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The scattering of high-energy electrons from nuclear and nucleon targets provides a mi-

croscope for examining the structure of these tiny objects. The best evidence we have on

what nuclei and nucleons actually look like comes from electron scattering. This book

examines the motivation for electron scattering and develops the theoretical analysis of

the process. It discusses our current theoretical understanding of the underlying structure

of nuclei and nucleons at appropriate levels of resolution and sophsitication, and summa-

rizes present experimental electron scattering capabilities. Only a working knowledge of

quantum mechanics and special relativity is assumed, making this a suitable textbook for

graduate and advanced undergraduate courses. It will also provide a valuable summary
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Preface

In the summer of 1986 I left Stanford University, after 26 years on
the faculty, to assume the job of Scientific Director at the Continuous
Electron Beam Accelerator Facility (CEBAF) now known as the Thomas
Jefferson National Accelerator Facility (TJNAF). This facility, funded
by the Department of Energy and located in Newport News, Virginia
provides a high-energy, high-intensity, high-duty-factor electron accelerator
for studying the internal structure of nuclei and nucleons. It has long been
a top priority for the field of nuclear physics in the United States. Each
year I gave a physics lecture series at the site. The initial series on electron
scattering was based on a set of lectures I had given at Argonne National
Laboratory in the winter of 1982–1983. As Scientific Director, I was
continually called upon to make presentations on this topic. This book is
based both on the lecture series on electron scattering, and on the many
presentations I have given on this subject over the years.

The scattering of high-energy electrons from nuclear and nucleon targets
essentially provides a microscope for examining the structure of these tiny
objects. The best evidence we have on what nuclei and nucleons actually
look like comes from electron scattering. An intense continuous electron
beam with well-defined energy provides a powerful tool for structure inves-
tigations. Inclusive experiments, where only the final electron is detected,
examine static and transition charge and current densities in the target.
Coincidence experiments, where other particles are detected together with
the scattered electron, provide valuable additional information.

In electron scattering experiments where the momentum of the initial
and final electron are well-defined, a virtual quantum of electromagnetic
radiation is produced which interacts with the target. The energy of
this quantum is determined by the energy transfer from the electron,
and the momentum of the quantum from the momentum transfer. The
electromagnetic interaction is well-understood; the interaction is with the
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x Preface

local, static and dynamic charge and current densities. The scattering
cross section is determined by the four-dimensional Fourier transform of
these quantities. For a given energy transfer to the target, one can vary
the three-momentum transfer by varying the momentum vector of the
final electron. One then maps out the Fourier transform of the spatial
densities, and by inversion of the Fourier transform, one determines the
spatial distribution of the densities themselves. The wavelength with which
the target is examined is inversely proportional to the three-momentum
transfer. In electromagnetic studies in nuclear physics one focuses on how
matter is put together from its constituents and on distance scales ∼ 10 fm
to ∼ 0.1 fm where 1fm = 10−13 cm. Particle physics concentrates on finer
and finer details of the substructure of matter with experiments at high
energy which in turn explore much shorter distances. To carry out such
studies, one needs electron accelerators of hundreds of MeV to many GeV.

A theoretical description of the nuclear and nucleon targets is required
to interpret the experiments. The appropriate description employed de-
pends on the distance scale at which one examines the target. Imagine
that one looks at the earth from space. The appropriate quantities used
to describe these observations, the appropriate degrees of freedom, are
macroscopic ones, the location and shape of continents, oceans, clouds,
etc. When one gets closer, finer details emerge, trees, houses, cars, people,
and these must be included in the description. At the microscopic level of
observations, it is the atomic and subatomic description which is relevant.
It is thus self-evident that

The appropriate set of degrees of freedom depends on the
distance scale at which we probe the system.

At the macroscopic level, one describes nuclei in terms of properties
such as size, shape, charge, and binding energy. Further refinement de-
scribes, for example, the spatial distribution of the charge. A finer and
more detailed description is obtained using nucleons, protons and neu-
trons, as the degrees of freedom. The traditional approach to nuclear
physics starts from structureless nucleons interacting through static two-
body potentials fitted to two-body scattering and bound-state data. These
two-body potentials are then inserted in the non-relativistic many-body
Schrödinger equation and that equation is solved in some approximation
— it can be solved exactly for few-body systems using modern computing
techniques. Electromagnetic and weak currents are then constructed from
the properties of free nucleons and used to probe the structure of the
nuclear system.

Although this traditional approach to nuclear physics has had a great
many successes, it is clearly inadequate for an understanding of the nu-
clear system on a more microscopic level. A more appropriate set of
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Preface xi

degrees of freedom then consists of the hadrons, the strongly-interacting
mesons and baryons, where baryon number, a strictly conserved quan-
tity, counts the number of nucleons that now exhibit internal structure
and dynamics. There are many arguments that one can give in sup-
port of this picture. For example, the long-range part of all modern
two-nucleon potentials consists of the exchange of mesons including
π with (Jπ, T ) = (0−, 1), σ(0+, 0), ω(1−, 0), and ρ(1−, 1). We know that
at long range the force between two nucleons comes from meson ex-
change. Moreover, the first excited state of the nucleon, the Δ(1232) with
(Jπ, T ) = (3/2, 3/2), was first successfully described as a resonance arising
from pion–nucleon dynamics. As a further example, one of the significant
achievements in the field of electromagnetic nuclear physics in recent years
has been the unambiguous identification of exchange currents, additional
currents present in the nuclear system arising from the flow of charged
mesons between the nucleons in the nucleus.

In any extrapolation away from the traditional nuclear physics ap-
proach, it is important to incorporate general principles of physics such
as quantum mechanics, special relativity, and microscopic causality. The
only consistent theoretical framework we have for describing such a rela-
tivistic, interacting, many-body system is relativistic quantum field theory
based on a local lagrangian density. It is convenient to refer to relativistic
quantum field theories of the nuclear system based on hadronic degrees
of freedom as quantum hadrodynamics (QHD).

At a still finer level, we now know that the hadrons are themselves
composite objects made up of quarks held together by the exchange of
gluons. We now have a theory of the strong interactions binding quarks
and gluons into the observed hadrons. This theory is based on an internal
color symmetry and is known as quantum chromodynamics (QCD). The
theory of QCD has two absolutely remarkable properties. The first is
asymptotic freedom, which roughly states that at very high momenta, or
very short distances, the renormalized coupling constant for the basic
processes in the theory goes to zero; as a consequence, one can do
perturbation theory in this regime. The second property is confinement.
The basic underlying degrees of freedom in the theory, quarks and gluons,
do not exist as asymptotic, free, scattering states in the laboratory. They
exist and interact only inside hadrons. You cannot hold a single quark, or
single gluon in your hand. There are strong indications from lattice gauge
theory, where QCD is solved at a finite number of space-time points,
that confinement is indeed a dynamic property of QCD arising from the
nonlinear gluon couplings. Ultimately, nucleon and nuclear physics are
the study of strong-coupling QCD.

As for the other basic forces in nature, surely one of the great in-
tellectual achievements of our era is the unification of the theories of
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xii Preface

electromagnetism and of the weak interactions. It is essential to continue
to put this theory of the electroweak interactions to rigorous tests and fully
explore its consequences. Nuclei and nucleons provide unique laboratories
in which to conduct such tests and explorations.

The current picture of the nucleus in the standard model is that of a
bound system of baryons and mesons, which are in turn confined triplets
of quarks and of quark–antiquark pairs, respectively. The electroweak
interactions of leptons (electrons and neutrinos) with the nucleus are
mediated by the photon and the heavy weak vector bosons, the Z0 and
W±. The electroweak interactions couple directly to the quarks; the gluons
are absolutely neutral to the electroweak interactions. Thus every time one
studies a nuclear gamma decay, for example, one is directly probing the
quark structure of the nucleus. Once the quark is struck, it is not a
quark that is emitted from the target, but a hadron. Nuclei are the ideal
laboratories for studying this process of hadronization.

Another truly remarkable property of QCD is that the effective degrees
of freedom at low energy and long wavelengths are the hadrons, the
baryons and mesons.

In this book, the motivation for electron scattering is examined in
some detail. The theoretical analysis of the process is developed, as is our
current theoretical understanding of the underlying structure of nuclei and
nucleons at appropriate levels of resolution and sophistication. Selected
examples are given, present experimental capabilities are summarized, and
future directions are previewed.

In part 1 of this book modern pictures of the nucleus and nucleon are
surveyed. As an introduction to electron scattering, the optical analogy is
developed. The virtues of electron scattering are described and a qualitative
overview of the nuclear response surfaces in inclusive electron scattering
presented. The arguments for coincidence experiments are then given.

In part 2, a general theoretical analysis of electron scattering is devel-
oped, starting from a discussion of the electromagnetic interaction with an
arbitrary localized quantum mechanical system. This includes a multipole
decomposition. The relativistic electrons of interest here are described by
the Dirac equation, and the necessary tools are developed. A covariant
analysis of the scattering of an electron by nuclear and nucleon targets
is then carried out. Both the excitation of discrete target states and one-
particle emission coincidence experiments are analyzed. An analysis of
deep-inelastic scattering (DIS) experiments, where the four-momentum
transfer squared and energy transfer both grow large, but with a fixed
ratio, is presented. This section ends with a general analysis of parity
violation in inclusive polarized electron scattering.

Since electrons are charged and light, they by necessity radiate dur-
ing the scattering process. This is one of the technical complications of
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Preface xiii

electron scattering. This radiation as well as the accompanying virtual
electromagnetic effects are described by quantum electrodynamics (QED);
part 3 presents a brief review of the essentials of QED.

Part 4 presents experimental and theoretical results for selected exam-
ples. These examples are chosen to illustrate the wide variety of incisive
information that can be obtained about the structure of nuclei and nu-
cleons, the influence electron scattering has had on the development of
our pictures of these systems, the role various laboratories throughout the
world have played in these developments, and, quite frankly, the beauty
of this branch of physics. Theoretical background in traditional nuclear
physics, relativistic mean field theory, the quark model, QCD, and the
standard model is developed in sufficient depth that the reader can indeed
work through the examples in detail.

In part 5, future directions for the field are discussed, building on the
evolving TJNAF program, but including other world-wide developments
at both intermediate and very high energy.

Nine appendixes are included which explore some of the more interest-
ing and important technical aspects of this subject.

The book assumes only a working knowledge of quantum mechanics
and special relativity and develops the theoretical analysis in a self-
contained fashion up to current levels of sophistication. It is basically
aimed at first-year graduate students and advanced undergraduates in
physics, although it should be accessible to others in the natural sciences.
Parts 1 and 5 can be read by a wider audience interested in understanding
the essentials of the subject. The book should serve effectively as a text
for special topics courses on this subject or as a supplemental text for
nuclear or particle physics courses. It should also serve as a summary and
reference for researchers already working in electron scattering as well as
those in other areas.

This manuscript was typed by the author in LATEX, from which the
book is printed. Figures are reproduced by permission.

Williamsburg, Virginia
April 22, 2001

John Dirk Walecka
Governor’s Distinguished CEBAF

Professor of Physics
College of William and Mary
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Part 1

Introduction
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1
Motivation

This monograph is concerned with the study of nuclear and nucleon
structure through the scattering of high energy electrons. The history of
this field is well summarized in the proceedings of the Conference on 35
Years of Electron Scattering held at the University of Illinois in 1986 to
commemorate the 1951 experiment of Lyman, Hanson, and Scott; this
experiment provided the first observation of the finite size of the nucleus
by electron scattering [Ly51, Il87]. Hofstadter and his colleagues, working
in the High Energy Physics Laboratory (HEPL) at Stanford University
in the late 1950’s, beautifully and systematically exhibited the shape of
the charge distributions of nuclei and nucleons through experiments at
higher momentum transfer [Ho56, Ho63]. Subsequent experimental work
at HEPL, the Bates Laboratory at M.I.T., Saclay in France, NIKHEF
in Holland, and both Darmstadt and Mainz in Germany (as well as
other laboratories), utilizing parallel theoretical analysis [Gu34, Sc54, Al56,
de66, Ub71], clearly exhibited more detailed aspects of nuclear structure.
Experiments at higher electron energies and momentum transfers at the
Stanford Linear Accelerator Center (SLAC) by Friedman, Kendall, and
Taylor, together with theoretical developments by Bjorken, for the first
time demonstrated the pointlike quark–parton substructure of nucleons
and nuclei [Bj69, Fr72]. This work played a key role in the development
of modern theories of the strong interaction. Major efforts today at
CEBAF, the Continuous Electron Beam Accelerator Facility (now known
as TJNAF, the Thomas Jefferson National Accelerator Facility) in the
U.S., Bates, Mainz, SLAC, DESY in Germany, and CERN in Geneva
(using muons) contribute to the development of our understanding of
nuclei and nucleons.

In part 1 we discuss modern pictures of the nucleus and nucleon,
starting with non-relativistic nucleons interacting through static poten-
tials and proceeding to quarks and gluons with interactions described

3
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4 Part 1 Introduction

by strong-coupling quantum chromodynamics (QCD). As an introduction
to electron scattering, the optical analogy is developed. The virtues of
electron scattering are described and a qualitative overview of the nuclear
response surfaces in inclusive electron scattering presented. The arguments
for coincidence experiments are then given.

In part 2, a general theoretical analysis of electron scattering is devel-
oped, starting from a discussion of the electromagnetic interaction with an
arbitrary localized quantum mechanical system. This includes a multipole
decomposition. Since electrons are relativistic here, they are described by
the Dirac equation and the necessary tools are developed. A covariant
analysis of the scattering of an electron by a nuclear target is then carried
out. Both the excitation of discrete target states and one-particle emis-
sion coincidence experiments are analyzed. An analysis of deep-inelastic
scattering (DIS) experiments, where the momentum transfer squared and
energy transfer both grow large, but with a fixed ratio, is presented.
This section ends with a general analysis of parity violation in inclusive
polarized electron scattering.

Since electrons are charged and light, they by necessity radiate dur-
ing the scattering process. This is one of the technical complications of
electron scattering. This radiation as well as the accompanying virtual
electromagnetic effects are described by quantum electrodynamics (QED);
part 3 presents a brief review of the essentials of QED.

Part 4 presents experimental and theoretical results for selected exam-
ples. These examples are chosen to illustrate the wide variety of incisive
information that can be obtained about the structure of nuclei and nucle-
ons, the influence electron scattering has had on the development of our
pictures of these systems, and the role various laboratories throughout the
world have played in these developments.

In part 5, future directions for the field are discussed, building on the
evolving TJNAF program [Wa93, Wa94], but including other world-wide
developments at both intermediate and very high energy.

One of the most attractive and powerful aspects of the field of electron
scattering for the structure of nuclei and nucleons is that experimental
and theoretical developments have always progressed hand in hand, with
each reinforcing the other.

We start this monograph with a more detailed discussion of the mo-
tivation for studying the structure of nuclei and nucleons through the
scattering of high energy electrons.

Let us go back to the beginning. Why do we do nuclear physics? Why
is nuclear physics interesting? First of all, the nucleus is a unique form
of matter consisting of many baryons in close proximity. All the forces of
nature are present in the nucleus — strong, electromagnetic, weak, and
even gravity if one includes condensed stellar objects which are nothing
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1 Motivation 5

more than enormous nuclei held together by the gravitational attraction.
The nucleus provides a microscopic laboratory to test the structure of
the fundamental interactions. Furthermore, the nucleus manifests remark-
able properties as a strongly interacting, quantum mechanical, relativistic,
many-body system. In addition, most of the mass and energy in the visi-
ble universe comes from nuclei and nuclear reactions. Also, we now know
there are new underlying degrees of freedom in the nucleus, quarks and
gluons, interacting through remarkable new forces described by quantum
chromodynamics (QCD). The single nucleon itself is now a complicated
nuclear many-body system. The electromagnetic properties of nucleons
and nuclei provide benchmarks with which to test our understanding of
strong-coupling QCD and the quark substructure of matter. Moreover,
nuclear physics is crucial to the understanding of the universe, for exam-
ple: the early universe, formation of the elements, supernovae, and neutron
stars. In sum, nuclear physics is really the study of the structure of matter.

Where is nuclear physics going? The nuclear science community in the
U.S. recently underwent one of its periodic long-range planning exercises
under the leadership of the Nuclear Science Advisory Committee (NSAC)
and the Division of Nuclear Physics (DNP) of the American Physical
Society (APS). In the report entitled Nuclear Science:A Long-Range Plan
[NS96] the headings in part II on The Scientific Frontiers capture the
present frontiers:

1. Nuclear Structure and Dynamics: Exploring the Limits

2. To the Quark Structure of Matter

3. The Phases of Nuclear Matter

4. Fundamental Symmetries and Nuclear Astrophysics
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2
Pictures of the nucleus

We currently possess three levels of understanding of the nucleus within
the following frameworks [Wa95]:

(I) Traditional, Non-Relativistic, Many-Body Systems [Fe71]. This ap-
proach uses static two-body potentials fit to two-nucleon scattering and
bound-state data. These potentials are then inserted in the non-relativistic
Schrödinger equation, and that equation is then solved in some approxima-
tion; with few-nucleon systems and large-scale computing capabilities, the
equations can now be solved exactly. Electroweak currents constructed
from the properties of free nucleons are then used to probe the nu-
clear system. Although this approach has had a great many successes
[Bl52, Ma55, Bo69, Fe71, de74, Pr75, Fe91, Wa95], it is clearly inadequate
for a more detailed understanding of the nuclear system.

(II) Relativistic Many-Body Systems. A more appropriate set of de-
grees of freedom for nuclear physics consists of the hadrons, the strongly
interacting mesons and baryons. There are many arguments one can
give for this. For example, the long-range part of the best modern two-
nucleon potentials is given by meson exchange, predominantly π with
(Jπ, T ) = (0−, 1), σ(0+, 0), ρ(1−, 1) and ω(1−, 0) [La80, Ma89]. Further-
more, one of the successes of electromagnetic nuclear physics is the unam-
biguous demonstration of the existence of exchange currents, additional
electromagnetic currents in the nucleus arising from the flow of charged
mesons between nucleons. In addition, one daily sees copious production
of mesons from nuclei in high-energy accelerators.

The only consistent theoretical framework we have for describing such a
strongly-coupled, relativistic, interacting, many-body system is relativistic
quantum field theory based on a local lagrangian density. It is convenient
to refer to relativistic quantum field theory models of the nuclear system
based on hadronic degrees of freedom as quantum hadrodynamics (QHD).

6
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2 Pictures of the nucleus 7

Fig. 2.1. Nucleus as a strongly-coupled system of colored quarks and gluons;
electroweak interaction with a lepton.

More generally, one can view such field theories as effective field theories
for the underlying theory of QCD [Se86, Se97].

(III) Strongly-Coupled Colored Quarks and Gluons. Our deepest level of
understanding of nucleons, and the nucleus from which they are made, is
as a strongly-coupled system of quarks and gluons (Fig. 2.1). Their inter-
actions are described by a Yang–Mills theory [Ya54] based on an internal
color symmetry (QCD). This theory has two remarkable properties: it is
asymptotically free, which means that at very high momenta, or very short
distances, the renormalized coupling constant becomes small. This has
several consequences. For example, it implies that when in the appropriate
kinematic regime, one scatters from essentially free point-like objects. In
fact, it was the experimental observation of this phenomenon in deep
inelastic scattering (DIS) that drove theorists to hunt for asymptotically
free theories [Gr73a, Gr73b, Po73, Po74]. Furthermore, when the coupling
is small, one can do perturbation theory. The many high-energy successes
of perturbative QCD now provide convincing evidence that QCD is truly
the underlying theory of the strong interactions.

When one scatters a lepton from a nuclear system, the electroweak
interaction takes place through the exchange of one of the electroweak
bosons (γ,W±, Z0), as illustrated in Fig. 2.1. These bosons couple directly
to the quarks; the gluons are absolutely neutral to the electroweak interac-
tions. Thus every time one observes a gamma decay or beta decay of a
nucleus or nucleon, one is directly observing the quark structure of these
systems!

The second remarkable property of QCD is confinement, which means
that the underlying degrees of freedom, quarks and gluons, never appear as
asymptotic, free scattering states in the laboratory. You cannot hold a free
quark or gluon in your hand. Quarks and gluons, and their strong color
interactions, are confined to the interior of the hadrons. At low momenta,
or the large distances appropriate for nuclear physics, the renormalized
coupling grows large. QCD becomes a strong-coupling theory in this limit.
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8 Part 1 Introduction

There are convincing indications from lattice gauge theory (LGT), where
strong-coupling QCD is solved on a finite space-time lattice [Wi74], that
confinement is indeed a dynamical property of QCD arising from the
nonlinear gluon couplings dictated by local color gauge invariance in this
non-abelian Yang–Mills theory.
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3
Some optics

To obtain insight into the electron scattering process, we appeal to some
elementary optics, with which the reader is certainly familiar from an
introductory physics course. If one looks through a telescope at a star,
or shines a laser through a pinhole, one does not really observe a point
of light, but actually a diffraction pattern with a bright disc at the center
and a series of concentric rings with diminishing intensity. If the radius
of the aperture through which the light passes is a, and the wavelength of
the incident light is λ1, then the angle θ to the first diffraction minimum
of the central Airy disc is given by

aθ ≈ 0.61λ1 (3.1)

Here θ is measured from the central ray, starting at the aperture. Now
introduce the incident wave number k1 and “momentum transfer” κ

k1 ≡ 2π

λ1
; wave number

κ ≈ k1θ ; momentum transfer (3.2)

Equation (3.1) can then be rewritten as

κa ≈ 1.22 π (3.3)

This relation has a marvelous consequence. Suppose one shines light
from a laser of given wavelength on a pinhole, and projects the resulting
diffraction pattern on a screen behind the pinhole. The angle to the first
minimum can be determined by making macroscopic measurements of
the distance of the screen from the aperture and the transverse distance
on the screen out to the first minimum. Equation (3.3) then allows one
to determine the radius a of the pinhole. One can measure a radius of
arbitrarily small size if only the momentum transfer is large enough! The

9
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10 Part 1 Introduction

Fig. 3.1. Optical pathlength with respect to central ray in Fraunhofer diffraction.

Fig. 3.2. The “momentum transfer” κ = k1 − k2.

momentum transfer is inversely proportional to the wavelength. Thus to
obtain large momentum transfer, one has to go to short wavelength. One
evidently needs a wavelength comparable to the size of the aperture to
make this measurement.

Let us extend these simple considerations. In Fraunhofer diffraction one
has an incident plane wave and an outgoing plane wave in the direction
of observation as illustrated in Fig. 3.1. The optical pathlength of an
arbitrary ray with respect to the central ray is evidently given from this
figure as

Δopt =
2π

λ1
(k̂1 · x − k̂2 · x) = κ · x (3.4)

where k̂1 and k̂2 are unit vectors in the incident and outgoing directions
respectively. Here the momentum transfer κ is defined by (Fig. 3.2)

κ = k1 − k2 (3.5)

Since the lengths of the incoming and outgoing wave numbers are identical
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3 Some optics 11

Fig. 3.3. (a) Fraunhofer diffraction of light from a circular aperture; and (b)
Electron scattering through the Coulomb interaction from a spherical charge
distribution.

|k2| = |k1|, the square of the momentum transfer is given by

κ2 = 2k2
1(1 − cos θ)

= 4k2
1 sin2 θ

2
(3.6)

Here θ is the angle between the incident and outgoing wave number
vectors (Fig. 3.2). Huygens Principle says that each point on a wavefront
serves as a new source of outgoing waves. The outgoing waves interfere.
To determine the net outgoing wave from a circular aperture one must
add the contributions from each little element of the disc weighted by
exp{iΔopt} as illustrated in Fig. 3.3 (a). The resulting amplitude of the light
wave far from the scatterer is thus given by

Aγ =

∫
Aperture

d2x eiκ·x (3.7)

The diffraction pattern evidently measures the two-dimensional Fourier
transform of the aperture.

Now consider the scattering of an electron from a spherical charge
distribution through the Coulomb interaction. de Broglie and quantum
mechanics tell us that there is a wave associated with the electron of
wavelength

λ1 =
h

p1
; electron (3.8)

Here h ≡ 2πh̄ is Planck’s constant and p1 the incident electron momentum.
The scattering amplitude from each little element will be proportional to
the amount of charge there, or to the charge density ρch(x). The resulting
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12 Part 1 Introduction

amplitude of the electron wave far from the target is thus given in direct
analogy with the above by (see Fig. 3.3 b)

Ael =

∫
Nucleus

d3x ρch(x) eiκ·x (3.9)

The diffraction pattern of the scattered electron measures the three-
dimensional Fourier transform of the target charge distribution.

In electron scattering, the incident electron momentum is evidently
p1 = h̄k1 and the momentum transferred from the electron is h̄κ; this is
the reason for the terminology.

One can see a macroscopic diffraction pattern from arbitrarily small
charge distributions if only the momentum transfer is large enough, or
equivalently, if the wavelength is small enough. It follows from Eq. (3.8)
that to achieve very small wavelengths, one must go to very high electron
energies. It is an irony (and an expensive one!) that to look in detail
with accuracy and precision at very small objects such as nuclei and
nucleons one needs accurate and precise high-energy electron accelerators
to produce the incident electron beams and correspondingly large, accurate
and precise spectrometers to detect the scattered electrons.

One can put in some numbers. To have an electron with wavelength
1 fm = 10−13 cm, a typical nuclear dimension, one needs a relativistic
electron of energy1

λ = 1 fm

⇒ E = pc = h̄kc = 1240 MeV (3.10)

To obtain some insight, it is useful to evaluate the above amplitudes
for the simple cases of a circular disc and unit spherical charge distribu-
tion, both of radius a. With the introduction of polar coordinates in the
first case, and the use of spherical coordinates in the second, one finds
[Fe80]

Adisc
γ =

∫ a

0
ρ dρ

∫ 2π

0
dφ exp {iκ⊥ρ cosφ}

= πa2

[
2J1(κ⊥a)

κ⊥a

]

Asphere
el =

∫ a

0
r2 dr

∫
dΩr exp {iκr cos θr}

=

(
4πa3

3

)[
3j1(κa)

κa

]
(3.11)

1 Recall h̄c = 197.3 MeV fm. Here c is the speed of light.
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3 Some optics 13

Here Jn(α) and jn(α) are cylindrical and spherical Bessel functions re-
spectively. The quantities in square brackets in the above expressions are
known as form factors. It is instructive to make some log plots of the
square of these quantities on your PC. The first zero of J1(α) occurs at
α1,1 = 1.22 π; this is the origin of Eq. (3.3).
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4
Why electron scattering?

In this section we present a brief overview of the virtues of electron
scattering. We revisit most of this material in detail in the remainder of
the book.

There are many reasons why inclusive electron scattering (e, e′) provides
a powerful tool for studying the structure of nuclei and nucleons. First,
the interaction is known — it is given by quantum electrodynamics (QED),
the most accurate physical theory we have. Second, the interaction is
relatively weak — of order α = 1/137.0, the fine-structure constant, and
thus one can make measurements without greatly disturbing the structure
of the target. Furthermore, the interaction is with the local electromagnetic
current density in the target Ĵμ(x). Hence one knows what is measured.

The process is governed by the S-matrix, which with one photon ex-
change (Fig. 4.1) takes the form1

S
(γ)
fi =

−eep

h̄cΩ
ū(k2)γμu(k1)

1

k2

∫
eik·x〈f|Ĵμ(x)|i〉 d4x (4.1)

What is measured is the Fourier transform with respect to the four-
momentum transfer h̄k with k ≡ k1 − k2 of the transition matrix element
of the current density.

In electron scattering, one can vary the three-momentum transfer and
energy transfer independently in

k = (κ, iω/c)

κ2 = (k1 − k2)
2

h̄ω = ε1 − ε2 (4.2)

For a given energy transfer, one can map out the three-dimensional Fourier
transform with respect to κ of the transition densities. The inversion of

1 We quantize with periodic boundary conditions in a big box of volume Ω and in the

end let Ω → ∞.

14
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4 Why electron scattering? 15

Fig. 4.1. Kinematics for electron scattering (e, e′) with one photon exchange.
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Fig. 4.2. Cross section for elastic electron scattering 40Ca(e, e) vs. momentum
transfer (here q ≡ κ) [Fr79].

this Fourier transform than provides the microscopic spatial distribution of
the densities.

We give an example in Fig. 4.2. This is the diffraction pattern observed
when electrons are scattered elastically from 40Ca. The data are from
Saclay [Fr79]. Notice the central diffraction maximum and the series
of concentric rings with decreasing intensity as the scattering angle is
increased. Notice also the scale on the ordinate; it runs over 13 decades.
Figure 4.3 [Ho81, Se86] shows the charge distribution obtained upon
inversion of the Fourier transform. The abscissa is in fermis.2 The band in
the experimental data is an estimate of the uncertainty introduced by the
fact that one, by necessity, only measures a partial Fourier transform. The

2 The situation is actually somewhat more complicated than this. As Z gets large, the

distortion of the incident and outgoing electron wave functions by the Coulomb field of

the nucleus must be taken into account, and one must perform a partial wave analysis

of Coulomb scattering from the nuclear charge distribution.
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16 Part 1 Introduction

Fig. 4.3. Charge distribution of 40Ca obtained from Fig. 4.2 with estimate
of measurement error. Units are 1 fm = 10−13 cm. Heavy dashed curve shows
calculation in relativistic mean field theory (RMFT) in QHD (other curves show
similar results in traditional approach) [Ho81, Se86].

theoretical curves give an indication of the present level of understanding
of these charge densities in nuclear physics.

Recall that there is an inverse relationship between the three-momentum
transfer and the distance scale at which one probes the system

|κ| =
2π

λ
(4.3)

In electromagnetic studies in nuclear physics one focuses on how matter
is put together from its constituents and on distance scales ∼ 10 fm to
∼ 0.1 fm. Particle physics concentrates on finer and finer details of the
substructure of matter with experiments at high energy which in turn
explore much shorter distances.

In electron scattering, one can moreover vary the polarization of the
virtual photon in Fig. 4.1 by changing the electron kinematics; through
this, the charge and current interaction can be separated. In sum, electron
scattering gives rise to a precisely defined virtual quantum of electromag-
netic radiation, and hence electrons provide a precision tool for examining
the structure of nuclei and nucleons. Of course, an additional great advan-
tage of electrons is that they can be copiously produced in the laboratory,
and since they are charged, they can readily be accelerated and detected.3

Electron scattering is furthermore a versatile tool. One knows from the
theory of electromagnetism that two currents will interact with each other.
The moving electron produces such a current. Thus not only is there a
Coulomb interaction between the charged electron and the charges in
the target, but there is also a magnetic interaction between the moving
electron and the current in the target. The nuclear current is produced

3 Neutrino scattering for example, which has similar virtues for the weak interaction, lacks

these properties.
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4 Why electron scattering? 17

Fig. 4.4. (e, e′) amplitude as sum of γ and Z0 exchange.

both by the convection current of the moving protons and also by the
curl of the intrinsic magnetization, arising from the fact that nucleons are
themselves little magnets; electron scattering measures the full transition
matrix element of the target current

Jλ(x) = [Jc(x) + ∇ × μ(x), iρ(x)] (4.4)

In addition, with electron scattering one has the possibility of bringing
out high multipoles of the current at large values of κR.

The interference between γ and Z0 exchange (Fig. 4.4), where Z0 is the
heavy boson mediating the weak neutral current interaction, gives rise to
parity violation. One measure of parity violation is the asymmetry arising
from the difference in cross section of right- and left-handed electrons in
inclusive electron scattering (
e, e′)

A ≡ dσ↑ − dσ↓
dσ↑ + dσ↓

(4.5)

The S-matrix for the amplitude in Fig. 4.4 takes the form4

Sfi = S
(γ)
fi −

(
h̄

c

)2 G√
2 Ω

ūγμ(a + bγ5)u

∫
eik·x〈f|Ĵ(0)

μ (x)|i〉 d4x

(4.6)

where

〈f|Ĵ(0)
μ (x)|i〉 = 〈f|Ĵ(0)

μ (x) + Ĵ
(0)
μ5 (x)|i〉 (4.7)

Here Ĵ(0)
μ (x) is the weak neutral current operator for the target and

G = 1.027 × 10−5/m2
p is Fermi’s weak coupling constant. Parity violation

arises from the interference of the first term in Eq. (4.6) with the two
contributions linear in the axial vector current in the second. If the first
term has been measured and is assumed known, then the parity-violation
asymmetry measures the second. Hence parity violation in (
e, e′) doubles
the information content in electron scattering as it provides a means of

4 In the standard model of the electroweak interactions a = −(1 − 4 sin2 θW ) and b = −1

[Wa95].
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18 Part 1 Introduction

measuring the spatial distribution of weak neutral current in nuclei and
nucleons.

The cross section for inclusive electron scattering (e, e′) with one photon
exchange is characterized by two response surfaces (see below) which are
each functions of two Lorentz invariants. These invariants can be taken
to be the four-momentum transfer squared h̄2k2 and the scalar product
ν ≡ −k · p/MT where h̄p is the initial four-momentum of the target, mT

its mass, and MT is its inverse Compton wavelength.

MT ≡ mTc

h̄
M ≡ mpc

h̄
(4.8)

The second invariant ν, when evaluated in the laboratory frame where
the target is initially at rest, reduces to the energy loss of the electron
ν = h̄ωlab/h̄c. The deep-inelastic region (DIS) for electron scattering from
the nucleon is defined by letting k2 → ∞ and ν → ∞ while keeping
their ratio x ≡ k2/2Mν fixed. In deep-inelastic scattering the two response
surfaces are observed to satisfy Bjorken scaling. They become independent
of k2 and are finite functions of the single variable x [Bj69, Fr72]. There
is no form factor for the constituents from which one is scattering in
this region. DIS provided the first dynamical evidence for the point-like
quark substructure of hadrons. It also provides a measurement of the
quark momentum distribution. Furthermore, QCD predictions for the
ln k2 corrections in the approach to scaling can also be tested in DIS
[Ro90].

The initial experiments at SLAC on parity violation in DIS [Pr78, Pr79]
gave the first clear evidence that the weak neutral current has the structure
predicted by the standard model of the electroweak interactions.

Further experiments, originated at SLAC, on the scattering of polarized
electrons by polarized nucleons [Hu83] allow one to examine the strong-
interaction spin structure functions of the nucleon.
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5
Target response surfaces

As we shall see, the target response in inclusive electron scattering (e, e′)
is summarized in the following Lorentz tensor

Wμν =
(2π)3

h̄c

∑
i

∑
f

〈i|Ĵν(0)|f〉〈f|Ĵμ(0)|i〉(ΩE)δ(4)(p′ − p − k)

= W1(k
2, k · p)

(
δμν − kμkν

k2

)

+W2(k
2, k · p) 1

M2
T

(
pμ − p · k

k2
kμ

)(
pν − p · k

k2
kν

)
(5.1)

The cross section is expressed in terms of the two, two-dimensional re-
sponse surfaces as

d2σ

dΩ2dk2
= σM

1

MT

[
W2(k

2, ν) + 2W1(k
2, ν) tan2 θ

2

]

σM =
α2 cos2 θ/2

4k2
1 sin4 θ/2

(5.2)

Here k1 = |k1|. The square of the four-momentum transfer is given for a
relativistic electron by

k2 = (k1 − k2)
2 − (k1 − k2)

2

= 4k1k2 sin2 θ/2 ; in laboratory (5.3)

The second Lorentz scalar is written as the kinematic variable

ν ≡ −k · p/MT

= k1 − k2 ; in laboratory (5.4)

There are three lepton variables in electron scattering, the initial and final
electron energies ε1 and ε2 and the scattering angle θ, or equivalently
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20 Part 1 Introduction

Fig. 5.1. Qualitative sketch of response surfaces W1,2(ν, k
2) for nuclei and nucle-

ons. One axis is the square of the four-momentum transfer k2 (denoted in this
figure by κ2), the other is 2Mν/k2 = 1/x.

(k2, ν, θ). The two response surfaces can be separated by varying the
electron scattering angle θ at fixed ν and k2. Alternatively, one can work
at back angles θ = π where only the term in W1 contributes.

For orientation, a qualitative sketch of the response surfaces W1,2(ν, k
2)

for electron scattering (e, e′) from both nuclei and nucleons is given in
Fig. 5.1.1 For a nucleus, one has the following features. First there is
elastic scattering with a form factor that falls in the k2 direction indicating
the extended charge distribution in the target. One then sees inelastic
scattering leading to excitation of discrete nuclear levels. The form factors
for these inelastic transitions characterize the spatial distribution of the
transition charge and current densities. At higher energy loss, above particle

1 Electrons are light and radiate as they scatter; these radiative corrections must always

be unfolded from the data before one gets at the underlying nuclear physics. We go into

this in some detail in the section on QED.
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5 Target response surfaces 21

emission threshold, one observes nuclear giant resonances (GR) with
broader widths. The subsequent quasielastic peak is essentially scattering
from a free nucleon, Doppler broadened by the Fermi motion of the
nucleons in the nucleus. At energy losses higher than the pion mass, pion
production occurs. At still higher energy loss, one observes production of
the internal excitations of the nucleon itself, the first and most prominent
being the Δ(1232) with (Jπ, T ) = (3/2+, 3/2). The k2 dependence of the
form factors for the excitation of nucleon resonances characterizes the
spatial distribution of the transition charge and current densities in the
nucleon.

For a single nucleon target, one sees first elastic scattering with a
form factor which falls with k2, again indicating a spatially extended
structure in the nucleon — Robert Hofstadter won the Nobel prize for
the measurement of the charge distributions of nuclei and the charge and
magnetization distributions of the nucleon. At sufficiently high energy loss
there is production of the nucleon resonances with the characteristic k2

dependence of the inelastic form factors. Since all the nucleon resonances
lie above the pion production threshold, they have strong-interaction
widths. While the Δ(1232) appears as a distinct isolated peak, the higher
nucleon resonances, as with giant resonances in nuclei, present multiple
broad overlapping structures.

With higher energy accelerators, one can push into the region of deep-
inelastic scattering (DIS) where the electron energy loss gets very large
ν → ∞ and the four-momentum transfer also grows very large k2 → ∞
but where the ratio of these quantities x ≡ k2/2Mν is fixed at a finite
value

ν ≡ −k · p/M → ∞
k2 → ∞
x ≡ k2/2Mν ; fixed in DIS (5.5)

In DIS something quite remarkable happens. The two response surfaces
are independent of k2 and satisfy Bjorken scaling, becoming finite functions
of the single variable x [Bj69, Fr72]

ν

M
W2(k

2, ν) → F2(x)

2W1(k
2, ν) → F1(x) ; Bjorken scaling in DIS (5.6)

The fact that the structure functions become independent of k2 indicates
that the objects inside the nucleon from which one is scattering have
no spatially extended structure, that is, one is scattering from point-like
constituents. Friedman, Kendall, and Taylor won the Nobel prize for their
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22 Part 1 Introduction

discovery of this dynamic evidence for a point-like quark substructure of
the nucleon.

As we shall see, scattering of polarized electrons on polarized targets
allows one to access additional spin structure functions.
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6
Why coincidence experiments?

There are many reasons why the ability to perform coincident electron
scattering measurements, provided by a “continuous wave” (c.w.) acceler-
ator greatly increases the power of electron scattering. Let us first review
some of the essentials.

The kinematics for the coincident electron scattering process (e, e′ X)
are defined in Fig. 6.1. Here the incident and scattered electron determine
a scattering plane and an orthonormal system of unit vectors ei with
e3 along κ ≡ k1 − k2 and e2 in-plane. Note that this frame is invariant
under a Lorentz transformation along κ to the C-M system of the target
and virtual photon. We use q to denote the momentum of the produced
particle X. The reaction plane is then defined by the two vectors (κ, q).
The orientation of q and the reaction plane are specified by polar and
azimuthal angles (θq, φq) in the orthonormal system (Fig. 6.1). The angles
φq = π/2, 3π/2 produce an in-plane configuration.

The S-matrix for the process (e, e′ X) is given by

Sfi = − eep

h̄cΩ
ūγμu

1

k2

∫
eik·x〈Ψp′; q(−)|Ĵμ(x)|Ψp〉 d4x (6.1)

Fig. 6.1. Kinematics for basic coincident electron scattering process (e, e′ X).
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24 Part 1 Introduction

Fig. 6.2. Intermediate state Jπ characterizes angular distribution of emitted
particle X.

Fig. 6.3. Basic nuclear coincidence process (e, e′ N).

What one measures is again the Fourier transform of the transition matrix
element of the electromagnetic current density between exact Heisenberg
states of the target. The final state now consists asymptotically of a
target state |Ψp′ 〉 and an emitted particle X with four-momentum q; it is
constructed with incoming wave boundary conditions.

What can one learn about the structure of nuclei and nucleons from
such experiments? First, if the reaction (e, e′ X) proceeds through an
intermediate state of the target with given Jπ (Fig. 6.2), then that Jπ

characterizes the angular distribution of X. The virtual photon orients
the target along κ. Angular correlation measurements of the emitted
particle with respect to the virtual photon determine the contributing
multipolarities. Furthermore, all values of Jπ at any ω can again be
accessed by increasing (κR).

Moreover, in contrast to inclusive scattering (e, e′) where the cross
section is given by the sums of squares of the transition multipoles (see
part 2), (e, e′ X) involves interference between amplitudes. One then has the
ability to determine small, but important, amplitudes through interference
effects.

Consider the basic nuclear coincidence process (e, e′ N) where N is a
single nucleon, as illustrated in Fig. 6.3. This process creates a hole in the
final nucleus [Ja66, Ja73]. Let the initial nucleon binding energy be εb
and wave function be φb(x). Consider for illustration only the Coulomb
interaction and assume the final nucleon can be described by a plane
wave: exp {iq · x}. A measurement of all energies in (e, e′ N) determines
the binding energy of the final hole state εb. A measurement of all momenta
measures the Fourier transform of the hole-state wave function φ̃b(κ − q);
by basic quantum mechanics, this is the amplitude of the momentum
distribution in the state φb.
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6 Why coincidence experiments? 25

In addition, coincidence capability implies that multiple scattering ex-
periments can be performed. The polarization PX of the produced particle
X, for example, can be measured through a second scattering. Polarization
transfer experiments (
e, e′ 
X) that provide precision measurements of the
charge form factor of the nucleon [Ar81] now form an important part of
electromagnetic nuclear physics.

Furthermore, strangeness is conserved in the strong and electromagnetic
interactions; one then only has associated production of strange particles,
for example through the reaction 1H(e, e′ K+)Λ.1 With high enough inci-
dent electron energy, the reaction (e, e′ K+) can be accessed. This reaction
produces a tagged hypernucleus. By varying the momentum transferred to
the nucleus, the Fourier transform of the wave function of the deposited
hyperon can be determined.

Moreover, with multiple coincidence experiments such as (e, e′ 2N) and
extreme kinematics, one can investigate the short-range behavior of two
nucleons in the nuclear medium.

At the quark level, when quarks are struck in an electroweak interaction,
it is not the quarks that emerge from the nucleus, rather it is a hadron.
The hadronization of quarks is studied in the coincidence reaction (e, e′ X).

1 The reaction notation A(b, c d . . . )E used in this book is a very convenient one. The first

and last symbols denote the initial and final target states and the symbols in parenthesis

indicate the incident and final detected particles; in the generic case, the last and first

symbols may be suppressed. We denote elastic electron scattering by (e, e), inelastic

scattering by (e, e′), and coincidence reactions by (e, e′ X).
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7
Units and conventions

To define the units and conventions used in this book, and to set the
stage for the subsequent analysis, we conclude this introduction by writ-
ing Maxwell’s equations for the electromagnetic field in vacuum with
sources. With the use of Heaviside–Lorentz (rationalized c.g.s.) units these
equations are1

∇ · E = ρ

∇ · H = 0

∇ × H − 1

c

∂E

∂t
= j

∇ × E +
1

c

∂H

∂t
= 0 (7.1)

Here ρ and j are the local charge and current density; the former is
measured in e.s.u. and the latter in e.m.u. where 1 e.m.u = 1 e.s.u./c. The
Lorentz force equation and fine structure constant are given respectively
by

F = e

(
E +

v

c
× H

)
e2

4πh̄c
= α =

1

137.04
(7.2)

Introduce the antisymmetric electromagnetic field tensor

Fμν =

⎛
⎜⎜⎝

0 H3 −H2 −iE1

−H3 0 H1 −iE2

H2 −H1 0 −iE3

iE1 iE2 iE3 0

⎞
⎟⎟⎠ (7.3)

1 In this case the magnetic field is H ≡ B.
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7 Units and conventions 27

Straightforward algebra then shows that Maxwell’s equations can be
written in covariant form as

∂

∂xν
Fμν = jμ

εμνρσ
∂

∂xσ
Fνρ = 0 (7.4)

Here εμνρσ is the completely antisymmetric tensor and repeated Greek
indices are summed from one to four. Also

xμ = (x, ict)

jμ = (j, iρ) (7.5)

The second set of Maxwell’s Equations can be satisfied identically with
the introduction of a vector potential

Fμν =
∂

∂xμ
Aν − ∂

∂xν
Aμ

Aμ = (A, iΦ) (7.6)

Comparison with Eq. (7.3) then allows the identification

H = ∇ × A

E = −∇Φ − 1

c

∂

∂t
A (7.7)

While k and q are used interchangeably in the following for the four-
momentum transfer in inclusive electron scattering (e, e′), with a direction
defined in context,2 when the coincidence process (e, e′ X) is discussed, k
is reserved for the four-momentum transfer of the electron to the target
and q for the four-momentum of the produced particle X.

2 Unfortunately, this is common usage. The four-momentum transfer will be denoted

(κ, iω/c), with a direction again defined in context.
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Part 2

General analysis
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8
Electromagnetic interactions

In this section we discuss the interaction of nuclei, nucleons, or any finite
quantum mechanical system with the electromagnetic field. Much of what
we know about nuclei and nucleons comes from such interactions. We start
with the general multipole analysis of the interaction of a nucleus with
the quantized radiation field [Bl52, Sc54, de66, Wa95]. In the following
ep = |e| is the proton charge.

The starting point in this analysis is the total hamiltonian for the nuclear
system, the free photon field, and the electromagnetic interaction

Htotal = Hnuclear +
∑
k

∑
ρ=1,2

h̄ωka
†
kρakρ

−ep

c

∫
JN(x)·A(x) d3x +

e2
p

8π

∫ ∫
ρN(x)ρN(x′)

|x − x′| d3x d3x′ (8.1)

This is the hamiltonian of quantum electrodynamics (QED); it is written in
the Coulomb gauge. A is the vector potential for the quantized radiation
field, which in the Schrödinger picture takes the form

A(x) =
∑
k

∑
ρ=1,2

(
h̄c2

2ωkΩ

)1/2

[ekρakρe
ik·x + h.c.] (8.2)

Here ekρ with ρ = (1, 2) represent two unit vectors transverse to k (see
Fig. 8.1). The hermitian conjugate is denoted by h.c. We quantize with
periodic boundary conditions (p.b.c.) in a large box of volume Ω, and in
the end let Ω → ∞. With this choice

1

Ω

∫
Box

d3x ei(k1−k2)·x = δk1,k2
(8.3)

where the expression on the right is a Kronecker delta.
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32 Part 2 General analysis

�
e�

k1

�
e�

k2

�
k

Fig. 8.1. Transverse unit vectors.

The only assumption made about the target is the existence of local
current and charge density operators JN(x) and ρN(x). These quantities
must exist for any true quantum mechanical system. Hnuclear could be
given in terms of potentials, or it could be for a coupled baryon and
meson system, or it could be for a system of quarks and gluons; it does
not matter at this point.1

It is convenient to henceforth incorporate the explicit factor of 1/c in
Eq. (8.1) into the definition of the current JN(x) itself.

First go from plane polarization to circular polarization with the trans-
formation (cf. Fig. 8.1).

e±1 ≡ ∓ 1√
2
(e1 ± ie2) e0 ≡ ez ≡ k

|k| (8.4)

These circular polarization vectors satisfy the relations

e
†
kλ = (−1)λek−λ e

†
λ·eλ′ = δλλ′ (8.5)

If, at the same time, one defines

ak±1 ≡ ∓ 1√
2
(ak1 ∓ iak2) (8.6)

then the transformation is canonical

[akλ, a
†
k′λ′] = δkk′δλλ′ (8.7)

Since e1a1 + e2a2 = e+1a+1 + e−1a−1 the vector potential takes the form

A(x) =
∑
k

∑
λ=±1

(
h̄c2

2ωkΩ

)1/2

[ekλakλe
ik·x + h.c.] (8.8)

The index λ = ±1 is the circular polarization, as we shall see, and only
λ = ±1 appears in the expansion so ∇ · A(x) = 0, characterizing the
Coulomb gauge.

Now proceed to calculate the transition probability for the nucleus or

1 Although Eq. (8.1) is correct in QCD, some models may have an additional term of

O(e2A2) in the hamiltonian; the arguments in this section are unaffected by such a term.
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8 Electromagnetic interactions 33

nucleon to make a transition between two states and emit (or absorb)
a photon. Work to lowest order in the electric charge e, use the Golden
Rule, and compute the nuclear matrix element 〈JfMf; kλ|H ′|JiMi〉 where
H ′ is here the term linear in the vector potential in Eq. (8.1); it is this
interaction term that can create (or destroy) a photon. All that will be
specified about the nuclear state at this point is that it is an eigenstate of
angular momentum. It will be assumed that the target is massive and its
position will be taken to define the origin; transition current densities occur
over the nuclear volume and hence all transition current densities will be
localized in space. Since the photon matrix element is 〈kλ|a†

k′λ′ |0〉 = δkk′δλλ′ ,
the required transition matrix element takes the form2

〈JfMf; kλ|Ĥ ′|JiMi〉 = −ep

(
h̄c2

2ωkΩ

)1/2
〈JfMf |

∫
e−ik·xe†

kλ·Ĵ(x) d3x|JiMi〉

(8.9)
This expression now contains all of the physics of the target. We proceed to
make a multipole analysis of it. With the aid of the Wigner–Eckart theorem
we will then be able to extract two invaluable types of information:

• The angular momentum selection rules

• The explicit dependence on the orientation of the target as expressed
in (Mi,Mf)

The goal of the multipole analysis is to reduce the transition operator to
a sum of irreducible tensor operators (ITO) to which the Wigner–Eckart
theorem applies [Ed74].

