modular forms. Indeed, given an automorphic

© 2008 Australian Mathematical Society 0004-9727/08 $A2.00 + 0.00

55

https://doi.org/10.1017/5S0004972708000476 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000476

56 M. H. Lee [2]

pseudodifferential operator W for I', a certain linear combination of derivatives of
coefficients of W determines a modular form for I', and conversely, each coefficient of
W can be expressed as a linear combination of derivatives of modular forms for I' of
various weights. These relations can be used to establish a one-to-one correspondence
between automorphic pseudodifferential operators and certain sequences of modular
forms. One of the applications of this correspondence is the construction of a lifting
map from modular forms to automorphic pseudodifferential operators.

Jacobi-like forms for I' are formal power series with coefficients in R satisfying
a certain functional equation, and they are in one-to-one correspondence with
automorphic pseudodifferential operators for I'. Jacobi-like forms generalize the usual
Jacobi forms developed by Eichler and Zagier [7] in some sense, and they are also
related to vertex operator algebras and the conformal field theory as is suggested
in [6, 20]. Various aspects of automorphic pseudodifferential operators and Jacobi-
like forms were studied systematically by Cohen et al. in [4] (see also [20]). Some of
their results can be extended to the case of several variables, so that pseudodifferential
operators and Jacobi-like forms of several variables correspond to certain sequences
of Hilbert modular forms (see [12]).

Hecke operators are certain averaging operators acting on the space of automorphic
forms (see [1, 16, 18]), and they are an important component of the theory
of automorphic forms. For example, they are used to obtain Euler products
associated with modular forms which lead to some multiplicative properties of Fourier
coefficients of those automorphic forms. In light of the fact that modular forms
for I are closely linked to the cohomology of I', it would be natural to study
the Hecke operators on the cohomology of discrete groups associated with modular
forms or other automorphic forms as was done in a number of papers (see, for
example, [9-11, 19]). Hecke operators on the cohomology of more general groups
were also investigated by Rhie and Whaples in [17], and they can also be introduced
on the spaces of automorphic pseudodifferential operators and Jacobi-like forms
(see [3, 13, 14)).

In this paper we construct linear maps from the space of automorphic
pseudodifferential operators and from the space Jacobi-like forms for I' to the
cohomology space of the group I" and prove that these maps are compatible with the
respective Hecke operator actions.

2. Hecke operators on group cohomology

In this section we review Hecke operators acting on group cohomology in terms
of homogeneous cochains introduced by Rhie and Whaples [17]. We also describe
these operators in terms of nonhomogeneous cochains and apply this description to
the case of the cohomology of a discrete subgroup of SL(2, R) to obtain the usual
Hecke operators on such cohomology (see, for example, [8, 18]).

Let G be a group, and let M be a left G-module. Given a nonnegative integer ¢,
the group €7(G, M) of homogeneous g-cochains is an abelian group generated by the
maps ¢ : G471 — M satisfying
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¢(0op, ...,004) =0p(0p, ..., 0)

for all o, 00, ...,04 € G, and the associated coboundary map §, : C4(G, M) —
C9t1(G, M) is defined by

g+1
64900, .. 0g11) =D (=D'¢p(00, ... 01,0141, ..., 0g1) (2.1
i=0
forall¢ € C4(G, M) and (00, ..., 04+1) € G"t2. Then 84 084—1 =0foreachg >0

with 6_; = 0, and the gth cohomology group of G with coefficients in M is given by
HY(G, M) =3%(G, M)/B1(G, M), (2.2)

where 39(G, M) and B9(G, M) denote the kernel of 3, and the image of §,_1,
respectively.

Given subgroups I' and I'" of G, we write I' ~ I'" if they are commensurable, that
is, if L NI/ has ﬁnit~e index in both I" and I'". Then ~ is an equivalence relation, and
the commensurator I of I" is the subgroup of G containing I" given by

F'={eeG|a 'Ta~T}.

