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Theorems in the Products of Related Quantities.
By F. H. Jackson, M. A,

§1. The object of this Note is to prove the following

theorems :
n-n+l
(a + b)_,, =a_,~na_, b+ —2—!—'_“_"-262 1
n-n+l.n+2 p S
- '_—2_5"!""“_“-—"—:;)3"" et
in which a_,= ! and the series is sub-
a+n-a+n-1..+. .a+1l.
ject to conditions for convergence.
P(0) -.C P(y) +.,C P(2y) —... to n+1 terms
z+n z+n-—1 rtn -2
(2)
Lxint  Pley+ny)
=(-1) w+n!. x
P0)-,.CP(y) +,C.P2y)—---- ton+1terms =0 (3)
N©) -,.C N +,C.N2y) ----- ,, ” =(-y)n! (4)

in which P(y)=(a+y)d+y)c+y) ---- to p factors
Ny)=(@+y)(b+y)c+y) .... to = factors

and the quantities abcd--..x are unrestricted. In theorem (2)
p <n, butin (3) p<n
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The following theorems are derived from the ahove

(@) —,.Cl(“‘])u,,cz(“‘?)" L e 1)ﬂ<a-n)p

x x-1 x+2 z+n %)
_ zln! (x+a),
Txz+n! x

(a’)l' (a+1)p = "w——n!n!(ac+a)p

7'—“01 =1 I __( 1)__:1:' — (6)

(pZn)
(x)n - ».CI(-'I?'FZ/),,‘I- .. +( - 1)”(22+7L'1/)"E( - y/)"n ! (7)

@) = Cilx+y)+ - +(-1)(z+ny),= 0 (p<m)  (8)

These correspond in form with the following theorems in the
products of equal quantities (powers)

@ _ gle=1y
X

(a=2) zln! (z+a)
w1 z+ 1 =

z+n x4+n! =z ©)

+..--+(-1),

and three others formed from (6) (7) and (8) by changing subscript
letters to indices, thus (x+7), to (z+y)"

§2. The theorems in powers corresponding to (7) and (8) are
given on page 372 of C. Smith’s “Treatise on Algebra,” and are
mentioned here because of their similarity to (7) and (8). All the
other identities are new to me. It would appear that, from most of
the \algebraical identities involving positive integral powers, other
identities may be derived by substituting suffixey for indices. Thus
Vandermonde’s Theorem corresponds to the Binomial Theorem, and
it is easily deduced that

(e+b+c+--- to m terms), = E-{(a—);'(i'"(f%i'—'—to m factors\ ,

plglrt... J
pgrs . - --n being positive integers subject to p+g+r+s+-.. =n,
This corresponds to the Multinomial Theorem. Tt is possible to
extend this for negative values of n, a_, being interpreted as in
theorem (1). Both the theorems (5) and (9) are particular cases of
(2). May not the Binomial Theorem and Vandermonde’s Theorem
be special cases of some general theorem ?
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VANDERMONDE'S THEOREM.
§ 3. Can any meaning be attached to the theorem
N n,
(a + b)n =a, + nlan—lbl + :)-:'U'n—‘_'b'.’. +oee

when 7 is not restricted, as hitherto, to being a positive integer ?
In Vandermonde’s Theorem @, represents the product of n related
factors a.a-1.a-2....a—-n+1, and certainly so long as we
regard a, as the product of = factors such expressions as

Ay Gy @,
3

- ¢
seem beyond our comprehension. Exactly the same might have
been written of the quantities

”
at, a*,

=

IS

«

-1
b

so long as  a* was regarded as the product of m factors each
equal to a. The Binomial Theorem, until fractional and negative
indices were interpreted, was a finite algebraical identity ; but as
soon as a fundamental law @" x a"=@e"", was assumed in the
Theory of Indices, then the expressions

»
—m q
12 , %,

were interpreted, and the Binomial Theorem was shown to hold
(with certain restrictions) for fractional and negative powers.

§$4. Now in the expressions a,, @,, (the usual meanings being
attached) we have these relations

ar,, X (a - )m = am+u ((l.)
@, X (a' - 7”)11 =Wy (18)
a, X (a -n )m—n =y, (7)

These are all expressions of one law. Let us assume this law as
general and interpret a_,, @,, in accordance with our assump-
tion.

In the relation (a) put n==0 then we have a,xa,=a,
whence a,=1 and this is analogous to a’=1.

https://doi.org/10.1017/50013091500031497 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500031497

118

In the relation (y) change n to -r

then we obtain a_. x(@+7),, =a,

0 = %m
_'_(a+7')m+r
If d » beint = 1 which
mand r be integers @, =TTy @+ 1)
. —r 1
is analogous to a “a-a-a--- to r factors.