We recall the definition of an ITO. It is a set of 2J+1 operators T̂ (J,M)
with −J ≤ M ≤ J that satisfy the following commutation relations with
the three components Ĵi of the angular momentum operator

[Ĵi, T̂ (J,M)] =
∑

M′ 〈JM ′|Ĵi|JM〉 T̂ (J,M ′) (8.10)

The above is the infinitesimal form of the integral definition of an ITO
(they are fully equivalent)

R̂αβγT̂ (J,M)R̂−1
αβγ =

∑
M′DJ

M′ M(αβγ) T̂ (J,M ′) (8.11)

Here R̂αβγ is the rotation operator, and DJ
M′ M(αβγ) are the rotation

matrices, defined by [Ed74]

R̂αβγ ≡ eiαĴ3eiβĴ2eiγĴ3

DJ
M′ M(αβγ) = 〈JM ′|eiαĴ3eiβĴ2eiγĴ3 |JM〉 (8.12)

We proceed to the multipole analysis.

2 For clarity we now use a notation where a caret over a symbol denotes an operator in

the target Hilbert space.
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9
Multipole analysis

Start by taking the photon momentum to define the z-axis (Fig. 9.1); the
generalization follows below. In this case the plane wave can be expanded
as [Fe80]

eik·x =
∑
l

il
√

4π(2l + 1)jl(kx)Yl0(Ωx) (9.1)

The vector spherical harmonics are defined by the relations [Ed74]

YM
Jl1 ≡

∑
mλ

〈lm1λ|l1JM〉Ylm(Ωx)eλ (9.2)

Note this sum goes over all three spherical unit vectors, λ = ±1, 0. The
definition in Eq. (9.2) can be inverted with the aid of the orthogonality
properties of the Clebsch–Gordan (C–G) coefficients

Ylmeλ =
∑
JM

〈lm1λ|l1JM〉YM
Jl1 (9.3)

The eλ are now just fixed vectors; they form a complete orthonormal set.

�
e2

�
e1

�
e0 = 

�
k/�

�
k�

θ

φ

Fig. 9.1. Coordinate system with z-axis defined by photon momentum.
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9 Multipole analysis 35

Therefore any vector can be expanded in spherical components as

v =
∑
λ

(v·eλ) e
†
λ =

∑
λ

vλe
†
λ

v±1 = ∓ 1√
2
(vx ± ivy) v0 = vz (9.4)

As we shall see, the vector spherical harmonics project an irreducible
tensor operator (ITO) of rank J from any vector density operator in the
nuclear Hilbert space. A combination of Eqs. (9.1) and (9.3) and use of
the properties of the C–G coefficients yields1

ekλe
ik·x =

∑
l

∑
J

il
√

4π(2l + 1)jl(kx)〈l01λ|l1Jλ〉Yλ
Jl1(Ωx) (9.5)

The C–G coefficient limits the sum on l to three terms l = J, l = J ± 1,
and these C–G coefficients can be explicitly evaluated to give for λ = ±1
[Ed74]

ekλe
ik·x =

∑
J≥1

iJ

√
4π(2J + 1)

2

⎧⎨
⎩ − λ jJ(kx)Yλ

JJ1

−i

⎡
⎣√ J + 1

2J + 1
jJ−1(kx)Yλ

J,J−1,1 −
√

J

2J + 1
jJ+1(kx)Yλ

J,J+1,1

⎤
⎦
⎫⎬
⎭ (9.6)

From [Ed74] one has

∇ × jJ(kx)Yλ
JJ1 = i

⎡
⎣( d

dx
− J

x

)
jJ(kx)

√
J

2J + 1
Yλ

J,J+1,1

+

(
d

dx
+

J + 1

x

)
jJ(kx)

√
J + 1

2J + 1
Yλ

J,J−1,1

⎤
⎦ (9.7)

The differential operators just raise and lower the indices on the spher-
ical Bessel functions, giving −kjJ+1(kx) and kjJ−1(kx), respectively. A
combination of these results gives for λ = ±1

ekλe
ik·x =

∑
J≥1

√
2π(2J + 1) iJ

{
− λ jJ(kx)Yλ

JJ1(Ωx)

−1

k
∇ × [jJ(kx)Yλ

JJ1(Ωx)]

}
; λ = ±1 (9.8)

1 Note this is the amplitude for photon absorption.
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36 Part 2 General analysis

Note the divergence of both sides of this equation vanishes [Ed74].2 Now
use

Yλ†
JJ1 = −(−1)λY−λ

JJ1 (9.9)

to arrive at the basic result for photon emission with λ = ±1

−ep

(
h̄c2

2ωkΩ

)1/2 ∫
e−ik·x e

†
kλ·Ĵ(x) d3x (9.10)

= ep

(
h̄c2

2ωkΩ

)1/2 ∑
J≥1

(−i)J
√

2π(2J + 1) [T̂ el
J,−λ(k) + λT̂

mag
J,−λ(k)]

The transverse electric and magnetic multipole operators are defined by

T̂ el
JM(k) ≡ 1

k

∫
d3x

[
∇ × jJ(kx)YM

JJ1(Ωx)
]

·Ĵ(x)

T̂
mag
JM (k) ≡

∫
d3x

[
jJ(kx)YM

JJ1(Ωx)
]

·Ĵ(x) (9.11)

This important result merits several observations.
In a nucleus both the convection current density arising from the motion

of charged particles (e.g. protons) and the intrinsic magnetization density
coming from the intrinsic magnetic moments of the nucleons contribute to
the electromagnetic interaction. The appropriate interaction hamiltonian
should actually be written as

H ′ = −ep

∫
Ĵc(x)·A(x) d3x − ep

∫
μ̂(x)·[∇ × A(x)] d3x

= −ep

∫ [
Ĵc(x) + ∇ × μ̂(x)

]
·A(x) d3x (9.12)

To obtain the second line, a vector identity has been employed

∇·(a × b) = b·(∇ × a) − a·(∇ × b) (9.13)

The total divergence has been converted to a surface integral far away
from the nucleus using Gauss’ theorem∫

V
∇ · v d3x =

∫
S
v·dS (9.14)

Finally, the integral over the far-away surface can be discarded for a
localized source. A second application of this procedure yields the relation∫

d3x
[
∇ × jJ(kx)YM

JJ1

]
·∇ × μ̂(x) (9.15)

=

∫
d3x μ̂(x)·∇ × [∇ × jJ(kx)YM

JJ1] = k2
∫

d3x μ̂(x)·[jJ(kx)YM
JJ1]

2 The relation to be used is 
∇·[jJ (kx)
YM
JJ1] = 0.
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9 Multipole analysis 37

In arriving at the second equality the relation ∇ × (∇ × v) = ∇(∇ · v) − ∇2v
has been employed; the term ∇ · v vanishes here, and in this application
the remaining term satisfies the Helmholtz equation (∇2 + k2)v = 0, as the
reader can readily verify. Thus the multipole operators can be rewritten
to explicitly exhibit the individual contributions of the convection current
and the intrinsic magnetization densities

T̂ el
JM(k) =

1

k

∫
d3x

{
[∇ × jJ(kx)YM

JJ1]·Ĵc(x) + k2jJ(kx)YM
JJ1·μ̂(x)

}
T̂

mag
JM (k) =

∫
d3x

{
jJ(kx)YM

JJ1·Ĵc(x) + [∇ × jJ(kx)YM
JJ1] · μ̂(x)

}
(9.16)

The T̂JM are now irreducible tensor operators of rank J in the nuclear
Hilbert space. This can be proven in general by utilizing the properties of
the vector density operator Ĵ(x) under rotations. It is easier to prove this
property explicitly in any particular application. For example, consider the
case where the nucleus is pictured as a collection of non-relativistic nucle-
ons, and the intrinsic magnetization density at the point x is constructed
in first quantization by summing over the contribution of the individual
nucleons

epμ̂(x) = μN

A∑
i=1

λiσ(i)δ(3)(x − xi) (9.17)

Here λi is the intrinsic magnetic moment of the ith nucleon in nuclear
magnetons (see below).3 The contribution to T̂ el

JM , for example, then takes
the form

ep

∫
jJ(kx)YM

JJ1 · μ̂(x) d3x =

μN

A∑
i=1

λijJ(kxi)
∑
mq

〈Jm1q|J1JM〉YJm(Ωi)σ1q(i) (9.18)

Here the definition of the vector spherical harmonics in Eq. (9.2) has been
introduced. Each term in this sum is now recognized, with the aid of
[Ed74], to be a tensor product of rank J formed from two ITO of rank
J and 1, respectively.4 Thus T̂ el

JM is evidently an ITO of rank J under
commutation with the total angular momentum operator, which in this

3 One could be dealing with a density operator in second quantization, or expressed

in collective coordinates, etc; to test for an ITO, one first constructs the appropriate

total angular momentum operator Ĵ, and then examines the commutation relations (see

[Ed74]).
4 Any spherically symmetric factor does not affect the behavior under rotations.
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38 Part 2 General analysis

case takes the form

Ĵ =
A∑
i=1

J(i) =
A∑
i=1

[L(i) + S(i)] ; angular momentum (9.19)

As another example, the convection current in this same picture of the
nucleus is

Ĵc(x) =
Z∑
i=1

1

mpc
{δ(3)(x − xi), p(i)}sym

.
=

Z∑
i=1

δ(3)(x − xi)
p(i)

mpc
(9.20)

The need for symmetrization5 arises from the fact that p(i) and xi do not
commute; the current density arising from the matrix element of this ex-
pression takes the appropriate quantum mechanical form (h̄/2impc)[ψ

∗∇ψ
− (∇ψ)∗ψ]. The last equality in Eq. (9.20) follows since one of the sym-
metrized terms can be partially integrated in the required matrix elements
of the current, using the hermiticity of p(i) and the observation that
∇ · A = 0 in the Coulomb gauge. Multipoles constructed from the convec-
tion current density in Eq. (9.20) are now shown to be ITO by arguments
similar to the above.

The parity of the multipole operators is [Bl52]

Π̂ T̂ el
JM Π̂−1 = (−1)JT̂ el

JM

Π̂ T̂
mag
JM Π̂−1 = (−1)J+1T̂

mag
JM (9.21)

Again the general proof follows from the behavior of the current density
Ĵ(x) as a polar vector under spatial reflections. It is easy to see this behavior
in any particular application. For example, it follows from Eqs. (9.17) and
(9.20) if one uses the properties of the individual quantities under spatial
reflection: σ1q → σ1q; p1q → −p1q; and Ylm(−x/|x|) = (−1)lYlm(x/|x|).
Parity selection rules on the matrix elements of the transverse multipole
operators now follow directly.

There is no J = 0 term in the sum in Eq. (9.10). This arises from the fact
that the vector potential is transverse, and hence there are only transverse
unit vectors, or equivalently unit helicities λ = ±1, arising in its expansion
into normal modes [see Eqs. (8.2) and (8.4)]. This has the consequence,
for example, that there can be no J = 0 → J = 0 real photon transitions
in nuclei.

The Wigner–Eckart theorem [Ed74] can now be employed to exhibit
the angular momentum selection rules and M-dependence of the matrix

5 {A,B}sym ≡ (AB + BA)/2.
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9 Multipole analysis 39

element of an ITO between eigenstates of angular momentum

〈JfMf |T̂JM |JiMi〉 =
(−1)Ji−Mi

(2J + 1)1/2
〈JfMfJi − Mi|JfJiJM〉〈Jf ||T̂J ||Ji〉 (9.22)

The Clebsch–Gordan (C–G) coefficients provide all the relevant informa-
tion. They contain the entire M-dependence, and they vanish unless the
angular momentum quantum numbers satisfy the triangle inequality, e.g.
|Ji − Jf | ≤ J ≤ Ji + Jf . We adopt the convention that this selection rule
is built into the reduced matrix elements themselves, and that they are
defined to be zero unless the triangle inequality is satisfied.

Note that the required matrix elements of Eq. (9.10) imply Mf = Mi−λ.
This means that the photon carries away the angular momentum λ along
the z-axis, which is the direction of emission of the photon in the preceding
analysis (Fig. 9.1); thus the helicity of the photon (its angular momentum
along k) is λ = ±1.

If the target is unpolarized and unobserved, one can simply pick a
convenient z-axis along which to quantize, and the photon momentum
k provides such a choice. In that case, the average over initial target
orientations

∑
i = (2Ji + 1)−1 ∑

Mi
and sum over final target orientations∑

f =
∑

Mf
can be immediately evaluated with the aid of the Wigner–

Eckart theorem and the orthonormality properties of the C–G coefficients
to give

1

2Ji + 1

∑
Mi

∑
Mf

∣∣∣∣∣∑
J

(−i)J
√

2J + 1〈JfMf |T̂JM |JiMi〉
∣∣∣∣∣
2

=
1

2Ji + 1

∑
J

|〈Jf ||T̂J ||Ji〉|2 (9.23)

One then proceeds directly to the transition rate given below in Eq. (9.41).
It is useful for the subsequent discussion of angular correlations to

first digress and consider the more general situation where the photon is
emitted in an arbitrary direction relative to the coordinate axes picked to
describe the quantization of the nuclear system. The situation is illustrated
in Fig. 9.2. The unit vectors describing the photon are assumed to have
Euler angles {α, β, γ} with respect to the nuclear quantization axes. The
difficulty in achieving this configuration is that the photon axes here are
the axes that are assumed to be fixed in space, having been determined,
for example, by the detection of the photon, and the rotations are to be
carried out with respect to these axes.

Now one knows how to carry out a rotation of the nuclear state
vector relative to a fixed set of axes. For example, consider the rotation
operator that rotates a physical state vector through the angle β relative
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40 Part 2 General analysis

�
k/�

�
k� β

�
e�

k1

�
e�

k2γα

�JM>

x

y

z ��(J1M1)>
��(JFMF)>

Line of nodes

Fig. 9.2. Photon emitted in arbitrary direction relative to quantization axes for
nuclear system. Note {α, β, γ} are Euler angles.

Fig. 9.3. Rotate physical state vector by angle β about y-axis.

to a laboratory-fixed y-axis as indicated in Fig. 9.3. It follows entirely
from the defining commutation relations for the angular momentum,

that the operator which accomplishes this task is R̂−β ≡ e−iβĴy . This is
demonstrated as follows. Introduce a new unit vector along the z′ direction
and dot this into the angular momentum operator

ez′ = ez cos β + ex sin β

ez′ · Ĵ = Ĵz cos β + Ĵx sin β (9.24)

Now make use of the following identity and basic commutation relations

e−iβĴy Ĵze
iβĴy = Ĵz + (−iβ)[Ĵy, Ĵz] +

(−iβ)2

2!
[Ĵy, [Ĵy, Ĵz]]

+
(−iβ)3

3!
[Ĵy, [Ĵy, [Ĵy, Ĵz]]] + · · ·

[Ĵi, Ĵj] = iεijkĴk (9.25)

One finds

e−iβĴy Ĵze
iβĴy = Ĵz

(
1 − β2

2!
+ · · ·

)
+ Ĵx

(
β − β3

3!
+ · · ·

)

= Ĵz cos β + Ĵx sin β

= ez′ · Ĵ (9.26)
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9 Multipole analysis 41

Thus, from general principles,

(ez′ · Ĵ)e−iβĴy = e−iβĴy Ĵz (9.27)

Now apply this relation to the state vector |jm〉 representing a particle

with angular momentum j and z-component m, and let Ĵz act on this
eigenstate.

(ez′ · Ĵ)[e−iβĴy |jm〉] = m[e−iβĴy |jm〉] (9.28)

This is the desired result. The quantity e−iβĴy |jm〉 is a rotated eigenstate
with angular momentum m along the new z′-axis.

The goal now is to rotate the nuclear state vector |JiMi〉 quantized
with respect to the photon axes into a nuclear state vector |Ψi(JiMi)〉
correctly quantized with respect to the indicated {x, y, z} coordinates. A
concentrated effort, after staring at Fig. 9.2, will convince the reader that
the following rotations, carried out with respect to the laboratory-fixed
photon coordinate system in the indicated sequence, will achieve this end

1. −α about k/|k|
2. −β about ek2

3. −γ about k/|k|
The rotation operator that accomplishes this rotation is

R̂+γ,+β,+α = exp {iγĴ3} exp {iβĴ2} exp {iαĴ3} (9.29)

The {2, 3} axes are now the laboratory-fixed {ek2, k/|k|} axes. Thus

|Ψi(JiMi)〉 = R̂γ,β,α|JiMi〉 =
∑
Mk

DJi
MkMi

(γ, β, α)|JiMk〉 (9.30)

Here the rotation matrices have been introduced that characterize the
behavior of the eigenstates of angular momentum under rotation [Ed74].
It is clear from Fig. 9.2 that one can identify the usual polar and azimuthal
angles that the photon makes with respect to the nuclear coordinate system
according to β ↔ θ and α ↔ φ; the angle γ ↔ −φ of the orientation of the
photon polarization vector around the photon momentum is a definition
of the overall phase of the state vector, and, as such, merely involves a
phase convention; the choice here is that of Jacob and Wick [Ja59]. It will
be apparent in the final result that this phase is irrelevant. Equation (9.30)
expresses the required nuclear state vector as a linear combination of state
vectors quantized along the photon axes. Since now only matrix elements
between states quantized along k are required, all the previous results can
be utilized. The required photon transition matrix element takes the form

〈Ψf(JfMf)|ĤJ,−λ|Ψi(JiMi)〉 = 〈JfMf |R̂−1
γ,β,αĤJ,−λR̂γ,β,α|JiMi〉 (9.31)
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42 Part 2 General analysis
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–φk

Fig. 9.4. Configuration for transition matrix element describing photon emission
and nuclear process JiMi → JfMf with nuclear quantization axis along the z-axis.

Here λ is the photon helicity, and ĤJ,−λ indicates one of the contributions
to the operator in Eq. (9.10). Evidently

R̂−1
γ,β,α = R̂−α,−β,−γ (9.32)

The definition of an ITO can now be used to simplify the calculation
[Ed74]

R̂−α,−β,−γĤJ,−λR̂
−1
−α,−β,−γ =

∑
M′

DJ
M′,−λ(−α,−β,−γ)ĤJM′ (9.33)

The previous identification of the angles, and a combination of these
results, permits one to write the transition matrix element describing the
nuclear process JiMi → JfMf with the nuclear quantization axis along z

and emission of a photon with helicity λ (Fig. 9.4) as

〈Ψf(JfMf)|Ĥ ′(kλ)|Ψi(JiMi)〉 = 〈JfMf |Ĥem
1 (kλ)|JiMi〉 (9.34)

where the appropriate transition operator is given by

Ĥem
1 (kλ) = ep

(
h̄c2

2ωkΩ

)1/2 ∑
JM

(−i)J
√

2π(2J + 1)

×[T̂ el
JM(k) + λT̂

mag
JM (k)] DJ

M,−λ(−φk,−θk, φk) (9.35)

The Wigner–Eckart theorem in Eq. (9.22) now permits one to extract all
the angular momentum selection rules and M-dependence of the matrix
element in Eq. (9.34). All M’s now refer to a common set of coordinate
axes.6

6 These axes were originally the photon axes with the z-axis along k, but they can

now just as well be the nuclear {x, y, z} axes in Fig. 9.4; the equivalence of these

two interpretations is readily demonstrated by taking out the M-dependence in a C–G

coefficient with the aid of the Wigner–Eckart theorem — it is the same in both cases. The

two interpretations differ only by an overall rotation (with R̂−1R̂ inserted everywhere),

which leaves the physics unchanged.
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9 Multipole analysis 43
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Fig. 9.5. Nuclear transition with real photon emission.

The final DJ
M,−λ in Eq. (9.35) plays the role of a “photon wave function,”

since the square of this quantity gives the intensity distribution in (θk, φk)
of electromagnetic radiation carrying off {J,−M, λ} from the target.

We proceed to calculate the transition rate for the process indicated in
Fig. 9.5. The total transition rate for an unoriented nucleus is given by the
Golden Rule

ω =
2π

h̄

∑
f

∑
i

|〈JfMf; kλ|H ′|JiMi〉|2δ(Ef + ωk − Ei) (9.36)

The appropriate sum over final states is given by

∑
f

=
Ω

(2π)3

∑
λ

∑
Mf

∫
d3k (9.37)

The
∫
dk allows one to integrate over the energy-conserving delta function∫

dk δ(Ef+ωk −Ei) = 1/h̄c. The integral over final solid angles of the pho-
ton

∫
dΩk can be performed with the aid of the orthogonality properties

of the rotation matrices [Ed74]∫ π

0
sin θdθ

∫ 2π

0
dφ DJ

M,−λ(−φ,−θ, φ)∗DJ ′
M′,−λ(−φ,−θ, φ)

=
4π

2J + 1
δJJ ′δMM′ (9.38)

Note that since λ is the same in both functions, the dependence on the
last φ (which was the phase convention adopted for the third Euler angle
−γ in Fig. 9.2) drops out of this expression, as advertised.

The average over initial nuclear states is performed according to
∑

i =
(2Ji + 1)−1 ∑

Mi
. The use of the Wigner–Eckart theorem in Eq. (9.22) and

the orthonormality of the C–G coefficients then permits one to perform
the required sums over Mf and Mi∑

Mf

∑
Mi

|〈JfMfJi − Mi|JfJiJM〉|2 = 1 (9.39)

The final sum on M gives
∑

M = 2J + 1.
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44 Part 2 General analysis

Since the matrix element of one or the other multipoles must vanish by
conservation of parity, assumed to hold for the strong and electromagnetic
interactions, it follows that

|〈Jf ||T̂ el
J + λT̂

mag
J ||Ji〉|2 = |〈Jf ||T̂ el

J ||Ji〉|2 + |〈Jf ||T̂mag
J ||Ji〉|2 (9.40)

This expression is now independent of λ, and the sum over final photon
polarizations gives

∑
λ = 2.

A combination of these results yields the total photon transition rate
for the process illustrated in Fig. 9.5

ωf i = 8πα kc
1

2Ji + 1

∑
J≥1

{
|〈Jf ||T̂ el

J (k)||Ji〉|2 + |〈Jf ||T̂mag
J (k)||Ji〉|2

}
(9.41)

The multipole operators are now dimensionless. Equation (9.41) is a very
general result. It holds for any localized quantum mechanical system.
All that has been assumed about the target is that there is a local
electromagnetic current operator. For most nuclear transitions of interest
involving real photons, the wavelength is large compared to the size of the
nucleus. It is thus important to consider the long-wavelength reduction of
the multipole operators. This informative analysis is somewhat technical,
and in order to not break the thread of the present development, we
relegate the details to appendix A.7

7 We leave it as an exercise for the reader to demonstrate that the inclusion of target

recoil in the density of final states leads to an additional factor of r on the right side of

Eq. (9.41) where r−1 = 1 + h̄k/MTc.
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10
Dirac equation

Electrons are light, with a rest mass of

mec
2 = 0.5110 MeV (10.1)

For the energies of interest here, electrons must be treated relativistically.
Fortunately, for leptons, one knows how to do this with the Dirac equation
[Bj65, Sc68]

(c α · p + βm0c
2)ψ = ih̄

∂ψ

∂t

p =
h̄

i
∇ (10.2)

Here ψ is a 4-component column vector and α and β are 4 × 4 hermitian
matrices satisfying the relations

βαk + αkβ = 0 ; k = 1, 2, 3

αkαl + αlαk = 2δkl

β2 = 1 (10.3)

A specific (standard) representation of the Dirac matrices is given in 2 × 2
form by

α =

(
0 σ
σ 0

)
β =

(
1 0
0 −1

)
(10.4)

Introduce

γ ≡ iαβ

γ4 ≡ β (10.5)
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46 Part 2 General analysis

It follows that these new matrices are also hermitian and satisfy the
following algebra

γμγν + γνγμ = 2δμν

γ†
μ = γμ ; μ = 1, . . . , 4 (10.6)

In the standard representation, the gamma matrices are given by

γ =

(
0 −iσ
iσ 0

)
γ4 =

(
1 0
0 −1

)
(10.7)

Multiplication on the left by γ4 and division by h̄c leads to the covariant
form of the Dirac equation(

γμ
∂

∂xμ
+

m0c

h̄

)
ψ = 0

γμ = (γ, γ4)

xμ = (x, ict) (10.8)

Repeated Greek indices are summed from 1 to 4.
To include an electromagnetic field one makes the gauge invariant re-

placement pμ → pμ − (e/c)Aμ or

∂

∂xμ
→ ∂

∂xμ
− ie

h̄c
Aμ

Aμ = (A, iΦ) (10.9)

This yields the Dirac equation[
γμ

(
∂

∂xμ
− ie

h̄c
Aμ

)
+

m0c

h̄

]
ψ = 0 (10.10)

The equivalent Dirac hamiltonian is obtained by working backwards

H = c α ·
(

p − e

c
A

)
+ βm0c

2 + eΦ

= H0 + H1

H1 = −eα · A + eΦ (10.11)

Here e = −|e| = −ep is the charge on the electron.
The Dirac equation for the adjoint field is obtained from Eq. (10.10) by

taking the adjoint and multiplying on the right with γ4

ψ̄

⎡
⎣γμ

⎛
⎝ ←

∂

∂xμ
+

ie

h̄c
Aμ

⎞
⎠ − m0c

h̄

⎤
⎦ = 0

ψ̄(x) ≡ ψ†(x)γ4 (10.12)
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10 Dirac equation 47

The Dirac electromagnetic current is given by

ejμ = e

(
1

c
ψ†αc ψ, iψ†ψ

)
= ie ψ̄(x)γμψ(x) (10.13)

It then follows by direct differentiation and use of the equations of motion
that the Dirac current is conserved

∂jμ

∂xμ
= 0 (10.14)

Note that this relation holds in the presence of the electromagnetic field,
as it must.

One obtains stationary state, plane wave solutions to the free Dirac
equation upon substitution of the form

ψ = e−iEt/h̄eip·x/h̄ u(p) (10.15)

The resulting equations only have solutions for eigenvalues of the energy.
We denote these eigenvalues and the corresponding eigenfunctions by

E = +Ep ; solution u(p)

E = −Ep ; solution v(p)

Ep ≡
√

p2c2 + m2
0c

4 (10.16)

That it yield the correct relativistic energy–momentum relation is one of
the requirements used to derive the Dirac equation. A little algebra shows
that the four eigenfunctions (u1, u2, v1, v2) can be exhibited explicitly as the
columns of the following modal matrix, again expressed in 2 × 2 form,

M =

(
Ep + m0c

2

2Ep

)1/2

⎡
⎢⎢⎢⎣

1 − cσ·p
Ep + m0c

2

cσ·p
Ep + m0c

2 1

⎤
⎥⎥⎥⎦ (10.17)

They satisfy the orthonormality conditions

u
†
i uj = v

†
i vj = δij

u
†
i vj = v

†
i uj = 0 (10.18)

Evidently, from the Dirac equation, these solutions satisfy

(iγμpμ + m0c)u(p) = 0

(iγμpμ − m0c)v(−p) = 0

pμ ≡ (p, iEp/c) (10.19)
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48 Part 2 General analysis

Fig. 10.1. Promotion of particle from a negative energy to a positive energy
state in Dirac’s hole theory.

Now p is the momentum eigenvalue. Note that the second equation is
written for v(−p). This solution can be interpreted with the aid of Dirac’s
hole theory.

A heuristic understanding of the role of the negative energy states was
given by Dirac. Since particles in the positive energy states could just keep
cascading down endlessly, he invoked the Pauli Exclusion Principle and
assumed that in the vacuum the negative energy states are all filled. One
always measures quantities with respect to the vacuum and the constant
contribution of the filled states has no consequence for this theory.

This picture does have implications. A particle in one of the filled
negative energy states can be promoted by some mechanism to one of
the positive energy states as illustrated in Fig. 10.1. Since if one fills the
negative energy state one recovers the vacuum, the hole (absence of a
particle) must have the opposite properties of the particle. Dirac called
these antiparticles. The antiparticle of the electron is the positron. If
v(−p, λ) is the negative energy solution of a particle with charge e = −|e|,
momentum −p and helicity λ with respect to −p, then it represents a
positron with charge +|e|, momentum +p and helicity λ with respect
to +p. (Since the spin also reverses, the helicity, or component of spin
along the momentum, is unchanged.) Another immediate consequence of
Dirac hole theory is that the vacuum becomes a dynamical quantity; it is
polarizable for example, and relativistic quantum mechanics immediately
confronts one with the relativistic quantum many-body problem.

The solutions in Eq. (10.17) can be combined to yield the projection
operators

∑
spins, E>0

u(p, s)αū(p, s)β =

(
m0c

2 − iγμpμc

2Ep

)
αβ∑

spins, E<0

v(−p, s)αv̄(−p, s)β =

(
−m0c

2 − iγμpμc

2Ep

)
αβ

(10.20)

The relativistic quantum field for a free electron can be expanded
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10 Dirac equation 49

in terms of the normal-model solutions to the Dirac equation obtained
above. The coefficients in the expansion become creation and destruction
operators satisfying canonical anti-commutation relations (for fermions).
After a canonical transformation to particles and holes, the field in the
Schrödinger representation takes the form [Bj65, Fe71]

ψ(x) =
1√
Ω

∑
k,λ

[
ak,λu(kλ)e

ik·x + b
†
k,λv(−kλ)e−ik·x

]
(10.21)

We again quantize in a big box of volume Ω and use periodic boundary
conditions. The Dirac current is given in terms of the field by

jμ(x) = iψ̄(x)γμψ(x) (10.22)

The hamiltonian in first quantization for a Dirac particle in an ex-
ternal, time-dependent field Aext

μ (x, t) is given by Eq. (10.11). In second
quantization this hamiltonian takes the form [Bj65, Fe71]

Ĥ =

∫
ψ̂†(x)

{
c α ·

[
p − e

c
Aext(x, t)

]
+ βm0c

2 + eΦext(x, t)

}
ψ̂(x) d3x

(10.23)

Here ψ̂(x) and ψ̂†(x) are field operators in the Schrödinger picture satis-
fying canonical anti-commutation relations [Eq. (10.21) provides a conve-
nient representation]. The interaction hamiltonian in the external electro-
magnetic field is evidently

Ĥ (1) = −e ĵμ(x)Aext
μ (x, t) (10.24)

This hamiltonian can be used to determine the relativistic, quantum behav-
ior of an electron in an arbitrary, time-dependent external electromagnetic
field. It also governs pair production processes.

There are several readily established relations on the traces of the
gamma matrices which are useful in the calculation of rates and cross
sections [Bj65].

trace γμ = 0

trace γμγν = 4δμν

trace γμγνγρ = 0

trace γμγνγργσ = 4(δμνδρσ − δμρδνσ + δμσδνρ) (10.25)

Other relations are given in appendix D.
Since h̄ and c have now served their purpose, and we know where all

the factors are, it is convenient to go over to a more common set of units
used in nuclear and particle physics where

h̄ = c = 1 (10.26)
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50 Part 2 General analysis

This simplifies the algebra considerably, and we shall henceforth assume
this to be the case. All momenta and energies now become inverse lengths
with the conversion factor

h̄c = 197.3 MeV fm (10.27)

We shall take care to ensure that all final results are written in transparent
and dimensionally correct form.
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11
Covariant analysis

Consider the scattering of a Dirac electron in an external field created
by an electromagnetic transition current density in a hadronic target. We
assume to start with that the target makes a transition from the ground
state to some discrete excited state. The external vector potential Aext

μ (x, t)
can be related to that current density through the use of Maxwell’s
equations1 (

∂

∂xν

)2

Aext
μ (x, t) = −ep〈f|Ĵμ(x, t)|i〉 (11.1)

Here |i〉 and |f〉 are exact Heisenberg eigenstates of the target with energies
E, E ′ respectively. It follows that the time dependence of the target matrix
element can be extracted as(

∂

∂xν

)2

Aext
μ (x, t) = −ep〈f|Ĵμ(x)|i〉e−i(E−E′)t (11.2)

The states can similarly be taken as eigenstates of four-momentum pμ =
(p, iE), so the entire space-time dependence can be extracted as(

∂

∂xν

)2

Aext
μ (x, t) = −ep〈f|Ĵμ(0)|i〉ei(p−p′)·x (11.3)

First-order time-dependent perturbation theory and the interaction of Eq.
(10.24) lead to the scattering operator

Ŝ
.
= −i

∫
Ĥ(1)

I (x, t) d4x (11.4)

1 These are Maxwell’s equations in the Lorentz gauge for the external field where, by

current conservation, ∂Aext
μ /∂xμ = 0.
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52 Part 2 General analysis

Fig. 11.1. Feynman diagram for electron scattering from a hadronic target.

Here the interaction representation for the electrons has been introduced
and they carry the free field time dependence exp(±ik ·x). Now take matrix
elements of the scattering operator between appropriate initial and final
electron states

〈k2, s2|Ŝ |k1, s1〉 = − e√
Ω2

ū(k2, s2)γμu(k1, s1)

∫
e−iq·x Aext

μ (x) d4x

q ≡ k2 − k1 (11.5)

If one proceeds directly to the continuum limit, what is required is the
four-dimensional Fourier transform of the external field

Ãext
μ (q) =

∫
e−iq·x Aext

μ (x) d4x (11.6)

The Fourier transform is inverted with the relation

Aext
μ (x) =

∫
eiq·x Ãext

μ (q)
d4q

(2π)4
(11.7)

Substitute Eq. (11.7) on the left hand side of Eq. (11.3). The right hand
side is then reproduced if one chooses

−q2 Ãext
μ (q) = −ep〈f|Ĵμ(0)|i〉(2π)4δ(4)(p − p′ − q) (11.8)

The required S-matrix thus takes the form

〈f|Ŝ |i〉 = − eep√
Ω2

ū(k2)γμu(k1)
1

q2
〈f|Ĵμ(0)|i〉(2π)4δ(4)(p − p′ − q)

q = k2 − k1 = p − p′ (11.9)

The spin quantum numbers for the electron have been suppressed.
The amplitude in Eq. (11.9) can be represented as a Feynman diagram

as shown in Fig. 11.1. There is a corresponding set of Feynman rules for
the S-matrix:

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


11 Covariant analysis 53

Fig. 11.2. Quantization volume.

1. Include a factor of (−i) for each order of perturbation theory; here
second order;

2. Include a factor of (−eJμ) for each vertex; here

• −ieγμ ; for electron vertex

• −ep〈f|Ĵν(0)|i〉 ; for hadronic vertex (lowest order)

3. Include factors of u(k1)/
√

Ω and ū(k2)/
√

Ω for the initial and final
electron legs;

4. Include the following factor for the virtual photon propagator

1

(2π)4 i

1

q2
δμν (11.10)

Since both the electron and target currents are conserved, one could
just as well use the following expression for the photon propagator

1

(2π)4 i

1

q2

[
δμν − qμqν

q2
(1 − ᾱ)

]
(11.11)

The extra term in qμqν vanishes in the S-matrix element (see below).
Here different choices of ᾱ correspond to different gauges for the
internal vector potential;

5. Include a factor (2π)4δ(4)(
∑

i pi) at each vertex;

6. Integrate
∫
d4p over internal lines.

The factors in the above diagram can be checked according to (−i)2(−ie)
×(−ep)(2π)8/(2π)4i

√
Ω2 = −eep(2π)4/

√
Ω2.

As indicated previously, we choose to quantize in a big box of volume
Ω (Fig. 11.2) and in the end let Ω → ∞. This fictitious volume must
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54 Part 2 General analysis

Fig. 11.3. Flux and cross section in any frame obtained by a Lorentz transfor-
mation along the incident electron direction.

disappear from any physical result. The end term in Eqn. (11.9) should
really be written in the form

(2π)3δ(3)(p − p′ − q) =

∫
box

ei(p−p′−q)·x d3x = Ω δp′,p−q (11.12)

Thus the S-matrix for the problem at hand actually takes the form

〈f|Ŝ |i〉 ≡ −2πiδ(Wf − Wi)Tfi

Tfi = −ieepū(k2)γμu(k1)
1

q2
〈f|Ĵμ(0)|i〉 δp′,p−q (11.13)

Here Wf,Wi are the final and initial total energies. The cross section can
now be evaluated immediately with the aid of the Golden Rule

dσ =
Rfi

Flux
= 2π|Tfi|2δ(Wf − Wi)dρf

1

Flux
(11.14)

It follows immediately that

[δp′,p−q]
2 = δp′,p−q (11.15)

Only one of the momenta in the final state is independent. The number of
states for the final electron in a big box with periodic boundary conditions
is

dρf =
Ω

(2π)3
d3k2 (11.16)

Consider the incident flux in any frame obtained by a Lorentz transfor-
mation along the incident electron direction as shown in Fig. 11.3. The
incident flux is defined by vrel/Ω and is given by

Flux =
1

Ω
vrel =

1

Ω

(
k1

ε1
+

p

E

)

=
1

Ωε1E
(ε1p + k1E)

=
1

Ωε1E

√
(k1 · p)2 (11.17)
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11 Covariant analysis 55

The last relation follows for k1 antiparallel to p and massless electrons
since then k1 · p = −k1p − ε1E = −(k1E + ε1p). The reader can verify that
the same result holds if k1‖p, which we now use to generically identify
this case. A combination of the above results then leads to

dσ = 2π
e2e2

p

q4
|ū(k2)γμu(k1)〈f|Ĵμ(0)|i〉|2δ(Wf − Wi)

Ω d3k2

(2π)3

×δp′,p−q
Ωε1E√
(k1 · p)2

(11.18)

If the electron beam is unpolarized and its final polarization unmea-
sured, one must average over initial electron spins and sum over final
spins.2 If the target is unpolarized and unobserved, one must average over
initial target states and sum over final states. The cross section thus takes
the form (recall e2/4π = α, the fine-structure constant)

dσ =
4α2

q4

(
d3k2

2ε2

)
1√

(k1 · p)2
(2ε1ε2)

1

2

∑
s1

∑
s2

∑
i

∑
f

×|ū(k2)γμu(k1)〈f|Ĵμ(0)|i〉|2(ΩE)(2π)3δ(4)(p − p′ − q) (11.19)

Here Eqn. (11.12) has again been employed. The product of the matrix
element and its complex conjugate can now be written out. In taking
the complex conjugate, one must use {γ4, γi} = 0 to restore the gamma

matrices to the proper order and also remember that Ĵμ = (Ĵ, iρ̂) has an
imaginary fourth component. We therefore arrive at the final, important
result

dσ =
4α2

q4

(
d3k2

2ε2

)
1√

(k1 · p)2
ημνWμν (11.20)

ημν ≡ −2ε1ε2
1

2

∑
s1

∑
s2

ū(k1)γνu(k2)ū(k2)γμu(k1)

Wμν = (2π)3
∑
i

∑
f

〈i|Ĵν(0)|f〉〈f|Ĵμ(0)|i〉(ΩE)δ(4)(p′ − p + q)

This expression represents the cross section in any frame where k1‖p.
It is evident from Fig. 11.3 that dσ is a small element of transverse area
and, as such, is invariant under Lorentz transformations along the incident
electron direction. The initial factors in this result are all Lorentz invariant.
The quantity ημν transforms as a second rank tensor (see below). Hence

2 We shall later relax these conditions.
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56 Part 2 General analysis

one concludes that Wμν must also be a second rank tensor.3 The right
hand side of Eq. (11.20) is explicitly Lorentz invariant and can now be
evaluated in any Lorentz frame; it represents the physical cross section in
any frame where k1‖p.

If one were doing elastic scattering from a point Dirac particle, the
matrix elements of the current would each be proportional to 1/Ω and
the final momentum would be determined by the use of Eq. (11.12).
The quantity Wμν would thus be independent of Ω and the quantization
volume would then cancel from Eq. (11.20), as it must. This is in fact a
general result, as we shall see in all our applications.

Although Eq. (11.20) has been derived under the assumption of a
discrete final state of the target, the generalization to an arbitrary final
state of the target, which might include the production of many particles,
is now immediate. One simply calculates the appropriate inelastic matrix
element of the current and then sums over the correct number of final
states at given (p, q) in Wμν .

With the aid of the positive-energy projection operators for the Dirac
equation in Eq. (10.20), the lepton response tensor can be evaluated for
massless electrons as follows

ημν ≡ −2ε1ε2
1

2

∑
s1

∑
s2

ū(k1)γνu(k2)ū(k2)γμu(k1)

= −ε1ε2 trace

[
γν

(−iγλk2λ

2ε2

)
γμ

(−iγρk1ρ

2ε1

)]

=
1

4
4
[
k2νk1μ + k1νk2μ − (k1 · k2)δμν

]
ημν = k2νk1μ + k1νk2μ − (k1 · k2)δμν (11.21)

This is evidently a second rank Lorentz tensor, as advertised.
The target response tensor Wμν is a second rank Lorentz tensor built

out of the two remaining independent four-vectors p and q; everything
else has been summed over. The electromagnetic current is conserved.
With the aid of the Heisenberg equations of motion, one concludes that

∂

∂xμ
〈f|Ĵμ(x)|i〉 = ei(p−p′)·x i(p − p′)μ〈f|Ĵμ(0)|i〉 = 0

qμ〈f|Ĵμ(0)|i〉 = 0 (11.22)

Hence current conservation for the target implies

qμWμν = Wμνqν = 0 (11.23)

3 This can be proven directly from the Lorentz transformation properties of the states,

but the argument is more involved.
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11 Covariant analysis 57

The Dirac equation for the massless electrons implies that

ū(k2)γλqλu(k1) = ū(k2)(γλk2λ − γλk1λ)u(k1) = 0 (11.24)

It follows that the lepton response tensor in Eq. (11.21) obeys the same
conditions

qμημν = ημνqν = 0 (11.25)

The two independent Lorentz scalars that can be constructed from p

and q are q2 and q · p. Recall p2 = −M2
T is fixed by the target mass. In

the laboratory frame, for massless electrons, q2 = (k2 − k1)
2 − (k2 − k1)

2 =
2k1k2(1 − cos θ) where θ is the scattering angle. Furthermore, the target is
at rest in that frame so p = (0, iMT ). Hence one can identify these scalers
in the laboratory frame according to

q2 = 4k1k2 sin2 θ

2
; laboratory frame

q · p = −q0MT (11.26)

The conditions in Eq. (11.23) then imply that the target response tensor
must have the following form

Wμν = W1(q
2, q · p)

(
δμν − qμqν

q2

)

+W2(q
2, q · p) 1

M2
T

(
pμ − p · q

q2
qμ

)(
pν − p · q

q2
qν

)
(11.27)

This result is due to Bjorken [Bj60], Von Gehlen [Vo60], and Gourdin
[Go61]. It forms the basis for the subsequent analysis. It makes use only of
Lorentz covariance and current conservation, and it holds for any hadronic
target, independent of its internal structure. Note that it is

∑
i

∑
f that

yields the simplicity of the form in Eq. (11.27). Upon substitution of this
expression, the cross section in Eq. (11.20) is then exact to lowest order in
α. We proceed to the proof of this important result.

Write the most general tensor4 one can make out of the four-vectors p

and q

Wμν = W1δμν + W2
pμpν

M2
T

+ A
qμqν

M2
T

+ B
1

M2
T

(pμqν + pνqμ)

+C
1

M2
T

(pμqν − pνqμ) (11.28)

4 Note that εμνρσqρpσ is a pseudotensor. We shall return to this later.
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58 Part 2 General analysis

Use the current conservation relations in Eq. (11.23)

W1qν + W2
p · q pν
M2

T

+ A
q2 qν

M2
T

+ B
1

M2
T

(p · q qν + q2 pν)

+C
1

M2
T

(p · q qν − q2 pν) = 0

W1qμ + W2
p · q pμ
M2

T

+ A
q2 qμ

M2
T

+ B
1

M2
T

(p · q qμ + q2 pμ)

+C
1

M2
T

(q2 pμ − p · q qμ) = 0 (11.29)

Since p and q are linearly independent four-vectors, their coefficients
must individually vanish

W1 +
q2

M2
T

A +
p · q
M2

T

B +
p · q
M2

T

C = 0

p · q
M2

T

W2 +
q2

M2
T

B − q2

M2
T

C = 0

W1 +
q2

M2
T

A +
p · q
M2

T

B − p · q
M2

T

C = 0

p · q
M2

T

W2 +
q2

M2
T

B +
q2

M2
T

C = 0 (11.30)

The solution to these linear equations is

C = 0

B = −p · q
q2

W2

A = −M2
T

q2
W1 +

(
p · q
q2

)2

W2 (11.31)

This is the desired result.

The next task is to combine the expressions in Eqs. (11.21, 11.27) to get
the cross section in Eq. (11.20). With the aid of Eq. (11.25), the required
expression reduces to

ημνWμν = (k1μk2ν + k1νk2μ − k1 · k2 δμν)

(
W1δμν + W2

pμpν

M2
T

)

= W1(−2k1 · k2) + W2
1

M2
T

(2 p · k1 p · k2 − p2 k1 · k2) (11.32)
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11 Covariant analysis 59

Now employ some kinematics in the laboratory frame. Since the electrons
are massless here

q = k2 − k1

q2 = −2k1 · k2 = −2k1 · k2 + 2ε1ε2

= 2ε1ε2(1 − cos θ) = 4ε1ε2 sin2 θ

2
(11.33)

Also, since p = (0, iMT ) in the laboratory frame,

p2 = −M2
T

(p · k1)(p · k2) = M2
T ε1ε2 (11.34)

Hence

ημνWμν = 4ε1ε2 sin2 θ

2
W1 + 2ε1ε2(1 − sin2 θ

2
)W2

= 2ε1ε2

(
W2 cos2

θ

2
+ 2W1 sin2 θ

2

)
(11.35)

The double differential cross section in the laboratory frame in Eq. (11.20)
can therefore be written

d2σ

dε2dΩ2
=

α2

4ε21ε
2
2 sin4 θ/2

(
ε22
2ε2

)(
1

MTε1

)
2ε1ε2

(
W2 cos2

θ

2
+ 2W1 sin2 θ

2

)
(11.36)

Introduce the Mott cross section for the scattering of a relativistic (mass-
less) Dirac electron from a point charge5

σM ≡ α2 cos2 (θ/2)

4ε21 sin4 (θ/2)
(11.37)

The double differential cross section in the laboratory frame for the
scattering of a relativistic Dirac electron from an arbitrary hadronic target
to order α2 then takes the form

d2σ

dΩ2dε2
= σM

1

MT
[W2(q

2, q · p) + 2W1(q
2, q · p) tan2 θ

2
] (11.38)

This is a central result.
It is useful at this point to demonstrate the relation to the photoabsorp-

tion cross section. The process is illustrated in Fig. 11.4. This cross section

5 Two factors of Eq. (10.27) restore the correct dimensions (recall ε = h̄kc).
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60 Part 2 General analysis

Fig. 11.4. The process of photoabsorption by a hadronic target.

measures one slice of the two-dimensional response surface W1(q
2, q · p).

In fact

σγ =
(2π)2α√
(k · p)2

W1(k
2,−k · p) ; k2 = 0 (11.39)

Here k = (k, iωk) is the four-momentum of the incoming photon. This
result is derived as follows.

Start from the interaction with the transverse quantized radiation field

H ′ = −ep

∫
J(x) · A(x) d3x (11.40)

Everything is now in the Schrödinger representation. The quantized radia-
tion field is expanded in normal modes according to Eq. (8.8) with helicity
unit vectors λ = ±1 defined in Eq. (8.4) and Fig. 8.1. The scattering op-
erator is again given in lowest order by Eq. (11.4) where now everything
is in the interaction representation. The appropriate S-matrix element of
this scattering operator is

〈f|Ŝ |i〉 = iep

(
1

2ωkΩ

)1/2

ekλ · 〈f|Ĵ(0)|i〉 (2π)4δ(4)(p + k − p′) (11.41)

The system is again quantized in a big box with periodic boundary
conditions so that Eq. (11.12) should actually be employed. The T-matrix
is identified as in Eq. (11.13)

Sfi = −2πiδ(Wf − Wi)Tfi

Tfi = −ep

(
1

2ωkΩ

)1/2

ekλ · 〈f|Ĵ(0)|i〉 Ω δp′,p−k (11.42)

The cross section is again given by

σγ =
Rate

Flux
= 2π|Tfi|2δ(Wf − Wi)

1

Flux

Flux =
1

Ω

√
(k · p)2
ωkE

(11.43)
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11 Covariant analysis 61

With unpolarized and unobserved targets, one must again average over
initial states and sum over final states and with an unpolarized beam, one
must average over photon polarizations. With the use of Eq. (11.15) and
the identification of the target response tensor in Eq. (11.20), one finds

σγ =
2π2α√
(k · p)2

∑
λ=±1

(e
†
k,λ)iWij(ek,λ)j (11.44)

It is now necessary to carry out the polarization sums, and with the
insertion of the expressions for the helicity unit vectors one has∑

λ±1

(e
†
kλ)i(ekλ)j

=
1

2
[(ek1 − iek2)i(ek1 + iek2)j + (ek1 + iek2)i(ek1 − iek2)j]

= (ek1)i(ek1)j + (ek2)i(ek2)j

= δij − kikj

k2
(11.45)

The last relation follows since the set of unit vectors in Fig. 8.1 is complete.
Current conservation can now be employed on the last term

kμ〈f|Ĵμ(0)|i〉 = 0

k · 〈f|Ĵ(0)|i〉 = |k| 〈f|Ĵ0(0)|i〉 (11.46)

The required expression in Eq. (11.44) can therefore be written as a
covariant polarization sum∑

λ

(e
†
k,λ)iWij(ek,λ)j = Wμμ (11.47)

One has to be careful with the limit k2 → 0 of the general expression
for the target response tensor in Eq. (11.27). From its definition in terms
of matrix elements of the current in Eq. (11.20), Wμν cannot be singular
in this limit. Thus, by inspection

W2 → O(q2) ; q2 → 0

−W1 +
(p · q)2
M2

Tq
2
W2 → O(q2) (11.48)

The trace of the response tensor is given in general by

Wμμ = 3W1 + W2
1

M2
T

[
p2 − (p · q)2

q2

]
(11.49)
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62 Part 2 General analysis

With the use of Eqs. (11.48) one has

Wμμ → 3W1 − W2 − W1 + O(q2) ; q2 → 0

Wμμ → 2W1 + O(q2)

Wμμ(k
2 = 0) = 2W1(k

2 = 0) (11.50)

This is the desired result, and Eq. (11.39) holds as claimed.
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12
Excitation of discrete states in (e, e′)

Consider the simplest case of excitation of a discrete state of the target in
inclusive electron scattering (e, e′). The kinematics are illustrated in Fig.
12.1. If M�

T is the final target mass, then

p′ = p − q

−M�2
T = −M2

T − 2p · q + q2

2p · q = M�2
T − M2

T + q2

= 2MT (ε1 − ε2) (12.1)

The last relation evaluates p · q = −MTq0 in the laboratory frame. One
observes that here only q2 is an independent variable.