If a € T, then the corresponding double coset I'aI" can be written as a disjoint union
of right cosets of I" in G of the form

d
Fol =] [T (2.3)
i=1
for some ap, ..., aq € T.If y € I', then the same double coset can be written as

INol' =

d
Fejy,

i=1

which follows from the fact that F'aI'y = I'al". Thus for 1 <i <d, we see that

aiy =& () - i) 2.4)

for some element &;(y) €', where {aj),...,aqy)} is a permutation of
{ag, ..., aq}. _
Given an element ¢ € €9(I", M) with g > 0 and a double coset 'aI" with @ € T that
has a decomposition as in (2.3), we consider the associated map T («)¢ : I'? 1 m
given by
d
E@D Y0, - V) =Y o dE), - . E(y)), 2.5)

i=1
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where the maps &; : I' — T are determined by (2.4). Then it is known that T (a)¢ is an
element of €7(I", M) and is independent of the choice of representatives of the coset
decomposition of 'l modulo I (see [17]). Thus each double coset 'aI” witha € T’
determines the C-linear map

T(a): CI(T, M) - CU(T, M) (2.6)
for each g > 0. It can be shown that
() 08y—1 =084 0 T(ax)
for ¢ > 1. Hence it follows that the map % («) in (2.6) induces the homomorphism
() : HI(T, M) —> HY(T, M),

which is the Hecke operator on H4(I", M) corresponding to « introduced by Rhie and
Whaples [17].

The cohomology of the group I' can also be defined by using nonhomogeneous
cochains. Indeed, the group C%(I', M) of nonhomogeneous g-cochains consists
of the maps v :I'? — M, and the associated coboundary map 9, : C/(I', M) —
C9tI(T, M) is given by

q
+ (_])lw(yli"'7yi—lv ylyl+177yq+l)
i=1
+ DY, ) 2.7)
for all ¥ € CI4(I', M) and (y1, ..., Vq+1) € 9+ Then it can be shown that the

cohomology for the cochain complex {C4(I", M), d,4}4>0 is canonically isomorphic
to the cohomology of the cochain complex {€%(I", M), 8,}4>0 defined by using
homogeneous cochains. Thus we may write the gth cohomology group in (2.2) in
the form

HY(G, M)=Z74(G, M)/B1(G, M),

where Z9(G, M) and B(G, M) are the kernel of 9, and the image of 9, 1,
respectively. In terms of the nonhomogeneous g-cochains, the Hecke operator in (2.5)
can now be written as

(T @Y1, -5 Vq)
d
= Z o U EDD, Eign 72, Eigry (73)s - - - Eitpy, 1) (Vg)) (2.8)
i=1

for all Y € C4(I', M) and yy, ..., y, € ', which determines another version of the
Hecke operator

T(x): HI(T', M) — H1(T', M),

on H4(I', M) corresponding to «.
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We now consider the case where G =GL(2,C). Let {e,...,e,+1} be the
standard basis for the complex vector space C"*!, and for (2) e C? set

n n
21 -1 -1 —k 1
( ) =" T, ) = E R e e CMH

where ’(-) denotes the transpose of the matrix (-). Let
on:GL2,C)—- GL(n+1,0)

be the nth symmetric tensor representation of GL(2, C), which is given by

n() =(C))

forall y € ' and (%)) € C2. We also define the map v, : H — C"! by

Va(2) = (i) =Y e (2.9)
k=0

for all z € C. Then for y = (‘L’ Z) € SL(2, R) we see that

z2\" [(az+b\"
on(Y)IVa(2) = pn(7)<1> = <CZ—|—d>

n
= (az+b)" ez +d) exq
k=0

= (cz+d)™" Z(yz)"_k €1 = (cz+d)"vy(yz), (2.10)
k=0

where yz = (az + b)(cz +d)~!. We denote by &"(C?) the complex vector space
C™+! equipped with the structure of a G L(2, C)-module given by

n/2

(y, v) = (det y)"“pp(y)v

fory € GL(2, C) and v e C"*1.