From the relations (a) and (8) we get

a, x (@ —-n),=a, % (a-m),

ey

then we have g = %

(a— m)g_ ( p )
a - —1im
q

make mn=

S

Supposing that m is a positive integer, this equation gives the
b, inwhich a and & differ by

ratio of any two functions «,,
¢ g

an integer m, viz.:

and again when ¢ is an integer

a!

The function (a) ) will be discussed in another paper,
q

a, must be a function of a possessing the property
a, X ( 1 ) ( 2 ) ( n-1
L @ - — Xta-——) ... X{a-——— =a.
1 1 n 1

* n/y 7
n ”

n

n

‘We now proceed to prove Theorem (1).
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§3. Denote the infinite series (1) by A - n)

(=n)

91 a—n—2bz+ e (A)

thus A-ny=a_+(-nha_,,b,+
Now {(a+b+n),=(@a+n+r),+ma+n+r),(b-r)

(B)

+?T(a+n+r)m-e(b-r)2+ v (b =7 f

m being a positive integer >n
Multiply A -n»)by (¢ +b+n), in the following manner:
«_, by the series on the right side of B putting »=0

(-nha_, b ... r=1, ete.
Then we obtain
S —n)x(a+b+n),

m
=a_, L(a + 1), + iy (@ 4 1),y 101 + _7—7(11 + M) psbs+ ...+ 0,

.

+{( - n)ha_, b

x L(a+n+l),,,+ +3-1),] ¢ (O
+ (77_2 ;ﬁa_,,_gbz
xf@tns2ms . e o +(-2))

J
+ an infinite number of brackets similar to the above.

Now with the interpretation of symbols in § (4) and (1).
a_,  x(@+n+s),=a, ,, and b,x(b-s).=b,

The expression (C) becomes

m, T
(L + mla’m—n—lbl + 5] |am-—n—2b2 +...F a—'nbm
a0

+ ( - n)l * [am—-n —lbl + mlam—n—2b2 + e + a—n—lbm-H

—-Nn).,
+( 2')' LY 0 S PR S

+ ete. to infinity.

Collect the resulting terms diagonally.
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We obtain  a,_,

+ a‘m—n——lbl ml + ( - n)l]

L

_7;1_;, . my{ = 1)y 4 ( —- "),
L2 ! 111! 2!

+ am—n-—‘zb2

[ My n + ( - ,")m—n]

+ aobm—n | e+ 1
L — 1. m—-n:

+ - ... aninfinite number of brackets similar to the above.

Now all brackets after the m —n+1% vanish identically by
Vandermonde’s Theorem since m —n is a positive integer, and the
expression becomes

(m =),

[/ — (m - n)lu’m—n-—lbl + —2‘“‘ - am—n—‘zbz + -+ bm—u = ((l; + b)m—n
. we have proved (a+0b),_,=(a+b+mn),xf~-n)
(@+0),_n 1

whence f(_n)z(a+b+n)m=(a+b+n)(a+b+n— 1)« (a+b6+1)

which in our notation = (a+9d)_,

Conditions for the convergence of f{-n) can easily be ob-
tained.

§6. To prove Theorems (2), (3), (4), etc.

It is well known that

x x n!
— G+ —— .C-ton+1 terms =
z+1 c+n-x+n-1...x+1.

1_ n
z+2

xln! .
remembering

we shall write the expression on the right as

that when z is not an integer it must be written in the long form,
Multiply both sides of the identity by x+a in the following way.
The first term by =z+a

y» second,, ,, (@+1)+(e-1)

w rH+1% L (x+r)+(a—7)
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we then obtain

x!la!

x
‘E[l —1LCI+1LC‘_’—" ']+[a_mncl(a_l)+ "']=m(x+a) .

Now the first bracket on the left is identically equal to zero

a a-1 a-2 z!ln! (x+a
—-0—+,C———.--to n+1 terms= ( )
x x4+ 1 © + 2 x+n! x

Proceeding in this way we shall finally obtain

[a‘ - Ca-1r+ o +(- 1)"(0—")‘]

+[“'+l- ola= ™, ....]_-"Jin? (2 + @)
xz+1

A =
" z+n! X

Now it is well known that the first bracket on the left =0

so long as s is an integer <n. .. we have
a? a—1)? a— 2)¥ alnl (x+a)?
—,,C]( ) . 2( ) L mrin ( ) )
z+1 x+ 2 e ”

p being an integer < n.

This proves Theorem (9). Replacing 2+n by 2 and a-= by a
we obtain

ar (a+1)*

z-nla! (x+a)?
nCl .( )
x-1

+ .... to n+1 terms=

(E)

x! r—-mn

§7. Take S,=a+b+c+--- to p terms

S, = the sum of all products of the letters, two at a time.