The integral over the energy-conserving delta function appearing in the
response tensor can be performed according to∫

dε2δ(E′ − MT + q0) =

∫
dε2δ(Wf − Wi)

=

∫
dWf δ(Wf − Wi)

(
∂ε2

∂Wf

)

=

(
∂ε2

∂Wf

)
;Wi = MT + ε1 (12.2)

Fig. 12.1. Kinematics in inclusive electron scattering.

63
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64 Part 2 General analysis

This jacobian is evaluated as follows

Wf = (p′2 + M�2
T )1/2 + ε2

= [(k1 − k2)
2 + M�2

T ]1/2 + ε2

= [ε21 + ε22 − 2ε1ε2 cos θ + M�2
T ]1/2 + ε2

∂Wf

∂ε2
=

ε2 − ε1 cos θ

E′ + 1

=
ε2 + E′ − ε1 cos θ

E′ =
MT + ε1 − ε1 cos θ

E′

=
MT

E′

[
1 +

2ε1 sin2 (θ/2)

MT

]
(12.3)

Energy conservation has been used. The inverse of this relation gives the
required result

∂ε2

∂Wf
=

E′

MT
r

r−1 ≡
[
1 +

2ε1 sin2 (θ/2)

MT

]
(12.4)

Take out the following Lorentz invariant factors from the coefficients
in the response tensor

Wi(q
2, q · p) ≡ wi(q

2)
M2

T

E′ δ(p0 − p′
0 − q0) ; i = 1, 2 (12.5)

Then, from the above,∫
dε2

MT
Wi(q

2, q · p) = wi(q
2) r (12.6)

The remaining response tensor, which will be denoted by wμν , is given by

wμν(q
2) =

∑
i

∑
f

EE′Ω

M2
T

(2π)3δ(3)(p − p′ − q)〈i|Jν(0)|f〉〈f|Jμ(0)|i〉 (12.7)

The sum over final states in the continuum limit takes the form

∑
f

→
∑′

f

Ω d3p′

(2π)3
(12.8)

Here
∑

f
′ now goes over all other quantum numbers. The final result for

the Lorentz invariant response tensor in this discrete case can then be
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12 Excitation of discrete states in (e, e′) 65

written

wμν(q
2) =

∑
i

∑′
f

EE′Ω2

M2
T

〈i|Jν(0)|f〉〈f|Jμ(0)|i〉 (12.9)

= w1(q
2)

(
δμν − qμqν

q2

)
+ w2(q

2)
1

M2
T

(
pμ − p · q

q2
qμ

)(
pν − p · q

q2
qν

)

This relation allows an identification of the transition form factors w1,2(q
2).

The variables q2 and q ·p are here related through Eq. (12.1). Furthermore,
a combination of Eqs. (11.38, 12.6) yields the cross section

dσ

dΩ
= σM

[
w2(q

2) + 2w1(q
2) tan2 θ

2

]
r (12.10)

This is an exact result, to order α2, for the scattering of a relativistic
electron with corresponding excitation of a discrete state in any quantum
mechanical target.

As a simple example, consider elastic scattering from a Jπ = 0+ target.
The kinematics in Eq. (12.1) yields for elastic scattering

M�
T = MT ≡ m

2p · q = q2 (12.11)

From Lorentz covariance and current conservation, one can write the
general form of the matrix element of the current in this case as

〈p′ ; 0+|Jμ(0)|p ; 0+〉 =

(
m2

EE′Ω2

)1/2

F0(q
2)

1

m

(
pμ − p · q

q2
qμ

)
(12.12)

Hence one can simply read off from Eqs. (12.9)

w1 = 0

w2 = |F0(q
2)|2 (12.13)

As a second example, consider elastic scattering from a Jπ = 1/2+

target. It follows from Lorentz covariance and current conservation that
the most general form of the matrix element of the current in this case is
given by [Bj65]

〈 p′ ; 1/2+|Jμ(0)| p ; 1/2+〉 =
i

Ω
ū(p′)

[
F1(q

2)γμ + F2(q
2)σμνqν

]
u(p)

σμν ≡ 1

2i
[γμ, γν] (12.14)
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66 Part 2 General analysis

Fig. 12.2. Elastic scattering from isodoublets.

This time one has to do a little work, but with the aid of the positive energy
projection operator, and by taking the resulting traces, one identifies

w1(q
2) =

q2

4m2
|F1 + 2mF2|2

w2(q
2) = |F1|2 +

q2

4m2
|2mF2|2 (12.15)

Substitution in Eq. (12.10) then yields the celebrated Rosenbluth cross
section. Although very instructive, we leave the derivation of Eqs. (12.14,
12.15) to the dedicated reader.1

The Rosenbluth cross section is quite general. It of course applies to
the nucleon, the isodoublet (p, n). It also applies to the nuclear isodoublet
(32He, 3

1H) as illustrated in Fig. 12.2. In both cases, one can actually do
elastic scattering experiments on the higher energy state. In the case of
the neutron, one uses a deuteron 2

1H in which the neutron is bound to a
proton. In the case of tritium 3

1H, this nucleus lives long enough that one
can make targets of it for external beam experiments.

It is useful to make the isospin dependence of the form factor manifest
in the case of scattering from an isodoublet target. The general isospin
structure of the electromagnetic current operator in any description of
nuclei and nucleons (mesons and baryons, quarks and gluons, etc.) is

Jγμ = JSμ + JV3
μ (12.16)

Here the superscript describes the behavior under isospin transformations,
either scalar or third component of an isovector. It follows from the
Wigner–Eckart theorem that the matrix elements of the current must
reflect that behavior. Thus the form factors must have the structure

Fi =
1

2
(FS

i + FV
i τ3) ; i = 1, 2 (12.17)

Here τ are the Pauli matrices, and the target isospinors are suppressed in

1 Hermiticity of the current implies that the form factors in these examples are real.
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12 Excitation of discrete states in (e, e′) 67

Fig. 12.3. Inelastic transition 0+ → 1+.

Eq. (12.14). For the nucleon, it follows that

F
p
i =

1

2
(FS

i + FV
i ) FS

i = F
p
i + Fn

i

Fn
i =

1

2
(FS

i − FV
i ) FV

i = F
p
i − Fn

i (12.18)

It is useful to summarize the following numerical values for the nucleon
(m ≡ mp)

F
p
1 (0) = 1 FS

1 (0) = 1

Fn
1 (0) = 0 FV

1 (0) = 1

2mF
p
2 (0) = +1.793 2mFS

2 (0) = −.120

2mFn
2 (0) = −1.913 2mFV

2 (0) = +3.706 (12.19)

Consider next an inelastic transition 0+ → 1+ as illustrated in Fig.
12.3. From Lorentz covariance, the general form of the transition matrix
element of the current can be written as

〈p′; 1+λ|Jμ(0)|p; 0+〉 =

(
mm�

EE′ Ω2

)1/2
f(q2)√
2mm�

εμνρσ ε
(λ)�
ν pρqσ (12.20)

Here λ is the helicity of the final 1+ particle, and its polarization four-
vector is given by

ε(λ)�ν ≡ (ε(λ)†, iε(λ)†0 ) (12.21)

Because of the intrinsic parity of the 1+ particle, this matrix element
must transform as an axial vector. Note that current conservation is
automatically maintained since qμεμνρσqσ = 0.

To calculate the cross section one needs the sum over polarization
vectors, which for a spin one particle is given by2

∑
λ
ε(λ)�μ ε(λ)ν = δμν +

p′
μp

′
ν

m�2
(12.22)

2 This must be a second rank tensor, and the polarization vectors satisfy p′ · ε(λ) = 0.
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68 Part 2 General analysis

After some algebra, one then obtains

w1 =
q2

2mm�
|f(q2)|2

w2 =
q2

2mm�
|f(q2)|2 (12.23)

The cross section then follows from Eq. (12.10). We shall see from the sub-
sequent multipole analysis that this represents a “pure M1 cross section.”

The reader can now write his or her own “elementary cross section.” Just
pick a transition and use Lorentz covariance and current conservation to
write the general form of the matrix element of the current. The response
functions w1,2(q

2) are then identified from Eqs. (12.9) and the cross section
from Eq. (12.10).

Let us now make a connection to the analysis of real photon transitions
in chapter 9 and make a multipole analysis of the electron scattering cross
section. We start by going back a step and restoring the spatial dependence
to the matrix elements in Eq. (11.20) through the use of the Heisenberg
equations of motion

Wμν =
∑

i

∑
f
δ(p0 − p′

0 − q0)〈i|
∫

eiq·xJν(x) d3x|f〉

×〈f|
∫

e−iq·xJμ(x) d3x|i〉(E) (12.24)

This relation is still exact since if the initial and final states are eigenstates
of momentum, one has

〈f|
∫

e−iq·xJμ(x) d3x|i〉 = Ωδp,p′+q〈f|Jμ(0)|i〉

and then; 〈i|
∫

eiq·xJν(x) d3x|f〉 = Ω〈i|Jν(0)|f〉 (12.25)

Thus in the limit Ω → ∞
Wμν = (2π)3

∑
i

∑
f
δ(4)(p − p′ − q)〈i|Jν(0)|f〉〈f|Jμ(0)|i〉(E Ω) (12.26)

This is our previous result.
Assume one goes to a discrete state with mass M�

T , then just as before

Wμν ≡ M2
T

E′ δ(p0 − p′
0 − q0)wμν (12.27)

wμν =
∑
i

∑
f

(
EE′

M2
T

)
〈i|
∫

eiq·xJν(x) d3x|f〉〈f|
∫

e−iq·xJμ(x) d3x|i〉

= w1(q
2)

(
δμν − qμqν

q2

)
+ w2(q

2)
1

M2
T

(
pμ − p · q

q2
qμ

)(
pν − p · q

q2
qν

)
The cross section is again given by Eq. (12.10).
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12 Excitation of discrete states in (e, e′) 69

Let us now solve Eqs. (12.27) for the functions w1,2(q
2). First take

μ = ν = 4 and make use of the fact that in the laboratory frame
p = (0, iMT ). This yields

w1

(
1 +

q2
0

q2

)
− w2

(
1 +

q2
0

q2

)2

= w1
q2

q2
− w2

q4

q4

= −
∑
i

∑
f

(
EE′

M2
T

)
|〈f|

∫
e−iq·xρ̂(x) d3x|i〉|2 (12.28)

Next dot the spatial part of the tensor Wμν into the spherical unit vectors

eqλ from the left and e
†
qλ from the right. Here these spherical unit vectors

are defined with respect to the direction of the momentum transfer q [see
Fig. 8.1 and Eqs. (8.4)]. For λ = ±1 they satisfy

eqλ · e
†
qλ = 1

eqλ · q = 0 ; λ = ±1 (12.29)

As a result of these observations, the term in w2 no longer contributes.
Finally, take

∑
λ=±1 to simplify things. The result of these operations is

2w1 =
∑
λ=±1

∑
i

∑
f

(
EE′

M2
T

)
|〈f|

∫
e−iq·x e

†
qλ · Ĵ(x) d3x|i〉|2 (12.30)

These equations can now be solved for w1,2(q
2) with the result

2w1(q
2) =

∑
λ=±1

∑
i

∑
f

(
EE′

M2
T

)
|〈f|

∫
e−iq·x e

†
qλ · Ĵ(x) d3x|i〉|2 (12.31)

w2(q
2) =

q2

q2
w1(q

2) +
q4

q4

∑
i

∑
f

(
EE′

M2
T

)
|〈f|

∫
e−iq·x ρ̂(x) d3x|i〉|2

These equations are still exact.
Now assume, just as in the analysis of real photon transitions in chapters

8 and 9, that

• The target is heavy and the transition densities are well localized in
space

• The initial and final states are eigenstates of angular momentum

Thus one imagines that the target is heavy and “nailed down” (at the
origin, say). It makes a transition, and the localized transition density
scatters the electron. Here target recoil (i.e. the C-M motion of the target)

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


70 Part 2 General analysis

is neglected in the transition matrix elements;3 it is included correctly
where it is most important through the recoil phase space factor r.

The multipole analysis now proceeds exactly as in chapter 9. The
essential difference is that the argument of the spherical Bessel functions
in the multipoles, instead of being given by |k| the momentum of the
photon (with |k| = ω), is now given by κ = |q| the momentum transfer in
the electron scattering process.

κ ≡ |q| (12.32)

In addition to the transverse electric and magnetic multipoles of Eq. (9.11)

T̂ el
JM(κ) ≡ 1

κ

∫
d3x

[
∇ × jJ(κx)YM

JJ1(Ωx)
]

·Ĵ(x)

T̂
mag
JM (κ) ≡

∫
d3x

[
jJ(κx)YM

JJ1(Ωx)
]

·Ĵ(x) (12.33)

there is now a Coulomb multipole of the charge density defined by

M̂JM(κ) ≡
∫

d3x jJ(κx)YJM(Ωx) ρ̂(x) (12.34)

This is the same multipole that appears at long wavelength in the expan-
sion of T̂ el

JM(k) in Eq. (A.13).
The use of the Wigner–Eckart theorem allows one to do the sum and

average over nuclear states, and exactly as in chapter 9 one arrives at the
relations

2w1(q
2) =

E′

MT

4π

2Ji + 1

∑
J≥1

{
|〈Jf ||T̂mag

J (κ)||Ji〉|2 + |〈Jf ||T̂ el
J (κ)||Ji〉|2

}

w2(q
2) =

q2

q2
w1(q

2) +
q4

q4

E′

MT

4π

2Ji + 1

∑
J≥0

|〈Jf ||M̂J(κ)||Ji〉|2 (12.35)

The Wigner–Eckart theorem limits the sums on multipoles appearing in
these expressions to values satisfying the triangle inequality |Jf −Ji| ≤ J ≤
Jf + Ji.

The cross section follows from Eq. (12.10) as

dσ

dΩ
= σM

4π

2Ji + 1

⎧⎨
⎩q4

q4

∑
J≥0

|〈Jf ||M̂J(κ)||Ji〉|2 (12.36)

+

(
q2

2q2
+ tan2 θ

2

)∑
J≥1

(
|〈Jf ||T̂mag

J (κ)||Ji〉|2 + |〈Jf ||T̂ el
J (κ)||Ji〉|2

)⎫⎬
⎭ r̄

3 The C-M motion can, in fact, be handled correctly in the usual non-relativistic nuclear

physics problem using, for example, the approach in appendix A of [Fo69]. We reproduce

that analysis here in appendix B.
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12 Excitation of discrete states in (e, e′) 71
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–1)
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2

Fig. 12.4. Elastic magnetic scattering response F2
T for 93

41Nb(e, e). Here qeff ≡ κ.
The single-particle shell model configuration assignment is (1g9/2)π . The work is
from Bates [Yo79].

Here the recoil factor r̄ is given by

(r̄)−1 ≡ MT

E′ r
−1

=
1

E′ (MT + ε1 − ε1 cos θ)

= 1 +
(ε2 − ε1 cos θ)

E′ (12.37)

Energy conservation has been used in obtaining this result (note that for
most nuclear applications MT/E

′ ≈ 1).
Equation (12.36) is the general electron scattering cross section, to order

α2, from an arbitrary, localized quantum mechanical target. It forms the
basis for much of our future discussion. To give the reader some feel for
these results, we briefly present a few selected applications.

For real photon transitions, it is the lowest allowed multipole that
dominates the transition (appendix A). One of the most intriguing features
of electron scattering (e, e′) is that by increasing the momentum transfer κ,
one can in essence dial the contributing multipolarity, even to the extent
that it is the highest allowed multipole that dominates. We give three
examples.

Figure 12.4 shows elastic magnetic scattering from 93
41Nb(e, e). This rep-

resents the contribution to the cross section from the transverse multipoles
in the second line of Eq. (12.36). This contribution can be separated ex-
perimentally by making a straight-line Rosenbluth plot against tan2 (θ/2)
at fixed q2, or by working at θ = 180o where only the transverse term
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72 Part 2 General analysis

�j, m = j>

Fig. 12.5. Surface of μ(x)max/2 for 51
23V with configuration assignment (1f7/2)π

plotted on a 10 fm square. Here the angular momentum is aligned along the
z-axis with mj = j [Do73].

contributes.4 Parity and time-reversal invariance of the strong interactions
limit one to the odd transverse magnetic multipoles in elastic scattering.5

The work shown is from Bates [Yo79]. The single-particle shell model
configuration assignment for 93

41Nb is (1g9/2)π; recall it is predominantly
the valence nucleon that gives rise to the magnetic properties of nuclei.
Note how at long wavelength (low κ) the transition is all M1, while each
higher multipole dominates in turn as κ is increased, until at high κ it is
all M9.

What does one learn from this? Figure 12.5 shows the surface of half-
maximum intrinsic magnetization density μ(x)max/2 for 51

23V (chosen so
that it would fit on a 10 fm square). Here the configuration assignment
is (1f7/2)π , and the nucleus is aligned so that its angular momentum
points along the z-axis with mj = j. The intrinsic magnetization tracks
the location of the valence nucleon. The nucleus is a small magnet with
a current loop provided by the motion of the orbiting proton. Elastic
magnetic electron scattering at all κ provides a microscope to actually see
the spatial structure of this small current loop [Do73].

We next recall that one of the distinguishing features of the shell model,
for whose discovery Mayer and Jensen won the Nobel prize, is that levels
with the highest angular momentum and opposite parity from one major
shell are pushed down close to the levels of the next lower major shell. If
that lower shell is filled (or partially filled), one can have low-lying, high-
spin, magnetic, particle–hole transitions of the nucleus. Figure 12.6 shows

4 The notation used here is dσ/dΩ ≡ σM[(q4/q4)F2
L + (q2/2q2 + tan2 θ/2)F2

T ]r.
5 An analysis similar to that for parity in chapter 9 shows that the time-reversal be-

havior (which includes complex conjugation) of both of the transverse multipoles is

T̂T̂JMT̂−1 = (−1)J+1T̂J−M . This, combined with the hermiticity of the current, leads to

the quoted selection rule in the elastic case [Pr65, Do73] — see appendix E.
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Fig. 12.6. Transverse response for 24
12Mg(e, e′) at θ = 160o and κ = 2.13 fm−1 with

the 6− indicated. Also shown is the inelastic form factor F2
T for the 6−, defined to

be the area under the inelastic peak, vs. κ ≡ qeff . This quantity is compared with
the theoretical result (open-shell RPA) for a transition to the [1f7/2(1d5/2)

−1]6−

state. The work is from Bates [Za77].

the large-angle, large κ response for electron excitation of 24
12Mg(e, e′). Also

shown is the inelastic form factor, the area under the peak, as a function
of κ for the dominant transition. This inelastic form factor manifests a
characteristic M6 dependence, identifying the excited state as 6−. The
configuration assignment here is 1f7/2(1d5/2)

−1 and the 6− is the highest

Jπ which can be formed from this configuration.6 The work was done at
Bates [Za77]. Excitations up to 14− in 208

82Pb have been similarly studied
[Li79].

As a third application, there are regions of the periodic table where
nuclei are deformed. Bohr, Mottelson, and Rainwater won the Nobel
prize for their analysis of these systems. Suppose one measures elastic
scattering, and inelastic electron scattering, to all members of the ground-
state rotational band, at all κ. This requires very good energy resolution,
since the ground-state band for heavy nuclei is closely spaced, and involves
bringing out all the transitions of increasing multipolarity in the rotational
spectrum. It is then possible to actually see the deformed charge distribution.
This is illustrated in Fig. 12.7. The work was done at Bates [He86]. The
study of the intrinsic structure of deformed nuclei is one of the most
important contributions of the Bates Laboratory.

6 Note that the large Jπ produces a very narrow state (this state lies above particle

emission threshold). Furthermore, the large isovector magnetic moment of the nucleon

in Eq. (12.19), through which the state is predominantly excited from the T = 0 ground

state, implies this excited state has isospin T = 1.
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(a)

(b)

theory

experiment

Z

R

Z

R

Fig. 12.7. Shape of charge distribution in the deformed nucleus 154
64Gd(e, e′) (b)

from work at Bates; (a) deformed Hartree–Fock calculation of the same [He86].
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Fig. 12.8. Inelastic cross section for 1H(e, e′) in the resonance region measured
at SLAC with ε1 = 7.0 GeV and θ = 6.0o. The elastic peak has been suppressed.
Also shown are resonance and smooth background fits [Bl68].

As a fourth brief application, consider electron excitation of the nucleon
itself. A general discussion of the process (1/2+, 1/2) → (Jπ, T ) can be
found in [Bj66].

Figure 12.8 shows the inelastic cross section for 1H(e, e′) in the resonance
region measured at SLAC [Bl68]. These results are even more impressive
when one realizes that the elastic peak has been suppressed. Also shown
in this figure is a Breit–Wigner resonance fit, together with a smooth,
polynomial background [Bl68, Br71]. The first resonance, the Δ(1232)
with (Jπ, T ) = (3/2+, 3/2), clearly stands out. The second peak consists of
at least two levels. The third has several levels, and with a good stretch of
the imagination, one can even discern a fourth peak.

Figure 12.9 shows the ratio (dσin/dσel)6o for 1H(e, e′)Δ(1232) as mea-
sured by the SLAC–M.I.T. collaboration [Bl68, Br71]. The inelastic cross
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N2 (1236)
Slac
Photoreproduction10–2
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Fig. 12.9. Ratio (dσin/dσel)6◦ for 1H(e, e′)Δ(1232) (see text) [Wa72]. Here k2 ≡ q2.

section for excitation of the resonance is obtained from the area under
the resonance peak. The ratio to the elastic cross section is then plot-
ted as a function of the four-momentum transfer q2. Note that there is
one point on this plot at q2 = 0 obtained from photoabsorption.7 The
solid curve is a covariant, gauge-invariant calculation formulated in terms
of hadronic degrees of freedom [Pr69, Wa72]. The calculation uses the
multipole projections of the hadronic pole terms from (π, ω,N) exchange,
with a resonant final-state enhancement factor determined from the π-N
phase shift; it is discussed in some detail in chapter 28. This calculation
can be viewed as a synthesis of a great deal of work on this process by
Fubini Nambu and Wataghin [Fu58], Dennery [De61], Zagury [Za66],
Vik [Vi67], Adler [Ad68], and others. It is remarkable that a hadronic
description of the excitation of the first excited state of the nucleon can
succeed down to distance scales q2 ∼ 100 fm−2.

7 In dσel the factors σMottr are evaluated at the same (ε1, θ) while w1,2(q
2)el are evaluated

at the resonance peak. The resulting ratio in Fig. 12.9 is essentially independent of θ for

small θ and all the q2 �= 0 points [Wa72].
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13
Coincidence experiments (e, e′ X)

With the advent of high-energy, high-intensity, high-resolution electron
accelerators with continuous beams (c.w.), a whole new class of coinci-
dence reactions becomes accessible. It is important to have a detailed
understanding of such processes. In this section, a covariant analysis of
the amplitude and cross section for the coincidence reaction (e, e′ X) will
be developed. The results will be exact with one photon exchange, that
is, to order α2 in the cross section. The particle X can be anything. The
kinematic situation is illustrated in Fig. 13.1. The four-momentum transfer
from the electron is now consistently denoted by

k ≡ k1 − k2

k2 = −2k1 · k2

= 4ε1ε2 sin2 θ

2
; lab frame (13.1)

The second relation holds for relativistic (massless) electrons, and the third
relation holds in the laboratory frame. The four-momentum of the emitted
particle X will be consistently denoted by q = (q, iωq), and conservation

Fig. 13.1. Kinematic situation for a (e, e′ X) coincidence experiment.

76
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13 Coincidence experiments (e, e′ X) 77

Fig. 13.2. Angles for particle X in the C-M system.

of four-momentum states that

k + p1 = q + p2 (13.2)

Here p1(p2) are the four-momenta of the initial (final) nucleus or nucleon.

Two distinct Lorentz frames are of primary interest. The center of
momentum (C-M) frame is defined by the relation

q + p2 = k + p1 = (0, iW ) ; C-M frame (13.3)

Note that W is the total energy in the C-M frame. The laboratory frame
is defined by

p1 = (0, iM1) ; lab frame (13.4)

The C-M frame is reached from the laboratory frame by making a
Lorentz transformation along the direction of the three-momentum
transfer k.

Introduce the orthonormal system of unit vectors in the laboratory
(lab), as defined in Fig. 13.1

ek3 ≡ k

|k| ; ek1 ≡ k2 × k1

|k2 × k1| ; ek2 = ek3 × ek1 (13.5)

It is important to note that since ek1 and ek2 are transverse to k, they
are unchanged under the Lorentz transformation along k from the lab to
the C-M system. ek3, defined as the third unit vector in this orthonormal
system, is thus also uniquely defined in the C-M system (it lies along the
direction of k).

In addition, we define the angles (θq, φq) that the particle X makes
with respect to this orthonormal basis as seen in the C-M frame; this is
indicated in Fig. 13.2.

From the general discussion of electron scattering in chapter 11,
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78 Part 2 General analysis

one has

dσ =
4α2

k4

d3k2

2ε2

1√
(k1 · p1)2

ημνWμν (13.6)

ημν = k1μk2ν + k1νk2μ − (k1 · k2) δμν

Wμν = (2π)3
∑
i

∑
f

δ(4)(p′ − p1 − k)〈i|Jν(0)|f〉〈f|Jμ(0)|i〉(ΩE1)

For definiteness and clarity, specify to a two-particle final state of
particle X plus a second nucleus or nucleon (denoted with subscript 2)1

〈f|Jμ(0)|i〉 = 〈p2q
(−)|Jμ(0)|p1〉 (13.7)

Here |p2q
(−)〉 is an exact eigenstate of the total hamiltonian; it is a two-

particle scattering state with incoming wave boundary conditions. To go
to states with Lorentz invariant norm, one defines (c.f. chapter 12)

Jμ ≡
(

2ωqE1E2Ω
3

M1M2

)1/2

〈p2q
(−)|Jμ(0)|p1〉 (13.8)

Here Jμ = (J, iJ0), and this quantity now properly transforms as a four-
vector under Lorentz transformations. The hadronic response tensor then
takes the form

Wμν = (2π)3
∑
i

∑
f

′ Ωd3q

(2π)3
Ωd3p2

(2π)3
δ(4)(p2 + q − p1 − k)

× M1M2

2ωqE1E2Ω3
(ΩE1)J

�
ν Jμ (13.9)

Here
∑′ indicates a sum over all the remaining variables. The complex

four-vector J�ν is defined by

J�ν ≡ (J�, iJ�0 ) (13.10)

Thus

Wμν =
2M1M2

(2π)3

∑
i

∑
f

′
δ(4)(p2 + q − p1 − k)

d3q

2ωq

d3p2

2E2
J�ν Jμ (13.11)

This expression is now manifestly Lorentz covariant.

1 As long as one sums over everything else in
∑

f
the subsequent results for the general

form of the coincidence cross section hold for arbitrary nuclear final states.
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13 Coincidence experiments (e, e′ X) 79

Consider next the Lorentz invariant combination ημνJ
�
ν Jμ. It follows

from Eq. (13.6) that

ημνJ
�
ν Jμ = (k1 · J�)(k2 · J) + (k2 · J�)(k1 · J) − (k1 · k2)(J

� · J) (13.12)

Current conservation states that

k · J = 0

k1 · J = k2 · J (13.13)

Hence

ημνJ
�
ν Jμ = 2(k1 · J�)(k1 · J) +

k2

2
J� · J (13.14)

This expression is explicitly Lorentz invariant. Let us proceed to evaluate it
in the C-M frame. Since k1 has no projection on ek1, which is perpendicular
to the electron scattering plane, one can write in the C-M system (recall
k2
1 = 0)

k1μ = [(k1 · e2)e2 + (k1 · e3)e3, ik1] (13.15)

Now use current conservation

e3 · J =
k · J

|k| =
ωkJ0

|k| (13.16)

Thus

k1 · J = (k1 · e2)(e2 · J) +

[
ωk

k2
(k1 · k) − k1

]
J0 (13.17)

The Coulomb amplitude is defined by J0 ≡ JC , hence

Jμ = (J, iJC)

J� · J = |J⊥|2 + |J · e3|2 − |JC |2

|J⊥|2 ≡ |J · e1|2 + |J · e2|2 (13.18)

Use current conservation again

J� · J = |J⊥|2 +

(
ω2
k

k2
− 1

)
|JC |2

= |J⊥|2 − k2

k2
|JC |2 (13.19)
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80 Part 2 General analysis

A combination of these results yields the following expression in the C-M
system

ημνJ
�
ν Jμ = 2

{
1

4
k2|J⊥|2 + (k1 · e2)

2|e2 · J|2

+|JC |2
[(

ωk

k2
(k1 · k) − k1

)2

− k4

4k2

]

+(k1 · e2)

[
ωk

k2
(k1 · k) − k1

]
2Re [(e2 · J) J�C]

}
CM

(13.20)

The next step is to re-express the electron variables appearing in this ex-
pression in the laboratory frame. Start by observing that the combination
k1 · e2 is transverse and hence unaffected by the Lorentz transformation
from the lab to the C-M system

k1 · e2 = k1 · (e3 × e1) = k1 ·
[

k

|k| × (k2 × k1)

|k2 × k1|

]

=
1

|k|k1k2 sin θ
[(k1 · k2)(k1 · k) − k2

1(k2 · k)]

=
1

|k|k1k2 sin θ
[(k1 · k2)(k

2
1 − k1 · k2) − k2

1(k1 · k2 − k2
2)]

=
1

|k|k1k2 sin θ
ε21ε

2
2 sin2 θ

{k1 · e2}CM =
ε1ε2 sin θ

κ
; lab variables (13.21)

Here κ is now the three-momentum transfer in the lab frame

κ ≡ |k|lab

=
√
ε21 + ε22 − 2ε1ε2 cos θ (13.22)

To distinguish C-M variables, the four-momentum transfer as seen in
the C-M system will be written in the final expressions as

kμ ≡ (k�, iω�
k ) ; C-M frame (13.23)

Then with the aid of Eq. (13.3), which defines the C-M frame, one can
write

k�2 = k2 + ω�2
k = k2 − [k · (p1 + k)]2

(p1 + k)2

=
1

(p1 + k)2
[k2p2

1 + 2k2(p1 · k) + k4 − (k · p1)
2 − 2k2(p1 · k) − k4]

=
1

(p1 + k)2
[k2p2

1 − (k · p1)
2] (13.24)
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13 Coincidence experiments (e, e′ X) 81

This expression is now in invariant form and can be evaluated in the lab
frame defined by Eq. (13.4) to give

k� =
M1

W
κ ; lab variables (13.25)

Note that W is expressed in terms of lab variables by

W 2 = −(p1 + k)2

= M2
1 − 2p1 · k − k2

= M2
1 + 2M1(ε1 − ε2) − 4ε1ε2 sin2 θ

2
; lab variables (13.26)

Next use (for massless electrons)

k1 · k = −k1 · k2 =
1

2
k2 (13.27)

to work out in the C-M system[
ωk

k2
(k1 · k) − k1

]2

CM
=

1

k4
[ωk(k1 · k + k1ωk) − k1(k

2 + ω2
k )]

2

=
k4

k4

[
1

2
ωk − k1

]2

=
k4

k4

[ −1

(p1 + k)2

]{
−1

2
k · (p1 + k) + k1 · (p1 + k)

}2

= − k4

4k�4
1

(p1 + k)2
[p1 · (k1 + k2)]

2 (13.28)

This is also now in invariant form [note Eq. (13.24)] and can be evaluated
in the lab frame to yield{[

ωk

k2
(k1 · k) − k1

]2
}

CM

=
k4

k�4
M2

1

4W 2
(ε1 + ε2)

2 ; lab variables (13.29)

Now in the lab

k2 = κ2 − (ε1 − ε2)
2 (13.30)

Thus

(ε1 + ε2)
2 = κ2 − k2 + 4ε1ε2

= κ2 − 4ε1ε2 sin2 θ

2
+ 4ε1ε2

= κ2 + 4ε1ε2 cos2
θ

2
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82 Part 2 General analysis

= 4ε1ε2 cos2
θ

2

(
1 +

κ2

k2
tan2 θ

2

)

= 4ε1ε2 cos2
θ

2

(
k�2

k2

)(
k2

k�2
+

W 2

M2
1

tan2 θ

2

)
(13.31)

Also, since κ2 = ε21 + ε22 − 2ε1ε2 cos θ,{[
ωk

k2
(k1 · k) − k1

]2

− k4

4k2

}
CM

=
k4

k�4

[
M2

1

4W 2
(ε1 + ε2)

2

−1

4

M2
1

W 2
(ε21 + ε22 − 2ε1ε2 cos θ)

]

=
k4

k�4
M2

1

W 2
ε1ε2 cos2

θ

2
; lab variables

(13.32)

Note that since k2 = k2 −ω2
k ≥ 0 in electron scattering, one can determine

the sign of the quantity in square brackets in Eq. (13.29) as

k1 − ωk(k · k1)

k2
≥ 0 (13.33)

In summary the expressions involving the electron variables in the cross
section are Lorentz transformed from the C-M to the laboratory frame
according to

{(k1 · e2)
2}CM = ε1ε2 cos2

θ

2

(
M2

1

W 2

k2

k�2

)
(13.34)

{[
ωk

k2
(k1 · k) − k1

]2
}

CM

= ε1ε2 cos2
θ

2

(
M2

1

W 2

k2

k�2

)

×
(

k2

k�2
+

W 2

M2
1

tan2 θ

2

)
{[

ωk

k2
(k1 · k) − k1

]2

− k4

4k2

}
CM

= ε1ε2 cos2
θ

2

(
M2

1

W 2

k2

k�2

)
k2

k�2

Here

W 2 = −(p1 + k)2

= M2
1 + 2M1(ε1 − ε2) − 4ε1ε2 sin2 θ

2

k�2 = k2 − [k · (p1 + k)]2

(p1 + k)2
=

M2
1

W 2
|klab|2 (13.35)
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13 Coincidence experiments (e, e′ X) 83

are respectively the squares of the total energy and three-momentum
transfer in the C-M system. The quantities (ε1, ε2, θ) with k2

lab = ε21 + ε22 −
2ε1ε2 cos θ are the electron scattering variables in the lab.

The remaining task is to work out the phase space integral. The Lorentz
invariant expression is

Φ ≡
∫

d3q

2ωq

∫
d3p2

2E2
δ(4)(k1 + p1 − k2 − p2 − q) (13.36)

We choose to evaluate this in the C-M frame. The
∫
d3p2 can be immedi-

ately evaluated with the aid of the δ(3) to give

Φ =

∫
q2dΩq

4ωqE2

(
∂q

∂Wf

)
δ(Wf − Wi)dWf

=
q2

4ωqE2

(
∂q

∂Wf

)
dΩq (13.37)

Next use

Wf =
√

q2 + m2
X +

√
q2 + M2

2 ; Wi ≡ W

∂Wf

∂q
=

q

ωq
+

q

E2
=

qW

ωqE2
(13.38)

One has finally

∫
d3q

2ωq

∫
d3p2

2E2
δ(4)(k1 + p1 − k2 − p2 − q) =

q

4W
dΩq ; C-M frame (13.39)

Note that the first of Eqs. (13.38) allows a determination of q(W ).

The above results are now combined to yield the laboratory cross section

dσ =
4α2

k4

d3k2

2ε2

1√
(k1 · p1)2

ημνWμν

=
4α2

k4

ε22dε2dΩ2

2ε2

1

M1ε1

2M1M2

(2π)3

(
q

4W
dΩq

)
2

⎧⎨
⎩
(
M2

1

W 2

)
ε1ε2 cos2

θ

2

×
[
W 2

M2
1

tan2 θ

2
|J⊥|2 +

k2

k�2
|J · e2|2 +

k4

k�4
|JC |2

− k2

k�2

(
k2

k�2
+

W 2

M2
1

tan2 θ

2

)1/2

2 Re J�C(J · e2)

⎤
⎦
⎫⎬
⎭ (13.40)
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84 Part 2 General analysis

Define2

Jμ =

√
M1M2

4πW
Jμ =

√
M1M2

4πW

(
2ωqE1E2Ω

3

M1M2

)1/2

〈qp(−)
2 |Jμ(0)|p1〉 (13.41)

The differential cross section in the lab is then given by

d5σ

dε2dΩ2dΩq
= σM

(
qM1

πW

)⎧⎨
⎩ k4

k�4
|JC |2 +

k2

k�2
|J · e2|2 +

W 2

M2
1

tan2 θ

2
|J⊥|2

− k2

k�2

(
k2

k�2
+

W 2

M2
1

tan2 θ

2

)1/2

2Re [J�
C(J · e2)]

⎫⎬
⎭ (13.42)

Here (ε1, ε2, θ) are electron scattering variables in the lab, and [W, q(W ),
k�, θq, φq] are C-M variables, the first three of which can be calculated in
terms of electron lab variables by utilizing the Lorentz invariant expres-
sions in Eqs. (13.35). The current is evaluated in the C-M system.

It is useful to rewrite this cross section in terms of helicity polarization
vectors for the virtual photon.3 Define helicity unit vectors (see Fig. 13.1)
according to

ek±1 = ∓ 1√
2
(ek1 ± iek2) (13.43)

Since these are still transverse, they are also unchanged under the Lorentz
transformation from the lab to the C-M system. Inversion of the definition
gives (we again suppress the k subscript)

e2 =
i√
2
(e+1 + e−1)

e1 =
1√
2
(e−1 − e+1) (13.44)

Define

Jλ ≡ eλ · J (13.45)

It follows that

|J⊥|2 = |J · e1|2 + |J · e2|2 = |J+1|2 + |J−1|2

|J · e2|2 =
1

2
|J⊥|2 + Re (J+1)�(J−1)

2 Re J�
C(J · e2) = −

√
2 Im J�

C(J+1 + J−1) (13.46)

2 By looking at a simple example for the matrix element, the reader can establish that this

expression still has dimensions [M]−1.
3 Think of this as the annihilation of a photon.
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13 Coincidence experiments (e, e′ X) 85

Thus one arrives at the basic result for the (e, e′ X) coincidence cross
section in the laboratory frame

d5σ

dε2dΩ2dΩq
= σM

(
qM1

πW

)⎡⎣ k4

k�4
|JC |2 +

(
k2

2k�2
+

W 2

M2
1

tan2 θ

2

)
|J⊥|2

+
k2

2k�2
2Re (J+1)�(J−1)

+
k2

k�2

(
k2

k�2
+

W 2

M2
1

tan2 θ

2

)1/2 √
2 Im J�

C(J+1 + J−1)

⎤
⎦ (13.47)

In this expression k� is the three-momentum transfer, W is the total energy,
and q = |q| and dΩq refer to the momentum of particle X, all in the C-M
system. The electron variables (k2, k�,W , θ) appearing in the cross section
are functions of (k2, k ·p1, θ) where θ is the electron scattering angle in the
laboratory frame. The appropriate relations for (k�,W ) as functions of
(k2, k · p1) are given in Eqs. (13.35). There are three independent electron
scattering variables in the lab, (ε1, ε2, θ); hence it is possible to fix (k2, k ·p1)
and vary θ. The current is evaluated in the C-M system.

There are four target responses appearing in the cross section expressed
as bilinear combinations of current matrix elements where the current
is defined by Eq. (13.41) with Jμ ≡ (J, iJC) and Jλ ≡ eλ · J. These
four responses are functions of the variables (k2,W , θq, φq) or (k2, k ·
p1, θq, φq). The dependence on the angle variables will be made explicit in
the subsequent analysis. The dependence on the “out-of-plane” angle φq ,
whose content must be transmitted through the virtual photon, turns out
to be particularly simple. It is explicitly exhibited as

|JC |2

|J+1|2 + |J−1|2

2Re (J+1)�(J−1) ∝ cos 2φq√
2 Im J�

C(J+1 + J−1) ∝ sinφq (13.48)

The dependence on (θ, φq) in Eqs. (13.47, 13.48) now allows a complete
kinematic separation of the four target response functions at fixed (k2, k ·
p1, θq), or equivalently fixed (k2,W , θq). Since the term in cos 2φq takes
the same value at φq = π/2 and φq = 3π/2, for which the reaction
plane and electron scattering plane in Fig. 13.1 coincide, an out-of-plane
measurement is needed to separate its contribution. Conversely, the term
in sinφq can be isolated with two in-plane measurements at these two
values.

This derivation is from appendix C of [Pr69]. Other work on coinci-
dence experiments is contained in [de67, Wa79, Kl83]. Work on coinci-
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86 Part 2 General analysis

Fig. 13.3. Configuration for helicity analysis of current matrix elements in the
C-M system. Here everything is referred to the incoming and outgoing target
states with momenta and helicities (p1λ1) and (p2λ2) respectively. Note how the
(x, y, z) coordinate system is related to the original system defined by ei with
i = 1, 2, 3. Note in particular the relations θq = θp and φq + φp = 2π.

dence experiments in pion electroproduction is contained in [Be66, Pr70].
Coincidence experiments with a polarized electron beam are discussed in
[Ad68, Ra89] 4 and with both a polarized electron beam and polarized
target in [Ra89].

The next step is to demonstrate the angular dependence in the nuclear
matrix elements. This will be done through the use of a helicity analysis
of the current matrix elements in the C-M system. Let us go back to the
form of the cross section before the

∑
i

∑
f has been carried out. The cross

section is then being calculated for given initial and final helicities of all
the particles in the C-M system, and of the virtual photon. The situation
is illustrated in Fig. 13.3. The analysis parallels that of Jacob and Wick
[Ja59]. First, recall some of the basic results from that work

For two-particles in the C-M system, the transformation from a state
where the relative momentum is directed at an angle (θ, φ), to a state of
definite angular momentum (J,M) is given by

〈JMλ′
1λ

′
2|θφλ1λ2〉 = δλ1λ

′
1
δλ2λ

′
2

(
2J + 1

4π

)1/2

DJ
M,λ(−φ,−θ, φ) (13.49)

Here λ ≡ λ1−λ2 is the net helicity of the state. We have seen this expression
before as the “photon wave function” in Eq. (9.35). The transformation
in Eq. (13.49) is unitary.

4 In a coincidence reaction with a polarized electron beam (
e, e′ X) there is an additional,

fifth response function, sensitive to final-state interactions, which can only be accessed

with out-of-plane measurements [Ra89].
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13 Coincidence experiments (e, e′ X) 87

The S-matrix for an arbitrary two-particle process in the C-M system
can be written as

〈pcpdλcλd|S |papbλaλb〉 =
(2π)4

Ω2
δ(4)(Pμ − P ′

μ)

[
(2π)2

√
v′v

p′p

]

×〈θ′φ′λcλd|S(Pμ)|θφλaλb〉 (13.50)

Here (p, v) are relative momenta and velocity in the C-M system and P

is the total four-momentum in that frame. For transitions, the S-matrix is
related to the T-matrix by S = 1 + iT .

With the aid of completeness, one then establishes the following relation
for the required S-matrix in the C-M system

〈θφλcλd|S(W )|0 0λaλb〉 =
∑
JM

∑
J ′M′

〈θφλcλd|JMλcλd〉

×〈JMλcλd|S(W )|J ′M ′λaλb〉〈J ′M ′λaλb|00λaλb〉 (13.51)

The scattering operator S is a scalar under rotations; it commutes with the
angular momentum operator J. The Wigner–Eckart theorem then implies
that the matrix element of S must be diagonal in J and independent of
M. Use (

2J + 1

4π

)1/2

DJ
M,λ(0, 0, 0) =

(
2J + 1

4π

)1/2

δMλ (13.52)

Here the initial angular momentum along the z-axis is M = λ = λa − λb.
A combination of the above results then yields the expression

〈θφλcλd|S(W )|0 0λaλb〉 =∑
J

(
2J + 1

4π

)
DJ

λi,λf
(−φ,−θ, φ)�〈λcλd|SJ(W )|λaλb〉

; λi = λa − λb ; λf = λc − λd (13.53)

There are various conditions on the helicity matrix elements of the
scattering operator that follow from unitarity and symmetry properties of
the strong interactions. Parity invariance essentially cuts the number of
independent matrix elements in half. The parity operator reflects momen-
tum and leaves particle spins unchanged; hence it reflects the helicity. It
leaves the angular momentum and z-component of the angular momen-
tum unchanged. The parity operator thus has the following effect on a
two-particle state [Ja59]

P |JMλ1λ2〉 = (−1)J−S1−S2η1η2|JM − λ1 − λ2〉 (13.54)
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88 Part 2 General analysis

Here the ηi are intrinsic parities and the overall phase is conventional.5 If
the scattering operator is invariant under the parity transformation, i.e. if
it commutes with P , then [Ja59]

〈−λc − λd|SJ(W )| − λa − λb〉 = ηaηbη
�
c η

�
d〈λcλd|SJ(W )|λaλb〉 (13.55)

Now the electroproduction process (e, e′ X) in the C-M system presents
exactly the same problem as discussed above.6 The behavior under rotation
of all quantities is exactly the same. The only new feature is that k2, the
mass of the virtual photon, provides an additional kinematic variable
in the C-M system. To make the analogy more explicit, recall Low’s
first reduction of the S-matrix [Lo55]. For non-forward pion–nucleon
scattering it takes the form

〈p′q′|S |pq〉
〈0|S |0〉 = −(2π)4iδ(4)(p′ + q′ − p − q)

1√
2ωqΩ

〈p′q′(−)|J(0)|p〉 (13.56)

Here J(0) is the pion current (the isospin label is suppressed). This expres-
sion now has exactly the same form in terms of target matrix elements
of the current as that we have been studying. The only difference is that
in our case it is the matrix element of the electromagnetic current that is
required. With the Low reduction, one shifts the transformation properties
from the state vector (which we do not have for a virtual photon) to those
of the current (which we do have).

With the electromagnetic current, one can use current conservation to
relate the Coulomb and longitudinal matrix elements

ek3 · J ≡ J(0) =
ω�
k

k�
JC (13.57)

This reduces the problem to the study of one or the other of these.
As a result of the above discussion, the helicity matrix elements of

the electromagnetic current for the hadronic target in the C-M system,
required for the cross section in Eq. (13.47), must have the following
angular dependence

(JC)λf ,λi =
k�

ω�
k

1√
4k�q

∑
J

(2J + 1) DJ
λi,λf

(−φp,−θp, φp)
�

×〈λ2λX|TJ(W, k2)|λ1λk〉 ; λk = 0(
Jλk

)
λf ,λi

=
1√
4k�q

∑
J

(2J + 1) DJ
λi,λf

(−φp,−θp, φp)
�

×〈λ2λX|TJ(W, k2)|λ1λk〉 ; λk = ±1 (13.58)

5 For the photon (−1)Sγ ηγ = 1.
6 The particular coordinate system chosen in Fig. 13.3, which might appear somewhat

perverse to the reader, was chosen to make this analogy explicit.
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13 Coincidence experiments (e, e′ X) 89

The normalization is conventional. Here

λi = λ1 − λk ; λf = λ2 − λX (13.59)

All the angular dependence is now explicit. From Fig. 13.3

θp = θq

φp = 2π − φq (13.60)

The angular dependence with respect to the angles of Fig. 13.2 is then
given by the relation

DJ
λi,λf

(−φp,−θp, φp)
� = DJ

λf ,λi
(φq, θq,−φq) (13.61)

The proof follows from [Ed74] and the fact that λf − λi is an integer

DJ
λi,λf

(−φp,−θp, φp)
� = eiλiφpdJλi,λf (−θp)e

−iλfφp

= e−iλiφqdJλf ,λi(θq)e
iλfφq

= DJ
λf ,λi

(φq, θq,−φq) (13.62)

In the expression for the (e, e′ X) cross section, for a given set of particle
helicities, one needs the bilinear expression(

Jλk
)�
λf ,λi

(
Jλ′

k

)
λf ,λ

′
i

=
1

4k�q

∑
J

∑
J ′

(2J + 1)(2J ′ + 1)〈λ2λX|TJ |λ1λk〉�

×〈λ2λX|TJ ′ |λ1λ
′
k〉DJ

λi,λf
(−φp,−θp, φp)DJ ′

λ′
i
,λf

(−φp,−θp, φp)
� (13.63)

Here

λf = λ2 − λX ; λi = λ1 − λk ; λ′
i = λ1 − λ′

k (13.64)

This expression is required for values of λk and λ′
k of 0 and ±1. With the

aid of Eq. (13.62) and formulas in [Ed74], the angular functions appearing
in these bilinear combinations can be written as

DJ
λf ,λi

(φq, θq,−φq)
� DJ ′

λf ,λ
′
i
(φq, θq,−φq) = (13.65)

(−1)λf−λiDJ
−λf ,−λi

(φq, θq,−φq) DJ ′
λf ,λ

′
i
(φq, θq,−φq)

Now use the composition law for rotation matrices [Ed74] to rewrite the
r.h.s. of this expression as

r.h.s. = (−1)λf−λi
∑
lmm′

(2l + 1)

(
J J ′ l

−λf λf m

)
Dl

m,m′(φq, θq,−φq)
�

×
(

J J ′ l

−λi λ′
i m′

)
(13.66)
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Since m must vanish by the properties of the 3-j symbols, use

Dl
0,m′(φq, θq,−φq)

� =

(
4π

2l + 1

)1/2

Yl,m′(θq, φq) (13.67)

Since λi − λ′
i = λ′

k − λk , one finally has(
Jλk

)�
λf ,λi

(
Jλ′

k

)
λf ,λ

′
i

=
1

4k�q
(−1)λi−λf

∑
J

∑
J ′

(2J + 1)(2J ′ + 1)

×〈λ2λX|TJ |λ1λk〉�〈λ2λX|TJ ′ |λ1λ
′
k〉
∑
l

√
4π(2l + 1)

×
(

J J ′ l

λf −λf 0

)
Yl, λ′

k
−λk (θq, φq)

(
J J ′ l

λi −λ′
i λk − λ′

k

)
(13.68)

This formula gives the general angular dependence of the bilinear forms of
the current appearing in the cross section for an arbitrary set of helicities
of the reaction participants.7 As such, it can be used to calculate the
angular distributions in the C-M system for any polarization of the initial
and final systems. It is a central result.