Let T be a discrete subgroup of SL(2, R) C GL(2, C). Then by (2.7) its first
cohomology group with coefficients in &"(C?) can be described as follows. The set
Z(I", 8" (C?)) of nonhomogeneous 1-cocycles consists of all maps u : I' — C"*!
satisfying

u(yy') =uy) + pn(y)uy’) (2.11)
forall y, y’ € I'. Given an element vy € C"*!, the set B! (I", &"(C?)) of coboundaries
consists of the maps v : I' — C"*! such that

v(y) = (Pa(¥) = Lt 0o
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for all y € I', where 1,41 is the identity map on C"*!. Then the first cohomology
group of I" with coefficients in &" (C?) is given by

ZN(T, &"(C?))

1 n 2Ny
H (T, 6" (C ))_—Bl(F, (D)’

2.12)

To consider Hecke operators acting on this cohomology group, we choose an element
a € ' C GL(2, R) such that the corresponding double coset has a decomposition of

the form
S
Fol =] [Ty
i=1
withay, ..., a € T'. Then by (2.8) the Hecke operator 7, («) on HY (I, 8" (C?)) can
be written as
S
(Tu(@) (@) (y) =Y _(deta))"/*py () (&i () (2.13)

i=1
for each 1-cocycle ¢ and y € I, where &; is as in (2.4).

3. Jacobi-like forms and pseudodifferential operators

In this section we review modular forms, Jacobi-like forms, and pseudodifferential
operators as well as relations among these objects studied by Cohen et al. in [4, 20].
We also describe Hecke operators acting on the spaces consisting of those objects
(see [3, 13, 14]).

Let R be the space of holomorphic functions on the Poincaré upper half-plane H,
and let R[[X]] be the complex algebra of formal power series in X with coefficients
in R. Let I" be a discrete subgroup of SL(2, R), which acts on H as usual by linear
fractional transformations, that is,

_az+b
Ccz+d

forallze H and y = (‘; Z) e SL(2, R).

Yz

DEFINITION 3.1. (i) A holomorphic function f : H — C is a modular form of weight
k for T if it satisfies

fy) =(z+d)*f(z)

forallzeHandy:(‘;Z) erl.
(ii) A formal power series ®(z, X) € R[[X]] is a Jacobi-like form for I if it satisfies

®(yz, (cz +d)"*X) = exp(cX/(cz + d))®(z, X) (3.1)

forallze’Handy:(‘;Z)eF.

https://doi.org/10.1017/5S0004972708000476 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000476

[7] Jacobi-like forms, pseudodifferential operators, and group cohomolog 61

(iii) A pseudodifferential operator over R is a formal Laurent series W (z) in the
formal inverse 3! of 8 = d /dz with coefficients in R, that is, a series of the form

no
V@) = ) &(2)9"

n=—oo
for some ng € Z with &, € R for each n.

Note that we have slightly modified the usual definition of modular forms by
suppressing the cusp condition. We denote by M (T") the space of modular forms
of weight k for I, by J(I') the space of all Jacobi-like forms for I", and by WDO the
space of all pseudodifferential operators over R.

The space WDO has the structure of an algebra over C whose multiplication is given
by the Leibniz rule. Thus

(20: 5n(2)3">( )3 "m(Z>3’")= >3 i(i)fn(z)ﬂ,(q:)(z)S"*m_r,

n=—00 m=—0o0 n=—00 m=—o00 r=_0

where 77;(1: ) denotes the derivative of nm of order » with respect to z, and

n _ n\ nn—=1---(n—-r+1)
()= ()=

for » > 0. Given an integer v, we denote by WDO, the subspace of ¥DO given by

[0¢]
VDO, = :Z En(2)" 7" | &y € R}, (3.2)
n=0
and define the symbol map Eg : DO, — R by
(o¢]
K (Z Sn(z)a”‘”> = £&0(2). (3.3)
n=0

Since Eg is a C-linear map whose kernel is ¥DO,,_1, we obtain a short exact sequence