S, =the sum of all products, » at a time.
Then

Px+n)=8,+(@+n)S, 1+ (@+n)S, o+ - +(x+n)?S, (F)
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From Theorem (9)
x+nlfn? (n—l)l‘
wTnily "¢

+ e (=1 o\

r+n)P=x.
( .’L+nJ

so long as pZn.  Substitute in (F) then

- m o
P(oc+n).=_SI,[n —m,,Cl(n—l) + 2“02(17,—2) -
ECE R
+(—1)1:+n0]x!n!
n

+Sp_,1 n —m,,01(1z—1)+
. !
1) o ]x+n
* )w+n 0 xin!

+S,,_2[n"— 11" (= 1)+
x4+ n!

~ 1) 2

+( )1,+'n ]x‘n‘

+ SO[W’ poreg 1O Cin -1+
x xr4n!

_1 "
+( )x+n ]x!n!
This expression may be written
ztnlffe s pns g
-—;'——"—;—'(LL”-}-W, D_]+n p—-‘.!+ ....... +”LL‘,

+ Sp + (n - I)S])-l + (’IL - 1)281’—2 o ]il:f-:_l“Cl
L

. one z+ 2
+ LS" + (-8, +(n-2)8, o+ ... p £
e \
"L ]+ J
;T:' { (n) - nC P(n 1)+ .- ton+1 terms}
tal, _PO) . B() Pln)
whence n!P(a,+n)=m—nC,;+—n_j+... +(_1)_;_
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a b
If we replace a. by 7’ b by 7’ etc., then

P(’l') - (a +’I‘y)(l) +’ry) R P(m/)
¥ ¥
and we obtain the theorem in form (2), since %? is common to all
denominators and so divides out.

Replacing 2+n by r, weobtain

P(o)—nC,P(y)-i-nC,P(?y)—-~ E(_l)"'r—n'!n! P(ry) ()
r r-1 r-2

7 r—n

§8. Again in Theorem (G) make

y=1, r=zx, b=a~1, c=a-2, etc,
then

Pry)=(a+r)a+r—1) .- (@tr-p+1)=(a+r),=(a+a),
and we have

LZ-nln!l (x+a),

@, . la+1), o
T—nC, z+1 + et oo =(-1) x! z—n

This is the Identity (6).

If wereplace a+n by ¢, b+n by -1, c+n by a-2, etec,
we obtain

(a)p (a_l)p (a‘+2)p_ '._=_'_'I:__!L! (m+a)p
T-ncl x+1 +nC; x+2 Tx+n! x

This is the Identity (5).
The left side of (3) may be written

[8,+0-8, ,+08, o4 v +028,]
~nCy[8, +yS, 1+ ¥, gt e +4,8,]
+( = 1)'nC,[S, + nyS, , + n’y*S, o + - +nty*8, |
=8,[1 -nC+nC; - - ]+ 8,,[0-nC, . y+0C,. 2y - Y g
------ +8,[04 - nCyyr + nCy2%y2 — .. ]

when p isaninteger <n each bracket =0

. P(0) - nC,P(y) + nC,P(2y) - .- =0. Theorem (3)
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If p=n all the brackets vanish except the last, which becomes

8,[0" - nCiy" + nC2%" ~ .. + (= 1)'n*y*]=(-y)'n! Theorem (4)
making ae=x, b=x-1, ¢c=x-2, etc, wehave

(@) = nCy(2 +Y)u + nCyx + 2y)u - - = (- y)"n !
(&), — nC(x+y), + - =0. Theorems (7) and (8)

Many other theorems can be obtained by varying the constants in
(2) and (8).

§9. The Differential Equation of the »n™ order

du, dn—l
(@0~ p) L 4 (g e —i=E ]

7 —1
dx dx | (E)
dy
""" + ((Iu—1 - pn——lq/')"?;: -=PY= 0 l

affords another very interesting analogy between powers, and pro-
ducts of related quantities.
When the constants p and ¢ have the following values

.

Pn =0 1= 71'_1
Pua=(e+1)" —a". Guoa=(y+ 1) =y
((’{+ 2>n (a+ l)u a’t
P =5 T T Y
_(a+3) (a+2)" (at+1) a*
D= TR T TR T e T3
p, =1 7, =1
The equation has a particular solution
afre T T
y—'AllTl !,\/r:~lm+ 257"—1(7_*_1)"—1“‘ o (F)
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When the constants in the differential equation have the following

values
= (@) Fna=(Y)unr
Poa=(a+1),~(a)- Gue=(y+ 1)y~ (¥)ua
_(a+2), (a + l),, (&),
n—2 2 ! l ' 1 ' 2 [
Ete. Etc.

The equation (E) has a solution

Wy = f (a)n -~ (a)n * (a' + l)n 2 1 M
e S T W sy war vy W

The series (F) and (G) are particular cases of the Hypergeom?tric
series of the =™ order.
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