If the target is unpolarized, and the final particles are unobserved, one
must average over initial helicities and sum over final helicities. We denote
these sums with a bar over the bilinear combinations of currents

J�J ≡
∑
λ1

∑
λ2

∑
λX

J�J (13.69)

The transition matrix elements are functions of (W, k2). Parity invariance
of the strong and electromagnetic interactions implies

〈−λ2 − λX|TJ(W, k2)| − λ1 − λk〉 =

η�2η
�
Xη1(−1)S2+SX−S1〈λ2λX|TJ(W, k2)|λ1λk〉 (13.70)

A change of dummy helicity sum values to their negatives, use of the
parity relation, and use of the symmetry properties of the 3-j symbols
allow us to write the bilinear products of current matrix elements required
in the electron scattering cross section in Eq. (13.47) in the following form8

|JC|2 =
1

4k�q

∑
l

AlPl(cos θq) (13.71)

7 This includes, for example, the process of “virtual Compton scattering,” now studied

extensively through the coincidence reaction p(e, e′p)γ.
8 The spherical harmonics are defined by Yl,m = (−1)m

[
(2l+1)(l−m)!

4π(l+m)!

]1/2
Pm
l (cos θ)eimφ for m ≥

0 while for m < 0 one has Y �
l,m = (−1)mYl,−m . Here Pm

l (cos θ) are the associated Legendre

polynomials [Ed74], which for positive m are given by Pm
l (x) = (1 − x2)m/2dmPl(x)/dxm.
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Fig. 13.4. In-plane angular distribution of protons in 12
6C(e, e′ p0)

11
5B through

the giant dipole resonance measured with the SCA at HEPL [Kl83]. Data from
[Ca80].

|J+1|2 + |J−1|2 =
1

4k�q

∑
l

BlPl(cos θq)

Im JC
�
(
J+1 + J−1

)
=

1

4k�q

∑
l

ClP
(1)
l (cos θq) sinφq

Re
(
J+1

)� (J−1
)

=
1

4k�q

∑
l

η DlP
(2)
l (cos θq) cos 2φq

These expressions provide the general angular distributions in the C-M
system for (e, e′ X) for any target particles and any X. The coefficients
(Al, Bl, Cl, Dl) are bilinear combinations of helicity amplitudes; they are
functions of (W, k2). They are developed in detail in appendix F. The
quantity η = η1η

�
2η

�
X is the real combination of intrinsic parities. These

expressions are further analyzed and tabulated in [Kl83].
The claim made in exhibiting the dependence on the out-of-plane angle

φq in Eqs. (13.48) has now been established.
To give the reader some feel for coincident electron scattering, we

present three brief examples. First, consider Fig. 13.4 which shows the
coincidence cross section for 12

6C(e, e′ p0)
11
5B [Ca80]. This is the first coin-

cidence experiment done with the superconducting accelerator (SCA) at
the Stanford High Energy Physics Laboratory (HEPL), a machine that
proved to be the prototype for CEBAF . The energy transfer is controlled
so that 12C is excited to the giant dipole resonance. The in-plane angular
distribution of the emitted proton leading to the ground state of 11B
is then measured with respect to the momentum transfer κ. This is an
example of the angular correlation measurement discussed above, where
the inelastic scattering of the electron first aligns the target along the
direction of the momentum transfer. Notice the very nice dipole pattern
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Fig. 13.5. Same reaction as in Fig. 13.4 with subsequent data from Mainz
[De86, Ca94]. Here κ = 0.25, 0.34, 0.41, 0.59 fm−1.
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Fig. 13.6. Nuclear response for the reaction 208
82Pb(e, e′ p)207

81Tl measured at
NIKHEF [de86].

of the subsequently emitted proton.9 The two theoretical curves in Fig.
13.4 are calculations carried out within the particle–hole model of the
giant dipole resonance in 12C [Kl83]. Now one may well say that the
four points do not determine an angular distribution, and it is hard to
disagree; however, Fig.13.5 shows the quality of the data one can now

9 The initial aligned 12C nucleus has Jπ = 1− (hence the phrase “dipole pattern”). The

final ground state of 11B is (3/2)− and the emitted proton conserves angular momentum.
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13 Coincidence experiments (e, e′ X) 93

Fig. 13.7. Triple coincidence signal from 2
1H(
e, e′
n) experiment done at Bates

[Ma92, Wa93].

obtain using the new generation of c.w. electron accelerators on the same
reaction — this data is from Mainz [De86, Ca94]. The dipole pattern is
now beautifully displayed.

As a second example, Fig.13.6 shows the nuclear response function for
the reaction 208

82Pb(e, e′ p)207
81Tl measured at NIKHEF [de86]. This example

illustrates the discussion of (e, e′ p) in chapter 6.10 One sees the ground
state (Ex = 0), and then several excited hole states of 207

81Tl. Consider first
the ground state. As κ − q is increased, the data exhibit the fall-off of the
Fourier transform of the (3s1/2)

−1
π wave function. The growth and fall-off

of the Fourier transform of the (2d3/2)
−1
π first excited state is then seen.

At somewhat larger Ex, the high-multipolarity transition to the (1h11/2)
−1
π

appears from nowhere until it dominates the spectrum at the highest κ −q.
Note that one requires good resolution at high momenta to resolve the
states.

This class of experiments represents one of the most important results
coming from NIKHEF. These data are even more impressive when one
realizes that they were obtained with only a few percent duty factor (d.f.)
— the new generation of c.w. accelerators provides a significant advance.
With this reaction, one can take the nucleus apart layer by layer and
probe the limits of the single-nucleon description of nuclei.

As a third example, Fig. 13.7 shows the timing signal from the polar-
ization transfer experiment 2

1H(
e, e′
n) carried out at Bates [Ma92]. This
experiment provides an excellent example of how one can use interference
in coincidence experiments to measure small quantities, in this case the
electric form factor of the neutron which interferes with the well-known

10 Here (εb,
κ −
q) ≡ (Em, 
Pm).
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94 Part 2 General analysis

magnetic form factor [Ar81]. This is really a triple coincidence experiment.
The electron is detected, then the produced neutron, then the up or down
scattering of the neutron to measure its polarization. The final signal is
the small peak in the middle of the figure; the background consists of ac-
cidentals. The experiment was performed with an accelerator with ∼ 1%
d.f.. Now imagine that the signal forms a sea mount and the background
an ocean. With a c.w. (100% d.f.) accelerator, one can lower the ocean
level by over two orders of magnitude, and the small peak sticking up
becomes a mountain. This is the most dramatic example, of which the
author is aware, of what one gains with a c.w. machine.
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14
Deep-inelastic scattering from the nucleon

We proceed to a discussion of inclusive deep-inelastic electron scatter-
ing from the nucleon N(e, e′)DIS. Here both the four-momentum transfer
q2 and energy transfer ν = q · p/m become very large.1 It is through
these experiments, initially carried out at the Stanford Linear Accelerator
Center (SLAC), that the first dynamic evidence for a point-like sub-
structure of hadrons was obtained [Bj69, Fr72]. The structure functions
exhibit this point-like substructure through Bjorken scaling, which implies
Fi(q

2, ν) → Fi(q
2/ν) as q2 → ∞ and ν → ∞ at fixed q2/ν. To set the stage

for the discussion in this section, we first review some of our general con-
siderations on electron scattering [Qu83, Wa84] which form an essential
basis for what follows. The experimental deep-inelastic results are then
summarized [Fr72, Bj69, Qu83]. Finally, the quark–parton model is devel-
oped. It is through the quark–parton model that the deep-inelastic scaling
was first understood [Fe69, Bj69a, Ha84, Ai89, Ma90].2 The change of
the structure functions in nuclei (EMC effect) gives direct evidence for the
modification of quark properties in the nuclear medium [Au83], and this
is briefly discussed.

The kinematics for electron scattering employed in this section are
shown in Fig. 14.1. Here the four-momentum transfer is defined by3

q = k2 − k1 = p − p′

q2 = 4ε1ε2 sin2 θ

2
; lab (14.1)

1 We revert here to the previous notation where q denotes the momentum transfer in an

inclusive process.
2 QCD then allows a calculation of the corrections to scaling and the evolution equations

for doing this [Al77] are discussed, for example, in [Wa95].
3 Massless electrons are again assumed throughout this discussion.
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p´

p

q
k2

k1

θ

Fig. 14.1. Kinematics in electron scattering; momenta are four-vectors.

We further define

ν ≡ q · p
m

= ε1 − ε2 ; lab

x ≡ q2

2mν
(14.2)

These are the energy loss in the lab frame and Bjorken scaling variable,
respectively.

The S-matrix for the process in Fig. 14.1 is given by

Sf i = − (2π)4

Ω
δ(4)(k1 + p − k2 − p′)eepū(k2)γμu(k1)

1

q2
〈p′|Jμ(0)|p〉 (14.3)

Here Jμ(x) is the local electromagnetic current operator for the target
system. With box normalization,4 momentum conservation is actually
expressed through the relation

(2π)3

Ω
δ(3)(k1 + p − k2 − p′)

.
= δk1+p,k2+p′ (14.4)

The incident flux in any frame where k1||p is given by

I0 =
1

Ω

√
(k1 · p)2
ε1Ep

(14.5)

Then for a one-body nuclear final state

Sf i ≡ −2πi δ(ε1 + Ep − ε2 − Ep′)δk1+p,k2+p′T̄f i

dσf i = 2π|T̄f i|2δ(Wf − Wi)
Ωd3k2

(2π)3

[
1

Ω

√
(k1 · p)2
ε1Ep

]−1

(14.6)

Here Wf = ε2 + Ep′ and Wi = ε1 + Ep are the total final and initial
energies, respectively. It follows that the differential cross section in any

4 That is, periodic boundary conditions in a big box of volume Ω.
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14 Deep-inelastic scattering from the nucleon 97

frame where k1||p is given in Lorentz invariant form by

dσ =
4α2

q4

d3k2

2ε2

1√
(k1 · p)2

ημνWμν (14.7)

In this expression the lepton and hadron tensors for unpolarized electrons
and targets, generalized to include arbitrary nuclear final states, are defined
by

ημν = −2ε1ε2
1

2

∑
s1

∑
s2

ū(k1)γνu(k2)ū(k2)γμu(k1) (14.8)

Wμν = (2π)3Ω
∑
i

∑
f

δ(4)(q + p′ − p)〈p|Jν(0)|p′〉〈p′|Jμ(0)|p〉Ep

The lepton tensor can be evaluated directly (recall the mass of the electron
is neglected)

ημν = −2ε1ε2
1

2
trace

(−ik1λγλ)

2ε1
γν

(−ik2ργρ)

2ε2
γμ

= k1μk2ν + k1νk2μ − (k1 · k2)δμν (14.9)

It follows from the definition in Eq. (14.8) that the lepton current is
conserved

qμημν = ημνqν = 0 (14.10)

The hadron tensor depends on just the two four-vectors (q, p) and is also
conserved; its general form is

Wμν = W1(q
2, q · p)

(
δμν − qμqν

q2

)

+W2(q
2, q · p) 1

m2

(
pμ − q · p

q2
qμ

)(
pν − q · p

q2
qν

)
(14.11)

With this background, let us proceed to further analyze the hadronic
response tensor. The Heisenberg equations of motion for the target are as
follows:

Ô(x) = e−iP̂ ·xÔ(0)eiP̂ ·x (14.12)

They can be used to exhibit the space-time dependence of a matrix element
taken between eigenstates of four-momentum

Wμν =
1

2π
(ΩE)

∑
i

∑
f

∫
eiq·zd4z〈p|Jν(z)|p′〉〈p′|Jμ(0)|p〉

=
1

2π
(ΩE)

∑
i

∫
eiq·zd4z〈p|Jν(z)Jμ(0)|p〉 (14.13)
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p´

pq

Fig. 14.2. Kinematics for crossed term.

Completeness of the final set of hadronic states has been used to obtain
the second line. Consider the matrix elements of the operators in the
opposite order∫

eiq·zd4z〈p|Jμ(0)Jν(z)|p〉 ∝
∑
f

(2π)4δ(4)(p + q − p′)〈p|Jμ(0)|p′〉〈p′|Jν(0)|p〉

(14.14)
Here the kinematics are illustrated in Fig. 14.2

p + q = p′

q0 = ε2 − ε1 < 0 (14.15)

One cannot reach a physical state under these kinematic conditions since
the nucleon is stable; thus the expression in Eq. (14.14) vanishes. One can
subtract this vanishing term in Eq. (14.13) and write Wμν as the Fourier
transform of the commutator of the current density at two displaced
space-time points

Wμν =
1

2π
(ΩE)

∑
i

∫
eiq·zd4z〈p|[Jν(z), Jμ(0)]|p〉 (14.16)

Introduce states with covariant norm5

|p
)

≡
√

2E Ω |p〉 (14.17)

Equation (14.13) can then be rewritten

−πWμν ≡ tμν = −1

4

∑
i

∫
eiq·zd4z

(
p|[Jν(z), Jμ(0)]|p

)
(14.18)

This expression is evidently covariant; it forms the absorptive part of the
amplitude for forward, virtual Compton scattering. Since the currents are
observables, their commutator must vanish outside the light cone. Thus
the only contribution to this integral comes from inside the light cone.

5 The norm of these states is
(

p |
p ′

)
= 2E(2π)3δ(3)(
p −
p ′); this is Lorentz invariant.
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14 Deep-inelastic scattering from the nucleon 99

Fig. 14.3. Visual fits to spectra showing the scattering of electrons from hydrogen
at θ = 10o for primary energies 4.88 to 17.65 GeV. The elastic peaks have been
subtracted and radiative corrections applied. The cross sections are expressed in
nanobarns/GeV/steradian [Fr72].

In the Bjorken scaling limit, the dominant contribution to this integral
comes, in fact, from singularities on the light cone (see e.g. [De73]). This
observation forms the basis for a covariant, field theory evaluation of the
structure functions and systematic determination of corrections. The light-
cone analysis of this expression is discussed in more detail in appendix
I.

A combination of Eqs. (14.7), (14.9), and (14.11) yields the general form
of the laboratory cross section for the scattering of unpolarized (massless)

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


100 Part 2 General analysis

Fig. 14.4. νW2 for the proton as a function of q2 and total C-M energy of the
proton and virtual photon W = [−(p − q)2]1/2 > 2 GeV at ω = 1/x = 4 [Fr72].

electrons from an unpolarized nucleon

d2σ

dΩ2dε2
= σM

1

m

[
W2(ν, q

2) + 2W1(ν, q
2) tan2 θ

2

]

σM =
α2 cos2 θ/2

4ε21 sin4 θ/2
(14.19)

Here σM is the Mott cross section.
A qualitative overview of the SLAC data on deep-inelastic electron

scattering from the proton is shown in Fig. 14.3 [Fr72]. On the basis of his
analysis of various sum rules, Bjorken predicted, before the experiments,
the following behavior of the structure functions in the deep-inelastic
regime [Bj69]

ν

m
W2(ν, q

2) → F2(x) ; q2 → ∞, ν → ∞

2W1(ν, q
2) → F1(x) (14.20)

Here the scaling variable is defined by

x ≡ q2

2mν
≡ 1

ω
(14.21)

These relations imply that the structure functions do not depend individ-
ually on (ν, q2) but only on their ratio. The scaling behavior of the SLAC
data is shown in Figs. 14.4 and 14.5 [Fr72].6 The first of these figures

6 These authors use W1,2 ≡ (1/m)W text
1,2 where W text

1,2 are the structure functions used here.
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14 Deep-inelastic scattering from the nucleon 101

Fig. 14.5. Structure functions 2mW1 and νW2 for the proton vs ω for C-M
energy W > 2.6 GeV and q2 > 1 (GeV/c)2, and using R = 0.18 [Fr72].

illustrates the independence from q2 at fixed ω = 1/x; the second shows
the extracted structure functions F1,2(x).7

Let us now turn to an interpretation of these experimental results.
The empirical data on deep-inelastic electron scattering can be under-
stood within the framework of the quark–parton model developed for that
purpose by Feynman and Bjorken and Paschos [Fe69, Bj69a]. The basic
concepts in the model are as follows:

• The calculation of the structure functions is Lorentz invariant. Go
to the C-M frame of the proton and incident electron with p = −k1.
Now let the proton move very fast with |p| → ∞. This forms the
infinite-momentum frame; it is illustrated in Fig. 14.6.

• Assume the nucleon is composed of a substructure of partons. The
proper motion of the parton constituents of the hadron (here a
proton) is slowed down by time dilation in the infinite-momentum

7 From the SLAC data the ratio of longitudinal to transverse cross section is given by

R ≡ σl/σt = 0.18 ± 0.10 where W1/W2 ≡ (1 + ν2/q2)σt/(σt + σl).
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102 Part 2 General analysis

proton

electron

loentz
contracted

p

k1

q
k2

Fig. 14.6. Situation in frame where the proton is moving very rapidly with
momentum p = −k1 (the infinite-momentum frame).

frame. Thus the partons are effectively frozen during the scattering
process. The actual interaction between the partons is then not
important.

• Assume that the very-short-wavelength electrons scatter incoherently
from the constituents. Assume further that the constituent partons
have no internal electromagnetic structure and that the electrons
scatter from the charged constituents as if they are pointlike Dirac
particles.

• Assume that in the limit q2 → ∞, ν → ∞, the masses of the con-
stituents can be neglected. Assume also that the transverse momen-
tum of the parton before the collision, determined by the internal
structure of the hadron and the strong-interaction dynamics, can
be neglected in comparison with

√
q2, the transverse momentum

imparted as |
p | → ∞.

We now know from subsequent developments, largely motivated by
these deep-inelastic electron scattering experiments and the success of
the quark–parton model, that the parton constituents of the hadron are
actually quarks (charged) and gluons (neutral).

The scaling results can be understood within the framework of the
impulse approximation applied to this model.8 The calculation of the cross
section is Lorentz invariant, and can be performed in any Lorentz frame,
in particular in any frame where p||k1. Go to the infinite-momentum
frame. The scattering situation is then illustrated in Fig. 14.7. In this
frame the ith parton carries the incident four-momentum

pinc = ηi p (14.22)

Here ηi is the fraction of the four-momentum p of the proton carried by
the ith parton. Evidently

0 ≤ ηi ≤ 1 (14.23)

8 This discussion is based on [Ha84, Ai89, Ma90, Wa95].
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14 Deep-inelastic scattering from the nucleon 103

p

k1

qk2
p´

ηip

ithparton

Fig. 14.7. Scattering in impulse approximation in the quark–parton model in
the infinite-momentum frame.

The incident hadron is now just a collection of independent partons. The
electron proceeds to scatter from one of the point-like charged partons.
We do not worry here about how the parton eventually gets converted
into hadrons in the final state (hadronization). Only the quarks are charged
with charges

qi ≡ Qi ep (14.24)

Now

Let fi(ηi)dηi be the number of quarks of type i with four-momentum
between ηip and (ηi + dηi)p.

The total four-momentum of the proton is then evidently given by

p = pgluons + pquarks

p = ζgp +
∑N

i=1

∫ 1

0
(ηip)fi(ηi)dηi (14.25)

Here ζg is the fraction of the total four-momentum of the proton carried

by all the gluons, and
∑N

i=1 is a sum over all types of quarks.
Cancellation of an overall factor of the four-momentum p from the last

of Eqs. (14.25) gives

1 = ζg +
∑N

i=1

∫ 1

0
ηifi(ηi)dηi (14.26)

Introduce a dummy variable x; this momentum sum rule can then be
written

1 = ζg +
∑N

i=1
ζi

ζi ≡
∫ 1

0
xfi(x)dx (14.27)

Now calculate the process in Fig. 14.7 using the analysis of inelastic
electron scattering presented at the beginning of this chapter. With the
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104 Part 2 General analysis

assumption of scattering from point-like Dirac particles, the S-matrix for
scattering from an isolated quark of type i is given by9

S (i) =
−i(2π)4eepQi

Ω2q2
δ(4)(p′ + q − ηip)ū(k2)γμu(k1)ū(p

′)γμu(ηip)

≡ − (2π)4i

Ω
δ(4)(p′ + q − ηip)T̄

(i) (14.28)

The incident flux is given by

I0 =
1

Ω

√
[k1 · (ηip)]2

ε1(ηiEp)
=

1

Ω

√
(k1 · p)2
ε1Ep

(14.29)

The cross section for inelastic electron scattering from a point-like quark
of type i, carrying four momentum ηip in the |p| → ∞ frame, in the impulse
approximation follows as

dσ(i) = 2π|T̄ (i)|2δ(Wf − Wi)
Ωd3k2

(2π)3
1

I0

=
4α2

q4

d3k2

2ε2

1√
(k1 · p)2

ημνW
(i)
μν (14.30)

Here the response tensor for scattering from such a quark is defined by10

W (i)
μν = −Q2

i Ep

∑
p′

1

2

∑
s1

∑
s2

ū(p′)γμu(ηip)ū(ηip)γνu(p
′)

×δp′,ηip−q δ(p′
0 − ηip0 + q0) (14.31)

With the use of momentum conservation and the neglect of the masses of
the participants, the energy-conserving delta function can be manipulated
in the following manner (and this is a key step in the development)

δ(p′
0 − ηip0 + q0) = 2p′

0 δ[p′2
0 − (ηip0 − q0)

2]

= 2p′
0 δ[p′2 − (ηip − q)2]

≈ 2p′
0 δ(2ηip · q − q2)

=
2p′

0

2p · q δ(ηi − x) (14.32)

Here x ≡ q2/2mν is the scaling variable introduced in Eq. (14.21). Hence

δ(p′
0 − ηip0 + q0) =

2Ep′

2mν
δ(ηi − x) (14.33)

9 To avoid confusion, we here suppress the subscripts on the S-matrix S
(i)
f i .

10 This assumes the target is unpolarized; polarization is discussed in the next chapter.
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14 Deep-inelastic scattering from the nucleon 105

The required traces are the same as those evaluated in ημν at the
beginning of this chapter, except that the initial momentum is ηip. Thus

W (i)
μν = Q2

i Ep
2Ep′

2mν
δ(ηi − x)

4

2Ep′2(ηiEp)

1

2

×
{
p′
μ(ηipν) + (ηipμ)p

′
ν − (ηip · p′)δμν

}
=

Q2
i

2mν
δ(ηi − x)

{
p′
μpν + p′

νpμ − (p · p′)δμν
}

(14.34)

Now use

p′ = ηip − q

qμημν = ημνqν = 0 (14.35)

Hence, again with the neglect of masses,

W (i)
μν

.
=

Q2
i

2
δ(ηi − x)

[
δμν +

2ηi
mν

pμpν

]
(14.36)

The symbol
.
= here indicates that the terms in qμ and qν have been

dropped because of Eq. (14.35).

An incoherent sum over all types of quarks with all momentum fractions
now gives the response tensor for the composite nucleon

Wμν =
∑N

i=1

∫ 1

0
dηifi(ηi)W

(i)
μν (14.37)

Substitution of Eq. (14.36) into Eq. (14.37) demonstrates that the response
functions now explicitly exhibit Bjorken scaling and allows one to identify
[see Eqs. (14.37), (14.20), and (14.21)]

F1(x) =
N∑
i=1

Q2
i fi(x)

F2(x) =
N∑
i=1

Q2
i xfi(x) = xF1(x) (14.38)

Not only do these expressions explicitly exhibit scaling, but they also
allow one to calculate the structure functions in terms of the charges of
the various types of quarks and their momentum distributions as defined
just below Eq. (14.24).

To proceed further, consider the nucleon to be made up of (u, d, s)
quarks, with charges listed in Table 14.1, and their antiparticles. It then
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106 Part 2 General analysis

Table 14.1. Quark sector used in discussion of deep-inelastic electron scattering
from the nucleon.

u d s

Qi 2/3 −1/3 −1/3

follows from Eq. (14.38) that

F
p
2 (x)

x
=

(
2

3

)2

[up(x) + ūp(x)] +

(
1

3

)2

[dp(x) + d̄p(x)]

+

(
1

3

)2

[sp(x) + s̄p(x)]

Fn
2 (x)

x
=

(
2

3

)2

[un(x) + ūn(x)] +

(
1

3

)2

[dn(x) + d̄n(x)]

+

(
1

3

)2

[sn(x) + s̄n(x)] (14.39)

Here an obvious notation has been introduced for the momentum distri-
butions fi(x) of the various quark types in the proton and neutron.

Strong isospin symmetry implies that the quark distributions should be
invariant under the interchange (d ⇀↽ u) and hence (p ⇀↽ n). Thus one
defines

up(x) = dn(x) ≡ u(x)

dp(x) = un(x) ≡ d(x)

sp(x) = sn(x) ≡ s(x) (14.40)

The quark contributions can be divided into two types: those from
valence quarks, from which the quantum numbers of the nucleon are
constructed; and those from sea quarks, present, for example, from (qq̄)
pairs arising from strong vacuum polarization or mesons in the nucleon.

u(x) = uV(x) + uS(x)

d(x) = dV(x) + dS(x)

s(x) = sV(x) + sS(x) (14.41)

Strong vacuum polarization should not distinguish greatly between the
types of sea quarks; hence it will be assumed for the purposes of the
present arguments that the sea quark distributions are identical

S(x) ≡ uS = ūS = dS = d̄S = sS = s̄S (14.42)
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14 Deep-inelastic scattering from the nucleon 107
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Fig. 14.8. The difference Fp
2 −Fn

2 as a function of x, as measured in deep-inelastic
scattering at the Stanford Linear Accelerator [Ha84].
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Fig. 14.9. The ratio Fn
2/F

p
2 as a function of x, as measured in deep-inelastic

scattering. Data are from the Stanford Linear Accelerator [Ha84].

It follows that

F
p
2

x
=

4

9
uV(x) +

1

9
dV(x) +

4

3
S(x)

Fn
2

x
=

1

9
uV(x) +

4

9
dV(x) +

4

3
S(x) (14.43)

The SLAC data comparing the distribution functions F
p,n
2 is shown in

Figs. 14.8 and 14.9 (taken from [Ha84]). The neutron data were obtained
subsequently at SLAC using a 2

1H target. Evidently at small x the ratio
F
p
2/F

n
2 ≈ 1 and the sea quark distribution S(x) dominates the structure

function; at large x the ratio Fn
2/F

p
2 ≈ 0.25 and it is the valence u quark

distribution uV(x) that dominates.
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108 Part 2 General analysis

Consider the momentum sum rule. For simplicity, work in the nuclear
domain where the nucleon is composed of (u, d) quarks and their anti-
quarks. The contribution of these quarks to the momentum sum rule in
Eq. (14.27) takes the form

ζu ≡
∫ 1

0
x dx(u + ū)

ζd ≡
∫ 1

0
x dx(d + d̄) (14.44)

From the SLAC results [Ha84, Ma90] one finds the sum rules∫ 1

0
dxF

p
2 (x) =

4

9
ζu +

1

9
ζd = 0.18∫ 1

0
dxFn

2 (x) =
1

9
ζu +

4

9
ζd = 0.12 (14.45)

These results, together with Eq. (14.27), then imply

ζu = 0.36 ζd = 0.18

ζg = 0.46 (14.46)

Hence one observes that the gluons carry approximately one-half of the
momentum of the proton.

We close this section with a very brief discussion of the EMC effect.
This material is from [Au83, Mo86, Bi89, Dm90]. The most naive picture
of the nucleus is that of a collection of free, non-interacting nucleons. In
this picture the structure function one would observe from deep-inelastic
electron scattering from a nucleus would be just N times the neutron
structure function plus Z times that of the proton. It is an experimental
fact, first established by the European Muon Collaboration (EMC), that
the quark structure functions are modified inside the nucleus [Au83].

It is known that nucleons in the nucleus have a momentum distribution.
The most elementary nuclear effect on the structure functions for the
nucleus A involves a simple average over the single-nucleon momentum
distribution

W (A)
μν (P , q) =

A∑
i=1

∫
d3p|φi(p)|2W (1)

μν (p, q) (14.47)

We note an immediate difficulty in the extension of the theoretical analysis
to an A-body nucleus; this expression is clearly model dependent in the
sense that the integration is not covariant. It is only with a covariant
description of the nuclear many-body system that one can freely transform
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Fig. 14.10. (a) A comparison of calculations of the effect of Fermi smearing on
the ratio R [Bi89]; (b) The ratio R in a relativistic version of this single-particle
model compared with some early experimental data [Mo86].

between Lorentz frames, and, in particular, go to the |p| → ∞ frame where
the parton model is developed.

It will be assumed that Eq. (14.47) holds in the laboratory frame. Define
the following ratio

R ≡ FFe
2 (x)/A

FD
2 (x)/2

(14.48)

This is the ratio of the structure function for iron (per nucleon) to the
structure function for deuterium (per nucleon). Calculations of R based
on Eq. (14.47) are shown in Fig. 14.10 (a). R is calculated assuming the
response function W (1)

μν (p, q) for a free nucleon is unmodified in the nuclear
interior [Bi89]. Note that this Fermi smearing effect is sizable for large x.

The result of a relativistic version of this single-particle model is shown
in Fig. 14.10 (b), along with some of the representative early experimental
data [Mo86].
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15
Polarization in deep-inelastic scattering

Suppose that the initial lepton beam is longitudinally polarized. If the
target nucleon is unpolarized and unobserved, there is no effect on the
cross section because parity is conserved in the strong and electromagnetic
interactions. We consider parity violation induced by the weak interaction
in the next chapter.

Suppose, however, that the target nucleon is polarized along the incident
electron direction so that it is also longitudinally polarized in the infinite-
momentum frame. There is then additional information on the strong-
interaction spin structure of the nucleon in deep-inelastic scattering (DIS)
experiments carried out under these conditions. Many such 
N(
e, e′)DIS

experiments have now been performed, starting with the work of Vernon
Hughes and collaborators at SLAC [Hu83]. A theoretical analysis of
such experiments follows immediately from our discussions of the quark–
parton model in chapter 14 and of the polarization of spin-1/2 fermions
in appendix D.

In the extreme relativistic limit (ERL) one can simply insert the ap-
propriate helicity projection operator for massless fermions in the lepton
trace. For helicity h = ±1 one uses1

Ph =
1

2
(1 − h γ5) (15.1)

The result is that the lepton trace now takes the form

ηhμν = −2ε1ε2
1

2

∑
s1

∑
s2

ū(k1)γνu(k2)ū(k2)γμ(1 − hγ5)u(k1)

= −ε1ε2 trace

[
γν

(−iγλk2λ

2ε2

)
γμ(1 − hγ5)

(−iγρk1ρ

2ε1

)]

1 Note that the h used here is twice the spin projection.
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15 Polarization in deep-inelastic scattering 111

=
1

4
4
[
k2νk1μ + k1νk2μ − (k1 · k2)δμν + hεμνλρk2λk1ρ

]
= ημν + hεμνλρk2λk1ρ (15.2)

Here, as before

ημν = k2νk1μ + k1νk2μ − (k1 · k2)δμν (15.3)

Since the helicity is a pseudoscalar under the parity transformation (wit-
ness the γ5 in the helicity projection operator), there can now be a pseu-
dotensor contribution hεμνλρk2λk1ρ to the response tensor.

Assume the target is longitudinally polarized and has helicity aligned
(↑) along p. Now carry out exactly the same impulse approximation
calculation in the quark–parton model as in the previous section only now
insert a projection operator for the relativistic quarks of helicity hi = ±1

Phi =
1

2
(1 − hiγ5) (15.4)

Evidently hi measures the helicity of the quarks relative to the helicity
of the nucleon (here ↑). An inspection of the arguments leading to Eq.
(14.34), and the above analysis, indicate that one should make the following
replacement in Eq. (14.34){

p′
μpν + p′

νpμ − (p · p′)δμν
}

→{
p′
μpν + p′

νpμ − (p · p′)δμν + hi εμνλρp
′
λpρ

}
(15.5)

One then proceeds in exactly the same manner to Eq. (14.36) with the
result

W (i)
μν

.
=

Q2
i

2
δ(ηi − x)

[
δμν +

2ηi
mν

pμpν +
hi

mν
εμνλρpλqρ

]
(15.6)

An incoherent sum over all quarks implies that there is an additional
Lorentz covariant contribution to the DIS response tensor for this nucleon
with positive helicity of the form

δW ↑
μν = W ↑ 1

m2
εμνλρpλqρ (15.7)

The quark–parton model identifies

2ν

m
W ↑ =

∑
i

Q2
i hifi(x)

=
∑
i

Q2
i [f

↑
i (x) − f

↓
i (x)] (15.8)
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112 Part 2 General analysis

Here an obvious notation has been introduced to denote the helicity of
the quark relative to the helicity of the nucleon. The quark–parton model
predicts that the combination on the left side of Eq. (15.8) obeys Bjorken
scaling in DIS, and furthermore, that it measures the helicity distribution
of the quarks inside the nucleon in the infinite momentum frame

2ν

m
W ↑ → G1(x) ; DIS

G1(x) =
∑
i

Q2
i [f

↑
i (x) − f

↓
i (x)] (15.9)

It remains to investigate the physical consequences of the additional terms
in the lepton and target response tensors in Eqs. (15.2) and (15.7) in the
polarized case.

These results can be used to compute the asymmetry for scattering of
the lepton by the target in the case when the helicities are both aligned or
antialigned. Define this asymmetry by

A ≡ dσ↑↑ − dσ↓↑
dσ↑↑ + dσ↓↑

(15.10)

The subscripts refer to the particle helicities, the convention here being
that the first subscript is that of the electron and the second that of the
nucleon. Parity invariance of the strong and electromagnetic interactions
implies that A will be unchanged under a reversal of both helicities, as
the reader can readily verify explicitly from the preceeding arguments.2

First note that when two tensors are contracted, they must both be even
or odd in the interchange of the indices μ and ν to get a non-zero result.
Then, since all common factors cancel in the ratio, the problem reduces to
the evaluation of the following expression

A = W ↑ 1

m2

εμνλρk2λk1ρ εμνστpσqτ

ημνWμν
(15.11)

The denominator is evaluated in Eq. (11.32)

ημνWμν = (k1μk2ν + k1νk2μ − k1 · k2 δμν)

(
W1δμν + W2

pμpν

m2

)

= W1(−2k1 · k2) + W2
1

m2
(2 p · k1 p · k2 − p2 k1 · k2)

= W1q
2 + W2

1

m2

(
2 p · k1 p · k2 − 1

2
m2q2

)
(15.12)

2 Compare with Eq. (13.55).
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15 Polarization in deep-inelastic scattering 113

Recall q = k2 − k1 and q2 = −2k1 · k2 in the ERL. The numerator is
evaluated using Eq. (D.18)

W ↑ 1

m2
εμνλρk2λk1ρ εμνστpσqτ = 2W ↑ 1

m2
(k2 · p k1 · q − k1 · p k2 · q)

= −W ↑ q
2

m2
p · (k1 + k2) (15.13)

In the quark–parton model in DIS with x = q2/2mν one has from before

2W1 = F1(x) =
∑
i

Q2
i [f

↑
i (x) + f

↓
i (x)]

ν

m
W2 = F2(x) = xF1(x)

2ν

m
W ↑ = G1(x) =

∑
i

Q2
i [f

↑
i (x) − f

↓
i (x)] (15.14)

Hence one can write the asymmetry A as

A ≡ N

D
N = −G1(x)mν [p · (k1 + k2)]

D = F1(x)

[
m2ν2 +

(
2 p · k1 p · k2 − 1

2
m2q2

)]
(15.15)

An equivalent expression is

A =
G1(x)

F1(x)
D

D = − mν [p · (k1 + k2)][
m2ν2 +

(
2 p · k1 p · k2 − m2q2/2

)] (15.16)

These two expressions give the quark–parton result for A in DIS written in
Lorentz invariant form. The first factor shows that what is being measured
in these experiments is the ratio G1(x)/F1(x). The second depolarization
factor (of the virtual photon which must transmit the spin information) is
purely kinematic.

In the laboratory frame where p = (0, im), one has in the ERL

D =
ε21 − ε22

ε21 + ε22 − 2ε1ε2 sin2 θ/2
(15.17)

This reproduces the result in [Hu95].
If one retains correction terms of O(m/ε1), and correspondingly consid-

ers other directions of the polarization of the target, then the expression
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114 Part 2 General analysis

for the polarization asymmetry becomes more complicated, and one can,
in fact, measure an additional spin structure function G2(x), whose inter-
pretation in the quark–parton model is more ambiguous. The full response
for arbitrary target polarization is given in [Vo92], where experimental
results from the scattering of very-high-energy polarized muons from
polarized nucleon targets is also discussed.

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


16
Parity violation in inclusive electron scattering

The measurement of parity violation in the scattering of longitudinally
polarized electrons in inclusive deep-inelastic electron scattering from
deuterium at SLAC is a classic experiment that played a pivotal role in
the establishment of the weak neutral current structure of the standard
model [Pr78, Pr79]. The measurement of parity violation in inclusive
electron scattering from nuclear and nucleon targets A(
e, e′)pv, promises
to play a central role in future developments in nuclear physics [Pa90]. In
this chapter we use the previous results to develop a general description
of this process.

Conservation of parity in the strong and electromagnetic interactions
implies that there can be no difference in the cross section for the process
A(
e, e′) upon reversal of the longitudinal polarization of the electron
if the target is unpolarized and unobserved. This follows from general
principles, for it would effectively imply a non-zero expectation value
for the pseudoscalar quantity 〈σ · k1〉. That the helicity-dependent lepton
contribution to the cross section indeed vanishes with one photon exchange
can be seen immediately from our preceeding analysis. Equation (15.2)
states that a longitudinally polarized electron has an additional term in
the response tensor of the form h εμνλρk2λk1ρ. When contracted with the
response tensor for an unpolarized and unobserved hadronic target in Eq.
(11.27), the result vanishes since the first expression is antisymmetric in
the interchange of the indices μ and ν and the second is symmetric.

Parity violation necessitates the inclusion of the weak interaction. In
addition to the exchange of a virtual photon, it is possible for an electron
to exchange a Z (0), the heavy neutral weak vector boson with mass
MZ = 91.19 GeV. The interaction takes place through the weak neutral
current, which we now know is accurately described by the standard model
of the electroweak interactions [Sa64, We67, Gl70, We72].

To start the discussion of parity violation, consider the scattering of

115
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116 Part 2 General analysis

1–

1–
k1 p1

p

pp2k2 1–

1– p

p

Zμγ

Fig. 16.1. Contributing Feynman diagrams (unitary gauge) for parity-violating
asymmetry in scattering of longitudinally polarized electrons from point protons.
Here q = k2 − k1.

a relativistic (massless) longitudinally polarized electron from a point
proton. The contributing diagrams in the unitary gauge are shown in Fig.
16.1. The standard model is presented in detail in chapter 26 and [Wa95].
Here we simply anticipate that development and use the fact that the
Feynman rules for the weak neutral current interaction of the standard
model imply that the S-matrix is given by

Sf i =
−(2π)4i

Ω2
δ(4)(k1 + p − k2 − p′)

{
ū(k2)(eγμ)u(k1)

δμν

q2
ū(p′)(−eγν)u(p)

+ ū(k2)

[ −gγμ

4 cos θW
[(1 − 4 sin2 θW ) + γ5]

]
u(k1)

(δμν + qμqν/m
2
Z )

q2 + m2
Z

×ū(p′)
[

gγν

4 cos θW
[(1 − 4 sin2 θW ) + γ5]

]
u(p)

}
(16.1)

At low energy one has |q|/MZ � 1, and the momentum-dependent terms
can be neglected in the Z-propagator. Take the standard model values

e2 = 4πα

g2

8m2
Z cos2 θW

=
G√
2

=
1.024 × 10−5

√
2 m2

p

a = −(1 − 4 sin2 θW ) ; sin2 θW = 0.2315

b = −1 (16.2)

Then

Sf i =
−(2π)4i

Ω2
δ(4)(k1 + p − k2 − p′)Tf i

Tf i = −4πα

q2

{
ū(k2)γμu(k1)ū(p

′)γμu(p) − Gq2

4πα
√

2
ū(k2)γμ[a + bγ5]u(k1)

× ū(p′)γμ

[
1

2
(1 + γ5) − 2 sin2 θW

]
u(p)

}
(16.3)

This result is easily extended to point neutrons using the Feynman rules
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16 Parity violation in inclusive electron scattering 117

of [Wa95] through the replacement

Tf i = −4πα

q2

{
ū(k2)γμu(k1)ū(p

′)γμ
1

2
(1 + τ3)u(p)

− Gq2

4πα
√

2
ū(k2)γμ[a + bγ5]u(k1)

×ū(p′)γμ[(1 + γ5)
1

2
τ3 − 2 sin2 θW

1

2
(1 + τ3)]u(p)

}
(16.4)

At this juncture one can redefine things so that the result is more general
than for just point nucleons

Sf i =
−(2π)4i

Ω
δ(4)(k1 + p − k2 − p′)Tf i

Tf i =
4πα

q2

{
iū(k2)γμu(k1)〈p′|Jγμ(0)|p〉

− Gq2

4πα
√

2
iū(k2)γμ(a + bγ5)u(k1)〈p′|J(0)

μ (0)|p〉
}

(16.5)

Now these are single-nucleon matrix elements of the full electromagnetic
and weak neutral current densities taken between exact Heisenberg states;
for point nucleons, this expression reduces to Eq. (16.4).

The dimensionless ratio Gq2/4πα
√

2 forms the small parameter in these
nuclear physics parity-violation calculations.

The first term in Eq. (16.5) leads to the electron scattering cross section
derived in chapter 11

dσ =
4α2

q4

d3k2

2ε2

1√
(k1 · p)2

ημνWμν

ημν = −2ε1ε2
1

2

∑
s1

∑
s2

ū(k1)γνu(k2)ū(k2)γμu(k1)

= k1μk2ν + k1νk2μ − (k1 · k2)δμν

Wμν = (2π)3
∑
i

∑
f

δ(4)(q + p′ − p)〈p|Jγν (0)|p′〉〈p′|Jγμ(0)|p〉(ΩEp)

= W
γ
1 (q2, q · p)

(
δμν − qμqν

q2

)

+W
γ
2 (q2, q · p) 1

M2
T

(
pμ − p · q

q2
qμ

)(
pν − p · q

q2
qν

)
(16.6)

It is important to note that at this point we have again generalized the
target response tensor to include the possibility of inelastic processes.
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118 Part 2 General analysis

k2

k1

q

dδ dδ

θ

Fig. 16.2. Cross sections for right- and left-handed electrons.

From appendix D and chapter 15 we know that the following are
projections for right- and left-handed (massless) Dirac electrons

P↑ =
1

2
(1 − γ5) P↓ =

1

2
(1 + γ5) (16.7)

To calculate the cross sections for such particles (Fig. 16.2) one sim-
ply modifies ημν with the appropriate insertion of these projections and
removes the average over the initial helicities1

for dσ↑ : η↑
μν = . . .

omit︷ ︸︸ ︷(
1

2

)∑
s1

∑
s2

ū(k1) . . .
1

2
(1 − γ5)u(k1)

for dσ↓ : η↓
μν = . . .

∑
s1

∑
s2

ū(k1) . . .
1

2
(1 + γ5)u(k1)

for dσ↑ − dσ↓ : η(−)
μν = . . .

∑
s1

∑
s2

ū(k1) . . . (−γ5)u(k1)

for dσ↑ + dσ↓ : η(+)
μν = . . .

∑
s1

∑
s2

ū(k1) . . . (1)u(k1) (16.8)

Thus one now has either (−γ5) or (1) in the lepton trace. Since all common
factors cancel in the ratio the asymmetry is given by

A ≡ dσ↑ − dσ↓
dσ↑ + dσ↓

= − Gq2

4πα
√

2

η(1)
μν W

(1)
μν + η(2)

μν W
(2)
μν

2ημνWμν
(16.9)

Here

η(1)
μν = −2ε1ε2

∑
s1

∑
s2

ū(k1)γνu(k2)ū(k2)γμ(a + bγ5)(−γ5)u(k1) (16.10)

W (1)
μν = (2π)3

∑
i

∑
f

δ(4)(q + p′ − p)〈p|Jγν (0)|p′〉〈p′|J(0)
μ (0)|p〉(ΩEp)

η(2)
μν = −2ε1ε2

∑
s1

∑
s2

ū(k1)γν(a + bγ5)u(k2)ū(k2)γμ(−γ5)u(k1)

W (2)
μν = (2π)3

∑
i

∑
f

δ(4)(q + p′ − p)〈p|J(0)
ν (0)|p′〉〈p′|Jγμ(0)|p〉(ΩEp)

1 Note dσ↑ + dσ↓ = 2dσunpolarized.
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16 Parity violation in inclusive electron scattering 119

The lepton traces have been evaluated in chapter 15. The result is2

η(1)
μν = η(2)

μν = −2(bημν + aεμνρσk1ρk2σ) (16.11)

Thus in the numerator of Eq. (16.9) one needs η(1)
μν (W (1)

μν + W (2)
μν ) and

W (1)
μν + W (2)

μν = (2π)3
∑
i

∑
f

δ(4)(q + p′ − p)
[
〈p|Jγν (0)|p′〉〈p′|J(0)

μ (0)|p〉

+〈p|J(0)
ν (0)|p′〉〈p′|Jγμ(0)|p〉

]
(ΩEp) (16.12)

Now separate the weak neutral current into its Lorentz vector and axial
vector parts

J(0)
μ = J(0)

μ + J
(0)
μ5 ; V − A (16.13)

Since the asymmetry is already explicitly of order Gq2/4πα
√

2, one can
then use the good parity of the nuclear states to write

W (1)
μν + W (2)

μν = W int
μν + WV−A

μν (16.14)

Here the first term W int
μν comes from J(0)

μ ; it has the same general structure

as Wγ
μν in Eq. (16.6)3

W int
μν = W int

1 (q2, q · p)
(
δμν − qμqν

q2

)

+W int
2 (q2, q · p) 1

M2
T

(
pμ − p · q

q2
qμ

)(
pν − p · q

q2
qν

)
(16.15)

The second term in Eq. (16.14), coming from J
(0)
μ5 , is a pseudotensor;

the only pseudotensor that can be constructed from the two four-vectors
(pμ, qμ) is4

WV−A
μν = W8(q

2, q · p) 1

M2
T

εμνρσpρqσ (16.16)

Now combine these expressions with Eq. (16.11). The result follows from
simple algebra and kinematics of the type carried out previously. The only
non-zero terms are [see Eq. (11.35)]

2ημνWμν = 4ε1ε2[W
γ
2 cos2

θ

2
+ 2W

γ
1 sin2 θ

2
]

−2bημνW
int
μν = (−b)4ε1ε2[W

int
2 cos2

θ

2
+ 2W int

1 sin2 θ

2
] (16.17)

2 Note that the first term is symmetric in μ ↔ ν, while the second is antisymmetric.
3 The proof of this result uses the fact that the current J (0)

μ is conserved.
4 Note that this expression is antisymmetric in μ ↔ ν.
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120 Part 2 General analysis

and (
−2aεμνρσk1ρk2σ

) [
W8(q

2, q · p) 1

M2
T

εμναβpαqβ

]

= −
(

4a

M2
T

W8

)
(k1 · p k2 · q − k1 · q k2 · p)

= −
(

2a

M2
T

W8

)
q2 p · (k1 + k2)

=

(
2a

MT
W8

)
4ε1ε2 sin

θ

2

(
q2 cos2

θ

2
+ q2 sin2 θ

2

)1/2

(16.18)

The ERL is assumed with q = k2 − k1, and the results are written in the
laboratory frame. The last line follows from the following manipulations
in that frame

q2 cos2
θ

2
+ q2 sin2 θ

2
= q2 − q2

0 cos2
θ

2

= ε22 + ε21 − 2ε1ε2 cos θ − (ε2 − ε1)
2 cos2

θ

2

= (ε1 + ε2)
2 sin2 θ

2
(16.19)

The final result is[
dσ↑ − dσ↓
dσ↑ + dσ↓

] [
W

γ
2 cos2

θ

2
+ 2W

γ
1 sin2 θ

2

]
=

Gq2

4πα
√

2

×
{
b

[
W int

2 cos2
θ

2
+ 2W int

1 sin2 θ

2

]

−a

(
2W8

MT

)
sin

θ

2

(
q2 cos2

θ

2
+ q2 sin2 θ

2

)1/2
}

(16.20)

Several features of this result are of interest:

• This is the general expression for the parity-violating asymmetry
in relativistic polarized electron scattering from a hadronic target
arising from the interference of one-photon and one-Z exchange
(Fig. 16.1).5

• The left hand side is the product of the asymmetry A [Eq. (16.9)]
and the basic (e, e′) response [Eqs. (16.6) and (16.17)].

5 Additional contributions to the parity-violating asymmetry can arise from parity ad-

mixtures in the nuclear states coming from weak parity-violating nucleon–nucleon

interactions. These contributions are generally negligible, except perhaps at very small

q2 [Se79, Dm92].
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16 Parity violation in inclusive electron scattering 121

• The characteristic scale of parity violation in nuclear physics from
the process (
e, e′) is set by the dimensionless parameter Gq2/4πα

√
2

appearing on the right hand side.

• The parameter b characterizes the lepton axial-vector weak neutral
current [Eq. (16.2)]; its coefficient here arises from the interference
of the vector part of the weak neutral and electromagnetic hadronic
currents [Eqs. (16.12), (16.13), and (16.15)]

W int
μν = (2π)3

∑
i

∑
f

δ(4)(q + p′ − p)
[
〈p|Jγν (0)|p′〉〈p′|J(0)

μ (0)|p〉

+〈p|J(0)
ν (0)|p′〉〈p′|Jγμ(0)|p〉

]
(ΩEp)

= W int
1 (q2, q · p)

(
δμν − qμqν

q2

)

+W int
2 (q2, q · p) 1

M2
T

(
pμ − p · q

q2
qμ

)(
pν − p · q

q2
qν

)
(16.21)

• The parameter a characterizes the lepton vector weak neutral current
[Eq. (16.2)]; its coefficient here arises from the interference of the
axial vector part of the weak neutral and electromagnetic hadronic
currents [Eqs. (16.12)–(16.14) and (16.16)]

WA−V
μν = (2π)3

∑
i

∑
f

δ(4)(q + p′ − p)
[
〈p|Jγν (0)|p′〉〈p′|J(0)

μ5 (0)|p〉

+〈p|J(0)
ν5 (0)|p′〉〈p′|Jγμ(0)|p〉

]
(ΩEp)

= W8(q
2, q · p) 1

M2
T

εμνρσpρqσ (16.22)

• The three response functions on the right hand side of Eq. (16.20)
can be separated by varying the electron scattering angle θ at fixed
(q2, q · p).6

• The parity violation arises from the interference of the transition
matrix element of the electromagnetic and the weak neutral cur-
rents. If the electromagnetic matrix elements have been measured,
then parity violation in (
e, e) and (
e, e′) provides a measurement of the
matrix elements of the weak neutral current in nuclei at all q2.