(=X}
0 — ¥DO,_; — ¥DO, —> R —> 0 (3.4)

of complex vector spaces. N

We now describe the action of SL(2, R) on pseudodifferential operators. If 9
denotes the differentiation operator with respect to the transformed coordinate y z of z
by an element y € SL(2, R),

5 (d(yz)
dz

-1
) 3= (cz + d)?d. (3.5)
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We note that for each m € Z,
>0 m\ (m — 1
(cz+d)?*H" =) zz(z ) < ) )J(cz + d)>m—tym=t (3.6)
£=0

forallze Hand y = (g Z) € SL(2, R) (see [4, (1.7)]). Then it can be shown that the
map d — 9 o y = d induces a right action ¥ (z) — (¥ o y)(z) of SL(2, R) on ¥DO.

DEFINITION 3.2. An element W(z) € WDO is an automorphic pseudodifferential
operator for T if it satisfies

(Woy)(z)=¥()

for all y e . We denote by WDO! the space of automorphic pseudodifferential
operators for I.

If v e Z, we set
¥DO! = wDO, N ¥DO.

Then, using (3.6), we see that the coefficient 29 (WU(z)) of 9% of an element

—w

W(z) € VDO with w >0 is a modular form belonging to My, (I"). Thus the

—w
sequence (3.4) induces the short exact sequence

=0
0— wDO" | — wDO' —% My, (I) — 0, (3.7

which actually splits.
Given a positive integer w, let R[[X]],, be the subspace of R[[X]] consisting of
formal power series of the form Z,fiw ox(2) X, and set

T D)w =T T) N RI[X]w-

If (Eﬁdﬂ(z) denotes the coefficient of ®(z, X) € R[[X]],, we obtain the short exact
sequence

0— R[[X1lw—1 — RI[X1w E—£> R— 0, (3.8)

which induces the sequence
EX
0— J@Mw-1—> T[Ty — R—0. (3.9)
We now introduce a map
Sw : R[[X]]lw — ¥DO_,, (3.10)
defined by
o0 o0
%w(z ¢k(z)Xk) =D (=D Kk = D)7, (3.11)
k_

k=w =w
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which is clearly a C-linear isomorphism satisfying

0

where 2 and Ei are as in (3.4) and (3.8), respectively.

PROPOSITION 3.3. (i) A formal power series ®(z, X) € R[[X]]y with w>1is a
Jacobi-like form belonging to J (I')y, if and only if §(®(z, X)) is an automorphic
pseudodifferential operator belonging to \I’DOEw.

(i) Let ®(z, X) =Y po,, H(2) X € R[[X]1]y withw > 1. Then ®(z, X) € T (D)
if and only if there is a sequence {h}}2  of modular forms with hy € Mo, (I") for each
£ > w such that

. r
%= ZO TG T G-12)
r=

forall k > w.
(iii) The modular forms hy satisfying (3.12) can be written in the form

(2@ —2— S)!¢(s)

5! l—s

{—w
he=Q0=1) ) (1)’
s=0

forall £ > w.

PROOF. Statements (i), (ii) and (iii) can be proved by slightly modifying the proof
of [4, Proposition 2]. |

By Proposition 3.3 the map §, in (3.10) induces the C-isomorphism

Sw: T () — ¥DO" (3.13)
satisfying
Eiw © Sw - Ei,
ad

where E° ) and Eg are as in (3.7) and (3.9), respectively.

Let GL*(2, R) be the multiplicative group of 2 x 2 real matrices of positive
determinant, which acts on H by linear fractional transformations. Given o = (g Z) =
GL™ (2, R) and elements f € R and ®(z, X) € R[[X]], we set

(flke)(z) = det(@)*?(cz + d) 7 f(az),

(@ X a)(z, X) = e X FDp(az, (deta)(cz + d)72X) (3.14)

for all z € H and k € Z. Then it can be shown that

(flr)lke’ = f |k (@), (@ ¥ a) ¥ o' =@ ¥ (aa))
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forall o, &’ € GL' (2, R), and by Definition 3.1
feM@), @@z X)eJT)
if and only if
flev=f @1" 9@ X)=o@ X)

for all y € I". On the other hand, if ¥(z) € ¥YDO,, with w € Z is a pseudodifferential
operator of the form

o

V(@) =Y @i, (3.15)
k=w

we define the pseudodifferential operator (W 1? @)(z) € WDO,, by
oo k—w k—¢ L
k\ (k — 1\ (deta)~“c —k
v | = 14 Y (@2)d 3.16
W a)(2) k;v g (6)( . )(Cz+d)2k_£¢k ¢(@z2) (3.16)

forall z e H.

DEFINITION 3.4. Let o be an element of T such that the corresponding double coset
has a decomposition of the form

N
ol = ]_[ Iy; (3.17)
i=1
with aq, ..., a3 € GLT(2, R). The associated Hecke operators on M ("), J (')

and VDO are the linear endomorphisms
TM(@) : Mp(D) = Mp(D), T (@): JT)— JT), TY(@):¥DO — ¥DO,

respectively, given by

M@ f =) (fleai), (3.18)
i=1

(T @®)(z X) = > (@ K anz, X), (3.19)
i=1

(T @) =) (V")) (3.20)

i=1
forall f € My (), ®(z, X) € J(T'), and ¥(z) € ¥DO.

The power series T9(@)®(z, X) given by (3.19) is indeed a Jacobi-like form
belonging to J(I') and is independent of the choice of the coset representatives
o1, ..., o (see [14, Proposition 3.2]). We also see that

T @)(JT ) € T, (EX o T (@)@ = TM (@) (EX )
for all ®(z, X) € J(I')y, where E,, is as in (3.9).
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PROPOSITION 3.5. Given w > 1, let §, be the isomorphism in (3.13). Then
JuwoT @oF,' =T
foreach o € T.In particular,
(T ()¥)(z) € DO,
for all ¥(z) € WDO.,.

PROOF. Let W (z) € \IJDOg be as in (3.15). Then by Proposition 3.3 the formal power
series

00 _k
Oz, X) =G, W@ X) =) ﬁw@xk

k=w

is a Jacobi-like form belonging to 7 (I"),,. Given « € F, from (3.14) we obtain

Ci

@ X o , X) =ex
(@7 ai)(z, X) p(CiZ+di

- (X))
e r'\ciz +d;

( X\ (=D (i)

)cb(a,-z, (det ;) (ciz + di) "2 X)

X

(e 11

k'(k — 1)! (det Ot,')k(c,-z + di)ZkX")

- i (det o) (~ci)" (=D*y(@iz) XK+

_k=w r=0 r! k!'(k — 1)!(CiZ+dl‘)2k+r

— i ¥ detantt(—c)* (=D Y (ei2) k
k=w =0 ¢! (k — Ok — € — 1)(ciz + dj) &=t

for 1 <i<s with a; = (ﬁ;‘ Z;) € GL*(2, R). Thus by using this and (3.19) we see
that

(T @) ) =3 @ X ap@ )= "3 ¢ Xk,
i=1

k=w i=1

where

dik(2) = kif (—=D*(det ai)* ‘¢ Yu—e(@iz) .

0k — Ok — €= DI(ciz + di)*—E
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On the other hand, from (3.16) and (3.20) we obtain

s 00 k—w k k—1 dtik—e_i
T @) =) Z”(g)( , )%m_mz)a‘k

i=1 k=w (=0

s 00 k—w k k—¢ .l
_ PN _ (=D (deta;)*"c; Yk—e(@iz) —k
B ,; ,;( Dk =D ; Uk — 01k — € = Dz + dpe e’

= (=DM = DY ik = @Fu(T7 (@) D)) (2);
k=w i=1

hence the proposition follows from this and Proposition 3.3. O

By Proposition 3.5 the Hecke operator on WDO given by (3.20) induces a linear
endomorphism

TY (@) : WDO' — wDO"

on the space WDO! of automorphic pseudodifferential operators for I'. Furthermore,
we see that the diagram

T (@)

Ty ———2— T(),
TV (o)

wDOL wDO'

commutes for each w > 1.