We give one example [Wa84, Wa95]. Consider elastic scattering from
a 0+ target (Fig. 16.3a). Then from Lorentz covariance and current con-

6 This is known as a Rosenbluth separation.
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122 Part 2 General analysis

(a) (b)
0+ 0+.0

Fig. 16.3. Example of parity-violating asymmetry in scattering from (a) Jπ = 0+,
and (b) (Jπ, T ) = (0+, 0) target.

servation the transition matrix elements of the electromagnetic and weak
neutral currents must have the form7

〈p′|Jγμ(0)|p〉 =

(
M2

T

EE′Ω2

)1/2

F
γ
0 (q

2)
1

MT

(
pμ − p · q

q2
qμ

)

〈p′|J(0)
μ (0)|p〉 =

(
M2

T

EE′Ω2

)1/2

F
(0)
0 (q2)

1

MT

(
pμ − p · q

q2
qμ

)

〈p′|J(0)
μ5 (0)|p〉 = 0 (16.23)

The last relation follows since it is impossible to construct an axial vector
from only two four-vectors (pμ, qμ).

Insertion of these relations in the defining equations yields

W int
1 = WA−V = 0

A =
Gq2

4πα
√

2
b
2F

(0)
0 (q2)

F
γ
0 (q

2)
(16.24)

Hence

A = − Gq2

2πα
√

2

F
(0)
0 (q2)

F
γ
0 (q

2)
(16.25)

This expression allows one to measure the ratio of the weak neutral current
and electromagnetic form factors — the latter measures the distribution
of electromagnetic charge in the 0+ target, and the former the distribution
of weak neutral charge.

Now suppose that, in addition, the target has isospin T = 0 (Fig. 16.3b).
Then only isoscalar operators can contribute to the matrix elements. In
the nuclear domain of (u, d) quarks and antiquarks, the only isoscalar
piece of the weak neutral current in the standard model arises from the
electromagnetic current itself, and hence in this case (see chapter 26)

J(0)
μ

.
= −2 sin2 θWJγμ (16.26)

This implies

F
(0)
0 (q2) = −2 sin2 θWF

γ
0 (q

2) (16.27)

7 Hermiticity of the current implies that the form factors, as defined here, are real.
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16 Parity violation in inclusive electron scattering 123

The ratio of form factors is then the constant −2 sin2 θW at all q2 — a
truly remarkable prediction!8 Insertion of this equality in the expression
for the asymmetry leads to [Fe75]

A =
Gq2

πα
√

2
sin2 θW (16.28)

Several comments are of interest:

• It is important to note that this result holds to all orders in the
strong interactions (QCD);

• This expression is linear in q2 with a coefficient that depends only
on fundamental constants;

• It can be used to measure sin2 θW in the low-energy quark sector,
complementing other measurements of this quantity;

• It can be used to test the remarkable prediction in Eq. (16.27) that
holds in the nuclear domain.

A measurement of this parity-violating asymmetry for elastic scattering
from 12C at q = 150 MeV has been carried out in a tour de force
experiment at the Bates Laboratory [So90]. Take

q = 150 MeV sin2 θW = 0.2315

α−1 = 137.0 G =
1.024 × 10−5

m2
p

A = 1.868 × 10−6 (16.29)

Then, with an electron beam polarization Pe, one has [So90, Mo90]

APe = 0.691 × 10−6 ; theory (Pe = 0.37)

APe = 0.60 ± 0.14 ± 0.02 × 10−6 ; experiment (16.30)

The first error is statistical. Note that the systematic error, the key to these
experiments, has been reduced to 2 × 10−8. This experiment provides the
prototype for the next generation of electron scattering parity-violation
studies.

Consider next the extended domain of (u, d, s, c) quarks and their anti-
quarks. The standard model then has an additional isoscalar term in the
weak neutral current (see chapter 26)

δJ(0)
μ =

i

2
[c̄γμ(1 + γ5)c − s̄γμ(1 + γ5)s] (16.31)

8 This result depends on the assumption of isospin invariance that is broken to O(α) in

nuclei.

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


124 Part 2 General analysis

Table 16.1. Quark sector used in discussion of parity-violating deep-inelastic
electron scattering from the nucleon (see chapter 26).

u d s

Q
(0)
i 1/2 − (4/3) sin2 θW −1/2 +(2/3) sin2 θW −1/2 +(2/3) sin2 θW

Q
(05)
i 1/2 −1/2 −1/2

This leads to an additional contribution δF
(0)
0 in the form factor in Eq.

(16.27); the asymmetry for elastic scattering of polarized electrons on a
(0+, 0) nucleus such as 4He then takes the form

A =
Gq2

πα
√

2
sin2 θW

[
1 − δF

(0)
0 (q2)

2 sin2 θWF
γ
0 (q

2)

]
(16.32)

The additional weak neutral current form factor comes from the vector
current in Eq. (16.31), and is expected to arise predominantly from the
much lighter strange quarks. Hence one has a direct measure of the
strangeness current in nuclei. The total strangeness of this nucleus must
vanish in the strong and electromagnetic sector, and hence δF

(0)
0 (0) = 0;

however, just as with electromagnetic charge in the neutron, there can be
a strangeness distribution, which is determined in this experiment.

The quark–parton model predictions for parity violation in deep-inelastic
scattering from the nucleon follow directly from the previous analysis. Go
back to the intermediate step in Eq. (14.34) and identify in the quark
response tensor

Q2
i [p

′
μpν + p′

νpμ − (p · p′)δμν] → Q2
i

4
trace [γν(γρp

′
ρ)γμ(γσpσ)] (16.33)

In the response tensor arising from the interference of the electromagnetic
and vector weak neutral currents, one has instead

QiQ
(0)
i

4
trace [γν(γρp

′
ρ)γμ(γσpσ) + γν(γρp

′
ρ)γμ(γρpρ)] =

2QiQ
(0)
i [p′

μpν + p′
νpμ − (p · p′)δμν] (16.34)

Here Q
(0)
i is the weak neutral charge of the quarks, shown for the first few

quarks in Table 16.1. The arguments proceed precisely as those following
Eq. (14.34), with the result that the following combinations of response
functions are predicted to satisfy Bjorken scaling

2W int
1 (ν, q2) → H1(x) = 2

∑
i

QiQ
(0)
i fi(x)

(
ν

m

)
W int

2 (ν, q2) → H2(x) = xH1(x) = 2x
∑
i

QiQ
(0)
i fi(x) (16.35)
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16 Parity violation in inclusive electron scattering 125

For the interference term between the axial vector and electromagnetic
currents, the corresponding replacement in Eq. (16.33) is

QiQ
(05)
i

4
trace [γν(γρp

′
ρ)γμγ5(γσpσ) + γνγ5(γρp

′
ρ)γμ(γσpσ)] =

−2QiQ
(05)
i εμνρσp

′
ρpσ (16.36)

Hence a repetition of the arguments following Eq. (14.34) allows one to
conclude that the following combination must scale

−
(
ν

m

)
W8(ν, q

2) → H8(x) = 2
∑
i

QiQ
(05)
i fi(x) (16.37)

Here Q
(05)
i are the axial vector couplings of the quarks, also shown for the

first few quarks in Table 16.1. Note that if Qi and fi(x) are known from
DIS through the electromagnetic interaction, then the parity violation
measurements allow one to determine the weak neutral current couplings
of the quarks.9

We will return to the subject of parity violation in the discussion of
applications and future directions.

9 Parity violation in DIS from the nucleon is further analyzed in [Ka78].
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17
Basic elements

Quantum Electrodynamics (QED) is the most accurate physical theory we
have. Its development in the late 1940’s by Dyson, Feynman, Schwinger,
Tomonaga and others is one of man’s great intellectual triumphs. The
key original papers are collected in a volume edited by Schwinger [Sc58];
particularly influential are [Fe49, Fe49a, Dy49]. QED is the culmination
of the development of electrodynamics, special relativity, and quantum
mechanics. The understanding of QED, in terms of covariance, local
gauge invariance, renormalization, and Feynman diagrams laid the basis
for all modern relativistic quantum field theories of the fundamental inter-
actions. Since electron scattering involves the electromagnetic interaction
of relativistic (massless) Dirac particles, QED plays a central role in the
analysis.

The content of QED can be expressed in terms of a set of Feynman
diagrams with corresponding Feynman rules for the S-matrix. We will not
derive these here, as that takes us too far afield; their derivation can
be found in any standard text [Bj65, Fe71], or course (e.g. [Wa91]). The
components of the diagrams are shown in Fig. 17.1. The rules, in the
conventions used in this book, are as follows:

1. Draw all topologically distinct connected diagrams;

2. Include a factor of (−i)(−ie) = −e for each order of perturbation
theory. Here e is algebraic, and for an electron e = −|e|;

3. Include a factor of γμ for each vertex [Fig. 17.1(a)];

4. Include a factor of

−i

(2π)4
1

iγμpμ + me
(17.1)

for each fermion (i.e. electron) propagator [Fig. 17.1(b)];

129

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


130 Part 3 Quantum electrodynamics

Fig. 17.1. Basic elements of Feynman rules for the S-matrix in QED: (a) vertex;
(b) fermion propagator; (c) effective photon propagator.

5. Include a factor of

−i

(2π)4
δμν

q2
(17.2)

for each “effective” photon propagator [Fig. 17.1(c)];1

6. Include a wave function for each of the external particles, e.g.

1√
Ω
u(p) incoming fermion;

1√
2ωΩ

ε(λ)μ incoming photon (17.3)

For a photon with polarization λ in the Coulomb gauge, ε(λ)μ =

(ε(λ), 0) and ε(λ) · k = 0;

7. Read along fermion lines;

8. Include a factor of (2π)4δ(4)(Δp) at each vertex;

9. Integrate over all internal momenta
∫
d4q ≡

∫
d3q dq0;

10. Include a factor of (−1) for each closed fermion loop.

Here we simply treat the hadronic target as an external field, bringing an
electromagnetic interaction into the electron line, which we represent by a
wavy line ending in a cross. For this component:

11. Include a factor for the external field

aμ(q)

(2π)4
(17.4)

1 This result can be obtained by starting in the Coulomb gauge and then combining the

terms coming from the Coulomb interaction (each interaction of order e2) with those

coming from transverse photon exchange (each of order e) in the S-matrix. Terms in qμ
or qν in the photon propagator do not contribute to the S-matrix because of current

conservation [Bj65, Wa91].
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17 Basic elements 131

where the external vector potential has the four-dimensional Fourier
transform

Aext
μ (x) =

∫
eiq·x aμ(q)

(2π)4
d4q (17.5)

We shall be content here to work to first order in the external field.2

Since the electron is light, it can easily radiate as it accelerates, which
it does when scattering from a hadronic target. In computing the lowest
order radiative corrections to the process of electron scattering, one can
consistently confine the analysis to the electron line since it carries charge
and runs completely through a diagram from beginning to end without
termination. Thus the class of third order diagrams which are of first
order in the external field, and which consist of all radiative corections
of order α = e2/4π along the electron line, provide a current conserving,
gauge invariant set. Vacuum polarization in the external photon line can
also be included in this set.

The Feynman diagrams giving the lowest order radiative corrections
in electron scattering are then those shown in Fig. 17.2. Here a term in
δme has been added and subtracted from the starting lagrangian (mass
renormalization) so that the free lagangian represents fermions of the
correct mass, and an additional interaction lagrangian is then present of
the form

δL = δme : ψ̄ψ : (17.6)

The contribution of this mass counterterm must then also be included
consistently in the Feynman rules.3 The processes in Fig. 17.2 constitute the
radiative corrections through order α = e2/4π. We will use the Feynman
rules to set up each expression. The Dirac algebra is straightforward. The
actual evaluation of the resulting integrals follows from the techniques of
Feynman parameterization and four-dimensional momentum integration.4

These methods are also now discussed in standard texts [Bj65], or courses

2 The dominant contribution from terms of higher order in the external field consists

of Coulomb interactions on the incident and outgoing electron lines. These Coulomb

corrections imply that one should really use solutions to the Dirac equation in the

Coulomb field of the target instead of plane waves for the electron. Though technically

complicated, this can be done [Da51, Fe51, Ra54, Gr62, On63, Cu66, Tu68] (an updated

version of the appropriate code is available from [He00]). Contributions of second

order in the external field where a nuclear target is virtually excited and then de-

excited, the so-called dispersion corrections, are much more difficult to estimate reliably

[Sc55, de66, Fr72b, Do75].
3 It is assumed that δme is normal ordered [Bj65, Fe71] and has a power series expansion

δm(2) e
2 + δm(4) e

4 + · · ·.
4 Or integration in n = 4 + ε dimensions if one uses dimensional regularization.
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132 Part 3 Quantum electrodynamics

Fig. 17.2. Feynman diagrams for lowest-order radiative corrections in electron
scattering.

[Wa91], and it is not the intent to reproduce the derivations. We are
primarily concerned here with the results, how they fit together, how they
enter into electron scattering, and their interpretation.

Let us consider each component in turn. Consider first the electron
self-energy. The photon loop and mass counter term corrections to the
S-matrix for a free electron are illustrated in Fig. 17.3. The Feynman rules
give the S-matrix as5

Sfi = − (2π)4i

Ω
δ(4)(k′ − k)ū(k)(Σ − δme)u(k) (17.7)

Here the self-energy insertion is defined as

Σ − δme = − ie2

(2π)4

∫
d4q

q2
γμ

1

iγλ(k − q)λ + me
γμ − δme (17.8)

From Lorentz covariance and power counting, this expression can be

5 For the mass counter term one has the factors (−1)(−i)δme.
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17 Basic elements 133

Fig. 17.3. Electron self-energy.

put in the following form

Σ − δme = A − δme

+(ikλγλ + me)B + (ikλγλ + me)Σf(ikσγσ + me) (17.9)

Here A and B are (infinite) constants independent of k, and Σf is finite.
To give mathematical definition to the divergent integral in Eq. (17.8)

we introduce a covariant Pauli–Villars regulator which amounts here to
replacing the photon propagator by

1

q2
−→ 1

q2
− 1

q2 + Λ2
(17.10)

For very large Λ2 the second term is negligible, while at fixed Λ2 the
asymptotic behavior of the photon propagator is changed to Λ2/q2(q2 +
Λ2), and one picks up enough convergence to make the integral finite.
Explicit evaluation of the resulting integral on the mass shell, that is for
ikλγλ + me = 0, yields the mass counter term [Bj65, Wa91]

A ≡ δme =
3α

2π
me

(
ln

Λ

me
+

1

4

)
(17.11)

Consider next vacuum polarization. The lowest order vacuum polariza-
tion correction to the S-matrix for a free photon as illustrated in Fig. 17.4.
The analytic expression is given by

Sfi = − (2π)4i

Ω
δ(4)(l′ − l)

1√
4ωω′ ε

f
μ(−Πμν)ε

i
ν (17.12)

The polarization part is defined by

Πμν =− ie2

(2π)4

∫
d4k trace

[
1

iγλ(k − l/2)λ + me
γμ

1

iγσ(k + l/2)σ + me
γν

]
=(lμlν − l2δμν)C(l2) (17.13)
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134 Part 3 Quantum electrodynamics

Fig. 17.4. Lowest order vacuum polarization correction.

The second relation follows from Lorentz covariance and current conser-
vation. One can write

C(l2) = C(0) − l2Πf(l
2) (17.14)

In order to produce a mathematically well-defined expression, while main-
taining current conservation, one can use a more general Pauli–Villars
regulator on the loop integral in Eq. (17.13)

Πμν(l, m
2
e) →

∫
g(λ2)dλ2[Πμν(l, m

2
e) − Πμν(l, m

2
e + λ2)] (17.15)

with g(λ2) receiving contributions only from very large λ2 ≈ Λ2 and∫
g(λ2)dλ2 = 1∫

λ2g(λ2)dλ2 = 0 (17.16)

One argument in justification of this regularization procedure is that
equating higher moments of λ2 to zero, thereby obtaining additional
convergence, will not change the answer. Evaluation of the integrals now
results in [Bj65, Wa91]

C(0) =
2α

3π
ln

Λ

me
(17.17)

Let us denote by e0 the electric charge used up to this point, i.e. the
“bare charge” appearing in the initial lagrangian. If one now combines
the lowest order contribution with the vacuum polarization contribution
for scattering of an electron in an external field [Fig. 17.2(a), (g)], the
result is to change the amplitude in the limit q2 → 0 from e2

0/q
2 → e2/q2

where the renormalized charge is given by

e2 = e2
0[1 − C(0)] = e2

0

(
1 − 2α0

3π
ln

Λ

me

)
(17.18)
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17 Basic elements 135

Fig. 17.5. Vertex correction. Here k ≡ k1 and k′ ≡ k2.

To this order, in the radiative corrections, one can replace e2
0 → e2. The

vacuum polarization contribution to the above process is now obtained
by making the following replacement in the lowest order term

1

q2
−→ 1

q2
[1 + q2Πf(q

2)] (17.19)

Here Πf(q
2) is calculated with e2.

The remaining finite momentum integrals can be evaluated to give the
answer in terms of an integral over the Feynman parameter x [Bj65, Wa91]

l2Πf(l
2) =

2α

π

∫ 1

0
x(1 − x) ln

[
1 + x(1 − x)

l2

m2
e

]
dx (17.20)

→ α

15π

l2

m2
e

; l2 � m2
e

→ α

3π

[
ln

l2

m2
e

− 5

3

]
; l2 � m2

e

Consider next the vertex correction in Fig. 17.5. The analytic expression
for the contribution to the S-matrix is given by

Sfi = − e

Ω
ū(k2)Λμ(k2, k1)u(k1)a

ext
μ (q) (17.21)

Λμ(k2, k1) =
ie2

(2π)4

∫
d4l

l2
γν

1

iγλ(k1 − l + q)λ + me
γμ

1

iγσ(k1 − l)σ + me
γν

The general form of this vertex follows from Lorentz covariance and
power counting as

Λμ = Lγμ + ΛμC(k2, k1) (17.22)

Here L is a (infinite) constant and the diagonal matrix element of the
remaining convergent term, taken between Dirac spinors, vanishes. Regu-
larization of the photon propagator as in Eq. (17.10) again eliminates the
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136 Part 3 Quantum electrodynamics

ultraviolet divergence at high momenta (short wavelengths), and explicit
evaluation gives [Bj65, Wa91]

L =
α

2π

[
ln

Λ

me
+

9

4
− 2 ln

me

λ

]
(17.23)

Here, to protect against the infrared divergence at low momenta (long
wavelengths), the photon has been given a tiny, fictitious mass and the
photon propagator has been replaced by

1

q2
−→ 1

q2 + λ2
(17.24)

Note that no physical result can depend on the fictitious photon mass λ2.
It is relatively easy to evaluate the matrix element of the remaining term

in Eq. (17.22) between Dirac spinors ū(k2)ΛμC(k2, k1)u(k1) with the result
[Bj65, Wa91]

ΛμC
.
= FE(q2)γμ − FM(q2)

1

2me
σμνqν (17.25)

FM(q2) =
α

π

∫ 1

0
dx

∫ x

0
dy

m2
e x(1 − x)

m2
e x

2 + q2y(x − y)

FE(q2) = − α

2π

∫ 1

0
dx

∫ x

0
dy

{
ln

(
1 +

q2y(x − y)

m2
e x

2 + λ2(1 − x)

)

+2m2
e

(
1 − x − x2

2

)

×
[

1

m2
e x

2 + λ2(1 − x) + q2y(x − y)
− 1

m2
e x

2 + λ2(1 − x)

]

+q2(1 − x + y)(1 − y)

[
1

m2
e x

2 + λ2(1 − x) + q2y(x − y)

]}

Here q = k2 − k1, and
.
= means “taken between Dirac spinors.”

The limiting cases of these results are as follows

FM(0) =
α

2π

FE(q2) =
α

3π

q2

m2
e

(
3

8
− ln

me

λ

)
; q2 � m2

e

= − α

2π
ln

q2

m2
e

ln
q2

λ2
; q2 � m2

e (17.26)

Note that the remaining finite part of the vertex FE(q2) is infrared diver-
gent; therefore it is not an observable.
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17 Basic elements 137

By direct calculation, one can now establish to O(α) that

B = L (17.27)

In fact, this relation holds to all orders. It was proven by Ward who
observed the general result known as Ward’s Identity [Wa50]

∂

∂kμ
Σ�(k) = iΛμ(k, k) (17.28)

Here Σ� is the proper self-energy and Λμ the proper vertex [Bj65, Fe71].
In second order, this result follows immediately from Eqs. (17.8, 17.21).
Equation (17.27) can then be derived from it by taking matrix elements
between Dirac spinors of identical four-momentum.6

When the self-energy insertion Σ − δme is on an external line, the
resulting expression obtained from Eqs. (17.8, 17.9) is ambiguous since,
for example,

−B(iγλkλ + me)
1

iγλkλ + me
u(k) = −0

0
B u(k) (17.29)

A proper adiabatic limiting procedure says that here the correct answer is
to retain −(B/2)u(k), and similarly for the other leg [Bj65, Wa91].

The use of the Fourier transform of Maxwell’s equations for the external
field allows one to relate that field to its source7

aext
μ (q) =

e0

q2
jext
μ (q) (17.30)

In summary, the addition of all the diagrams in Fig. 17.2 yields to O(e4
0)

Sfi = −e2
0

Ω
ū(k2)

{
γμ

[
1 + L − B

2
− B

2
− C

]
+ γμq

2Πf(q
2)

+ΛμC(k2, k1)

}
u(k1)

1

q2
jext
μ (q) (17.31)

Ward’s identity now leads to an exact cancellation of the term L − B = 0.
The remaining constant C , arising entirely from vacuum polarization, serves
to renormalize the charge according to Eq. (17.18). As above, one can then
replace α0 = α + O(e4

0) to this order in the radiative corrections.

6 Ward’s Identity follows in general by looking at all the Feynman diagrams involved, let-

ting the external electron momentum flow along the electron line, and then differentiating

with respect to this momentum.
7 This relation explicitly exhibits the one additional power of e0 in the process — i.e., both

ends of the vacuum polarization insertion end up on a charge.
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138 Part 3 Quantum electrodynamics

The result is

Sfi = −e2

Ω
ū(k2)

{
γμ[1 + q2Πf(q

2)] + ΛμC(k2, k1)
}
u(k1)

1

q2
jext
μ (q)

= − e

Ω
ū(k2)

{
γμ[1 + FE(q2) + q2Πf(q

2)] − FM(q2)
1

2me
σμνqν

}
×u(k1)a

ext
μ (q) (17.32)

Several comments are relevant:

• This amplitude is to be computed with the renormalized charge;

• This result is finite as Λ → ∞; there is no longer any ultraviolet
divergence;

• The exact second-order (integral) expressions for the quantities ap-
pearing in this result are given in Eqs. (17.20, 17.25);

• The presence of form factors in this expression indicates that the
electron does indeed have an internal structure; it arises from the
interaction with the virtual photon field and is completely calculable
within the framework of QED;8

• This expression is still infrared divergent in that it depends on the
fictitious photon mass λ2 — hence, as it stands, it is unobservable.

8 There is further internal structure of the electron at much shorter distance scales arising

from the weak interactions.
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18
Radiative corrections

Let us now calculate the observable QED modification of the electron
scattering cross section following from the analysis in the previous chapter.
For this purpose, assume a static (time-independent) external field, in
which case

aext
μ (q) = −2πiδ(Wf − Wi)ã

ext
μ (q) (18.1)

One can identify the T-matrix and cross section corresponding to Eq.
(17.32) from the general relations

Sfi = −2πiδ(Wf − Wi)Tfi

dσ = 2π|Tfi|2δ(Wf − Wi)
dρf

Flux
(18.2)

For illustration, we here confine the discussion to scattering where the
target is left in its ground state. It follows that

dρf

Flux
=

Ωd3k2

(2π)3
1

v1/Ω
(18.3)

Let the superscript denote the order in e, then to O(e4) one has for the
square of the T-matrix

|Tfi|2 = |T (1)
fi + T

(3)
fi |2 = |T (1)

fi |2 + 2ReT
(1)∗
fi T

(3)
fi (18.4)

If the explicit magnetic moment contribution is suppressed for the time
being, then, since the QED amplitude in Eq. (17.32) contains only a real
modification of the coefficient of γμ, one finds to this order(

dσ

dΩ

)
el

.
=

(
dσ

dΩ

)
0

{1 + 2[FE(q2) + q2Πf(q
2)] + · · ·} (18.5)
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140 Part 3 Quantum electrodynamics

Fig. 18.1. Observation in an electron scattering experiment.

Fig. 18.2. Bremsstrahlung in an external field. The photon polarization is εν .

Here (dσ/dΩ)0 is the lowest order cross section, and the dots denote the
magnetic moment contribution.

One now has to think carefully about what is actually observed in the
experiment. Since an electron can always radiate a photon of arbitrarily
long wavelength (or low energy) during the scattering process, what one
will observe in an electron scattering experiment is illustrated in Fig. 18.1.
Experimentally, all one can observe is the sum of these elastic and inelastic
electromagnetic cross sections.

dσ = dσel + dσin (18.6)

One is therefore required to also calculate the cross section for radiation
of a photon, the bremsstrahlung cross section. The two Feynman diagrams
for bremsstrahlung in the same external field are shown in Fig. 18.2. The
analytic expression follows from the previous Feynman rules as

Sfi = − ie2

Ω

1√
2ωlΩ

ū(k2)

[
γνεν

1

iγλ(k2 + l)λ + me
γμ

+γμ
1

iγσ(k1 − l)σ + me
γνεν

]
u(k1)a

ext
μ (q) (18.7)
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18 Radiative corrections 141

This amplitude will give the bremsstrahlung cross section to O(e4), which
is of exactly the same order as the last term in Eq. (18.4).

First, rationalize the term in brackets in Eq. (18.7) and use the Dirac
equation to the left and right

[· · ·] = −
[
2ik2 · ε + i(γλελ)(γσlσ)

2k2 · l + l2
γμ + γμ

2ik1 · ε − i(γλlλ)(γσεσ)

−2k1 · l + l2

]
(18.8)

Now let the photon energy become very small

|l| ≡ ΔE → 0 (18.9)

Then

Sfi
.
= −e2

Ω
ū(k2)γμu(k1)a

ext
μ (q)

[
1√

2ωlΩ

(
k2 · ε
k2 · l − k1 · ε

k1 · l

)]
(18.10)

Note that at this stage strict current conservation (gauge invariance) is
still maintained since if one replaces εμ → lμ this amplitude vanishes.

Assume again a static external field as in Eq. (18.1) and read off the
T-matrix as in Eq. (18.2). The bremsstrahlung cross section is then

dσin = 2πδ(Wf − Wi)|Tfi|2
Ωd3l

(2π)3
Ωd3k2

(2π)3
1

v1/Ω
(18.11)

Under the condition in Eq. (18.9), one can replace

ãext
μ (q) ≈ ãext

μ (k2 − k1)

E2 + ωl = Wf ≈ E2 (18.12)

Since these quantities are now the same as in elastic scattering, dσin will
again be proportional to dσ0! It follows from the above that

dσ

dΩ
=

(
dσ

dΩ

)
el

+

(
dσ

dΩ

)
in

(18.13)

=

(
dσ

dΩ

)
0

⎧⎨
⎩1 + 2[FE(q2) + q2Πf(q

2)]

+
α

4π2

∑
pol

∫ ΔE

0

d3l

ωl

(
k2 · ε
k2 · l − k1 · ε

k1 · l

)2

+ · · ·

⎫⎬
⎭

In this express ΔE is the resolution of the electron detector, and one must
include all inelastic processes that give an electron in the detector within
this resolution. A correct calculation of radiative corrections thus depends
on the geometry of the experiment. The dots again denote the additional
magnetic moment contribution.
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142 Part 3 Quantum electrodynamics

Since a, albeit tiny, mass has been assumed for the photon, the brems-
strahlung term must be evaluated consistently for this situation. The
polarization sum for a massive vector meson yields1

∑
σ

ε(σ)
μ ε(σ)

ν = δμν +
lμlν

λ2
(18.14)

Since the bremsstrahlung amplitude satisfies strict current conservation,
the terms in lμlν in this expression give a vanishing contribution. Hence

∑
pol

(
k2 · ε
k2 · l − k1 · ε

k1 · l

)2

= − m2
e

(k2 · l)2 − m2
e

(k1 · l)2 − 2k1 · k2

(k1 · l)(k2 · l) (18.15)

Here lμ = (l, iωl) where ωl =
√

l2 + λ2.
One must now do the remaining

∫
d3l/ωl , with the limiting results

α

4π2

∑
pol

∫ ΔE

0

d3l

ωl

(
k2 · ε
k2 · l − k1 · ε

k1 · l

)2

=
2α

3π

q2

m2
e

(
ln

2ΔE

λ
− 5

6

)
k2 � m2

e ; q2 � m2
e

=
2α

π
ln

q2

m2
e

ln
ΔE

λ
q2 � m2

e (18.16)

Note that this bremsstrahlung cross section is also infrared divergent so
that it, by itself, is unobservable; however, when adding the two results
in Eq. (18.13), the infrared divergent terms in ln λ cancel identically in the
observable cross section!

A combination of the above results then yields, for the scattering of an
electron in a static Coulomb field

dσ

dΩ
=

(
dσ

dΩ

)
Mott

(1 − δ) (18.17)

δ ≈ 2α

3π

q2

m2
e

(
ln

me

ΔE
+

5

6
− 1

5
− 3

8
+

3

8

)
k2 � m2

e

δ ≈ 2α

π
ln

q2

m2
e

ln
E

ΔE
q2 � m2

e ; E � ΔE

Here we have identified (dσ/dΩ)0 = (dσ/dΩ)Mott for scattering in a static
Coulomb field. The last +3/8 in the second line, canceling the term before
it, is the hitherto suppressed magnetic moment contribution; the −1/5

1 Use Lorentz covariance, l · e = 0, and l2 = −λ2.
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18 Radiative corrections 143

comes from vacuum polarization. We have also written E1 ≡ E, and ΔE
is the experimental resolution.2

These results on the radiative corrections are originally due toSchwinger
[Sc49], who argued that the correct result for the infrared divergent series,
to all orders in α, is really

1 − δ +
δ

2!
+ · · · = e−δ (18.18)

When ΔE → 0, one then has e−δ → 0, and there is no perfectly elastic
scattering.3

Note that while the ultraviolet divergences truly reflect a lack of knowl-
edge of the physics at very short distances, the treatment of the infrared
divergences is basically a technical problem. The emission of very long
wavelength radiation (photons) is essentially governed by classical physics.
This is a problem first treated in detail by Bloch and Nordsieck [Bl37].
The difficulty arises because analyzing the emission photon-by-photon (i.e.
as a power series in e) is not an efficient way of attacking this problem.

2 Note that ln q2 ≈ lnE2 as E → ∞.
3 For applications of radiative corrections see [Ma69, Mo69a].
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19
Basic nuclear structure

The goal is to compare experimental electron scattering data with a
theoretical picture of the hadronic target, and in so doing, develop an
understanding of that system. We start the discussion within the traditional
non-relativistic many-body description of the nucleus.

If the nucleus is modeled as a quantum mechanical system of point nu-
cleons with intrinsic magnetic moments, then one knows how to construct
the charge density, convection current density, and intrinsic magnetiza-
tion density from basic quantum mechanics. In first quantization these
quantities are given by

ρ̂N(x) =
A∑

j=1

e(j)δ(3)(x − xj)

Ĵc(x) =
A∑

j=1

e(j){p(j)

m
, δ(3)(x − xj)}sym

μ̂(x) =
A∑

j=1

μ(j)
σ(j)

2m
δ(3)(x − xj) (19.1)

Here p ≡ (1/i)∇ and σ ≡ (σx, σy, σz) are the Pauli matrices. Thus for a
single particle, for example

〈ρ̂N(x)〉 =

∫
ψ∗(xp)δ

(3)(x − xp)ψ(xp) d
3xp = |ψ(x)|2 (19.2)

and also

〈Ĵc(x)〉 =

∫
ψ∗(xp)

1

2im
[∇pδ

(3)(x − xp) + δ(3)(x − xp)∇p]ψ(xp) d
3xp

=
1

2im
{ψ∗(x)∇ψ(x) − [∇ψ(x)]∗ψ(x)} (19.3)
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148 Part 4 Selected examples

Fig. 19.1. Electromagnetic vertex for a free nucleon.

A partial integration has been used in obtaining the last equality. The
charge and magnetic moment of the nucleon are given by

e(j) ≡ 1

2
[1 + τ3(j)]

μ(j) ≡ λp
1

2
[1 + τ3(j)] + λn

1

2
[1 − τ3(j)] (19.4)

The anomalous magnetic moment λ′(j) of the nucleon is defined by

λ′(j) = λ′
p

1

2
[1 + τ3(j)] + λn

1

2
[1 − τ3(j)]

μ(j) = e(j) + λ′(j) (19.5)

This discussion presents a consistent non-relativistic treatment in a
picture where the nucleus is made up of point nucleons with appropriate
charges and intrinsic magnetic moments; however, a central goal of nuclear
physics is the measurement and calculation of nuclear electromagnetic
transition densities out to momentum transfers q2 = O(m2) and well
beyond. It is essential to consider corrections to the non-relativistic current
operator as one moves into this regime. In order to do this, a fully
relativistic treatment of the interacting many-body system is required, and
the next section is devoted to this topic. For the present, we simply consider
the nuclear current density arising from the full relativistic electromagnetic
vertex of a free nucleon [Mc62].

The relativistic electromagnetic vertex of a free nucleon is illustrated in
Fig. 19.1. The most general structure of the matrix element of the current
for a free nucleon is given by [Bj65, Wa95]

〈p′σ′ρ′|Jμ(0)|pσρ〉 =
i

Ω
ū(p′, σ′)η†

ρ′[F1γμ + F2σμνqν]ηρu(p, σ) (19.6)

Here the spin and isospin quantum numbers have been made explicit;
ū, u are Dirac spinors and ηp, ηn are two-component Pauli isospinors. The
four-momentum transfer is defined by q = p − p′, and the form factors
F1,2 are functions of q2. The isospin structure of the form factors must be
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19 Basic nuclear structure 149

of the form

Fi =
1

2
(FS

i + τ3F
V
i ) ; i = 1, 2 (19.7)

Relevant numerical values are

FS
1 (0) = FV

1 (0) = 1

2mFS
2 (0) = λ′

p + λn = −0.120

2mFV
2 (0) = λ′

p − λn = +3.706 (19.8)

To construct the nuclear current density one carries out the following
steps:

1. Substitute the explicit form of the Dirac spinors for a free nucleon

u(p, σ) =

(
Ep + m

2Ep

)1/2
⎡
⎢⎣

χσ

σ·p
Ep + m

χσ

⎤
⎥⎦ (19.9)

Here χ↑, χ↓ are two-component Pauli spinors for spin up and down
along the z-axis. Now expand the matrix element in Eq. (19.6)
consistently to order 1/m2. The result is1

〈p′σ′ρ′|Jμ(0)|pσρ〉 =
1

Ω
η

†
ρ′χ

†
σ′Mμχσηρ (19.10)

M = F1
1

2m
(p + p′) + (F1 + 2mF2)

[−iσ × q

2m

]
+ O(

1

m3
)

M0 = F1 − (F1 + 4mF2)

[
q2

8m2
− iq·(σ × p)

4m2

]
+ O(

1

m3
)

Here Mμ = (M, iM0).

2. Take the prescription for constructing the nuclear current density
operator at the origin, in second quantization, to be

Ĵμ(0) =
∑
p′σ′ρ′

∑
pσρ

c
†
p′σ′ρ′ 〈p′σ′ρ′|Jμ(0)|pσρ〉cpσρ (19.11)

where the single-particle matrix element is that of Eq. (19.6).

3. Use the general procedure for passing from first quantization to
second quantization [Fe71]. If, in first quantization the one-body
nuclear density operator has the form

Ĵμ(x) =
A∑
i=1

{J(1)
μ (i)δ(3)(x − xi)} (19.12)

1 It is assumed that both q0 and F2 are O(1/m).
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then in second quantization the operator density is

Ĵμ(x) =
∑
p′σ′ρ′

∑
pσρ

c
†
p′σ′ρ′ 〈p′σ′ρ′|Jμ(x)|pσρ〉cpσρ (19.13)

with

〈p′σ′ρ′|Jμ(x)|pσρ〉 =

∫
d3y φ

†
p′σ′ρ′(y){J(1)

μ (y)δ(3)(x − y)}φpσρ(y)

(19.14)

4. The discussion in chapter 9 shows that physical rates and cross
sections are expressed in terms of the Fourier transform of the
transition matrix element of the current∫

e−iq·x〈f|Ĵμ(x)|i〉 d3x (19.15)

Here q = p − p′, and in electron scattering q = k2 − k1. Define

〈f|Ĵμ(x)|i〉 ≡ Jμ(x)f i (19.16)

and observe that by partial integration in Eq. (19.15), with localized
densities, one can make the replacement

∇ ↔ iq (19.17)

The presence of terms in iq in the elementary nucleon amplitudes
are then anticipated by defining

J(x)f i ≡ Jc(x)f i + ∇ × μ(x)f i

ρ(x)f i ≡ ρN(x)f i + ∇ · s(x)f i + ∇2φ(x)f i (19.18)

The use of Eq. (19.13) evaluated at x = 0 now permits the identifi-
cation of the nuclear density operators in first quantization, which
give rise to the required result in second quantization of Eq. (19.10).
The operators take the form

Ĵ(x) = Ĵc(x) + ∇ × μ̂(x)

ρ̂(x) = ρ̂N(x) + ∇·ŝ(x) + ∇2φ̂(x) (19.19)

Here the densities are defined by Eqs. (19.1), (19.4), (19.5), and

φ̂(x) =
A∑

j=1

s(j)
1

8m2
δ(3)(x − xj) (19.20)

ŝ(x) =
A∑

j=1

s(j)
1

4m2
σ(j) × {p(j), δ(3)(x − xj)}sym

where in the static limit

s(j) ≡ e(j) + 2λ′(j) (19.21)
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19 Basic nuclear structure 151

Fig. 19.2. Basis of Hartree–Fock states.

5. It is an empirical result that in the nuclear domain2

F1(q
2)

F1(0)
≈ fSN(q2) ≈ F2(q

2)

F2(0)

fSN(q2) =
1

(1 + q2/0.71 GeV2)2
(19.22)

At finite q2, the quantity fSN(q2) enters as an overall factor in the
electromagnetic vertex, and it can be included by using an overall
effective Mott cross section σ̄M in the (e, e′) cross section

σ̄M ≡ σM|fSN(q2)|2 (19.23)

The use of this effective Mott cross section represents an approxi-
mate way of taking into account in the nuclear domain the spatial
extent of the internal charge and magnetization densities of a single
constituent nucleon.

The present analysis gives the leading relativistic corrections to the nu-
clear current, assuming it is a one-body operator. It neglects, among other
things: meson exchange currents, other multibody currents, relativistic
terms in the wave functions, and off-shell corrections to the nucleon vertex
in the nuclear medium. We shall return to many of these points.

Consider next the many-body matrix elements of the current [Fe71,
Wa95]. Introduce a complete basis of Hartree–Fock states as illustrated
in Fig. 19.2. Assume a central field and label the quantum numbers by

α = (nl
1

2
jmj;

1

2
mt)

≡ (a;mj, mt) (19.24)

2 A more accurate representation of the experimental data for the proton and neutron

out to very large q2 is given by [Ba73, Wa84]

GM(q2) ≡ F1 + 2mF2 = fSN(q2)GM(0)

GE(q2) ≡ F1 − (q2/2m)F2 = fSN(q2)GE(0)

although Gn
E(q2) remains to be measured well. Elastic scattering from the nucleon is

discussed in more detail in chapter 20.
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Then

−α ≡ (a; −mj,−mt) (19.25)

We shall also need the phase defined by

Sα ≡ (−1)jα−mjα (−1)1/2−mtα (19.26)

Any many-body multipole operator of the above current can now be
written in second quantization as [Fe71]

T̂JMJ ;TMT
(κ) =

∑
α

∑
β

c†
α〈α|TJMJ ;TMT

(κ)|β〉cβ (19.27)

c†
α, cβ are creation and destruction operators for the single-particle

Hartree–Fock states. The single-particle matrix elements are calculated
using the wave functions of this basis, the current densities above, and the
appropriate multipole projections of chapter 9.

Within the present framework, an arbitrary matrix element between
exact eigenstates |Ψi〉 and |Ψf〉 of the nuclear many-body system can be
written

〈Ψf |T̂JMJ ;TMT
(κ)|Ψi〉 =

∑
α

∑
β

〈α|TJMJ ;TMT
(κ)|β〉 ψfi

αβ

ψ
fi
αβ = 〈Ψf |c†

αcβ |Ψi〉 (19.28)

The quantities ψ
fi
αβ are simply numerical coefficients. This result has the

following features:

• It assumes the current is a one-body operator — exchange currents,
for example, are neglected;

• Any shell-model calculation, no matter how complicated, must give
an answer of this form. The exact many-body matrix element is a
sum of single-particle matrix elements with numerical coefficients;

• This is an exact statement within the traditional non-relativistic
nuclear many-body problem.

Let us extract the angular momentum properties of the operators in-
volved in the above. Suppress isospin for the moment; it will be restored
at the end. The angular momentum operator for the system is

Ĵ =
∑
α

∑
β

c†
α〈α|J|β〉cβ

=
∑
nlj

∑
m′

∑
m

c
†
nljm′ 〈jm′|J|jm〉cnljm (19.29)
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19 Basic nuclear structure 153

Note that the single-particle matrix elements of J are diagonal in (nl)
and independent of (nl). Now make use of the basic anti-commutation
relations

{cα, c†
β} = δαβ

{cα, cβ} = {c†
α, c

†
β} = 0 (19.30)

It is then a matter of algebra to establish the relation3

[Ĵ, c
†
nljm] =

∑
m′

〈jm′|J|jm〉c†
nljm′ (19.31)

Hence c†
α is an irreducible tensor operator (ITO) of rank j [Ed74].

Use of the Wigner–Eckart theorem allows one to establish the following
relations [Ed74]

〈jm|J1q|jm′〉 = (−1)m
′−m+1〈j,−m′|J1q|j,−m〉∑

m

〈jm|J1q|jm〉 = 0 (19.32)

This permits the angular momentum operator to be written in an equiva-
lent form [recall Eq. (19.26)]

Ĵ =
∑
α

∑
β

(S−αc−α)〈α|J|β〉(S−βc−β)
† (19.33)

=
∑
nlj

∑
m′

∑
m

[(−1)j+m′
cnlj,−m′] 〈jm′|J|jm〉 [(−1)j+mc

†
nlj,−m]

Hence one concludes the S−αc−α is an ITO by the same proof as above.
Now restore isospin (treated in an exactly analogous fashion) and

assume the initial and final many-body target states are eigenstates of
angular momentum and isospin. Use of Eq. (19.27) and the Wigner–Eckart
theorem on both the many-body and single-particle matrix elements, and
a change of dummy indices, leads to4

〈JfMfTfM̄f |T̂JMJ ;TMT
|JiMiTiM̄i〉 =

(−1)Jf−Mf

(
Jf J Ji

−Mf MJ Mi

)
× [J ⇀↽] × 〈JfTf

...
...T̂J,T

...
...JiTi〉

=
∑
a,b

〈a ...
...T̂J,T

...
... b〉〈JfMfTfM̄f |

⎧⎨
⎩ ∑

mjαmjβ

〈jαmjαjβmjβ |jαjβJMJ〉

3 See [Fe71, Wa95].

4 The symbol 〈
...
...O

...
... 〉 indicates a matrix element reduced with respect to both angular

momentum and isospin.
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×
∑

mtαmtβ

〈tαmtαtβmtβ |1
2

1

2
TMT 〉(−1)

jβ+mjβ (−1)
1/2+mtβ

× 1√
(2J + 1)(2T + 1)

c†
αc−β

}
|JMiTM̄i〉 (19.34)

One now identifies the tensor product [cα � S−βc−β]JMJ ;TMT
of two ITO

[Ed74]. Use of the Wigner–Eckart on that quantity gives, upon cancellation
of common factors, the following expression for the matrix element of a
multipole operator

〈JfTf

...
... T̂J,T (κ)

...
...JiTi〉 =

∑
a,b

〈a ...
... TJ,T (κ)

...
... b〉ψfi

J,T (a, b) (19.35)

ψ
fi
J,T (a, b) =

1√
(2J + 1)(2T + 1)

〈JfTf

...
... ζ̂†(ab; JT )

...
...JiTi〉

ζ̂†(ab; JMJ, TMT ) ≡
∑

mjαmjβ

〈jαmjαjβmjβ |jαjβJMJ〉

×
∑

mtαmtβ

〈tαmtαtβmtβ |1
2

1

2
TMT 〉c†

α[S−βc−β]

This is our principal result for the many-body matrix element. It has the
following features:

• It is doubly reduced with respect to angular momentum and isospin;

• It expresses the many-body matrix element as a sum of single-particle
matrix elements;

• It assumes a one-body current;

• It is exact within the traditional non-relativistic nuclear many-body
problem.

Consider the isospin dependence in more detail. The previous single-
particle densities, and hence the single-particle multipole operators, all
have the form

TJMJ
=

1

2
T(0)

JMJ
+

1

2
τ3T(1)

JMJ

≡ I00 T(0)
JMJ

+ I10 T(1)
JMJ

(19.36)

It follows from this definition that 〈 1
2 ||IT ||1

2〉 = [(2T + 1)/2]1/2 [Ed74].
The many-body multipole operators thus have the corresponding isospin
structure

T̂JMJ
= T̂JMJ ;00 + T̂JMJ ;10 (19.37)
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19 Basic nuclear structure 155

In electron scattering (e, e′), as well as real photon transitions, the third
component of isospin of the target cannot change, and hence M̄f =
M̄i. Now use the Wigner–Eckart theorem on the isospin dependence of
the many-particle matrix elements to obtain the doubly reduced matrix
elements. The basic result in Eq. (19.35) can then be employed. The
isospin dependence of the single-particle matrix elements in Eq. (19.36)
factors, and thus the doubly reduced single-particle matrix elements are
particularly simple. It follows that the many-body matrix elements that
enter into the cross sections and rates must take the form

〈Ψf ||T̂J(κ)||Ψi〉 = 〈Jf;TfM̄i||T̂J(κ)||Ji;TiM̄i〉 (19.38)

= (−1)Tf−M̄i

(
Tf 0 Ti

−M̄i 0 M̄i

)∑
a,b

1√
2

〈a ||T(0)
J || b〉ψfi

J,0(ab)

+(−1)Tf−M̄i

(
Tf 1 Ti

−M̄i 0 M̄i

)∑
a,b

√
3

2
〈a ||T(1)

J || b〉ψfi
J,1(ab)

This is the basic multipole matrix element for the transition |Ji;TiM̄i〉 →
|Jf;TfM̄i〉. It relates the many-body reduced matrix element to a sum
of single-particle reduced matrix elements; the isospin dependence of the
transition multipoles has now been explicitly exhibited. The many-body

physics is in the numerical coefficients ψ
fi
J,T (ab). Again, this is a general

result within the current framework.
Once one has a set of coefficients ψ

fi
J,T (ab) from the many-body analysis

(several examples are discussed in chapter 20), the problem is reduced
to computation of the single-particle reduced matrix elements of the
multipole operators [Wi63]. The tables in [Do79, Do80] are a substantial
aid here since all the angular momentum algebra of computing the reduced
matrix element of a tensor product in a coupled basis [Ed74] has already
been carried out. There are two sets of tables. The first [Do79] is in a
harmonic oscillator single-particle basis where the wave functions can be
written in analytic form [Fe71, Wa95]. In this case, the required radial
integrals can all be done analytically in terms of hypergeometric functions
[de66]. The result is of the form exp (−y) × polynomial in y where

y ≡
(
κbosc

2

)2

h̄ωosc =
h̄2

mb2
osc

(19.39)

In the second set of tables [Do80], the calculation is carried out for
arbitrary radial wave functions up to the point where a final radial
integral must be done numerically.
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If one inserts the single-particle densities from Eqs. (19.1, 19.4, 19.5,
19.20), then through O(1/m) the single-particle multipole operators take
the form

MJMJ
(κ) = MMJ

J (κx)
1

2
(1 + τ3)

iT
mag
JMJ

(κ) =
κ

m

{
MMJ

JJ (κx) · 1

κ
∇ 1

2
(1 + τ3)

−1

2

[
1

iκ
∇ × (MMJ

JJ )

]
· σ

[
1

2
(μp + μn) +

1

2
τ3(μp − μn)

]}

T el
JMJ

(κ) =
κ

m

{[
1

iκ
∇ × (MMJ

JJ )

]
· 1

κ
∇ 1

2
(1 + τ3)

+
1

2
(MMJ

JJ ) · σ

[
1

2
(μp + μn) +

1

2
τ3(μp − μn)

]}
(19.40)

Here

MMJ
J (κx) ≡ jJ(κx)YJMJ

(Ωx)

MMJ
JJ ≡ jJ(κx)YMJ

JJ1(Ωx) (19.41)

Note the isospin dependence is now explicit and one can read off T(0)
JMJ

and

T(1)
JMJ

in Eq. (19.36). Furthermore, it is no longer necessary to symmetrize

the convection current since ∇ · MMJ
JJ = ∇ · [∇ × MMJ

JJ ] = 0.
A notation which identifies the various pieces of the multipole operators

in Eqs. (19.40) is introduced in [Do79]

MJMJ
(κ) =

1

2
(1 + τ3)M

MJ
J (κx) (19.42)

iT
mag
JMJ

(κ) ≡ κ

m

{
1

2
(1 + τ3) ΔMJ

J

+

[
1

2
(μp + μn) +

1

2
τ3(μp − μn)

] (
−1

2

)
Σ′MJ
J

}

T el
JMJ

(κ) ≡ κ

m

{
1

2
(1 + τ3) Δ′MJ

J

+

[
1

2
(μp + μn) +

1

2
τ3(μp − μn)

] (
1

2

)
ΣMJ
J

}

The quantities (Δ,Δ′,Σ,Σ′) follow from comparison with Eqs. (19.40). One
can now directly employ the tables in [Do79, Do80].
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20
Some applications

We proceed to some applications of the analysis in chapter 19. Start with
closed j-shells filled up to the energy F as illustrated in Fig. 20.1, and
define particle and hole operators by [Fe71]

a†
α ≡ c†

α ; α > F

b†
α = S−αc−α ; α < F (20.1)

Recall that the phase Sα is defined by

Sα ≡ (−1)jα−mjα (−1)
1
2 −mtα (20.2)

Equations (20.1) form a canonical transformation since they leave the
anti-commutation relations in Eqs. (19.30) unchanged. Denote by |0〉 the
non-interacting ground state illustrated in Fig. 20.1. Both particle and hole
destruction operators annihilate this state

aα|0〉 = bα|0〉 = 0 (20.3)

Furthermore, by Eq. (19.31) and the discussion following Eq. (19.33), both
a† and b† are irreducible tensor operators (ITO).