4. Group cohomology

Let J(I') C R[[X]] be the space of Jacobi-like forms for a discrete subgroup I'
of SL(2, R) as in Section 3, and let H'(I", &"(C?)) with n > 1 be the cohomology
space of I" in (2.12). In this section we construct a linear map from J(I'); =
J(@) N R[[X]]; to H(T, &2"(C?)) for each positive integer m and show that it is
compatible with respect to the Hecke operator actions.

Let ®(z, X) be an element of 7 (I"); of the form

O(z, X) =) ()X 4.1)
k=1

for z € H. Although the coefficients ¢ are not modular forms, they are in fact special
types of quasimodular forms (see, for example, [15]). We fix a base point zg € H and,
by analogy with periods of modular forms, consider certain integrals over paths in H
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originating at zp which may be regarded as periods of coefficients of the Jacobi-like
form ®(z, X). If m, r and £ are integers withm > 1 and 0 <r, £ <m, we set

Yzo0
Dt () = / 60, ()2t dz (42)
20

for all y € I'. Note that the integral is independent of the choice of the path zo — yz0
because the coefficients ¢ (z) of ®(z, X) are holomorphic. Let {ef, ..., ey,+1} be
the standard basis for C*"*!, and set

2m
Bnr(¥) =) @mre(y)ees € CFL (4.3)
£=0

We now define the map £, (®) : I' — C>"+1 py

s ,2m —r)! _
Ln(®)(y) = ;(—1) r—!wm 162 4.4)

forally eT.

PROPOSITION 4.1. Given a Jacobi-like form ®(z, X) € J(I')1, the associated map
Ly(®): T — C¥ 1 given by (4.4) is a cocycle belonging to Z'(I', &¥"(C?)) for
each positive integer m, where the T-module &>™(C?) is as in Section 2.

PROOE. Given ®(z, X) € J(I'); and a positive integer m, since a cocycle belonging
to Z1(I", & (C?)) must satisfy (2.11), we need to show that

Ln(®)(yy") = Ln(P)(¥) + p2m () Ln (@) (¥) 4.5)
for all y, y’ € I'. Assuming that ®(z, X) is as in (4.1), by using (4.2), (4.3) and (4.4),
we see that
m 2m - )
Ln(@)(y) =) Z( D e
r=0 {=
yzo m_ 2m 2
- / 22D yEI G0 @ter dz
20 r=0 £=

yzo M 2
/ Z( 1)(’" )¢f,f)+1_,(z)vzm(z>dz,

where vy, (z) is as in (2.9). If we set

L 2m —r)! |,
fn = Z(—l)’(’"r—,’)qbfnl]_w (4.6)

r=0
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then by Proposition 3.3 the function f;, is a modular form belonging to M, +2(T"),
and

Y20
Ly (@) (y) = / Jm(2)Vam (2) dz. 4.7)
20

Thus for y, y’ € ' we see that

Yv'zo

Ln(@)(yy") = / I (2)Vam(2) dz

20
Y20 Yv'zo

= Sm @DV (2) dz + / fn (@) Vo (2) dz

20 24
Y20
= Ln(®)(y) + / Iy Vom(y2) d(yz). (4.8)

20

However, using (2.10),
Vam (¥2) = (€2 + d) 2" pom () Vam (2).
From this, the relations
fnr) =(cz+d" P f(2), dyz)=(cz+d)dz,

and (4.7) we obtain

Y20 Y20
/ S (YD) v (y2) d(yz) = pom(y) / Sm (D)o (2) d(z)
20 20
= P2m (V) L (P)(¥');

hence (4.5) follows from this and (4.8). O

By Proposition 4.1 for each m > 1 there is a linear map
Ly J (M1 — H\(T, &"(CY) 4.9)

sending a Jacobi-like form ®(z, X) € J(I'); to the cohomology class of L,,(®(z, X))
in H\(I', &%"(C?)).