To illustrate the physics and theoretical techniques, we consider some
model cases. Equations (19.35) form the starting point of this analysis.

Fig. 20.1. Closed j-shells as a basis for defining particle and hole operators.
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Fig. 20.2. A particle–particle transition.

Consider first a particle–particle transition from the single-particle state σ

to the state ρ as illustrated in Fig. 20.2. Take

|Ψi〉 = a†
σ|0〉

|Ψf〉 = a†
ρ|0〉 (20.4)

Here ρ = (nrlr
1
2jrmjρ;

1
2mtρ) ≡ (r;mjρmtρ) with a similar relation for σ. In

this case one has the very simple result that the quantum numbers a must
refer to the final state and b to the initial state

ψ
fi
J,T (ab) = δarδbs ; particle–particle (20.5)

All the angular momentum and isospin algebra has now been dealt with
in arriving at the doubly reduced matrix elements. Note that here and
henceforth we adopt the convention that the selection rules on J and T

are implicitly contained in the reduced matrix elements.
The proof of Eq. (20.5) goes as follows. The only term in the operator

ζ̂† which contributes to the transition in this case is

ζ̂†(ab; JMJ, TMT )
.
= δarδbs[a

†
ρ � S−σa−σ]JMJTMT

(20.6)

Now take the matrix element

〈Ψf |ζ̂†(rs; JMJ, TMT )|Ψi〉 = Sσ 〈jρmjρjσ,−mjσ |jρjσJMJ〉

×〈1

2
mtρ

1

2
,−mtσ |1

2

1

2
TMT 〉 (20.7)

This is just one form of the Wigner–Eckart theorem [Ed74]

l.h.s. = Sσ 〈jρmjρjσ,−mjσ |jρjσJMJ〉〈1

2
mtρ

1

2
,−mtσ |1

2

1

2
TMT 〉

× 1√
(2J + 1)(2T + 1)

〈Ψf

...
... ζ̂†(rs; JT )

...
...Ψi〉 (20.8)

A comparison of these two equations gives the stated result.
Consider next the somewhat more complicated case of a particle–hole

transition as illustrated in Fig. 20.3. Here a particle makes a transition out
of the filled ground state, leaving a hole behind. In this case one has
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Fig. 20.3. A particle–hole transition.

Fig. 20.4. A hole–hole transition.

|Ψi〉 = |0〉
|Ψf〉 = [a†

ρ � b†
σ]JMJ ;TMT

|0〉 (20.9)

In this case, the only contributing term in the operator ζ̂† is

ζ̂†(ab; JMJ, TMT )
.
= δarδbs [a

†
ρ � b†

σ]JMJTMT
(20.10)

Now take matrix elements and use the orthonormality of the Clebsch–
Gordon (C–G) coefficients [Ed74]

〈Ψf |ζ̂†(rs; JMJ, TMT )|Ψi〉 = 1 (20.11)

=
1√

(2J + 1)(2T + 1)
〈J, T ...

... ζ̂†(rs; JT )
...
... 0〉

The Wigner–Eckart theorem has again been used to obtain the second
equality. Thus, in this case also, one has the simple result

ψ
fi
J,T (ab) = δarδbs ; particle–hole (20.12)

Consider the most complicated case of a hole–hole transition as illus-
trated in Fig. 20.4. Here the initial state has a hole in the state ρ and the
final state a hole in σ. The transition is actually accomplished, of course,
by a particle going in the opposite direction. In this case

|Ψi〉 = b†
ρ|0〉

|Ψf〉 = b†
σ|0〉 (20.13)

The contributing term in ζ̂† is

ζ̂†(ab; JMJ, TMT )
.
= δarδbs[Sρb−ρ � b†

σ]JMJTMT
(20.14)
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One has to first turn the destruction and creation operators around
in computing the matrix element.1 Use of the basic anti-commutation
relations gives

ζ̂†(ab; JMJ, TMT )
.
= δarδbs

{
δJ0δT0

√
2(2ja + 1) δrs

−(−1)ja+jb−J(−1)
1
2 + 1

2 −T [b†
σ � Sρb−ρ]JMJTMT

}
(20.15)

Here the anti-commutation relations for the b’s has been employed, along
with the relation for reversing the order of coupling in the C–G coefficients
[Ed74]

〈jρmjρjσmjσ |jρjσJMJ〉 = (−1)jρ+jσ−J〈jσmjσ jρmjρ |jσjρJMJ〉
(20.16)

There is a similar relation for isospin. The first term in Eq. (20.15), now
simply a c-number, follows from∑

mjρ

〈jρmjρjρ,−mjρ |jρjρJMJ〉(−1)jρ−mjρ

=
∑
mjρ

〈jρmjρjρ,−mjρ |jρjρJMJ〉〈jρmjρjρ,−mjρ |jρjρ0 0 〉
√

2jρ + 1

=
√

2jρ + 1 δJ0 (20.17)

Again, there is a similar relation for isospin.
Now the calculation of the remaining matrix element proceeds exactly

as in the particle–particle case. Note that here S−ρ = Sρ.

ψ
fi
J,T (ab) = δarδbsδrsδJ0 δT0 [2(2ja + 1)(2Ti + 1)(2Ji + 1)]1/2

−(−1)ja+jb−J(−1)
1
2 + 1

2 −Tδarδbs ; hole–hole (20.18)

The reduced matrix element has been calculated in the first (scalar) term,
and we now observe that there will, in fact, be an additional contribution

ψ
fi
0,0(aa) of this type of term for each occupied shell a < F in Fig. 20.1.
Suppose one does elastic scattering from a ground state that has neither

particles nor holes as in Fig. 20.1

|Ψi〉 = |Ψf〉 = |0〉 (20.19)

In this case, the only non-zero contribution comes from the first term in
Eq. (20.18), and from Eq. (19.38) one has

〈0||M̂0(κ)||0〉 =
∑
a<F

√
2ja + 1 〈a||M(0)

0 (κ)||a〉 (20.20)

1 They must be normal-ordered.
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Fig. 20.5. Shell model for 16
8O ground state.

Now consider the case of elastic scattering from a (Jπ, T ) = (0+, 0)
target. In this case, the only contributing multipole is M̂0(κ), and one evi-
dently measures the Fourier transform of the ground-state charge density

√
4π 〈Ψ0|M̂00(κ)|Ψ0〉 =

∫
d3x

[
sin κx

κx

]
ρ00(x) (20.21)

As an example, consider 16
8O modeled as indicated in Fig. 20.5. In this

case, Eq. (20.20) gives

〈0||M̂0(κ)||0〉 =
√

2 〈1s1/2||M(0)
0 (κ)||1s1/2〉 +

√
4 〈1p3/2||M(0)

0 (κ)||1p3/2〉
+

√
2 〈1p1/2||M(0)

0 (κ)||1p1/2〉 (20.22)

Use of the tables in [Do79] then gives for harmonic oscillator wave
functions

√
4π 〈Ψ0||M̂0(κ)||Ψ0〉 = 8

(
1 − 1

2
y

)
e−y (20.23)

Note that at κ = 0 one must obtain Z , the total charge on the nucleus,
and this result is indeed recovered. Since s and p radial wave functions
contribute here, the coefficient of e−y is a first-order polynomial in y.
Thus there is (at most) one diffraction zero as a function of y. Figure 20.6
shows the fit to the experimental charge form factor in this model [Do75].
The data is from [Mc69]. There is one parameter in this fit, bosc = 1.77 fm.
Also shown is the result obtain with Woods–Saxon radial wave functions,
where a second diffraction minimum is observed [Do69]. Note that the
harmonic oscillator wave functions provide an excellent description of the
gross distribution of charge, and only break down when one seeks a more
detailed description at higher momentum transfer.

Figure 4.2 shows the quality of elastic (e, e) data presently available.
Figure 21.5 in the next section illustrates the quality of the nuclear charge
distribution which can now be extracted from elastic (e, e) charge scatter-
ing. Note the small uncertainty band on the experimental result in that
figure.
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Fig. 20.6. Elastic charge form factor for 16
8O showing results using harmonic

oscillator (solid curve) and Woods–Saxon (dashed curve) radial wave functions
[Do69, Do75, Mc69].

Fig. 20.7. Ground states of 3
2He and 3

1H.

Consider elastic magnetic scattering. It is proven in appendix E that
only the odd magnetic multipoles contribute to elastic scattering through
the transverse interaction. Consider the simplest nuclear case of elastic

scattering from 3
2He and 3

1H with (Jπ, T ) = (1
2

+
, 1

2 ) as illustrated in Fig.

20.7. Here only T̂
mag
1 (κ) contributes. Although very sophisticated three-

body calculations are available for this system (see later), we consider it
here as a very simple illustration.

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


20 Some applications 163

Table 20.1. Comparison of experimental and theoretical magnetic moments of
the three-nucleon system calculated in the harmonic oscillator shell model.

μ(3H) + μ(3He) μ(3H) − μ(3He)

Theory 0.8795 4.7059
Experiment 0.8513 5.1064

The shell model configuration in Fig. 20.7 is a (1s1/2)
−1 hole in the 1s

shell. Use of Eq. (20.18) in this case leads to

ψJT [(1s1/2)
2] = 4δJ0δT0 − (−1)J+T (20.24)

From the general result in Eq. (19.38), and the tables in [Do79], one finds(
4π

2

)1/2

〈1

2

+

;
1

2
mt||M̂0(κ)||1

2

+

;
1

2
mt〉 =

(
3

2
+ mt

)
e−y

= Z e−y

i

(
4π

2

)1/2

〈1

2

+

;
1

2
mt||T̂mag

1 (κ)||1
2

+

;
1

2
mt〉

= −
√

2

(
κ

2m

)[
1

2
(μp + μn) − mt(μp − μn)

]
e−y

= −
√

2

(
κ

2m

)
μ e−y (20.25)

Here Z is the charge of the target and μ its magnetic moment. The
proportionality of the matrix element of T̂

mag
1 to the magnetic moment

is a general result as shown in appendix A. At higher κ one probes the
spatial distribution of the magnetic moment distribution. Table 20.1 shows
the (well-known) comparison between the calculated and experimental
magnetic moments for this system.

Figure 20.8 shows the low-κ elastic (e, e) data compared with this shell
model calculation with an oscillator parameter chosen as bosc = 1.59 fm
[Do76, Wa95]. Again, it is only the deviations from these simple results
that show up the more sophisticated elements of nuclear structure, to
which we shall return.

With higher nuclear angular momentum Ji, higher multipoles can con-
tribute to elastic scattering. It is shown in appendix E that parity and
time-reversal invariance of the strong and electromagnetic interactions
imply that only the even charge multipoles and odd transverse magnetic
multipoles can contribute in the elastic case. Consider a 1g9/2 proton as

the single-particle shell model assignment for the ground state of 93
41Nb as

depicted in Fig. 20.9. The highest magnetic multipole that can contribute
in this case is T̂

mag
9 (κ). Use of the previous particle–particle results and
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Fig. 20.8. Longitudinal and transverse elastic scattering form factors for the
three-nucleon system compared with harmonic oscillator shell model results.
Here fL = ZfSN/

√
4π and fT = (κ/2m)μfSN/

√
2π. The correction factor fCM has

been included. [Do76, Wa84]. Data from [Co65, Ch69, Mc70].

Fig. 20.9. Single-particle shell model assignment for the ground state of 93
41Nb.

the tables in [Do79] gives

〈9

2

+

||T̂mag
9 (κ)||9

2

+

〉 = 〈π1g9/2||T9(κ)||π1g9/2〉 (20.26)

= − 25

32
√

5 · 11 · 13 · 17
y4e−y

(
κμp

2m

)
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Fig. 20.10. M1 transition in 12
6C as example of particle–hole transition.

Note that only the intrinsic magnetization contributes to the highest
multipole in the stretched configuration j = l + 1

2 , and note the simplicity
of this result. Note also that this multipole has the highest possible
number of powers of y, which implies that it will be the dominant
contribution at high momentum transfer κ. The experimental results for
elastic magnetic scattering from 93

41Nb have already been shown in Fig.
12.4.2 In contrast to the case with real photon interactions where the
long-wavelength limit is relevant and the lowest multipole dominates
(appendix A), here the rank of the dominant multipole increases as the
momentum transfer is increased until at high κ the dominant contribution
is indeed M9 — one can effectively dial the multipole one wants to
examine.

What does one learn from this? Figure 12.5 shows the surface of half-
maximum intrinsic magnetization density μ(x)max/2 for 51

23V (chosen so
that it would fit on a 10 fm square). Here the configuration assignment
is (1f7/2)π , and the nucleus is aligned so that its angular momentum
points along the z-axis with mj = j. The intrinsic magnetization maps
the location of the valence nucleon. The nucleus is a small magnet with
a current loop provided by the motion of the orbiting proton. Elastic
magnetic electron scattering at all κ provides a microscope to see the
spatial structure of this small current loop [Do73].

As an example of particle–hole states consider the celebrated isovector
M1 transition to the (1+, 1) state at 15.11 MeV in 12

6C as illustrated in Fig.
20.10. Make the simplest shell model assignments

|Ψi〉 = |0〉
|Ψf〉 = [a

†
1p1/2

� b
†
1p3/2

]1+,1 |0〉 (20.27)

Then from the above discussion of particle–hole transitions and the tables

2 Here qeff ≡ κ.

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


166 Part 4 Selected examples

Fig. 20.11. The quantity F2
T (κ) for the 1+, 1 state in 12

6C(15.11 MeV). The curve
is a best fit with bosc = 1.77 fm and ξ = 2.25 [Do75]. Here q ≡ κ.

in [Do79] one finds

i
√

4π 〈1+, 1 0||T̂mag
1 (κ)||0+, 0〉 = i

(
4π

2

)1/2

〈1p3

2
||Tmag (1)

1 (κ)||1p3

2
〉

=
2

3

(
κ

2m

)[
1 − 2(μp − μn)

(
1 − 1

2
y

)]
e−y

(20.28)

Now it is clear that the model of a pure particle–hole transition is an
oversimplification. With configuration mixing, even within just the 1p-shell,
the amplitudes in Eq. (19.28) will be changed from the pure particle–hole
value, and in general reduced from this value. A fit to the experimental
data for this transition using Eq. (20.28) with an oscillator parameter
bosc = 1.77 fm and an overall reduction factor of ξ = 2.25 is shown in Fig.
20.11 [Do75].3

3 In this figure dσ/dΩ ≡ 4πσM[(q4/q4)F2
L + (q2/2q2 + tan2 θ/2)F2

T ]r.
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Fig. 20.12. Inelastic electron scattering to the 1+, 1 state in 12
6C(15.11 MeV)

plotted in terms of the polynomial p(y) in Eq. (20.29). The straight line is a fit
with 1p-shell harmonic oscillator wave functions [Do79a]. Again, q ≡ κ.

Fig. 20.13. Particle–hole configuration (1f7/2)(1d5/2)
−1.

If both the ground and excited states are configuration mixed, but still
both described within the 1p-shell oscillator model, then the polynomial
in the above transition amplitude must indeed be of the form

p(y) = α0 − α1 y (20.29)

Figure 20.12 shows such a straight-line fit to the data [Do79a]. This fit

determines two of the four possible one-body amplitudes ψ
fi
J,T (ab) for this

transition, if it is indeed described within the 1p-shell oscillator model.
Note that this straight-line plot, now on a linear scale, gives some credence
to this description.

As an example of magnetic excitation of high-spin states, consider the
isovector transition to the stretched member (6−, 1) of the particle–hole
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configuration in Fig. 20.13. Model the ground and excited states by

|Ψi〉 = |0〉
|Ψf〉 = [a

†
1f7/2

� b
†
1d5/2

]6−,1 |0〉 (20.30)

Then, as before,

i
√

4π 〈6−, 1 0||T̂mag
6 (κ)||0+, 0〉 = i

(
4π

2

)1/2

〈1f 7

2
||Tmag (1)

6 (κ)||1d5

2
〉

= −
(

κ

2m

)
(μp − μn)

23

3
√

3 · 11
y5/2 e−y

(20.31)

Note the simplicity of this result. Again, only the magnetization con-
tributes to this highest multipole in the stretched configuration, and this
multipole gives the maximum power of y. The large isovector magnetic
moment of the nucleon in Eq. (19.4) implies that isovector transitions are
preferentially excited in electron scattering at large scattering angles and
high momentum transfers. Figure 12.6 shows a spectrum for 24

12Mg taken
under these conditions, and the transverse form-factor squared for the
state at 15.0 MeV which dominates the spectrum; it is evidently a 6−.4

Such stretched particle–hole states have now been seen throughout the
periodic table, including states as high as 14− in 208

82Pb [Li79].

4 Note that even though 24
12Mg is not the closed 1d5/2-shell nucleus of the shell model

(that would be 28
14Si), the (6−, 1) particle–hole transition still shows up strongly in the

spectrum.
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21
A relativistic model of the nucleus

In current and future electron scattering studies of nuclei, one is interested
in momentum transfers q2 � m2. For consistency, a relativistic description
of the nuclear many-body system is required. One such model, quantum
hadrodynamics (QHD) is developed in detail in [Se86, Se92, Wa95, Se97].
Relativistic mean field theory (RMFT) then includes the strong nuclear
interactions in an average fashion. In its simplest version, one starts from

a baryon field ψ =

(
ψp

ψn

)
, neutral vector and scalar fields (Vμ, φ), and

the lagrangian density

L = −ψ̄

[
γμ

(
∂

∂xμ
− igvVμ

)
+ (m − gsφ)

]
ψ − 1

2

⎡
⎣( ∂φ

∂xμ

)2

+ m2
sφ

2

⎤
⎦

−1

4
FμνFμν − 1

2
m2
vV

2
μ (21.1)

Here

Fμν =
∂Vν

∂xμ
− ∂Vμ

∂xν
(21.2)

The equations of motion for a field theory are those of continuum me-
chanics [Bj65a, Fe80, Wa91].

∂

∂xμ

∂L
∂(∂q/∂xμ)

− ∂L
∂q

= 0 (21.3)

The Euler–Lagrange equations for the above fields are⎡
⎣( ∂

∂xμ

)2

− m2
s

⎤
⎦φ = −gsψ̄ψ

169
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∂

∂xν
Fμν + m2

vVμ = igvψ̄γμψ[
γμ

(
∂

∂xμ
− igvVμ

)
+ (m − gsφ)

]
ψ = 0 (21.4)

The scalar field couples to the baryon scalar density, the vector field
couples to the conserved baryon current, and the Dirac equation for the
baryon field has the meson fields included in a minimal, linear fashion. One
now imposes canonical (anti-)quantization on the dynamical variables, the
fields, and this leads to a relativistic quantum field theory [Bj65a, Wa91].

Consider uniform nuclear matter. One can obtain an approximate solu-
tion to the field equations by replacing the meson fields by their expectation
values, which are then just classical fields. By translation invariance, these
quantities must be constants independent of space and time.

φ → 〈φ〉 ≡ φ0

Vλ → 〈Vλ〉 = iδλ4V0 (21.5)

The last equality follows from the isotropy of the medium. This RMFT
should become better and better as the baryon density ρB gets larger and
the sources on the right side of the meson field equations correspondingly
increase. At observed nuclear density, this is equivalent to the usual
(relativistic) Hartree approximation. With this approximation, the baryon
field equation is linearized.[

γμ
∂

∂xμ
+ gvγ4V0 + (m − gsφ0)

]
ψ = 0 (21.6)

This linear equation can be solved exactly. Stationary state solutions to
the Dirac equation lead to the eigenvalue equation

ε
(±)
k = gvV0 ±

√
k2 + m�2

m� ≡ m − gsφ0 (21.7)

The ground state of the corresponding hamiltonian of this RMFT is
obtained by filling the Dirac levels up to the Fermi momentum kF . To be
self-consistent, one determines the sources in the meson field equations by
summing over the occupied levels

ρS = 〈ψ̄ψ〉 =
1

Ω

kF∑
kλ

Ū(kλ)U(kλ)

ρB = 〈ψ†ψ〉 =
1

Ω

kF∑
kλ

U†(kλ)U(kλ) (21.8)

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


21 A relativistic model of the nucleus 171

We choose to normalize to unit probability in the box, so that U†U = 1.
Note also the important relation, derived immediately from the Dirac
equation

Ū(kλ)U(kλ) =
m�

√
k2 + m�2

U†(kλ)U(kλ) (21.9)

From the field equations, for constant fields

φ0 =
1

m2
s

ρS ; V0 =
1

m2
v

ρB (21.10)

The translational invariance of nuclear matter permits ready solution of
the resulting coupled, non-linear, differential equations. The quantity m� is
calculated self-consistently. Nuclear matter saturates at the right binding
energy and density in RMFT if one takes

C2
s ≡ g2

s

(
m2

m2
s

)
= 267.1 ; C2

v ≡ g2
v

(
m2

m2
v

)
= 195.9 (21.11)

The saturation and m� curves are shown in [Wa95].
The baryon field operator in RMFT takes the following form

ψ(x) =
1√
Ω

∑
kλ

[
AkλU(kλ) exp (ik · x) + B

†
kλV (−kλ) exp (−ik · x)

]
(21.12)

Here Akλ destroys a baryon of momentum and helicity (k, λ) in the medium

and B
†
kλ creates an antibaryon [Bj65a, Fe71, Wa91].

An effective electromagnetic current operator is now introduced. The
internal structure of the individual nucleons, which from this hadronic
point of view arises from charged meson fields, is summarized in a single-
nucleon form factor and an effective Mo/ ller potential

1

q2
→ fSN(q2)

q2
(21.13)

The effective current, to be used in lowest order in the nuclear many-body
problem, is then taken to be

Jμ(x) = iψ̄γμQψ +
1

2m

∂

∂xν
ψ̄σμνλ

′ψ

Q =
1

2
(1 + τ3)

λ′ = λ′
p

1

2
(1 + τ3) + λn

1

2
(1 − τ3) (21.14)
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Fig. 21.1. Thomas–Fermi theory for finite systems.

If ψ(x) satisfies the field Eq. (21.6), and its adjoint, then this current is
both local and conserved

∂Jμ(x)

∂xμ
= 0 (21.15)

Furthermore, it gives the correct result for a free nucleon.1

An immediate extension of RMFT to finite nuclei is through Thomas–
Fermi theory [Se86]. Here one gives the meson fields a spatial variation

(∇2 − m2
s )φ0(r) = −ρS (r)

(∇2 − m2
v )V0(r) = −ρB(r) (21.16)

It is then assumed that these fields vary slowly enough so that one can
calculate the sources for a uniform system at the appropriate baryon
density ρB(r) parameterized by kF (r) as illustrated in Fig. 21.1.2 The con-
dition kF = 0 determines the nuclear size and baryon number B. The
electron scattering cross sections of Rosenfelder for two nuclei 40

20Ca(e, e′)
and 208

82Pb(e, e′), calculated with local RMFT and then integrated over the
Thomas–Fermi distributions, are shown in Figs. 21.2 and 21.3 [Ro80].
The calculations are compared with quasielastic electron scattering data
from HEPL on these nuclei [Mo71]. Note the following features of

1 This effective electromagnetic current assumes F1(q
2)/F1(0) ≈ F2(q

2)/F2(0) ≈ fSN(q2).

This relation breaks down at large q2 where the data indicate that it is the Sachs

form factors GM = F1 + 2mF2 and GE = F1 − q2F2/2m that scale. To incorporate this

observation, make the following replacements:

fSN(q2)

q2
→ fSN(q2)

q2

1

1 + q2/4m2

Jλ → Jλ − i

4m2

∂

∂xν

∂

∂xν

(
ψ̄μγλψ

)
Here μ is the full magnetic moment [Wa95]. Applications of this improved effective

current do not exist at the present time.
2 knF (r) and k

p
F (r) will differ if N �= Z and the Coulomb interaction is included.
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21 A relativistic model of the nucleus 173

Fig. 21.2. Quasielastic electron scattering from 40
20Ca in RMFT compared with

experimental values. The calculation assumes a local Fermi gas with the quantities
m�(r) and ρB(r) taken from a relativistic Thomas–Fermi calculation of these
quantities in QHD-I [Ro80, Wa95]. Data are from [Mo71].

Fig. 21.3. As Fig. 21.2, but for 208
82Pb.

these results:

• They are calculated using the Thomas–Fermi ground state
densities;

• The only parameters are those of nuclear matter and ms = 550 MeV
from a fit to the mean-square charge radius of 40

20Ca;

• The final result involves values of m�(r) and ρB(r) taken over the
entire nuclear density;
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Fig. 21.4. Occupied Dirac orbitals in relativistic Hartree theory.

• It is satisfying that the positions of the peak and values of kF are
approximately correct.3

A more satisfactory treatment of finite nuclei is obtained through rel-
ativistic Hartree theory. Here one solves the Dirac equation in the fields
[φ0(r), V0(r)] and assumes the Dirac orbitals are occupied up to some level
F in these mean fields as illustrated in Fig. 21.4.4 The source terms in the
meson field equations at a given point are then calculated self-consistently
by summing over the contributions of the occupied orbitals

ρB(r) =
F∑
α

φ†
α(r)φα(r)

ρS (r) =
F∑
α

φ̄α(r)φα(r) (21.17)

The meson field Eqs. (21.16) are then solved with these sources.
Since the relativistic Hartree calculations provide a very powerful way

of dealing with the relativistic nuclear many-body problem, and since they
follow from our discussion of the Dirac equation in chapter 10, we digress
to develop them [Bj65, Sc68, Se86, Wa95]. Consider the hamiltonian for a
Dirac particle moving in spherically symmetric vector and scalar fields.

h = −i
α ·
∇ + gvV0(r) + β[M − gsφ0(r)] (21.18)

Define the angular momentum by


J = 
L +
S = −i
r ×
∇ +
1

2

Σ (21.19)

The wave function and spin matrix are written in two-by-two form as

ψ =

(
ψA

ψB

)

Σ =

(

σ 0
0 
σ

)
(21.20)

3 Note there is no additional average binding energy ε̄ required in these calculations.
4 We here assume closed shells and spherical symmetry.
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21 A relativistic model of the nucleus 175

One first establishes the following commutation relations (this takes a
little algebra)

[h, Ji] = [h,
J 2] = [h,
S 2] = 0 (21.21)

Note [h,
L 2] �= 0. Now introduce

K ≡ β (
Σ ·
L + 1) = β (
Σ ·
J − 1/2)

[h,K] = 0 (21.22)

To establish the vanishing of the second commutator again takes some
algebra.

Now label the eigenvalues of K by Kψ = −κψ. The states can be
characterized by the eigenvalues {j, s = 1/2,−κ, m}. One then establishes
the following relations

K2 = 
L
2
+
Σ ·
L + 1 = 
J

2
+ 1/4

κ = ±(j + 1/2) (21.23)

It follows from these relations that

−κψA = (
σ ·
L + 1)ψA

−κψB = −(
σ ·
L + 1)ψB (21.24)

Hence


L
2
ψA =

[(
j +

1

2

)2

+ κ

]
ψA = lA(lA + 1)ψA


L
2
ψB =

[(
j +

1

2

)2

− κ

]
ψB = lB(lB + 1)ψB (21.25)

Thus, although ψ is not an eigenstate of 
L 2, the upper and lower compo-
nents are separately eigenstates with eigenvalues determined from these
relations. They also have fixed j and s = 1/2.

Now introduce spin spherical harmonics

Φκm =
∑
mlms

〈lml
1

2
ms|l

1

2
jm〉Ylml

(θ, φ)χms
(21.26)

Here j = |κ| − 1/2. Hence one shows that the solutions to this Dirac
equation take the form

ψnκm =
1

r

(
iG(r)nκΦκm

−F(r)nκΦ−κm

)
(21.27)

Here l = κ if κ > 0 and l = −(κ + 1) if κ < 0.
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Consider the relativistic Hartree equations.

(∇2 − m2
s )φ0 = −gsρS (r)

(∇2 − m2
v )V0 = −gvρB(r)(

1

i
α·∇ + gvV0(r) + β[M − gsφ0(r)]

)
ψ = i

∂ψ

∂t
(21.28)

Label the baryon states by {α} = {nκt, mα} ≡ {a, mα}. Here t = 1/2 (−1/2)
for protons (neutrons). Look for stationary state solutions, and insert the
form of Dirac wave functions in Eq. (21.27). One needs the following
identity, again established with a little work


σ ·
∇ 1

r
GΦκm = −1

r

(
d

dr
+

κ

r

)
GΦ−κm (21.29)

The required relation for F is obtained with the substitution κ → −κ. It
then follows that the coupled radial Dirac equations reduce to

d

dr
Ga(r) +

κ

r
Ga(r) − [Ea − gvV0(r) + M − gsφ0(r)]Fa(r) = 0

d

dr
Fa(r) − κ

r
Fa(r) + [Ea − gvV0(r) − M + gsφ0(r)]Ga(r) = 0 (21.30)

The normalization condition on the Dirac wavefunctions reduces to∫ ∞

0
dr(|Ga(r)|2 + |Fa(r)|2) = 1 (21.31)

Consider the relativistic Hartree Eqs. (21.28) for the meson fields. For
the source terms one uses the following relation for the Dirac solutions if
κ = ±κ′.

m=j∑
m=−j

Φ†
κmΦκ′m = δκκ′

2j + 1

4π
; κ = ±κ′ (21.32)

Hence the meson field equations become

d2

dr2
φ0(r) +

2

r

d

dr
φ0(r) − m2

sφ0(r) = −gs

occ∑
a

(
2ja + 1

4πr2

)
[|Ga(r)|2 − |Fa(r)|2]

d2

dr2
V0(r) +

2

r

d

dr
V0(r) − m2

vV0(r) = −gv

occ∑
a

(
2ja + 1

4πr2

)
[|Ga(r)|2 + |Fa(r)|2]

(21.33)

In practice, these relativistic Hartree equations are enlarged to include a
condensed neutral ρ field b0(r) coupled to the third component of the
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21 A relativistic model of the nucleus 177

Fig. 21.5. Predicted charge density for 16
8O in the relativistic Hartree model

[Ho81, Se86]. The solid curve and shaded area represent the fit to experimental
data [Mc69]. Theoretical results are indicated by the long dashed lines [Ho81,
Wa95].

isovector baryon density gρψ
† 1

2τ3ψ and the Coulomb field A0(r) coupled

to the charge density epψ
† 1

2 (1+τ3)ψ. The extension of the above equations
is immediate.

The resulting relativistic Hartree equations are coupled, non-linear dif-
ferential equations; however, they are local. Fortunately, a rapidly conver-
gent computer program has been published, available to all, that solves
these equations by iteration [Ho91].

Let us return to applications of this relativistic Hartree theory.Horowitz
and Serot [Ho81] make the model more realistic by adding the condensed,
neutral ρ field and the Coulomb interaction. The four parameters in their
theory (gv, gs, gρ, ms) are fitted to the bulk properties of nuclear matter
(E/B, kF , a4)nm and the root-mean square charge radius of 40

20Ca. Their
results are discussed in detail in [Wa95]; the principal features are:

• One finds an excellent fit to ground-state charge densities throughout
the periodic table;

• There is a strong spin–orbit interaction, and one derives the single-
particle spectrum of the nuclear shell model;

• If one forms a Dirac optical potential from the relativistic Hartree
densities and the empirical, Lorentz covariant N–N scattering ampli-
tude (RIA), one obtains a quantitative description of p–A scattering,
including the spin observables, up to ≈ 1 GeV.
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Fig. 21.6. Upper and lower component Dirac radial wave functions G(r) and
F(r) for the three cases discussed in the text [Ki86, Wa95].

Fig. 21.7. Magnetic form factor squared for 17
8O. Calculated using relativistic

Hartree wave functions and the effective current operator [Ki86, Wa95]. The
dotted curve omits the C-M correction factor taken from the harmonic oscillator
shell model, and the dashed curve omits the single-nucleon form factor. Data are
from [Co65, Mc77, Ar78, Ca82].

As a first application of this relativistic Hartree model to electron
scattering, consider elastic electron scattering from the extended charge
distribution in oxygen 16

8O(e, e). The central density in 208
82Pb determines

(kF )nm. The mean-square radius of 40
20Ca determines the one length pa-

rameter in the model. The charge distribution of 16
8O is then predicted

[Ho81]. It is compared with the experimental determination of this charge
distribution in Fig. 21.5. The agreement is all that one might hope for.

As a second application to electron scattering, consider elastic magnetic
scattering from 17

8O(e, e). Figure 21.6 shows the Dirac radial wave functions
for the valence nucleon, calculated in relativistic Hartree, for three nuclei:
3
2He(ν1s)−1

1/2;
17
8O(ν1d)5/2;

209
83Bi(π1h)11/2 [Ki86, Wa95]. The transverse
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21 A relativistic model of the nucleus 179

Fig. 21.8. Relativistic Hartree calculation using RIA optical potential and ef-
fective current compared with data for 16

8O(e, e′p)15
7Ng.s. (see text) [He95]. The

author is grateful to J. I. Johansson for preparing this figure.

magnetic form factor for elastic electron scattering from 17
8O(ν1d)5/2 calcu-

lated by Kim is shown in Fig. 21.7, together with the existing experimental
data [Ki86]. Here we again use for the inclusive process

dσ

dΩ
= 4πσMF2r

F2 ≡
(
q4
μ

q4

)
F2
L +

(
q2
μ

2q2
+ tan2 θ

2

)
F2
T (21.34)

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


180 Part 4 Selected examples

All the parameters in the calculation are determined through relativistic
Hartree and the effective current. The agreement with experiment is sat-
isfactory (but note the scale!), and there is nothing intrinsic in the model
that now limits the range of q2 to which the calculation can apply.5

As a third application, consider the electron scattering coincidence
reaction 16

8O(e, e′ p)15
7Ng.s.. Figure 21.8 shows a state-of-the-art calculation

of the cross section for this (e, e′ p) reaction on 16
8O leading to the (π1p)−1

1/2

ground state of 15
7N. The calculation is from [He95] and the data from

[La93, Le94]. The calculation has the following features:

• Relativistic Hartree wave functions [Ho81] and the Dirac RIA opti-
cal potential [Co93] are used, along with the effective electromagnetic
current;6

• Parallel kinematics q‖k are assumed. The missing momentum is
defined by

pm ≡ q − k (21.35)

The incident electron energy is 456 MeV and |q| is held fixed at
90 MeV;

• The ordinate is d5/dε2dΩ2dΩq divided by Iinc σep where σep is calcu-
lated under the same kinematics, but with7

1. An initial proton four-momentum pμ = (pm, [p2
m+(m−ES )

2]1/2),
where ES is the separation energy of the 1p1/2 proton in 16

8O;

2. A nucleon vertex Γμ ≡ γμ(F1 + 2mF2) − (p + q)μF2.

• The theoretical calculation has been reduced by a spectroscopic
factor of S = 0.69. This represents partial occupancy of the (1p)1/2
state in 16

8O in this model. (See e.g. [Do75].) The shape of the
momentum distribution is unaffected by this overall factor;

• The normal polarization of the outgoing proton is also shown.
Since the most important consequence of relativistic Hartree theory
and RIA is the prediction of the spin–orbit effects, it is crucially
important to see how these predictions hold up for nucleons ejected
from orbits in the nuclear interior;

5 Except for a proper relativistic treatment of the C-M motion (see [Ki87]).
6 To the extent that the relativistic Hartree calculations generate the real part of the

empirical RIA optical potentials, this electromagnetic current is conserved. Current

conservation in the presence of the imaginary part of the optical potential is a more

challenging problem under active investigation.
7 The denominator is a well-defined expression under all kinematic conditions — it yields

the so-called CC1 expression of de Forest [de83].

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


21 A relativistic model of the nucleus 181

• There is nothing intrinsic in the calculation that limits the k2
μ to

which it can be extended, nor the q, provided the RIA optical
potential still yields a good description of the scattering.8

Quasielastic electron scattering for 40
20Ca(e, e′) is calculated in relativistic

Hartree by summing over single-particle transitions, and including the
random phase approximation (RPA) response, in [Ho89].

As described here, QHD is a simple model which reproduces many
important aspects of nuclear structure. A much deeper basis for this rela-
tivistic quantum field theory approach to the nuclear many-body problem
can be given in terms of effective field theory. One chooses to use hadronic
degrees of freedom as generalized coordinates and writes the most general
low-energy lagrangian consistent with the symmetry properties of QCD
(chapter 25). This provides the density functional for the nuclear sys-
tem, and minimization of that density functional leads to the relativistic
Hartree equations (with additional non-linear couplings). The values of
gsφ0/m and gvV0/m, both ≈ 1/3, then yield expansion parameters which
provide controlled approximation schemes. This approach puts the RMFT
on a much firmer theoretical basis [Fu97, Se97].

8 Again, except for a proper relativistic treatment of C-M motion.
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22
Elastic scattering

Electron scattering studies of nuclear and nucleon structure came into their
own with the beautiful experiments at the High Energy Physics Laboratory
(HEPL) at Stanford University by Hofstadter and collaborators in the
1950’s. These experiments measured charge distributions through elastic
scattering [Ho56]. Early results throughout the periodic system from Mg
to Pb were summarized in terms of a two-parameter “Fermi model” charge
distribution

ρ =
ρ0

1 + e(r−R)/a

R = r0 A
1/3

r0 ≈ 1.07 fm

t ≈ 2.4 fm (22.1)

Here the surface thickness t is the 90% to 10% fall-off distance (t ≈ 2a ln 9).
The observed distributions are illustrated in Fig. 22.1. It is difficult to
overstate the impact of these experiments. One could actually see what
the tiny nucleus at the center of the atom looks like.1 The density of the
nuclear matter at the center of the nucleus is approximately constant from
nucleus to nucleus, as is the surface structure. As one adds nucleons, the
nucleus simply grows in size. If fact, it grows exactly as a drop of water
grows when more liquid is added to it. The volume of the nucleus is simply
proportional to the number of nucleons

V =
4

3
πR3 =

4

3
πr30 A (22.2)

1 Experiments on finite-size effects in the spectra of mu-mesic X-rays had previously

yielded good values for the nuclear mean-square radius [Fi53].
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22 Elastic scattering 183

Fig. 22.1. Approximate shapes of the charge distribution of selected nuclei,
including the proton and alpha particle. Note the change of scale for the proton.
The insert explains the Fermi model (here c ≡ R) [Ho56].

Furthermore, Hofstadter and collaborators demonstrated that the charge
distribution of the proton is of finite extent, with a root-mean-square
radius of [Ch56, Ho56]

〈r2p〉1/2 ≈ 0.77 fm (22.3)
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Fig. 22.2. Compilation of the form factors of the proton. Left: (μpG
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p
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G
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curve is Gn
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M(q2) with τ ≡ q2/4m2] and Gn

M/μnGD [Ba73].

This gave direct evidence that the nucleon itself is a composite structure.2

To extract accurate charge distributions in electron scattering from heavier
nuclei, one has to deal with the Coulomb distortion of the electron wave
functions, as well as other corrections [Ye65, Ra87].

Experiments on elastic magnetic scattering from the proton and neutron
demonstrated the spatial extent, and measured the spatial distribution, of

the magnetization in this (Jπ, T ) = (1
2

+
, 1

2 ) system. Free neutron targets
do not exist, so one uses the next best thing, a neutron lightly bound to a
proton in the deuteron (21H). Both quasielastic scattering where the neutron
is directly ejected, and elastic scattering, have been employed. The latter
depends more sensitively on the ground-state deuteron wave function. Of
course, the accompanying proton is not really inert, and nuclear physics
comes into play in analyzing these experiments. Nevertheless, over the
years reliable charge and magnetic form factors have been obtained for
both the proton and neutron, and a summary of the elastic form factors
for the nucleon is shown in Fig. 22.2. The Sachs form factors are defined
in terms of the Dirac form factors according to

GM(q2) ≡ F1(q
2) + 2mF2(q

2)

GE(q2) ≡ F1(q
2) − q2

2m
F2(q

2) (22.4)

The dipole form factor, to which the measured values are compared, is

2 Of course, the fact that the magnetic moments of the neutron and proton already deviate

so much from the Dirac values (chapter 19) strongly implies the same thing.
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22 Elastic scattering 185

Fig. 22.3. Charge density for 208
82Pb. The solid curve and shaded area represent

the fit to the experimental data [He69]. Relativistic mean field theory results are
indicated by the long dashed lines [Ho81, Se86]. Some density-dependent Hartree–
Fock calculations within the traditional picture are also shown (see [Ho81] for
references).

defined by

GD ≡ 1

(1 + q2/0.71 GeV2)2
(22.5)

By showing the deviations from the phenomenological dipole form, one
can plot the form factors on an expanded scale. Note that at the time of
publication of Fig. 22.2, the charge form factor of the neutron was not
very well known at all. It is important to emphasize that even though
the neutron has no net charge, it can still have a non-uniform spatial
distribution of charge within it. One of the advantages of the Sachs form
factors is that they have a more direct interpretation in terms of the spatial
Fourier transform of the charge and total magnetic moment densities of
the nucleon [Wa59].

Theoretical understanding of the charge distribution of nuclei within the
traditional picture is based on self-consistent Hartree–Fock calculations
of nuclear ground states [Fe71, Go79, Ne82]. The most sophisticated
of these use as an interaction the local-density T-matrix calculated in
the Bruekner theory of nuclear matter [Ne82]. Relativistic mean field
theory (RMFT), described in the previous section, gives a very direct
determination of these densities with a local interaction. In Fig. 22.3 we
show the comparison of the RMFT calculation by Horowitz and Serot
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Fig. 22.4. As Fig. 22.3, but for 40
20Ca [Fr79, Ho81, Se86].

of the charge density of 208
82Pb and the experimental determination of

this quantity [Ho81, Wa95]. The error band on the experimental charge
distribution arises primarily from the fact that one is always measuring
only a partial Fourier transform in electron scattering, although other
effects contribute [Fr73]. It is from this figure that the density of nuclear
matter is determined [Ho81]. Figure 22.4 shows a similar result for 40

20Ca
[Ho81, Wa95]. Here the half-density radius determines the scalar mass
[Ho81]. All other nuclear charge densities are then predicted in RMFT
(see Fig. 21.5). In summary, although in a sense it is the simplest thing
one can compute [Se97], one has a good theoretical understanding of the
ground-state charge densities of nuclei.

The theoretical analysis of the elastic form factors of the nucleon pro-
ceeds most directly through the spectral representation of these quantities
[Ch58, Fe58, Dr61, Wa95]. From very general field theory principles, one
establishes that the isovector and isoscalar form factors of the nucleon
have the representations

FV
i (q2) =

1

π

∫ ∞

(2mπ)2

wV
i (σ2) d σ2

σ2 + q2
; i = 1, 2

FS
i (q2) =

1

π

∫ ∞

(3mπ)2

wS
i (σ2) d σ2

σ2 + q2
(22.6)

Here mπ is the pion mass. The thresholds in the representations in Eqs.
(22.6) are obtained by angular momentum, isospin, and charge-conjugation
considerations.

The real spectral weight functions w
S,V
i (σ2) are related to the absorptive
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22 Elastic scattering 187

part of the amplitude for a time-like virtual photon to go through an
intermediate hadronic state and then into a nucleon–antinucleon pair.
Time-like virtual photons with q = (0, iW ) can be created in the laboratory
through the process of electron–positron annihilation in the C-M system.
The process e++e− → pions can be measured experimentally for any W ≥
2mπ . The amplitude for e+ + e− → N + N̄ can be accessed experimentally
only for W ≥ 2m; for W < 2m, one needs analytic continuation.

The spectral representations in Eqs. (22.6) hold in the entire q2 plane.
The representation for the charge form factors probably requires one
subtraction [Dr61]

Fα
1 (q2) = 1 − q2

π

∫
wα

1(σ
2) d σ2

σ2(σ2 + q2)
; α = S, V (22.7)

One can readily establish that in elastic electron scattering from the
nucleon there is always one Lorentz frame, the so-called Breit (or brick-
wall) frame, where the electron undergoes no energy transfer. In this
frame, the four-momentum transfer takes the form q = (q, i0). In this case
one can define the form factor as the three-dimensional Fourier transform
of a charge and magnetization density according to3

F(q2) =

∫
d3x eiq·x ρ(r)

ρ(r) =

∫
d3q

(2π)3
e−iq·x F(q2) (22.8)

Insertion of Eqs. (22.6) in the second relation gives

ρ(r) =
1

4π2

∫
dσ2 w(σ2)

e−σr

r
(22.9)

This relation expresses the density as a linear combination of Yukawa
distributions, each of mass σ. By the uncertainty principle, the mass σ of
the intermediate state determines how far it extends out from the origin.
The intermediate state now occurs as a virtual one in electron scattering
where the momentum transfer is space-like.

Consider a simple example of these ideas. The lightest mass hadron is the
pion, and it is evident from Eq. (22.9) that charged pions are responsible
for the long-range part of the electromagnetic structure of the nucleon.
To evaluate the two-pion contribution to the spectral weight function
for F2(q

2) in Born approximation (without pion rescattering) one can
simply look at the Feynman diagram for the lowest-order vertex correction
illustrated in Fig. 22.5. We calculate the contribution of this diagram to Sf i

3 The Wigner–Eckart theorem and parity invariance imply that the ground state densities

must be spherically symmetric for a spin one-half system.
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k2

l2

l1

k1

p1

–9
π
γ5τb

 1γ
μ

p1μ+M
11

1

–9
π
γ5τa

12
2+m

2
π

11
1

12
1+m

2
π

11
1

–ep(11+12)μ (δalδb2–δa2δb1)

Fig. 22.5. Two-pion contribution to Sf i and F2(q
2) in Born approximation.

from the following pion–nucleon and pion–photon lagrangian densities4

LπN = igπψ̄γ5τ ψ · π

Lγπ = −ep

[
π× ∂π

∂xμ

]
3

Aμ (22.10)

The component contributions to the diagram are then indicated in Fig.
22.5. It is a nice exercise to show that the result from this diagram can be
put into the following form

2mF2(q
2) = τ3

g2
π

4π

∫ 1

0
dx (1 − x)2

∫ x

0
dy

m2

m2(1 − x)2 + m2
πx + q2y(x − y)

(22.11)
The spectral representation and two-pion contribution to the spectral
weight function follow directly. Note that this contribution is entirely
isovector.

The integral in Eq. (22.11) is well-defined, and one can use it to cal-
culate this two-pion contribution to the anomalous magnetic moment of
the nucleon by simply evaluating 2mF2(0). The longest range two-pion
contribution to the mean-square radius of the isovector magnetic moment
can be obtained through

FV
2 (q2)

FV
2 (0)

= 1 − q2

6
〈r2〉V2 + · · · (22.12)

The use of g2
π/4π = 14.4 from pion–nucleon scattering leads to the results

shown in Table 22.1. The present analysis provides a qualitative, and even
semiquantitative, understanding of the anomalous magnetic moment and
its mean-square radius [Ch58, Fe58].

To pursue this approach even further, it was argued before their discovery
that vector mesons with (Jπ, T ) = (1−, 1) and (1−, 0), the ρ and ω, must be

4 The absorptive part is independent of the particular form of the π–N coupling used.
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22 Elastic scattering 189

Table 22.1. Two-pion contribution to the anomalous magnetic moment of the
nucleon in Born approximation.

λ′ S λ′ V 〈r2〉Vmag (〈r2〉Vmag)
1/2

Theory 0 3.20 0.24 fm2 0.49 fm

Experiment −0.12 3.706 ≈ 0.64 fm2 ≈ 0.80 fm

pion

gamma

(a) Pair Term (b) Pion Term

t

Fig. 22.6. Time-ordered Feynman diagrams retained in the one-pion exchange
current calculation in [Du76].

present to make the size of the distributions quantitative [Na57, Fr60]. The
basic idea is that a two- or three-pion resonance makes the distribution
extend out further.5

Of course, the internal quark structure of the nucleon plays an essential
role in determining the electromagnetic structure of the nucleon (chapter
24); however, it is clear from Eq. (22.9) that pions are responsible for the
long-range contribution to this structure. Both elements of the internal
structure clearly play a role.6 Effective chiral lagrangians that reflect the
underlying symmetry structure of QCD, and chiral perturbation theory,
place the calculation of the the long-range low-q2 pion contribution to
the nucleon form factors on a firmer theoretical foundation [Be98, Ku01].

A prime example of the need for an explicit hadronic description of
nuclei is provided by the additional two-body currents arising from the
exchange of charged mesons between nucleons. Although many exchange
current calculations exist, for concreteness we briefly describe those of
Dubach, Koch, and Donnelly [Du76]. These authors keep the static limit
[leading O(1/m)] of the time-ordered Feynman diagrams shown in Fig.
22.6. Each of these processes clearly represents an additional contribution

5 In chapter 21 we were content to include the contribution of charged mesons to the

internal structure of the nucleon in a phenomenological fashion, through a single-nucleon

form factor fSN(q2) = GD(q2).
6 “Bag models” and “chiral soliton models” attempt to incorporate both elements of this

internal structure [Wa95].
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to the current in the traditional picture, which is now extended to

Ĵμ(x) =
A∑
i=1

J(1)
μ (xi; x) +

A∑
i<j=1

J(2)
μ (xi, xj; x) (22.13)

The two-body current can be identified through reproduction of the S-
matrix as follows.

The free Dirac propagator can be decomposed according to [Fe71,
Wa95]

1

iγμpμ + m
≡
[

1

2Ep

α · p + βm + Ep

Ep − p0 − iη
+

1

2Ep

α · p + βm − Ep

Ep + p0 − iη

]
β (22.14)

The first term yields the usual non-relativistic result [Fe71]; the second
term gives rise to backward propagation in time. The Feynman rules from
the lagrangian in Eq. (22.10) allow one to evaluate the contribution to the
S-matrix from the graphs in Fig. 22.6, retaining just the second piece of the
baryon propagator. An equivalent S-matrix can be constructed from the
current in Eq. (22.13), and one can then identify the additional two-body
current. Define

Jμ(x1, x2; x) =

∫
eik·xJμ(x1, x2; k)

d3k

(2π)3
(22.15)

Then to leading order in 1/m, and with the neglect of k0, the pair contri-
bution to the pion-exchange current in Fig. 22.6(a) is given by

Jpair(x1, x2; k) = −epf
2
π[τ

(1) × τ (2)] 3

×
{

σ2

(
σ1 · r

r

)
e−ik·x2 + σ1

(
σ2 · r

r

)
e−ik·x1

}(
1 + xπ

x2
π

)
e−xπ (22.16)

Here

xπ = μr ; μ ≡ mπ

r = x1 − x2 ; R =
1

2
(x1 + x2)

f2
π =

g2
π

4π

(
μ

2m

)2

= 0.080 (22.17)

The pion contribution in Fig. 22.6(b) is

Jpion(x1, x2; k) = ep

(
fπ

μ

)2

[τ (1) × τ (2)] 3(σ1 · ∇1)(σ2 · ∇2)

×
∫ 1/2

−1/2
dv (−irvk + y)

(
e−y

y

)
exp {−ik · (R − vr)} (22.18)
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Here

y = r

[
μ2 +

(
k2

4

)
(1 − 4v2)

]1/2

(22.19)

There is no exchange contribution to the charge density to this order in
1/m. These results are from [Du76], and the reader is now in a position
to reproduce them.7

This exchange current has the following features to recommend it:

• If the current is taken to be the sum of the one-body current of
chapter 19 and the above exchange current, and if a two-nucleon
potential has the form V = V neutral+VOPEP where the last term is the
one-pion exchange potential [Wa95], then the current is differentially
conserved [Du76]

∂Ĵμ

∂xμ
= ∇ · Ĵ + i[Ĥ, ρ̂] = 0 (22.20)

• The threshold pion electroproduction part of the graphs in the above
amplitude satisfies the Kroll–Ruderman (soft-pion) theorem;

• This one-pion contribution represents the longest-range part of the
two-body exchange current; it is exact as |x1 − x2| → ∞;

• The charge density operator is unmodified to leading O(1/m); hence
transition matrix elements of the charge density can be used to
calibrate the nuclear structure in exchange-current calculations.

Assume that 3
2He can be described by a (ν1s1/2)

−1 harmonic oscillator
shell model configuration as shown in Figs. 20.7 and 20.8. The magnetic
moment calculated with the inclusion of the above exchange current is
μ = −2.078 n.m., now closer to the experimental value μ = −2.127 n.m.

than is the Schmidt value μ = −1.913 n.m. in Table 20.1. (Here 1 n.m.
=eph̄/2mpc). This gives one some confidence in the present exchange cur-
rent calculation [Du76]. The effect on elastic magnetic electron scattering
at modest momentum transfers, say q2 ≤ 6 fm−2, is shown in Fig. 22.7; the
effect is not large. This illustrates the marginal role of exchange currents
in the traditional nuclear physics domain.8

Figure 22.8 illustrates the state of the art with elastic magnetic scattering
from 3

2He [Ca82]. The measurements are from Saclay and Bates. The
dashed line shows the result obtained from the best three-body calculation

7 Use (ab)−1 =
∫ 1

0
dz[az + b(1 − z)]−2.

8 A relativistic QHD calculation of this exchange current, without the 1/m expansion, is

contained in [Bl91].
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Fig. 22.7. Elastic transverse form factor for 3
2He(e, e′) in the harmonic oscillator

model with (dashed) and without (solid) one-pion exchange currents [Du76,
Wa84].

Fig. 22.8. Elastic magnetic form factor for 3
2He(e, e) out to high q2 [Ca82]. Two

exchange-current theories are shown: (a) from [Ha83]; (b) from [Ri80].

done in the traditional picture; the three-body wave function is obtained
by solving the Faddeev equations with potentials fitted to two-body data,
and the current is obtained from the properties of free nucleons. There is
clear disagreement with the data as q2 increases to ∼ 10 fm−2, not by a few
percent, but by orders of magnitude. The best three-body calculation in
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22 Elastic scattering 193

Fig. 22.9. Cross section for 2
1H(e, e′)pnthresh. The dotted curve is the impulse-

approximation result, the dash-dot curve includes the pion-exchange contribution,
the dash curve includes also a ρ-exchange contribution, and the solid curve is the
total result, which includes a Δ contribution. [Au85].

the traditional picture clearly fails at high q2. Also shown in Fig. 22.8 are
two exchange-current calculations that include the pion exchange current
discussed above, as well as other hadronic contributions [Ha83, Ri80]. The
difference between these two curves at high q2 is a good measure of the
present theoretical uncertainty. While the exchange current contribution
is marginal at low momentum transfers, it is a dominant effect at large
q2. A more recent and extensive discussion of electromagnetic interactions
with light nuclei is contained in [Ca91].

This pion exchange current also shows up dramatically in threshold
electrodisintegration of the deuteron 2

1H(e, e′)pnthresh as shown in Fig. 22.9
[Au85].
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23
Quasielastic scattering

A first description of quasielastic scattering is obtained from the electro-
magnetic response of a non-interacting, non-relativistic Fermi gas. This
provides a convenient, consistent picture of the dominant part of the
nuclear response surface as a function of (q, ω). Consider a Fermi gas of
protons as illustrated in Fig. 23.1. The total charge and charge density are
obtained by counting the occupied states

Z =
kF∑
kλ

1 → 2Ω

(2π)3

∫ kF

0
d3k =

Ωk3
F

3π2

Z

Ω
≡ ρ =

k3
F

3π2
(23.1)

The last equality relates the proton density to the Fermi wave number. For
illustration, retain just the Coulomb interaction, assuming no transverse
interaction. The target response surfaces of chapter 11 then reduce to the
form [compare Eq. (12.31)]

W1 = 0 (23.2)

1

MT
W2 =

q4
μ

q4

∑
i

∑
f

|〈f|
∫

exp (−iq · x) ρ̂(x) d3x|i〉|2δ(Wf − Wi)

The notation used is indicated in Fig. 23.2.1

1 Use of translational invariance, with eigenstates of three-momentum, allows one to do

both spatial integrations which yield, in the limit of large Ω, a factor (2π)3Ωδ(3)(Pf − Pi)

— this reproduces the previous form for the response surfaces for a target initially at

rest. In the present form, one can directly calculate the scattering for a stationary target.

194
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23 Quasielastic scattering 195

Fig. 23.1. Response of Fermi gas.

Fig. 23.2. Notation in calculation of Coulomb response of Fermi gas.

We also extract the nucleon form factor of Eq. (19.22) and write

1

MT
W2 ≡

q4
μ

q4
|fSN(q2)|2 R(q2, ω) (23.3)

Here ω ≡ ε1 − ε2 is the energy loss.
The charge density operator for point protons can then be written in

second quantization as

ρ̂(x) = ψ̂†(x)ψ̂(x) (23.4)

Here, the non-relativistic, two-component proton field is given by

ψ̂(x) =
1√
Ω

∑
kλ

akλ exp (ik · x) ηλ (23.5)

Thus, upon integration∫
exp (−iq · x) ρ̂(x) d3x =

∑
kλ

a
†
k−q, λakλ (23.6)

Matrix elements of this expression for a Fermi gas can now be readily
evaluated. One particle must be destroyed inside the Fermi sea and one
created outside. Upon converting the final sum to an integral, one arrives
at

R(q2, ω) =
2Ω

(2π)3

∫ kF

0
d3k θ(|k − q| − kF )δ(ω − εk−q + εk) (23.7)
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Fig. 23.3. Momentum space geometry for evaluation of response of a non-
relativistic Fermi gas.

This is a general result for a Fermi gas. Now specialize to the dispersion
relation for non-relativistic nucleons

εk =
k2

2m
(23.8)

R(q2, ω) =
2Ω

(2π)3

∫ kF

0
d3k θ(|k − q| − kF ) δ

(
ω +

k · q

m
− q2

2m

)

Introduce dimensionless variables according to

x ≡ k

kF
; Δ ≡ q

kF
; ξ ≡ mω

k2
F

(23.9)

The additional use of Ω = 3π2Z/k3
F then leads to

R(q2, ω) =
3Z

4π

m

k2
F

∫ 1

0
d3x θ(|x − Δ| − 1) δ

(
ξ + Δ · x − Δ2

2

)
(23.10)

This integral can be done with the aid of some simple geometric
considerations [Fe71]. The situation is illustrated in Fig. 23.3. First rewrite

δ

(
ξ + Δ · x − Δ2

2

)
=

1

Δ
δ

(
x ·

[
Δ

Δ

]
+

ξ

Δ
− Δ

2

)
(23.11)

Energy conservation enforced by the vanishing of the argument of the
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Fig. 23.4. The quantity ζR(q2, ω) with ζ ≡ 4kFq/3Zm for the case Δ ≥ 2.

delta function then defines the plane indicated in this figure

−x ·
[
Δ

Δ

]
=

ξ

Δ
− Δ

2
(23.12)

The restrictions on the region of integration reflect the fact that the
particle is initially inside the Fermi sphere (F) and must end up outside

|x − Δ| > 1 ; outside F

|x| ≤ 1 ; inside F (23.13)

The answer for the Δ × (integral) is the area of intersection of the plane
and the restricted Fermi sphere. This is either a circle (as illustrated in
the figure), or an annulus, depending on the value of ξ/Δ. Thus one can
immediately write the answer in the various cases:

1) Δ ≥ 2 (spheres do not intersect)

Δ

2
+ 1 ≥ ξ

Δ
≥ Δ

2
− 1 ; plane intersects sphere

area = π

[
12 −

(
ξ

Δ
− Δ

2

)2
]

R(q2, ω) =
3Z

4π

m

k2
F

π

Δ

[
12 −

(
ξ

Δ
− Δ

2

)2
]

(23.14)

This result is sketched in Fig. 23.4, and we make two observations:

• The peak of this response occurs at ξ = Δ2/2 or

ωpeak = q2/2m (23.15)

This is just the free, non-relativistic kinematic relation for the energy
transfer to a nucleon initially at rest, recoiling with momentum −q. Note
the position of this quaiselastic peak moves with q2.
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Fig. 23.5. Data on quasielastic scattering at ε1 = 500 MeV, θ = 60o from HEPL.
Calculation includes Coulomb and transverse current interactions. ε̄ shifts the
response function by an average nuclear binding energy [Mo71, Do75].

• The width of this peak at the base is 2Δ. Thus δξbase = 2Δ or

1

2
δωbase =

kF

m
|q| = vF |q| (23.16)

There is a Doppler broadening of the quasielastic peak that increases with
|q|. This width can be used to measure the Fermi velocity as shown in Fig.
23.5.
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Fig. 23.6. The quantity ζR(q2, ω) with ζ ≡ 4kFq/3Zm for the case Δ ≤ 2.

2) Δ ≤ 2 (spheres intersect)

1 +
Δ

2
≥ ξ

Δ
≥ 1 − Δ

2
; plane does not intersect excluded sphere

R(q2, ω) =
3Z

4π

m

k2
F

π

Δ

[
12 −

(
ξ

Δ
− Δ

2

)2
]

(23.17)

The area and answer are the same as before.
3) Δ ≤ 2 (spheres intersect)

1 − Δ

2
≥ ξ

Δ
≥ 0 ; plane does intersect excluded sphere

area = π

{[
12 −

(
ξ

Δ
− Δ

2

)2
]

−
[
12 −

(
ξ

Δ
+

Δ

2

)2
]}

= 2πξ

R(q2, ω) =
3Z

4π

m

k2
F

2π

(
ξ

Δ

)
(23.18)

The results in the case Δ ≤ 2 are sketched in Fig. 23.6.
This simple model calculation provides excellent insight into quasielastic

electron scattering from the nuclear many-body system.
Within the traditional framework of non-relativistic nucleons and one-

body densities, it is possible to derive some exact results for the nuclear
response functions. An integration over all energy loss in Eq. (23.2) at
fixed q removes the energy delta function, and from Eqs. (23.3) and (23.4)2

S(q2) ≡
∫

dωR(q2, ω) =
∑
f

|〈Ψf |
∫

exp (−iq · x) ρ̂(x) d3x|Ψ0〉|2 (23.19)

2 It is important to note that one can never fully evaluate this integral experimentally

in electron scattering since there the four-momentum transfer must be space-like q2
μ =

q2 − ω2 ≥ 0.
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Here the ground state is written as |i〉 ≡ |Ψ0〉; it is assumed to be non-
degenerate. Closure may now be used on this expression to give

S(q2) = 〈Ψ0|
∫ ∫

d3x d3y exp {−iq · (x − y)} ρ̂(y) ρ̂(x) |Ψ0〉 (23.20)

Now make use of the canonical anti-commutation rules for the proton
fields {

ψ̂α(x), ψ̂
†
β(y)

}
= δ(3)(x − y) δαβ

{ψ̂α(x), ψ̂β(y)} =
{
ψ̂†
α(x), ψ̂

†
β(y)

}
= 0 (23.21)

They allow one to write

ρ̂(y) ρ̂(x) = ψ̂†(y)ψ̂(y)ψ̂†(x)ψ̂(x) (23.22)

= δ(3)(x − y)ψ̂†(x)ψ̂(x) + ψ̂†(y)ψ̂†(x)ψ̂(x)ψ̂(y)

The total charge, a constant of the motion, can be identified according to∫
d3x

∫
d3y exp {−iq · (x − y)} δ(3)(x − y) ψ̂†(x) ψ̂(x) = Ẑ (23.23)

Hence one has the general result

S(q2) = Z (23.24)

+

∫
d3x

∫
d3y exp {−iq · (x − y)} 〈Ψ0|ψ̂†(y)ψ̂†(x)ψ̂(x)ψ̂(y)|Ψ0〉

The discussion can be focused on inelastic transitions by defining S in

through the restriction
∑

f �=0 in Eq. (23.19). This yields

S in(q2) = S(q2) − |〈Ψ0|
∫

exp (−iq · x) ρ̂(x) d3x |Ψ0〉|2 (23.25)

It follows that

S in(q2) ≡
∫

dω Rin(q2, ω)

= Z +

∫ ∫
d3x d3y exp {−iq · (x − y)} g(x, y)

g(x, y) ≡ 〈Ψ0|ψ̂†(y)ψ̂†(x)ψ̂(x)ψ̂(y)|Ψ0〉
−〈Ψ0|ψ̂†(x)ψ̂(x)|Ψ0〉〈Ψ0|ψ̂†(y)ψ̂(y)|Ψ0〉 (23.26)

One observes that g(x, y) in the nuclear two-body charge density, and
this Coulomb sum rule provides probably the only way, in principle, to un-
ambiguously measure this density–density correlation function in nuclei. If
the Fourier transform of the two-body density goes to zero as |q| → ∞, then

S in(q2) → Z ; |q| → ∞ (23.27)
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In this limit, in this traditional picture, the Coulomb sum rule simply
counts the number of proton charges.

The Coulomb sum rule can be explicitly evaluated for a Fermi gas
by integrating the previously derived response functions. First note that
dξ = mdω/k2

F , and define y ≡ ξ/Δ. Then
1) For Δ ≥ 2

S in(q2) =
3Z

4

∫ Δ/2+1

Δ/2−1
dy

[
1 −

(
y − Δ

2

)2
]

(23.28)

Change variables to u ≡ y − Δ/2 and use
∫ 1

−1 du(1 − u2) = 4/3, thus

S in(q2) = Z (23.29)

2) For Δ ≤ 2

S in(q2) =
3Z

4

{∫ 1−Δ/2

0
2Δ y dy +

∫ 1+Δ/2

1−Δ/2
dy

[
1 −

(
y − Δ

2

)2
]}

=
3Z

4

[
2Δ

1

2

(
1 − Δ

2

)2

+

∫ 1

1−Δ
du(1 − u2)

]

=
3Z

4

(
Δ − 1

12
Δ3

)
(23.30)

Thus

S in(q2) = Z

(
3

4
Δ − 1

16
Δ3

)
(23.31)

In summary, the Coulomb sum rule defined by

C in(q) ≡ 1

Z
S in(q) (23.32)

takes the following form for a non-relativistic Fermi gas

C in(q) = 1 ; q ≥ 2kF

=
3

2

(
q

2kF

)
− 1

2

(
q

2kF

)3

; q ≤ 2kF (23.33)

This result is plotted as C(Q)NR in Fig. 23.7.3

3 In the quantum field theory QHD-I, described by the lagrangian density of Eq. (21.1),

the baryon field satisfies canonical anti-commutation relations; however, it contains

both baryons and anti-baryons. The equations of motion imply that the local, effective

current in Eq. (21.14) is conserved. A Coulomb sum rule can then be constructed in
direct analogy with the derivation given in the text. The result obtained for nuclear

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


202 Part 4 Selected examples

Fig. 23.7. The Coulomb sum rule C(Q) where Q = q/2kF . The non-relativistic
result (NR) is that of Eq. (23.33). Also shown is the RMFT result (see text).

Inspection of Eqs. (23.3) and (23.8) shows that in the non-interacting,
non-relativistic Fermi gas, the Coulomb cross section can be written

d2σ

dε2dΩ2
= σM

q4
μ

q4
|fSN(q2)|2 R(q2, ω) (23.34)

R(q2, ω) =
3Z

4πk3
F

∫ kF

0
d3k θ(|k − q| − kF )δ(ω +

k · q

m
− q2

2m
)

Here we have used Ω = 3π2Z/k3
F . Now write the momentum integration

region in Eq. (23.34) as d2k⊥dk‖ where k‖ lies along q, and assume that
the momentum transfer q is large enough so that the θ function in the
integrand is irrelevant. Then

d2σ

dε2dΩ2
= σM

q4
μ

q4
|fSN(q2)|2 m

q
F(y) ; q → ∞

F(y) =
3Z

4πk3
F

∫ kF

0
d2k⊥ dk‖ δ(k‖ − y)

y ≡ mω

q
− q

2
(23.35)

The energy loss ω and momentum transfer q ≡ |q| enter the scaling
function F(y) only through the single scaling variable y.

matter, using RMFT to evaluate the two-body charge density, is shown in Fig. 23.7

[Wa83]. The Coulomb response amplitudes are more complicated in a full field theory.

For example, there are other degrees of freedom that carry charge, included here in an

empirical fashion in the additional anomalous magnetic moment term in the effective

current [responsible for the rise in C(q2)]. It is also possible to produce real nucleon

pairs in the time-like region [Ma83]. The nuclear Coulomb sum rule in such theories is

examined in detail in [Fe94, Ko95].
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23 Quasielastic scattering 203

Fig. 23.8. Super-scaling analysis of Donnelly and Sick for nuclei from A = 4−197
[Do99]. The variable ψ′, defined in that paper, is close to y/kF .

Suppose one still has a non-interacting, non-relativistic Fermi gas but
now, instead of the initial momentum distribution (3/4πk3

F )θ(kF − k), one
has a more general (normalized) distribution n(k2). One example would be
a thermal Fermi distribution [Fe71]. Suppose also that the Pauli Principle
is irrelevant for the final-state proton. The evident generalization of Eq.
(23.35) is

F(y) =

∫
d2k⊥ dk‖ n(k

2
⊥ + k2

‖) δ(k‖ − y)

=

∫
d2k⊥ n(k2

⊥ + y2)

y ≡ mω

q
− q

2
(23.36)

This result is known as y-scaling. It is a simple result of conservation of
energy and momentum for a non-relativistic nucleon. To the extent that
the nuclear density and Fermi momentum are unchanged as the size of
the nucleus is increased, F(y) should be a universal function independent
of A. y-scaling is discussed in detail in the review article [Da90]. One of
the most impressive applications of y-scaling is in the work of Donnelly
and Sick shown in Fig. 23.8 [Do99], which reflects some of the extended
relativistic analysis in appendix G.

The response of the relativistic Fermi gas is investigated in depth in
[Mo69, Va78, Al88, Ce97]. Smith and Moniz [Sm72] have also calculated
inclusive quaiselastic scattering (e, e′) in a relativistic Fermi gas model of
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Fig. 23.9. Relativistic calculation of quasielastic peak and N�(1232) production
in electron scattering from Ni at ε1 = 500 MeV, and θ = 60o; here ε̄ = 42 MeV
and kF = 271 MeV [Sm72]. The experimental data are from Moniz et al. [Mo71].
The dashed line omits the Pauli principle in the final state.

the nucleus, including production of the Δ(1232) (see chapter 28). Their
results for Ni are shown in Fig. 23.9.

A relativistic model which includes interactions in an average fashion
is given by relativistic mean field theory (RMFT) discussed in chapter
21. Pollock has calculated the four response functions of Eq. (13.48) for
coincident electron scattering (e, e′ N) for nuclear matter in RMFT [Po88].
He uses the current of Eq. (21.14), and his results are shown in Fig. 23.10.
This is a very simple calculation, but it has the following features to
recommend it:

• The RMFT provides a realistic model of nuclear matter [Wa95];

• The full nucleon vertex Γμ = F1γμ − F2σμνkν has been used; the
current is conserved and gives the correct result for a free nucleon;

• The calculation is completely relativistic;

• The resulting response surfaces in Fig. 23.10 map out the complete
Fermi sphere, weighted with the appropriate electromagnetic inter-
action; one can examine any part of the Fermi sphere, including
the deeply bound states, by looking at the appropriate region of the
response surface. Correlations will modify the Fermi sphere and add
a tail to the momentum distribution;

• The (e, e′ n) surfaces are also worth looking at [Po88].

Figures 21.2 and 21.3 show quasielastic data from HEPL on 40
20Ca(e, e′)
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Fig. 23.10. The four proton response functions in RMFT obtained from the
transition matrix elements of the current Jμ and evaluated per proton are
plotted as functions of energy loss and cos θq . Here |k| = 0.5 GeV and φq = π/2;
the φq dependence is now in the response. Also kF = 0.28 GeV and m�/m = 0.56
(appropriate for nuclear matter). The vertical scale is 25.0 GeV−1 for all four
response functions, and ωk is in GeV [Po88, Wa95].

and 208
82Pb(e, e′) compared with a calculation in RMFT [Ro80].4 The calcu-

lation uses the relativistic densities for these nuclei, and the full, relativistic,
conserved current; there are no free parameters. The position, shape, and
magnitude of the peak are all well-described; it would appear that one had
an understanding of nuclear quasielastic scattering. Nonetheless, the data
contains both the transverse and Coulomb (longitudinal) response, and if
one could isolate the Coulomb response, where the interaction is simply
with the charges in the target, the understanding should be even better.
Experimentalists have worked very hard to make the required Rosenbluth
separation, and the result for 40

20Ca is shown in Fig. 23.11. The experimen-
tal points are from Saclay; they represent the area under the Coulomb

4 Quasielastic electron scattering for 40
20Ca(e, e′) is calculated in relativistic Hartree by

summing over single-particle transitions, and including the RPA response, in [Ho89].
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Fig. 23.11. Area under the Coulomb part of the quasielastic peak — the
Coulomb sum rule — for 40

20Ca(e, e′). Data are from Saclay [Me84]. Theoreti-
cal curve is RMFT, with relativistic, conserved current and nucleon form factors
left in [Po88, Wa95].

quasielastic peak — the Coulomb sum rule. The theoretical curve is the
same RMFT calculation described above [Po88].5 The disagreement is
by almost a factor of 2 at the largest q. Several possible solutions have
been proposed, including: a swelling of the nucleon in the nuclear medium
[now pretty well ruled out by further (e, e′) studies], modification of strong,
hadronic vacuum polarization in the nuclear medium, RPA correlations,
short-range correlations, and missing experimental strength.

Consider further one of these effects, the role of short-range correlations
in the Coulomb sum rule. Recall from Eqs. (23.26) and (23.32) that the
Coulomb sum rule, properly normalized6 can be written [Vi77, Wa93]

C in(q) = 1 + ρ̃(2)
pp (q) (23.37)

The second term is the Fourier transform of the two-body density. Figure
23.12 [Vi77] shows the calculated quantity |1 − C in(q)| for infinite nuclear
matter using (1) The Pauli correlations of a non-interacting Fermi gas; (2)
A two-body density calculated from the Bethe–Goldstone wave function
for a hard-core interaction [Fe71]; (3) A similar result with a more realistic
two-body interaction. While approximately 10% correction from short-
range correlations at the highest measured q above is conceivable; it is
difficult to see how this could account for the factor of 2.

5 The single-nucleon form factors have been left in this result.
6 The normalization is C in(q) → 0 as q → 0, and the single-nucleon form factor has been

divided out.
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Fig. 23.12. Normalized Coulomb sum rule for nuclear matter including short-
range correlations (see text) [Vi77] .

Fig. 23.13. Two-body density ρ̃(2)
pp (q) extracted from Coulomb sum rule in (a)

3
1H(e, e′) and (b) 3

2He(e, e′). The data are from Bates [Be90].

The two-body density is one of the fundamental quantities in many-
particle physics. For example, the precision measurement of this quantity
by inelastic neutron scattering in liquid 4He provides the basis for much
of our understanding of this quantum fluid. Despite the fact that the two-
body density is the basic quantity used in the calculation of the binding
energy of many-body nuclei, it had never been measured experimentally.
It has now been measured, however, for one simple system.

A study of quasielastic scattering in both 3
2He(e, e′) and 3

1H(e, e′) has
been carried out at Bates. Figure 23.13 shows the two-body density ex-
tracted from the Coulomb sum rule in these two nuclei [Be90]. This
determination has a very nice self-calibration, for the two-body proton
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Fig. 23.14. Nuclear Coulomb response (dimensionless units) for n.m.(e, e′ N) for
hard-core Fermi gas to order (kFa)

2. x is dimensionless energy transfer. Kinematics
arranged so there is no quasi-elastic (e, e′ p) [de66a, de67, Wa93].

density must vanish in 3
1H, as it does. The result for 3

2He provides the
first experimental determination of the two-body nuclear density — a
significant achievement.

The resolution of the disagreement with the Coulomb sum rule in
medium to heavy nuclei has been one of the most significant problems
in nuclear physics [Wa95]. Jourdan has made a very important contri-
bution here [Jo96]. By combining all the available data from the world’s
laboratories, he shows that it is possible to obtain a longer lever arm
on the Rosenbluth plots, separating the dominant transverse scattering,
which determines the slope, from the much smaller Coulomb scattering,
determined from the extrapolated intercept. After an extensive analysis,
he finds a ratio of experimental to theoretical value of the Coulomb sum
rule of 0.97 ± 0.12 in 56

26Fe at q = 570 MeV/c.7

It is interesting to investigate other effects on the electromagnetic re-
sponse surfaces produced by short-range correlations. Figure 23.14 shows
the Coulomb response for the reaction n.m.(e, e′ N) on a nuclear matter
(n.m.) Fermi gas with hard-core interactions [Fe71]. The figure is from

7 The extensive set of current experimental data on separated longitudinal and transverse

quasielastic response surfaces for 40
20Ca is discussed in [Wi97].
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Taber deForest’s thesis [de66a] — done over 30 years ago in connection
with the proposed program for the SCA at HEPL. The quantities (q2, ω)
are arranged to be outside the allowed region for quasielastic scattering for
the Fermi gas — see above and [Fe71]; thus the process can only proceed
while two nucleons are in virtual collision in the nucleus.8 The calculation
of the response is exact to order (kFa)

2 (all graphs creating 2p–2h states
are retained). In Fig. 23.14 the z-axis lies along q. While the resulting
proton distribution may not look so dramatic, the backward peaking of
the neutrons in the n.m.(e, e′ n) Coulomb response is quite spectacular.

8 For quasielastic scattering, the indicated energy conservation region would have to

intersect the Fermi sphere; thus these results lie on the high-energy-loss side of the

quasielastic peak.
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24
The quark model

The first understanding of the underlying structure and “periodic table” of
the hadrons came from the quark model of Gell-Mann and Zweig [Ge64,
Zw65]. We now know that quarks form the underlying fermionic degrees
of freedom for QCD and a field theory of the strong interactions. Solution
to the dynamics of strong-coupling QCD presents formidable problems.
It is often useful to make simple dynamical models that emphasize one
or another aspect of QCD and that provide physical insight and guidance
for further work [Bh88, Wa95]. Models build on three features of QCD:

• Baryons have the quantum numbers of (qqq) systems and mesons of
(q̄q) systems where the flavor quantum numbers of the quarks q are
given in Table 24.1;

• Color and the strong color forces are confined to the interior of
the hadrons. Quarks come in three colors (R,G, B). Lattice gauge
theory calculations indicate that confinement arises from the strong
nonlinear couplings of the gauge fields at large distances;

• QCD is asymptotically free; at short distances the renormalized
coupling constant goes to zero. One can do perturbation theory at
short distances.

One approach to model building is that of the M.I.T. bag which provides
an extreme picture of each of the three items listed above [Ch74, Ch74a,
De75, Ja76]. For baryons, three massless non-interacting quarks (correct
quantum numbers), with the one-gluon-exchange interaction treated as a
perturbation (asymptotic freedom), are placed inside a vacuum bubble of
radius R (confinement). It is assumed that it takes a positive amount of
internal energy density to create this bubble in the vacuum. The Dirac
equation is then solved within this scalar bubble, wave functions for the

210
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24 The quark model 211

Table 24.1. Flavor quantum numbers of the lightest quarks: isospin, third com-
ponent of isospin, baryon number, strangeness, charm, and electric charge, re-
spectively.

Quark/field T T3 B S C Q = T3 + (B + S + C)/2

u 1/2 1/2 1/3 0 0 2/3
d 1/2 −1/2 1/3 0 0 −1/3
s 0 0 1/3 −1 0 −1/3
c 0 0 1/3 0 1 2/3

nucleon are constructed, and its properties calculated. The M.I.T. bag
model is discussed in detail in [Wa95].

Another approach is the non-relativistic quark model [Bh88] whose
most extensive application is due to Isgur and Karl [Is77, Is80, Is85].
Here “constituent quarks” with masses of ≈ m/3 move non-relativistically
in a confining potential.1 The confining potential is most simply taken to
be that of a harmonic oscillator, which has the distinct advantage that the
center-of-mass motion of the three-quark system can be treated exactly
(appendix B).

Let us confine the discussion to the nuclear domain where only the
lightest (u, d) quarks and their antiquarks are retained. The quark field is
thus approximated by

ψ
.
=

(
u

d

)
; nuclear domain (24.1)

To do a calculation one needs the (qqq) wave functions, including all
the quantum numbers. We make an independent-quark shell model of
hadrons and start with the simple case of non-relativistic quarks in a
potential (where the spin and spatial wave functions decouple). In this
case one can write the one-quark wave function as

ψ = ψnlml
(r)︸ ︷︷ ︸

space

χms︸︷︷︸
spin

ηmt︸︷︷︸
isospin

ρα︸︷︷︸
color

;
ms = ± 1/2
mt = ± 1/2
α = (R,G, B)

(24.2)

Consider the color wave function for the (qqq) system. The observed
hadrons are color singlets. Hence the color wave function in this case is
just the completely antisymmetric combination (a Slater determinant with
respect to color)

Ψcolor(1, 2, 3) =
1√
6

∣∣∣∣∣∣
ρR(1) ρG(1) ρB(1)
ρR(2) ρG(2) ρB(2)
ρR(3) ρG(3) ρB(3)

∣∣∣∣∣∣ ; antisymmetric (24.3)

1 The masses of these constituent quarks are presumably generated by spontaneously

broken chiral symmetry in QCD.
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212 Part 4 Selected examples

If Gcolor
α with α = 1, . . . , 8 are the generators of the color transformation

among the quarks, then all of the generators annihilate this wave function2

Gcolor
α Ψcolor = 0 ; α = 1, . . . , 8 (24.4)

Since the total wave function must be antisymmetric in the interchange
of any two fermions, the remaining space-spin-isospin wave function must
be symmetric.

For the ground state in this shell model, the spatial wave functions
ψn00(r) will all be the same, all 1s, and hence the spatial part of the wave
function is totally symmetric

Ψspace(1, 2, 3) = ψ1s(r1)ψ1s(r2)ψ1s(r3) ; symmetric (24.5)

The spin-isospin wave function must thus be totally symmetric. Start with
isospin. One is faced with the problem of coupling three angular momenta;
however, the procedure follows immediately from the discussion of 6-j
symbols in quantum mechanics [Ed74]. An eigenstate of total angular
momentum can be formed as follows

|(j1j2)j12j3jm〉 =
∑

m1m2m3m12

〈j1m1j2m2|j1j2j12m12〉 (24.6)

×〈j12m12j3m3|j12j3jm〉|j1m1〉|j2m2〉|j3m3〉
These states form a complete orthonormal basis for given (j1, j2, j3). The
states formed by coupling in the other order |j1(j2j3)j23jm〉 are linear
combinations of these with 6-j symbols as coefficients.

For isospin in the nuclear domain all the ti = 1/2, thus there are a
total of 2 × 2 × 2 = 8 basis states. Consider first the states with total
T = 3/2. Here the only possible intermediate value is t12 = 1. The state
with T3 = 3/2 is readily constructed from the above as α(1)α(2)α(3). Now
apply the total lowering operator T− = t(1)− + t(2)− + t(3)− and use
t−α = β , t−β = 0. The set of states with T = 3/2 follows immediately

Φ

[(
1

2

1

2

)
1
1

2

3

2

3

2

]
= α(1)α(2)α(3)

Φ

[(
1

2

1

2

)
1
1

2

3

2

1

2

]
=

1√
3
[β(1)α(2)α(3) + α(1)β(2)α(3) + α(1)α(2)β(3)]

Φ

[(
1

2

1

2

)
1
1

2

3

2
− 1

2

]
=

1√
3
[β(1)β(2)α(3) + β(1)α(2)β(3) + α(1)β(2)β(3)]

Φ

[(
1

2

1

2

)
1
1

2

3

2
− 3

2

]
= β(1)β(2)β(3) ; 4 symmetric states (24.7)

There are four symmetric states with T = 3/2.

2 Just as the fully occupied Slater determinant of spins has S = 0, or of j-shells has J = 0.
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24 The quark model 213

Consider next the states with total T = 1/2. Here there are two possible
intermediate values in the above, t12 = 0, 1. For the first of these values
one finds

Φρ

[(
1

2

1

2

)
0
1

2

1

2

1

2

]
=

1√
2

[α(1)β(2) − α(2)β(1)] α(3) (24.8)

Φρ

[(
1

2

1

2

)
0
1

2

1

2
− 1

2

]
=

1√
2

[α(1)β(2) − α(2)β(1)] β(3) ; 2 states

These two states have mixed symmetry; they are antisymmetric in the
interchange of particles (1 ↔ 2).

The second value t12 = 1 yields

Φλ

[(
1

2

1

2

)
1
1

2

1

2

1

2

]
=

1√
6
[2α(1)α(2)β(3) − α(1)β(2)α(3) − β(1)α(2)α(3)]

Φλ

[(
1

2

1

2

)
1
1

2

1

2
− 1

2

]
= (24.9)

− 1√
6
[2β(1)β(2)α(3) − β(1)α(2)β(3) − α(1)β(2)β(3)] ; 2 states

These two states also have mixed symmetry; they are symmetric in the
interchange of particles (1 ↔ 2).

Now look at the spin wave functions. The analysis is exactly the same!
We have a set of spin states Ξ identical to those above.

For the overall spin-isospin wave function, we must take a product
of these wave functions and make the result totally symmetric. Recall
first from quantum mechanics how one makes a wave function totally
antisymmetric. Introduce the antisymmetrizing operator

A = N
∑
(P )

(−1)pP (24.10)

Here the sum goes over all permutations, produced by the operator P ,
of a complete set of coordinates for each particle. The signature of the
permutation is (−1)p, and N = 1/

√
NP where NP is the total number of

permutations.
Similarly, to make a wave function totally symmetric introduce the

(unnormalized) symmetrizing operator

S = N
∑
(P )

P (24.11)

Note that if a wave function is antisymmetric under the interchange of any
two particles, the application of S will give zero. This result is established
as follows. Use

P12S = SP12 (24.12)
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214 Part 4 Selected examples

Table 24.2. Totally symmetric spin-isospin states for three non-relativistic
quarks.

T S Number of states

3/2 3/2 16
1/2 1/2 4

20

This follows since as P goes over all permutations, so does P12P or PP12∑
(P )

P12P =
∑
(P )

P =
∑
(P )

PP12 (24.13)

It follows that

P12Sψ = Sψ = SP12ψ = −Sψ = 0 (24.14)

This is the stated result.
Note further that if the operator S is applied to the product of the

totally symmetric 3/2 state and either of the 1/2 states with mixed symme-
try, the result will vanish. The proof is as follows. Since SΦ3/2 = Φ3/2S,
one just needs to show that

S[AΦρ + BΦλ] = 0 (24.15)

The first term gives zero since Φρ is antisymmetric in the interchange of
the first pair of particles. The second vanishes because of the nature of
the sums in Eqs. (24.9) and the fact that S produces an identical result
when applied to each term in the sum

S(ααβ) = S(αβα) = S(βαα) (24.16)

It is a consequence of these two observations that the only non-zero
totally symmetric wave function will be obtained by combining the spin and
isospin wave functions of the same symmetry. Thus one must combine the
two totally symmetric spin and isospin states and the other two pairs
of states with the same mixed symmetry; in the latter case there is only
one totally symmetric linear combination (this is proven in appendix J
of [Wa95]). This leads to the set of totally symmetric spin-isospin states
shown in Table 24.2 and given by

Φ3
2mt

Ξ3
2ms

1√
2

(
Φλ

1
2mt

Ξλ
1
2ms

+ Φ
ρ
1
2mt

Ξ
ρ
1
2ms

)
(24.17)

These are all the baryons one can make in this model. Since all these
states are degenerate in the model as presently formulated, one has a
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24 The quark model 215

supermultiplet of baryons. The present calculation predicts the spins and
isospins of the members of this supermultiplet.3

These arguments can be extended to the situation in the M.I.T. bag
model where, in contrast to massive, non-relativistic constituents, one has
massless relativistic quarks. The problem is more complicated since the
space–spin parts of the wave functions are now coupled; however, if the
quarks occupy a common lowest positive energy ψ1s1/2mj

(r) ground state,
the problem is greatly simplified. Make the following replacement in the
space–spin wave functions discussed above

ψ1s(r)χms
→ ψ1s1/2mj

(r) (24.18)

Instead of the spin S, now talk about the total angular momentum J; the
angular momentum and symmetry arguments are then exactly the same
as before.

Let us investigate some consequences of the quark model. Consider the
nucleon (N) ground-state expectation value of the following operator

O =
3∑

i=1

Oi(ri, σi)Ii(τ i) (24.19)

Assume that the isospin factor is diagonal Ii = (1, τ3)i. Since the wave
function is totally symmetric, it follows that one need evaluate the matrix
element only for the third particle.4

〈ΨN |
3∑

i=1

OiIi|ΨN〉 = 3〈ΨN |O3I3|ΨN〉 (24.20)

Substitution of Eq. (24.17) then yields5 for the state of total mj = 1/2

3〈ΨN |O3I3|ΨN〉 =
3

2
〈Φρ|I3|Φρ〉〈1

2
(3)|O3|1

2
(3)〉

+
3

2
〈Φλ|I3|Φλ〉1

6

{
4〈−1

2
(3)|O3| − 1

2
(3)〉 + 2〈1

2
(3)|O3|1

2
(3)〉

}
(24.21)

3 Define ζi ≡ χmsηmt with (ms, mt) = (±1/2,±1/2). Then in a non-relativistic quark model

with spin-independent interactions one has an internal global SU(4) (flavor) symmetry

— this is just Wigner’s supermultiplet theory [Wi37]. Here the baryons belong to the

totally symmetric irreducible representation one gets from 4
⊗

4
⊗

4; this is the [20]

dimensional representation with spin-isospin content worked out in the text and shown

in Table 24.2.
4 Assume the operators form the identity with respect to color; the color wave function

then goes right through the matrix element, and it is normalized.
5 Use 〈Φρ|I3|Φλ〉 = 0 if I3 is diagonal; this follows immediately from the form of Eqs.

(24.8) and the orthogonality of the mixed-symmetry wave functions.
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216 Part 4 Selected examples

Here the remaining labels on the single-particle matrix elements of O3 are
|mj, (particle number)〉. The result is

〈ΨN
mt

1
2
|

3∑
i=1

OiIi|ΨN
mt

1
2
〉 = 〈1

2
|O|1

2
〉
[
3

2
〈Φρ|I3|Φρ〉 +

1

2
〈Φλ|I3|Φλ〉

]

+〈−1

2
|O| − 1

2
〉
[
〈Φλ|I3|Φλ〉

]
(24.22)

This result is for total mj = 1/2; the remaining isospin operator I3 acts
only on the third particle. For an isoscalar operator with I3 = 1 this
expression reduces to

〈ΨN
mt

1
2
|

3∑
i=1

Oi|ΨN
mt

1
2
〉 = 2〈1

2
|O|1

2
〉 + 〈−1

2
|O| − 1

2
〉 (24.23)

This is now just a sum of single-particle matrix elements. For an isovector
operator with I3 = τ3, the required isospin matrix elements for the proton
with mt = 1/2 follow from Eqs. (24.8) and (24.9)

〈Φρ|τ3(3)|Φρ〉 = 1 (24.24)

〈Φλ|τ3(3)|Φλ〉 =
1

6
(−4 + 1 + 1) = −1

3
; proton mt =

1

2

For a neutron with mt = −1/2, these isovector matrix elements simply
change sign. It follows that

〈ΨN
1
2

1
2
|

3∑
i=1

Oiτ3(i)|ΨN
1
2

1
2
〉 =

4

3
〈1

2
|O|1

2
〉 − 1

3
〈−1

2
|O| − 1

2
〉

〈ΨN
− 1

2
1
2
|

3∑
i=1

Oiτ3(i)|ΨN
− 1

2
1
2
〉 = −4

3
〈1

2
|O|1

2
〉 +

1

3
〈−1

2
|O| − 1

2
〉 (24.25)

The notation here is ΨN
mt,mj

.

In the nuclear domain with only (u, d) quarks the electric charge is given
by

ei =

[
1

6
+

1

2
τ3(i)

]
ep (24.26)

Hence the expectation value of an operator proportional to the
charge in the composite three-quark proton and neutron ground state
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24 The quark model 217

is given by

〈p|
3∑

i=1

Oiei|p〉 = ep

[
1

6
(2O1/2 + O−1/2) +

1

2
(
4

3
O1/2 − 1

3
O−1/2)

]

= ep〈1

2
|O|1

2
〉

〈n|
3∑

i=1

Oiei|n〉 = ep

[
1

6
(2O1/2 + O−1/2) +

1

2
(−4

3
O1/2 +

1

3
O−1/2)

]

= −ep

3
〈1

2
|O|1

2
〉 +

ep

3
〈−1

2
|O| − 1

2
〉 (24.27)

Let us apply this result to compute the magnetic moment of the ground
state of the nucleon in the non-relativistic quark model using for the
expectation value of the single quark matrix element the Dirac magnetic
moment of a point quark of mass mq

〈1

2
|O|1

2
〉 =

1

2mq
(24.28)

Since the magnetic moment is a vector operator, its expectation value in
the state mj = −1/2 must simply change sign 〈−1

2 |O| − 1
2〉 = −1/2mq .

This yields

μp =
ep

2mq
μn = −2μp

3
(24.29)

The experimental results are

μp = +2.79 n.m. μn = −1.91 n.m. (24.30)

The calculated ratio is quite impressive, and the absolute value can be
fitted in the first relation with a constituent quark mass of mq = m/2.79,
which is certainly in the right ballpark.

Suppose that instead of just the static magnetic moment, one wanted the
matrix element of the transverse magnetic dipole operator at all momen-
tum transfer in the constituent quark model, how would the calculation
change? From Eq. (9.16) one has

T̂
mag
1M (κ) =

∫
d3x

{
j1(κx)YM

111·Ĵc(x) + [∇ × j1(κx)YM
111] · μ̂(x)

}
(24.31)

There is no convection current in a 1s state, so the first term does not
contribute. For the second term use the general relation [Ed74]
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∇ × [jJ(κx)YM
JJ1] = −iκ

[
jJ+1(κx)

(
J

2J + 1

)1/2

YM
J,J+1,1

−jJ−1(κx)

(
J + 1

2J + 1

)1/2

YM
J,J−1,1

]
(24.32)

Since there is no orbital angular momentum in the initial and final states,
the first term does not contribute; retention of just the second leads to

T̂
mag
1M (κ)

.
= iκ

(
2

3

)1/2 ∫
d3x j0(κx)YM

101 · μ̂(x)

= iκ

(
1

6π

)1/2 ∫
d3x j0(κx)μ̂(x)1M (24.33)

The spatial distribution of the magnetization is that of a 1s harmonic
oscillator wave function, and from the discussion is chapter 20 we know
that

〈1s|j0(κx)|1s〉 = e−y ; y =

(
κ bosc

2

)2

(24.34)

Hence, for the nucleon

ep〈N 1

2
|T̂mag

10 (κx)|N 1

2
〉 = i

(
1

6π

)1/2

κ μN e−y (24.35)

The C-M motion for particles in a harmonic oscillator is now treated as
in appendix B.

Consider the transition magnetic dipole moment between the ground
state (N) and the excited state (Δ) formed from the product of the totally
symmetric isospin state and totally symmetric space–spin state. Since only
different mj states are involved in the latter, we are in a position to
calculate this matrix element. The wave functions are given by

ΨN
1
2

1
2

=
1√
2

[
Φλ

1
2

1
2
Ξλ

1
2

1
2
+ Φ

ρ
1
2

1
2

Ξ
ρ
1
2

1
2

]
(24.36)

ΨΔ
1
2

1
2

= Φ3
2

1
2
Ξ3

2
1
2

The subscripts on the left are (mt, mj) and those of the right (Tmt, Jmj);
in detail, these wave functions are

Φ3
2

1
2

= (24.37)

1√
3

[
φ− 1

2
(1)φ 1

2
(2)φ 1

2
(3) + φ 1

2
(1)φ− 1

2
(2)φ 1

2
(3) + φ 1

2
(1)φ 1

2
(2)φ− 1

2
(3)
]
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24 The quark model 219

A similar expression holds for Ξ3
2

1
2
. The transition magnetic dipole moment

is now given by

μ∗ = 〈ΨΔ
1
2

1
2
|

3∑
i=1

μ(i)
1

2
τ3(i)ep|ΨN

1
2

1
2
〉 =

3

2
ep〈ΨΔ

1
2

1
2
|μ(3)τ3(3)|ΨN

1
2

1
2
〉 (24.38)

Here it has been observed that only the isovector part of the magnetic
dipole operator can contribute to the transition and the total symmetry of
the states has been used. It now follows from Eq. (24.37) and the previous
results that

〈Φ3
2

1
2
|τ3(3)|Φρ

1
2

1
2

〉 = 0 (24.39)

〈Φ3
2

1
2
|τ3(3)|Φλ

1
2

1
2
〉 =

1√
18

[
2〈−1

2
|τ3| − 1

2
〉 − 2〈1

2
|τ3|1

2
〉
]

= − 4√
18

〈Ξ3
2

1
2
|μ(3)|Ξλ

1
2

1
2
〉 =

1√
18

[
2〈−1

2
|μ| − 1

2
〉 − 2〈1

2
|μ|1

2
〉
]

= − 4√
18

〈1

2
|μ|1

2
〉

Use of Eqs. (24.27) allows the final result for μ∗ to be expressed in terms
of the ground-state magnetic moment of the proton

μ∗ =
3

2

1√
2

16

18
μp =

4

3
√

2
μp (24.40)

This is the matrix element for (mj, mt) = (1
2

1
2 ) → ( 1

2
1
2 ); other components

follow from the Wigner–Eckart theorem. This result agrees to about 30%
with experimental observations of the transition magnetic dipole matrix
element obtained from electroproduction of the first nucleon resonance
[Ka83].

Since only the spin is flipped in the constituent quark model, and the
radial 1s wave functions are unchanged in the N → Δ transition, one can
simply read off from Eq. (24.35) that the transition matrix element of the
transverse magnetic dipole operator is given by

ep〈Δ+ 1

2
|T̂mag

10 (κx)|p1

2
〉 = i

(
1

6π

)1/2

κ

(
4

3
√

2
μp

)
e−y

= i
2

3
√

3π
κ μp e

−y (24.41)

Particularly simple is then the ratio of the transition to the static matrix
elements of the transverse magnetic dipole operator

〈Δ+ 1
2 |T̂mag

10 (κx)|p 1
2〉

〈p1
2 |T̂mag

10 (κx)|p1
2〉

=
2
√

2

3
(24.42)
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220 Part 4 Selected examples

Note that this ratio is a numerical constant independent of κ in the
constituent quark model. This result is also independent of the detailed
form of the single-quark wave function since the form factor cancels in
the ratio.6

The Coulomb monopole moment for the proton simply reflects the 1s
radial wave function of each quark, and, as in chapter 20, the elastic
scattering form factor for the proton is given by

〈p1

2
|M00(κx)|p1

2
〉 =

1√
4π

e−y (24.43)

The transition magnetic dipole form factor is thus proportional to the
elastic form factor of the proton in this model.

ep〈Δ+ 1
2 |T̂mag

10 (κx)|p1
2〉

〈p1
2 |M00(κx)|p 1

2〉
= i

4

3
√

3
κμp (24.44)

This result is again independent of the form of the single-quark radial
wave functions since the form factor cancels in this ratio. Since there
is no orbital angular momentum in either the ground or excited state,
the transition matrix elements of the Coulomb and transverse electric
quadrupole operators vanish here.

To the extent that the cross section is dominated by the transverse
interaction and q2

μ ≈ q2 ≡ κ2, the constancy of the ratio in Eq. (24.42) is
indeed manifest by the experimental data shown in Fig. 12.9. Of course,
the experimental elastic form factor itself falls off as a dipole [Eq. (22.5)]
and not the gaussian of the simple-harmonic oscillator model, and it is
certainly inconsistent to use a non-relativistic model for κ ≥ mq .

The N → Δ transition is particularly simple in the constituent quark
model. Higher excitations of the nucleon can be constructed by promoting
one of the quarks to a higher oscillator state and then constructing totally
symmetric space-spin-isospin wave functions for the nucleon. Similarly, the
hyperfine splitting coming from (asymptotically-free) one-gluon exchange
can be readily included in the model. We refer the reader to the literature
for these developments [Is77, Bh88].

6 The present treatment of the C-M motion, however, only holds in the simple harmonic

oscillator model (appendix B).
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Quantum chromodynamics

The primary evidence that hadrons are composed of a simpler substructure
of quarks is the following:

• If one assumes the baryons are composed of quark triplets (qqq) and
the mesons are quark–antiquark pairs (qq̄) then, with appropriate
quantum numbers for the quarks (flavors), one can describe and
predict the observed supermultiplets of hadrons;

• The assumption of interaction with point-like quarks provides a
marvelously simple and accurate description of electroweak currents;

• Dynamic evidence for a point-like quark–parton substructure of
hadrons is obtained from deep-inelastic electron scattering (e, e′)
and neutrino reactions (νl, l

−).