THEOREM 4.2. Given a positive integer m, the linear map L, in (4.9) satisfies
Ly oTT (@) =Tom(@) oLy
foreach o € T, where the Hecke operators
Tom(e) : H' (T, 6*"(C?) — H'(T, &*"(C?),  T7(@): T — T (M

are asin (2.13) and (3.19), respectively.
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PROOF. Let « EF, and assume that the associated double coset of I' has a
decomposition of the form

S
Tal = ]_[ To;
i=1

with aq, ..., a5 € GLT(2, R) as in (3.17). Let ®(z, X) € J(I') be as in (4.1), and
for each m > 1 let f,, be as in (4.6). We write T («)® in the form

T7(@)®( X) =) ()X,
k=1

and set

- m I — !"’r
o=y BTG
r=0

r!

for m > 1. Then, by Proposition 3.3, ﬁn is a modular form belonging to Moy, 42(I"),
and it can be shown easily that

fn =T (@) fon

where TZ/,;;‘JrZ(a) is as in (3.18). From this and (4.7) we obtain

Y20
L(T7 ()®)(y) =/ (Tt 5 (@) fin) (2)Vam (2) dz

20

s Yz0
=Y (dete)" iz +di) "2 f fn(@i2)Vam (2) dz
i=1 20

s Yz
=Y (deta))" ™ o (a) " / ' fn@i2)van (@) d(@i2)
i=1 20

oiy20

= Z(det )" oo (i) ™! f Jm(2)Vom (2) dz
i=1 o

120

for all y € ', where (c;, d;) is the second row of the matrix o; € GL"(2, R) for
1 <i <s. Using (2.4), we may write

/aiyzo /Si(}’)ai(y)zo /aizo
;i Z0 B 20 20
& (V)ai(y)20 @i(y)20 i(y)20 ®izo
= (/ —,Ozm(&'()/))/ )+ (pzm(éi(l/))/ —f )
20 Z0 20 20
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However, we see that

& (¥)eiy)20 i(y)20
( / P& [ )fm(z)Vzrn(z) dz
Z 20

0

& (V)aiy)20 & (V)aiy)20
= / S (@D Vom(2) dz — / JSm(2)Vam (2) dz
Z

0 &()zo

&()zo
= / Jm(@)vom(2) dz

0

= Ln(P) (& (1)),

where we have used (4.7), and

i(y)20 a;z0
(pzm(é‘i(y))/ —f )fm(Z)Vzm(Z) dz
20 20

%i(y)20

= 2m (@) P2 (V) P2 (i) ™ / fm(@vom(2) dz

<0

- / " @Van (@) dz.

0

Using the above relations, (2.13), and the fact that det «;(,,) = det «;, we obtain
Ln(T7 () ®)(v)

= (det o)) oo (i)~ L (P& (1))
i=1

(X,‘(

N 20
+ o (1) Y (det i) pom (@) ™! / Fn(@)Vam (2) dz
i=1

20

s Qi ()20
+ Z(detai)m“pzm(a,-)l/ v S (@) Vom(2) dz

i=1 0

= (Tom (Ol)ﬁm(q’))()/) + (o2m (Y) — LomsDu,
where 17,41 is the identity map on C2+1 and

u=> et oo [ fu@van(a) dz

i=1 0

Hence the theorem follows. 0

COROLLARY 4.3. Let 3:% :WDO_; — J(I')1 be the inverse of the isomorphism in
(3.13) for w = 1, and set

L) =L, o0F ) wDO_ — HI(T, G2"(C).
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Then
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L2 o TY () = Tam(a) o L2,

foreachm > 1.

PROOF. This follows immediately from Theorem 4.2 and the commutativity of the
diagram (3.21). O
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