Quarks come in many flavors; the quark field can be written as

ψ =

⎛
⎜⎜⎜⎜⎜⎜⎝

u

d

s

c
...

⎞
⎟⎟⎟⎟⎟⎟⎠ (25.1)

One assigns quarks an additional intrinsic degree of freedom called color,
which takes three values i = R,G, B. The quark field then becomes (we
focus here on the four lightest quarks)

ψ =

⎛
⎜⎜⎝

uR uG uB
dR dG dB
sR sG sB
cR cG cB

⎞
⎟⎟⎠ = (ψR, ψG, ψB) ≡ ψi ; i = R,G, B (25.2)
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222 Part 4 Selected examples

It is convenient to construct a column vector from the color fields

ψ ≡

⎛
⎝ ψR

ψG

ψB

⎞
⎠ (25.3)

Matrices in this color space will be here denoted with a bar under a
symbol. This is a very compact notation

• Each ψi has many flavors;

• Each flavor is a four-component Dirac field.

Quantum chromodynamics (QCD) is a theory of the strong interactions
binding quarks into the observed hadrons. It is a Yang–Mills non-abelian
gauge theory [Ya54]. It is built on the underlying color symmetry and
invariance under local SU(3)C .

The lagrangian density1 for the free quark fields can be written com-
pactly as

L = −ψ̄

(
γμ

∂

∂xμ
+ M

)
ψ (25.4)

Here the mass term is the unit matrix with respect to color. It may be
anything with respect to flavor, for example,

M =

⎛
⎝ m

m

m

⎞
⎠ m =

⎛
⎜⎜⎝

mu

md

ms

mc

⎞
⎟⎟⎠ (25.5)

The lagrangian in Eq. (25.4) has a global invariance with respect to uni-
tary transformations mixing the three internal color variables [SU(3)C].
We denote the generators of this transformation by Ĝa with a = 1, . . . , 8
and the eight parameters characterizing a three-by-three unitary, uni-
modular matrix by θa with a = 1, . . . , 8. There are eight three-by-three,
traceless, hermitian, Gell-Mann matrices λa — the analogs of the Pauli
matrices. These matrices satisfy the Lie algebra of SU(3), the same algebra
as satisfied by the generators

[
1

2
λa,

1

2
λb] = ifabc

1

2
λc (25.6)

Here the fabc are the structure constants of the group; they are antisym-
metric in the indices (abc). The matrices (λa)ij for a = 1, . . . , 8 are given in

1 See [Fe80] for a background discussion of continuum mechanics and lagrangian densities,

and [Bj65a, Fe71] for an introduction to quantum field theory.
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25 Quantum chromodynamics 223

order by⎛
⎝ 1

1

⎞
⎠
⎛
⎝ −i

i

⎞
⎠
⎛
⎝ 1

−1

⎞
⎠
⎛
⎝ 1

1

⎞
⎠
⎛
⎝ −i

i

⎞
⎠

⎛
⎝ 1

1

⎞
⎠
⎛
⎝ −i

i

⎞
⎠
⎛
⎜⎝ 1/

√
3

1/
√

3

−2/
√

3

⎞
⎟⎠ (25.7)

The operator producing the finite color transformation is then given by

R̂ = eiθ
aĜa

(25.8)

It has the following effect on the quark field

R̂ψR̂−1 = U(θ)ψ =
[
e− i

2 λ
aθa
]
ψ (25.9)

Latin indices will now run from 1, . . . , 8, and repeated Latin indices are
summed. The transformation in Eq. (25.9) with constant, finite θa leaves
the lagrangian in Eq. (25.4) unchanged. Here U(θ) is a unitary, unimodular
three-by-three matrix, and the quark field in Eq. (25.3) forms a basis for
the fundamental representation of SU(3). The symmetry is with respect
to color.

One can now make this global color invariance a local invariance where
the transformation θa(x) can vary from point to point in space-time by
using the theory developed by Yang and Mills [Ya54, Ab73]:

1. Introduce massless vector meson fields, one for each generator

Aa
μ(x) ; a = 1, . . . , 8 (25.10)

These vector mesons are known as gluons;

2. Define the covariant derivative by

D

Dxμ
ψ =

[
∂

∂xμ
− i

2
gλaAa

μ(x)

]
ψ (25.11)

3. Define the field tensor for the vector meson fields as

Fa
μν =

∂Aa
ν

∂xμ
−

∂Aa
μ

∂xν
+ gfabcAb

μA
c
ν (25.12)

Here fabc are the structure constants of SU(3);
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224 Part 4 Selected examples

Fig. 25.1. Processes described by the interaction terms in the QCD lagrangian.

4. Under infinitesimal local gauge transformations θa → 0 the vector
meson fields and the field tensor transform according to

δAa
μ = −1

g

∂θa

∂xμ
+ fabcθbAc

μ

δFa
μν = fabcθbFc

μν ; θa → 0 (25.13)

5. A combination of these results leads to the lagrangian of QCD

LQCD = −ψ̄

{
γμ

[
∂

∂xμ
− i

2
gλaAa

μ(x)

]
+ M

}
ψ − 1

4
Fa

μνFa
μν (25.14)

The lagrangian in Eq. (25.14) can be written out explicitly in powers of
the coupling constant g

LQCD = L0 + L1 + L2 (25.15)

L0 = −ψ̄

(
γμ

∂

∂xμ
+ M

)
ψ − 1

4
Fa
μνF

a
μν

L1 =
i

2
gψ̄γμλ

aψAa
μ(x) − g

2
fabcFa

μνA
b
μA

c
ν

L2 = −g2

4
fabcfadeAb

μA
c
νA

d
μA

e
ν

Here

Fa
μν ≡ ∂Aa

ν

∂xμ
−

∂Aa
μ

∂xν
(25.16)

The various processes described by the interaction terms in this lagrangian
are illustrated in Fig. 25.1.

To obtain further insight into these results, it is useful to write the
Yukawa interaction between the quarks and gluons in more detail. Recall,
for example, the structure of the first two λa matrices

λ1 =

⎛
⎝ 1

1

⎞
⎠ λ2 =

⎛
⎝ −i

i

⎞
⎠ (25.17)
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uR dR

etc.

dGuG

A1.2
μ

γ
μ
λ1.2

R.G

Fig. 25.2. Individual processes described by the quark–gluon Yukawa coupling
in QCD.

These matrices connect the (R,G) quarks, and with explicit identification
of the flavor components of the color fields, it is evident that this interac-
tion contains the individual processes illustrated in Fig. 25.2. The quarks
interact here by changing their color, which in turn is carried off by the
gluons; the flavor of the quarks is unchanged and all flavors of quarks
have an identical color coupling. If the gluons are represented with double
lines connected to the incoming and outgoing quark lines respectively, and
a color assigned to each line as indicated in this figure, then color can be
viewed as running continuously through a Feynman diagram built from
these components.

The Euler–Lagrange equations in continuum mechanics follow from
Hamilton’s principle [Fe71]

δ

∫
L
(
q,

∂q

∂xμ

)
d4x = 0 (25.18)

The Euler–Lagrange equations following from the QCD lagrangian are
readily derived as {

γμ

[
∂

∂xμ
− i

2
gλaAa

μ(x)

]
+ M

}
ψ = 0

ψ̄

⎧⎨
⎩γμ

⎡
⎣ ←

∂

∂xμ
+

i

2
gλaAa

μ(x)

⎤
⎦ − M

⎫⎬
⎭ = 0

∂Fa
μν

∂xν
=

i

2
gψ̄γμλ

aψ + gfabcFb
μνA

c
ν (25.19)

It follows from these equations of motion that currents built out of quark
fields and a unit matrix with respect to color are conserved.

∂

∂xμ

(
i

3
ψ̄γμψ

)
= 0 ; baryon current

∂

∂xμ

(
iψ̄γμΣψ

)
= 0 ; flavor current (25.20)
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226 Part 4 Selected examples

In the second line, Σ is a unit matrix with respect to color satisfying
[Σ, λa] = 0; the flavor submatrices are arbitrary as long as they commute
with the mass matrix

Σ =

⎛
⎝ σ

σ

σ

⎞
⎠ ; [σ, m] = 0 (25.21)

The conserved electromagnetic current for the (u, d, s, c) quarks, with
charges (2/3, −1/3, −1/3, 2/3) respectively, is given by the point Dirac
value

Jγμ = iψ̄γμQψ (25.22)

Q =

⎛
⎝ q

q

q

⎞
⎠ ; q =

⎛
⎜⎜⎝

2/3
−1/3

−1/3
2/3

⎞
⎟⎟⎠

The gluons are absolutely neutral to the electromagnetic interaction.
It follows from the four-divergence of the third of Eqs. (25.19) and the

antisymmetry of Fa
μν = −Fa

νμ that the color current, the source of the
color field, is also conserved.

∂

∂xμ

(
i

2
gψ̄γμλ

aψ + gfabcFb
μνA

c
ν

)
= 0 (25.23)

The theory of QCD can again be characterized by a set of Feynman
rules. Here we give the Feynman rules for the Green’s functions, which
characterize the quantum field theory [Fe71]. The quark Green’s function
in the vacuum sector is defined by

iGαβ(x1t1, x2t2) ≡ 〈0|P [ψ̂α(x1t1), ˆ̄ψβ(x2t2)]|0〉

≡
∫

d4k

(2π)4
eik·(x1−x2)iGαβ(k) (25.24)

The Feynman rules for iG(k) are derived in [Qu83, Ch84, Ai89, Wa91];
they are as follows:2

1. Draw all topologically distinct, connected diagrams;

2. Include the following factors for the quark, gluon, and ghost lines,
respectively (Fig. 25.3):3

2 See Ref. [Ch84] for a much more extensive discussion, including Feynman rules with

other choices of gauge.
3 All quark indices are now explicit: i, j = R,G, B for color; l, m = u, d, s, c, · · · for flavor.
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p
j.m

i.1

k
b.ν b

k

a.μ a
quark gluon ghost

Fig. 25.3. Propagators in QCD.

j,m

i,1

a,μ

a,λ

b,μ c,ν
q

r

p

b,μ c,ν

a,λ d,σ

p

a

c

b,μ

Fig. 25.4. Vertices in QCD.

1

i

1

iγμpμ
δijδlm ; quark (massless)

1

i
δab

1

k2

(
δμν − kμkν

k2

)
; gluon (Landau gauge)

1

i
δab

1

k2
; ghost (25.25)

The ghost is an internal element, coupled to gluons, that is required
to generate the correct S-matrix in a non-abelian gauge theory;

3. Include the following factors for the vertices indicated in Fig. 25.4:

−g
1

2
λajiδlmγμ ; (quark)2−gluon

gfabc[(q − r)λδμν + (p − q)νδλμ + (r − p)μδλν] ; (gluon)3

−ig2[fabefcde(δλνδσμ − δλσδμν) + facefbde(δλμδσν − δλσδμν)

+fadefcbe(δλνδσμ − δσνδλμ)] ; (gluon)4

−gfabcpμ ; (ghost)2−gluon (25.26)

4. Take the Dirac matrix product along fermion lines;

5. Conserve four-momentum at each vertex;

6. Include a factor
∫
d4q/(2π)4 for each independent internal line;

7. Include a factor of (−1)F+G where F is the number of closed fermion
loops and G is the number of closed ghost loops;
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Fig. 25.5. Confinement in QCD. Lattice gauge theory calculations indicate that
the separation energy grows linearly with d.

Fig. 25.6. (a) Shielding of point charge by (b) vacuum polarization in QED.

QCDhas two absolutely remarkable properties, confinement and asymp-
totic freedom.

Colored quarks and gluons, the basic underlying degrees of freedom in
the strong interactions, are evidently never observed as free asymptotic
scattering states in the laboratory; you cannot hold an isolated quark
or gluon in your hand. Quarks and gluons are confined to the interior
of hadrons. There are strong indications from lattice gauge theory cal-
culations [Wi74], that confinement is indeed a dynamic property of QCD
arising from the strong, nonlinear gluon couplings in the lagrangian. One
can show in these calculations, for example, that the energy of a static
(qq̄) pair grows linearly with the distance d separating the pair (see Fig.
25.5). What actually happens as the (qq̄) pair is separated is that another
(qq̄) pair is formed, completely shielding the individual color charges of
the first pair, and producing two mesons from one.

The second remarkable property is asymptotic freedom. Recall from
QED that vacuum polarization shields a point electric charge e0 as in-
dicated in Fig. 25.6 (a). The renormalized charge e2

2 changes with the
distance scale, or momentum transfer λ2, at which one measures the inte-
rior charge. The mathematical statement of this fact is the renormalization
group equation of Gell-Mann and Low [Ge54]

de2
2

d ln (λ2/M2)
= ψ(e2

2) (25.27)
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25 Quantum chromodynamics 229

Fig. 25.7. Anti-shielding of color charge in QCD by strong vacuum polarization.

The lowest order modification of the charge in QED arises from the
vacuum polarization graph indicated in Fig. 25.6 (b). The renormalization
group equations can be used to sum the leading logarithmic corrections to
the renormalized charge to all orders. The result is that the renormalized
charge measured at large λ2 � M2 is related to the usual value of the
total charge e2

1 by

e2
2 ≈ e2

1

1 − (e2
1/12π2) ln (λ2/M2)

(25.28)

The first term in the expansion of the denominator arises from the graph
in Fig. 25.6 (b). The renormalized electric charge in QED is evidently
shielded by vacuum polarization; the measured charge increases as one
goes to shorter and shorter distances, or higher and higher λ2.

Similar, although somewhat more complicated, arguments can be made
in QCD. An isolated color charge g0 is modified by strong vacuum
polarization and surrounded with a corresponding cloud of color charge
as indicated schematically in Fig. 25.7. In this case, the renormalization
group equations lead to a sum of the leading ln corrections for λ2 � λ2

1

of the form [Gr73a, Gr73b, Po73, Po74]

g2
2 ≈ g2

1

1 + (g2
1/16π2)(33/3 − 2Nf/3) ln (λ2/λ2

1)
(25.29)

Here Nf is the number of quark flavors.4 An expansion of the denominator
again gives the result obtained by combining the lowest-order perturbation
theory corrections to the quark and gluon propagators and quark vertex.
The plus sign in the denominator in this expression is crucial. One now
draws the conclusion that there is anti-shielding; the charge decreases at
shorter distances, or with larger λ2.5 The implications are enormous, for

4 With Nf = 1, no gluon contribution of 33/3, and the observation tr( 1
2
λa 1

2
λb) =

Nf

2
δab,

one recovers the result in Eq. (25.28). It is the gluon contribution that changes the sign

in the denominator.
5 The vacuum in QCD thus acts like a paramagnetic medium, where a moment surrounds

itself with like moments, rather than the dielectric medium of QED where a charge

surrounds itself with opposite charges.
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230 Part 4 Selected examples

one now concludes that it is consistent to do perturbation theory at very
short distances, or high momentum transfer. The renormalization group
equations then provide a tool for summing the leading ln’s of perturbation
theory. The powerful result of asymptotic freedom in QCD is due to Gross
and Wilczek [Gr73a, Gr73b] and Politzer [Po73, Po74]; see also Fritzsch
and Gell-Mann [Fr72a, Fr73a]. References [Ma78, Re81, Wi82, Do93]
contain good background material on QCD.

While a multitude of QCD-inspired models exist [Wa95], the most
ambitious attempt to solve the QCD field equations relies on lattice gauge
theory where the theory is put on a finite space-time lattice [Wi74].6 Low-
energy applications can be found in terms of effective field theory, where
hadronic degrees of freedom are the generalized coordinates of choice, and
an effective lagrangian constructed which reflects the symmetry properties
of QCD [Do93, Se97]. While we will not give an extensive discussion of
effective field theory here, it is possible to capture the spirit of these efforts.

Consider the nuclear domain of massless (u, d) quarks. The kinetic
energy term as rewritten in Eq. (26.2), and hence LQCD, is invariant
under the chiral SU(2)L ⊗ SU(2)R transformation ψL → LψL, ψR → RψR

where L and R are global SU(2) matrices. Consider the pion sector of the
hadronic theory and represent the pion field π through the SU(2) matrix

U = exp (iτ · π/fπ) (25.30)

Here fπ reflects the mass scale (say mp) at which this chiral symmetry,
as manifest in nature, is spontaneously broken. The leading term in an
effective lagrangian can be constructed as follows

L2 + Lcsb = −f2
π

4
tr

(
∂U†

∂xλ

)(
∂U

∂xλ

)
+

f2
πm

2
π

4
tr
(
U + U† − 2

)
(25.31)

If mπ = 0, this lagrangian is invariant under the chiral transformation
U → LUR† (the pion mass term reflects chiral symmetry-breaking at
the lagrangian level through u, d quark masses). This effective lagrangian
should be applicable in the low energy domain where q/fπ � 1. Higher
order terms in the effective lagrangian can now be similarly constructed
in terms of U, ∂U/∂xλ. An expansion of the exponential then leads to

L2 + Lcsb = −1

2

(
∂π

∂xλ

)2

− m2
π

2
π2

− 1

6f2
π

[(
π · ∂π

∂xλ

)2

− π2

(
∂π

∂xλ

)2
]

+
m2
π

24f2
π

π4 + · · · (25.32)

and π–π scattering to O(1/f2
π) can now be calculated from this result.

6 An extensive introduction to lattice gauge theory can be found in [Wa95].
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26
The standard model

The development of a unified theory of the electroweak interactions surely
must be regarded as one of the great intellectual achievements of our era.
We assume the reader is familiar with the basic phenomenology of the
weak interactions [Cu83, Wa95] and turn to the so-called standard model
of the electroweak interactions [We67, We72, Sa64, Gl70]. The discussion
follows [Wa95]

Most leptons (l, νl) are light, or massless, and they can be created and
destroyed in weak interactions. This indicates that they must be described
with relativistic quantum fields. In the interaction representation, fermion
fields take the following form [Bj65, Fe71]

ψ(x) =
1√
Ω

∑
kλ

[
akλu(kλ)e

ik·x + b
†
kλv(−kλ)e−ik·x

]
(26.1)

In this expression a destroys a lepton, b† creates an antilepton, and λ de-
notes the helicity with respect to the accompanying momentum variable.1

A spinor field can always be decomposed as follows

ψ =
1

2
(1 + γ5)ψ +

1

2
(1 − γ5)ψ ≡ ψL + ψR

ψ̄γμ
∂

∂xμ
ψ = ψ̄Lγμ

∂

∂xμ
ψL + ψ̄Rγμ

∂

∂xμ
ψR

ψ̄ψ = ψ̄LψR + ψ̄RψL (26.2)

The lepton fields for the electron and electron neutrino2 will be com-

1 Hole theory implies that v(−kλ) is a negative-energy wave function with helicity λ with

respect to −k.
2 And similarly for the other leptons.
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232 Part 4 Selected examples

bined in the following fashion:

ψl =

(
ψνe

ψe

)
≡
(

ν

e

)
(26.3)

The fields (L, R) are defined by

L ≡
(

νL
eL

)
=

1

2
(1 + γ5)ψl

R ≡ eR =
1

2
(1 − γ5)ψe (26.4)

The kinetic energy of the leptons is then given by3

L0
lepton = −

[
ψ̄eγμ

∂

∂xμ
ψe + ν̄Lγμ

∂

∂xμ
νL

]

= −
[
L̄γμ

∂

∂xμ
L + R̄γμ

∂

∂xμ
R

]
(26.5)

This lagrangian is invariant under a global SU(2)W symmetry — a weak
(left-handed) isospin — which treats the field L as a weak isodoublet and
R as a weak isosinglet. The generators for this SU(2)W symmetry can be
immediately written in terms of the above fields as

T̂ i
W =

∫
L†(x)

1

2
τiL(x)d3x

=

∫
ψ

†
l (x)

1

2
τi

1

2
(1 + γ5)ψl(x)d3x (26.6)

It follows immediately from the canonical (anti)commutation relations
that these generators satisfy an SU(2) algebra

[T̂ i
W , T̂

j
W ] = iεijkT̂

k
W (26.7)

The finite symmetry transformations are given by

exp {iθ · T̂W }L exp {−iθ · T̂W } = [e− i
2 θ·τ ]L ; doublet

exp {iθ · T̂W }R exp {−iθ · T̂W } = [1]R ; singlet (26.8)

These equations follow from the projection properties of (1 ± γ5)/2.
The mass term for the electron has the following form

−meψ̄eψe = −me[ēLeR + ēReL] (26.9)

3 There is only one neutrino field in the standard model νL ≡ 1
2
(1 + γ5)ψν; it describes

left-handed neutrinos and right-handed antineutrinos. This is put in by hand, as is the

fact that this neutrino is massless mν = 0.
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26 The standard model 233

This expression is not invariant under SU(2)W . Hence if one wants to
build on this symmetry, it is necessary to start with massless fermions.

The corresponding lagrangian for point Dirac nucleon fields is rela-
tively simple and illustrates the general structure of the theory [We72]; we
present this first. Matrix elements for physical nucleons then follow from
general symmetry considerations. The somewhat more complex formula-
tion in terms of quarks is then given [Gl70].

Proton and neutron fields are included in a manner analogous to the
above

NL =

(
pL
nL

)
=

1

2
(1 + γ5)ψN ; doublet (26.10)

pR, nR ; singlets

L0
nucleon = −

[
N̄Lγμ

∂

∂xμ
NL + p̄Rγμ

∂

∂xμ
pR + n̄Rγμ

∂

∂xμ
nR

]

This lagrangian is now also invariant under SU(2)W ; again this is true
only if one starts with massless fermions.

The standard model introduces an additional global U(1)W symmetry
weak hypercharge defined so that the fields transform according to

exp {iαŶW }φ exp {−iαŶW } = e−iαYWφ (26.11)

Now assign quantum numbers to the fields (and corresponding particles)
so that the lagrangian is invariant and the electric charge is still given by
the Gell-Mann–Nishijima relation4

Q = (T3 +
1

2
Y )W (26.12)

Conservation of electric charge will be imposed as an exact symmetry
of the theory. Assignments of the weak quantum numbers for the fields
introduced so far are shown in Table 26.1.

As with QCD in chapter 25, this is now made into a Yang–Mills local
gauge theory based on the symmetry group SU(2)W

⊗
U(1)W [Ya54,

Ab73]. The only slight new complexity is that now one has the direct
product of two symmetry groups with commuting generators; however,
an examination of the basic concept shows that this is an inessential
complication. The steps of the Yang–Mills construction are as follows:

1. Add gauge bosons, one for each of the generators (T̂ i
W , ŶW )

Ai
μ(x) ; i = 1, 2, 3

Bμ(x) (26.13)

4 This follows for the fermions by constructing the appropriate operators in second

quantization [Wa95].
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234 Part 4 Selected examples

Table 26.1. Weak symmetry quantum numbers in the standard model.

Particle/field TW T3W YW Q

(νe)L 1/2 1/2 −1 0
eL 1/2 −1/2 −1 −1
eR 0 0 −2 −1

pL 1/2 1/2 1 1
nL 1/2 −1/2 1 0
pR 0 0 2 1
nR 0 0 0 0

φ+ 1/2 1/2 1 1
φ0 1/2 −1/2 1 0

2. Use the covariant derivative in the lagrangian

∂

∂xμ
→ D

Dxμ
≡

(
∂

∂xμ
− i

2
g′YWBμ − i

2
gτ · Aμ

)
; on doublets

≡
(

∂

∂xμ
− i

2
g′YWBμ

)
; on singlets (26.14)

3. Include a kinetic energy term for the gauge bosons

Lgauge = −1

4

(
∂Bν

∂xμ
− ∂Bμ

∂xν

)2

− 1

4

(
∂Aν

∂xμ
− ∂Aμ

∂xν
+ gAμ × Aν

)2

(26.15)

Mass terms of the form m2
BBμBμ or m2

AAμ · Aμ break the local gauge
invariance; hence the gauge bosons must be massless.

The Yang–Mills lagrangian thus takes the form

Llepton = −
[
L̄γμ

(
∂

∂xμ
− i

2
(−1)g′Bμ − i

2
gτ · Aμ

)
L

+R̄γμ

(
∂

∂xμ
− i

2
(−2)g′Bμ

)
R

]

Lnucleon = −
[
N̄Lγμ

(
∂

∂xμ
− i

2
(1)g′Bμ − i

2
gτ · Aμ

)
NL

+p̄Rγμ

(
∂

∂xμ
− i

2
(2)g′Bμ

)
pR + n̄Rγμ

(
∂

∂xμ
− i

2
(0)g′Bμ

)
nR

]

Lgauge = −1

4
BμνBμν − 1

4
Fi

μνFi
μν (26.16)
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26 The standard model 235

The masses for the gauge bosons are now generated by spontaneous
symmetry breaking. One proceeds to:

1. Introduce a weak isodoublet of complex scalar mesons

φ ≡
(

φ+

φ0

)
(26.17)

2. Assign weak quantum numbers as indicated in Table 26.1;

3. Use the covariant derivative of Eq. (26.14);

4. Add a term to the lagrangian for this scalar field that is invariant
under local SU(2)W

⊗
U(1)W

Lscalar = −
(
Dφ

Dxμ

)�(
Dφ

Dxμ

)
− V (φ†φ) (26.18)

Thus5(
Dφ

Dxμ

)�(
Dφ

Dxμ

)
= (26.19)

φ†

⎛
⎝ ←

∂

∂xμ
+

i

2
g′Bμ +

i

2
gτ · Aμ

⎞
⎠(

∂

∂xμ
− i

2
g′Bμ − i

2
gτ · Aμ

)
φ

5. Assume the most general form of the scalar self-interaction potential
V for a renormalizable theory

V = μ2φ†φ + λ(φ†φ)2 (26.20)

Assume that μ2 < 0 and λ > 0 so that the potential V has the shape
shown in Fig. 26.1. The minimum of the potential no longer occurs at the
origin with φ = 0, but now at a finite value of φ. Hence the scalar field
acquires a vacuum expectation value. Only the neutral component of the
field can be allowed to develop a vacuum expectation value in order to
preserve electric charge conservation. Furthermore, the (constant) phase
of the field can always be redefined so that this vacuum expectation value
is real. Thus we write

〈φ0〉 = 〈φ0∗〉 ≡ v√
2

(26.21)

5 The metric is not complex conjugated in v�μ ≡ (v†,+iv
†
0).
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236 Part 4 Selected examples

Fig. 26.1. Form of the scalar self-interaction potential to generate mass for the
gauge bosons by spontaneous symmetry breaking. The illustration is for a single,
neutral, complex φ.

At the minimum of the vacuum expectation value of the potential one
finds

v2 = −μ2

λ
(26.22)

Without loss of generality, one can now parameterize the complex
scalar field φ in terms of four real parameters {ξ(x), η(x)} describing the
fluctuations around the vacuum expectation value in the following fashion
[Ab73]:

φ ≡ exp

{−i

2v
ξ · τ

}(
0

1√
2
(v + η)

)
(26.23)

The theory has been constructed to be locally gauge invariant. Make use
of this fact to simplify matters. Make a gauge transformation to eliminate
the first factor in this equation. Define

φ′ ≡ exp

{
+i

2v
ξ · τ

}
φ = U(ξ)φ =

1√
2

(
0

v + η

)
(26.24)

Written in terms of the new field φ′, the three scalar field variables
{ξ(x)} now no longer appear in the lagrangian; and, as we proceed to
demonstrate, the free lagrangian has instead a simple interpretation in
terms of massive vector and scalar particles. The lagrangian in this form
is said to be written in the unitary gauge where the particle content of the
theory is manifest. The procedure for generating the mass of the gauge
bosons in this fashion is known as the Higgs mechanism [Cu83, Ab73].

Substitution of the expression in Eq. (26.24) in the scalar lagrangian in
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26 The standard model 237

Eqs. (26.18)–(26.20) leads to

Lscalar = −V

[
1

2
(v + η)2

]
− 1

2
χ

†
↓

[
∂η

∂xμ
+

ig′

2
(v + η)Bμ +

ig

2
(v + η)τ · Aμ

]

×
[
∂η

∂xμ
− ig′

2
(v + η)Bμ − ig

2
(v + η)τ · Aμ

]
χ↓ (26.25)

Here χ↓ ≡
(

0
1

)
. An evaluation of the potential term, utilizing the

minimization condition in Eq. (26.22), gives

V

[
1

2
(v + η)2

]
=

μ2

2
(v + η)2 +

λ

4
(v + η)4 (26.26)

= v2

(
μ2

4

)
+ η2(−μ2) + η3(λv) + η4

(
λ

4

)

Note that there is no term linear in η when one expands about the true
minimum in V . The coefficient of the term linear in ∂η/∂xμ similarly
vanishes in Eq. (26.25).

The remaining boson interactions in Lscalar are proportional to

χ
†
↓(g

′Bμ + gτ · Aμ)(g
′Bμ + gτ · Aμ)χ↓

= χ
†
↓(g

′2B2
μ + g2A2

μ + 2gg′Bμτ · Aμ)χ↓

= (g′2B2
μ + g2A2

μ − 2gg′BμA
(3)
μ ) (26.27)

Hence the scalar lagrangian in the unitary gauge is given by

Lscalar = −1

2

⎡
⎣( ∂η

∂xμ

)2

+ (−2μ2)η2

⎤
⎦ − λ

4
(4vη3 + η4) − 1

4
μ2v2

−1

8
(v + η)2(g′2B2

μ + g2A2
μ − 2gg′BμA

(3)
μ ) (26.28)

The term in v2 in the second line now provides the sought-after mass
for the gauge bosons. The coefficient of this term is a quadratic form in
the gauge fields, which can be put on principal axes with the introduction
of the following linear combinations of fields:

W (+)
μ ≡ W�

μ ≡ 1√
2
(A(1)

μ + iA(2)
μ )

W (−)
μ ≡ Wμ ≡ 1√

2
(A(1)

μ − iA(2)
μ )
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Zμ ≡
−gA(3)

μ + g′Bμ

(g2 + g′2)1/2

Aμ ≡
g′A(3)

μ + gBμ

(g2 + g′2)1/2
(26.29)

The fields (W�
μ ,Wμ) will create particles (W+

μ ,W−
μ ), respectively, the third

field describes a neutral Z0
μ vector boson, and the fourth is the pho-

ton field. The relation between (Bμ, A
(3)
μ ) and (Zμ, Aμ) is an orthogonal

transformation. Note in particular that the weak angle is defined by

sin θW ≡ g′

(g2 + g′2)1/2
(26.30)

The scalar lagrangian can thus finally be written in the unitary gauge as

Lscalar = −1

2

⎡
⎣( ∂η

∂xμ

)2

+ (−2μ2)η2

⎤
⎦ − λ

4
(4vη3 + η4) − 1

4
μ2v2

−1

4
v2(g2 + g′2)

1

2
Z2
μ − 1

4
v2g2WμW

�
μ

−1

8
η(2v + η)[(g2 + g′2)Z2

μ + 2g2WμW
�
μ ] (26.31)

The first term in the first line is the lagrangian for a free, neutral scalar
field of mass −2μ2 — the Higgs field; this is the only remaining physical
degree of freedom from the complex doublet of scalar fields introduced
previously, in this unitary gauge. The second term describes cubic and
quartic self-couplings of the Higgs field; the third term in the first line is
simply an additive constant. The terms in the second line proportional to
the constant v2 represent the quadratic mass terms for the gauge bosons.
Note, in particular, that no mass term has been generated for the photon
field, which thus remains massless, as it must. Finally, the terms in the last
line proportional to (2vη + η2) represent cubic and quartic couplings of
the Higgs to the massive gauge bosons.

Since the transformation in Eqs. (26.29) is orthogonal, the quadratic
part of the kinetic energy of the gauge bosons remains on principal axes
and Eq. (26.15) can be rewritten as

Lgauge = −1

2
W�

μνWμν − 1

4
ZμνZμν − 1

4
FμνFμν

−g

2
Fμν · (Aμ × Aν) − g2

4
(Aμ × Aν)

2 (26.32)

Here the field tensors are defined by the linear Maxwell form Vμν ≡
∂Vν/∂xμ − ∂Vμ/∂xν and the original gauge field Aμ in the nonlinear terms
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26 The standard model 239

must still be expressed in terms of the physical fields defined through Eqs.
(26.29). The second line in the above result represents cubic and quartic
couplings of the physical gauge fields.

The particle content of the theory is now made manifest in this unitary
gauge, since the free lagrangian has the required quadratic form in the
kinetic energy and masses. In addition to the original (still massless!)
fermions, the theory evidently now contains

1. A massive neutral weak vector meson Z0
μ with mass given by

M2
Z =

v2(g2 + g′2)

4
(26.33)

2. Massive charged weak vector mesons W (±)
μ with masses

M2
W =

v2g2

4
= M2

Z cos2 θW (26.34)

3. A massless photon

M2
γ = 0 (26.35)

The lagrangian retains the exact local U(1) gauge invariance generated
by the electric charge Q̂, corresponding to QED.

The total lagrangian for the standard model as presented so far is the
sum of the individual contributions discussed above

L = Llepton + Lnucleon + Lgauge + Lscalar (26.36)

Note that this lagrangian now contains all the electroweak interactions
[Cu83, Wa95]. The coupling of the leptons to the gauge bosons follows
immediately from Eqs. (26.16) and (26.29)6

L(±)
lepton =

g

2
√

2
[j(+)
μ Wμ + j(−)

μ W�
μ ]

L(0)
lepton = − g

2 cos θW
j(0)
μ Zμ

Lγ
lepton = epj

γ
μAμ (26.37)

Here the electric charge ep is defined by

ep ≡ gg′

(g2 + g′2)1/2
(26.38)

6 The details of this algebra are provided in [Wa95].
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The lepton currents are given by the following expressions

j(±)
μ = iψ̄lγμ(1 + γ5)τ±ψl

jγμ = iψ̄lγμ

[
−1

2
(1 − τ3)

]
ψl

j(0)
μ = iψ̄lγμ(1 + γ5)

1

2
τ3ψl − 2 sin2 θWjγμ (26.39)

The interaction of the point nucleons with the gauge fields takes exactly
the same form as in Eqs. (26.37), with hadronic currents given by

J(±)
μ = iψ̄γμ(1 + γ5)τ±ψ

Jγμ = iψ̄γμ

[
1

2
(1 + τ3)

]
ψ

J(0)
μ = iψ̄γμ(1 + γ5)

1

2
τ3ψ − 2 sin2 θWJγμ (26.40)

The lepton and nucleon doublets appearing in these currents are defined
by

ψl =

(
ψνe

ψe

)
ψ =

(
ψp

ψn

)
(26.41)

An analysis of the S-matrix for single, heavy weak boson exchange
shows how interactions with the gauge bosons of the form in Eqs. (26.37)
lead to an effective current–current lagrangian in the low-energy, nuclear
domain where q2 � M2

W ,M2
Z . In particular, comparison with that analysis

immediately establishes the following relationships between the gauge
couplings and masses of the standard model and the traditional weak
Fermi coupling constant [Wa95]

G√
2

=
g2

8M2
W

=
g2

8M2
Z cos2 θW

(26.42)

It is also evident that the total weak currents here receive additive
contributions from the leptons and hadrons

J(±)
λ = J(±)

λ (hadrons) + j
(±)
λ (leptons)

J(0)
λ = J(0)

λ (hadrons) + j
(0)
λ (leptons) (26.43)

The semileptonic parts of this effective low-energy lagrangian form the
basis of most of the nuclear applications. Formulation in terms of quarks,
discussed below, simply changes the underlying structure of Jλ(hadrons).
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26 The standard model 241

The corresponding effective four-fermion lagrangians are [Wa95]

L(±)
eff =

iG√
2

{
[ψ̄eγλ(1 + γ5)ψνe + (e ↔ μ)]J(+)

λ (hadrons) (26.44)

+[ψ̄νeγλ(1 + γ5)ψe + (e ↔ μ)]J(−)
λ (hadrons)

}
L(ν)

eff =
iG√
2

[
ψ̄νeγλ(1 + γ5)ψνe + (e ↔ μ)

]
J(0)

λ (hadrons)

L(l)
eff = − iG√

2

[
ψ̄eγλ(1 + γ5)ψe − 4 sin2 θW ψ̄eγλψe + (e ↔ μ)

]
J(0)

λ

The theory as formulated assumes massless fermions. The fermion mass
is now put in by hand. One adds Yukawa couplings of the fermions to
the previously introduced complex scalar field that preserve the local
SU(2)W

⊗
U(1)W local gauge symmetry. One such coupling is introduced

for each fermion field. The fermions then acquire mass when the scalar
field develops its vacuum expectation value. As a consequence of this
procedure, each fermion also has a prescribed Yukawa coupling to the
fluctuation of the scalar field about its vacuum expectation value — the
real scalar Higgs. We illustrate the procedure in the case of leptons.7

Start with the following lagrangian with Yukawa couplings of the fermi-
ons to the complex scalar field and invariant under local SU(2)W

⊗
U(1)W

Lint = −GeR̄(φ†L) + h.c. (26.45)

Each term is a weak isoscalar, and each term is neutral in weak hy-
percharge (Table 26.1). Now with the previously discussed spontaneous
symmetry breaking, and in the unitary gauge φ is given by Eq. (26.24).
Substitution into Eq. (26.45) and the use of Eq. (26.9) then gives

Lint = −GeēR

{
[0,

1√
2
(v + η)]

(
νL
eL

)}
+ h.c.

= − v√
2
Geēe − η√

2
Geēe (26.46)

The first term is the sought-after fermion mass (there is one adjustable
coupling constant for each fermion mass in the theory). The second term
is the remaining Yukawa interaction with the real scalar Higgs particle,
with a prescribed coupling determined by the mass of the fermion.

The deeper formulation of the electroweak theory is in terms of quarks.
At first glance, one might expect that the first quark weak isodoublet
would just be that constructed from (u, d) quarks. The actual quark weak

7 For point nucleons see [Wa95].
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242 Part 4 Selected examples

isospin doublets that couple in the electroweak interaction have a more
complicated form [Ca63, Gl70]. They are

qL =

(
uL

dL cos θC + sL sin θC

)
≡
(

uL
dcL

)
(26.47)

QL =

(
cL

−dL sin θC + sL cos θC

)
≡
(

cL
DcL

)
; weak doublets

The fact that it is a rotated combination of fields in the charge-changing
current, which includes a small strangeness-changing component, was first
noted by Cabibbo [Ca63]. The discovery that one requires a second doublet
with an additional c quark and the orthogonal rotated combination is due
to Glashow, Iliopolous, and Maiani (GIM) [Gl70] who predicted the
existence of the c quark on the basis of the arguments given below.8

As before, the right-handed quark fields form weak isosinglets

uR, dR, sR, cR ; weak singlets (26.48)

The quarks are assigned the weak quantum numbers in Table 26.2. The
assignments are again made so that the electric charge operator is

Q̂ = (T̂3 +
1

2
Ŷ )W (26.49)

Because one has two orthogonal linear combinations, the following
(GIM) identity holds

d̄cdc + D̄cDc = (d̄ cos θC + s̄ sin θC)(d cos θC + s sin θC)

+(−d̄ sin θC + s̄ cos θC)(−d sin θC + s cos θC)

= d̄d + s̄s (26.50)

No off-diagonal, strangeness-changing terms appear in this expression;
as a consequence, the neutral currents generated in the standard model
have no lowest-order strangeness-changing components — an empirical
observation that was the primary motivation for the introduction of the c

quark in [Gl70].
The GIM identity can be used to rewrite the non-interacting quark

kinetic energy as

L0
quark = −

[
q̄Lγμ

∂

∂xμ
qL + Q̄Lγμ

∂

∂xμ
QL (26.51)

+ūRγμ
∂

∂xμ
uR + d̄Rγμ

∂

∂xμ
dR + s̄Rγμ

∂

∂xμ
sR + c̄Rγμ

∂

∂xμ
cR

]

8 The extension to include still another (heavy) quark family is discussed in [Wa95].
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26 The standard model 243

Table 26.2. Weak isospin and weak hypercharge assignments for the quarks.

Field /particle qL QL uR dR sR cR
TW 1/2 1/2 0 0 0 0
YW 1/3 1/3 4/3 −2/3 −2/3 4/3

The covariant derivatives acting on the quark fields are as before (see
Table 26.2)

(
∂

∂xμ
− i

2
g′YWBμ − i

2
gτ · Aμ) ; on isodoublets

(
∂

∂xμ
− i

2
g′YWBμ) ; on isosinglets (26.52)

The gauge boson and Higgs sectors of the theory are exactly the same
as discussed above. The electroweak currents representing the interaction
with the physical gauge bosons can also be identified exactly as before
[Wa95]. The charge-changing weak current is given by

J(±)
μ = iq̄γμ(1 + γ5)τ±q + iQ̄γμ(1 + γ5)τ±Q

J(+)
μ = iūγμ(1 + γ5)(d cos θC + s sin θC)

+ic̄γμ(1 + γ5)(−d sin θC + s cos θC) (26.53)

Note it is the Cabibbo-rotated combination that enters into these charge-
changing currents. The electromagnetic current of QED is just the point
Dirac current multiplied by the correct charge

Jγμ = i

[
2

3
(ūγμu + c̄γμc) − 1

3
(d̄γμd + s̄γμs)

]
(26.54)

The weak neutral current is

J(0)
μ = iq̄γμ(1 + γ5)

1

2
τ3q + iQ̄γμ(1 + γ5)

1

2
τ3Q − 2 sin2 θWJγμ

J(0)
μ =

i

2
[ūγμ(1 + γ5)u + c̄γμ(1 + γ5)c − d̄γμ(1 + γ5)d − s̄γμ(1 + γ5)s]

−2 sin2 θWJγμ (26.55)

The second equality follows with the aid of the GIM identity. Terms of
the form (̄sd) or (d̄s) have been eliminated; hence there are no strangeness-
changing weak neutral currents in this quark-based standard model, as
advertised.

The quarks can be given mass in the same fashion as were the leptons
above, although the argument is somewhat more complicated in the case
of quarks [Ab73, Cu83, Wa95].
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244 Part 4 Selected examples

How does the standard model of electroweak interactions get combined
with QCD, the theory of the strong forces binding quarks into hadrons?
Consider for simplicity the nuclear domain of (u, d) quarks. Quarks now
carry an additional color index that takes three values (R,G, B), and the
quark field gets extended to

ψ =

(
u

d

)
→

(
uR uG uB
dR dG dB

)
≡ (ψR, ψG, ψB) (26.56)

These get combined into a three-component (actually multicomponent)
field ψ

ψ ≡

⎛
⎝ ψR

ψG

ψB

⎞
⎠ (26.57)

Let O be a matrix that is the identity with respect to color, but an
arbitrary matrix O with respect to flavor

O ≡

⎛
⎝ O

O

O

⎞
⎠ (26.58)

Then under the extension of the quark fields to include color, all elec-
troweak currents are defined to be correspondingly extended to

ψ̄γμOψ → ψ̄RγμOψR + ψ̄GγμOψG + ψ̄BγμOψB

≡ ψ̄γμOψ (26.59)

Such currents are evidently invariant under strong SU(3)C .
The full lagrangian of the strong and electroweak interactions thus takes

the form (see [Do93] for an extended discussion)

L = L0 + Lint
QCD + Lint

EW (26.60)

This lagrangian is locally gauge invariant under the full symmetry group

SU(3)C
⊗

SU(2)W
⊗

U(1)W (26.61)

This full theory is renormalizable. It has the following characteristic prop-
erties:

• The electroweak interactions are colorblind — they are the same,
independent of the color of the quarks;

• The gluons are absolutely neutral to the electroweak interactions —
the electroweak interactions couple to the quarks.
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26 The standard model 245

Let us examine the implications of this development for nuclear physics.
To summarize the weak and electromagnetic quark currents in the stan-
dard model, we have

J(+)
μ = iūγμ(1 + γ5)[d cos θC + s sin θC]

+ic̄γμ(1 + γ5)[−d sin θC + s cos θC]

J(0)
μ =

i

2
[ūγμ(1 + γ5)u + c̄γμ(1 + γ5)c

−d̄γμ(1 + γ5)d − s̄γμ(1 + γ5)s] − 2 sin2 θWJγμ

Jγμ = i

[
2

3
(ūγμu + c̄γμc) − 1

3
(d̄γμd + s̄γμs)

]
(26.62)

Each current is actually a sum over three colors
∑

colors(· · ·) leading to an
operator which is an SU(3)C - singlet as discussed above.

To a good approximation, the hadrons that make up the nucleus are
composed of (u, d) quarks. As a starting point for nuclear physics, consider
that subspace of the full Hilbert space consisting of any number of (u, d)
quarks and their antiquarks (ū, d̄). We refer to this as the nuclear domain.
The quark field in this sector takes the form

ψ
.
=

(
u

d

)
; nuclear domain (26.63)

Assume that the (u, d) quarks have the same mass in the lagrangian;
they are in fact both nearly massless. In this case, the lagrangian of
the strong interactions, with the full complexity of QCD, has an exact
symmetry — the SU(2) of strong isospin. This is the familiar isotopic spin
symmetry of nuclear physics. It is important to note that one still has the
full complexity of strong-coupling QCD with colored quarks and gluons
in this truncated flavor sector of the nuclear domain; nevertheless, one
can draw conclusions that are exact to all orders in the strong interactions
using this strong isospin symmetry.

The quark field ψ in Eq. (26.63) forms an isodoublet under this strong
isospin. The quark currents in Eqs. (26.62) can then be written in terms
of this isospinor in the nuclear domain as follows

Jγμ = iψ̄γμ

(
1

6
+

1

2
τ3

)
ψ

J(±)
μ = iψ̄γμ(1 + γ5)τ±ψ

J(0)
μ = iψ̄γμ(1 + γ5)

1

2
τ3ψ − 2 sin2 θWJγμ (26.64)

The properties of these currents under general symmetry properties of the
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theory now follow by inspection [Wa95]

Jμ = Jμ + Jμ5 ; V − A

J(±)
μ = JV1

μ ± iJV2
μ ; isovector

Jγμ = JSμ + JV3
μ ; EM current

J(±)
μ = JV1

μ ± iJV2
μ ; CVC

J(0)
μ = JV3

μ − 2 sin2 θWJγμ ; standard model (26.65)

Here the Cabibbo angle has been absorbed into the definition of the
hadronic weak charge-changing Fermi coupling constant

G(±) ≡ G cos θC cos θC = 0.974 (26.66)

Note that the numerical value of cos θC is, in fact, very close to 1 [Cu83].
The first of Eqs. (26.65) indicates that the weak current is the sum of a

Lorentz vector and axial vector, the second that the charge-changing weak
current is an isovector, and the third that the electromagnetic current is
the sum of an isoscalar and third component of an isovector. The fourth
equation is the statement of CVC. The conserved vector current (CVC)
relation states that the Lorentz vector part of the weak charge-changing
current is simply obtained from the other spherical isospin components of
the same isovector operator that appears in the electromagnetic current.
As a consequence, one can relate matrix elements of the Lorentz vector
part of the charge-changing weak currents to those of the isovector part
of the electromagnetic current by use of the Wigner–Eckart theorem
applied to isospin. The resulting relations are then independent of the
details of hadronic structure; they depend only on the existence of the
isospin symmetry of the strong interactions. CVC is a powerful, deep,
and far-reaching result, for it established the first direct relation between
the electromagnetic and weak interactions which a priori have nothing to
do with each other! All known applications of CVC are consistent with
experiment. The last of Eqs. (26.65) exhibits the structure of the weak
neutral current of the standard model in the nuclear domain.

If the discussion is extended to that sector of the full theory with no
net strangeness or charm, and the electroweak interactions are treated in
lowest order, then the first four of Eqs. (26.65) still hold; however, the weak
neutral current is modified by the addition of an isoscalar contribution

δJ(0)
μ =

i

2
[c̄γμ(1 + γ5)c − s̄γμ(1 + γ5)s] (26.67)

In this sector of the theory, (s, c) quarks and their antiparticles (̄s, c̄) enter
through loop processes.
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27
Parity violation

We are now in a position to understand the standard model founda-
tion of the analysis carried out in chapter 16 of parity violation in the
process A(
e, e′), where A includes the nucleon. The Feynman rules for
the diagrams shown in Fig. 16.1 follow immediately from the lepton
currents in Eqs. (26.39) and quark currents in Eqs. (26.54) and (26.55).
The result is the S-matrix in Eq. (16.1). The analysis in chapter 16 then
leads to the general expression for the parity-violating asymmetry given
in Eq. (16.20), where the response functions are defined in terms of
matrix elements of the current by Eqs. (16.21, 16.22). One application
has already been presented in chapter 16. Here we briefly discuss two
others.

The measurement of parity violation in the scattering of longitudinally
polarized electrons in deep-inelastic electron scattering from deuterium
at SLAC is a classic experiment which played a pivotal role in the
establishment of the weak neutral current structure of the standard model
[Pr78, Pr79].

The analysis of parity violation in inclusive DIS in the quark–parton
model was given in the end of chapter 16. The response functions W int

1,2 and

W int
8 are given in terms of the quark charges and momentum distributions

by Eqs. (16.35) and (16.37). The electromagnetic and weak neutral charges
of the quarks follow from the discussion in chapter 26; they have already
been presented in Table 16.1.

Here we carry out a very simplified calculation of 2H(
e, e′) in the deep
inelastic region [Wa95]. Assume forward angles with θe → 0 as in the
SLAC experiment. Assume also that sin2 θW ≈ 1/4. It follows from Eqs.
(16.2) and (16.20) that the asymmetry is then given by

A = − Gq2

4πα
√

2

[
νW2(ν, q

2)int

νW2(ν, q2)γ

]
(27.1)
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Fig. 27.1. SLAC results for parity-violating asymmetry for scattering of longi-
tudinally polarized electrons from deuterium at forward angles in DIS region
[Pr78, Pr79]. Here y ≡ (E0 − E ′)/E0. The result in Eq. (27.4) is also shown.

For a nucleon, assume the nuclear domain with just three valence
quarks, and assume that the quark distribution functions fi(q

2) are, in
fact, identical for these valence quarks. If this is the case, the required
ratio of structure functions reduces simply to a ratio of charges

νW2(ν, q
2)int

νW2(ν, q2)γ
=

∑
i 2Q

γ
i Q

(0)
i∑

i(Q
γ
i )

2
(27.2)

The target in the initial SLAC experiment was a deuteron, which
consists of a very loosely bound neutron and proton. In this case, the
cross sections are just an incoherent sum of the cross sections from the
nucleon constituents. An incoherent sum of the corresponding structure
functions yields

A2H = − Gq2

4πα
√

2
2

{
[
∑

i Q
γ
i Q

(0)
i ]p + [

∑
i Q

γ
i Q

(0)
i ]n

[
∑

i(Q
γ
i )

2]p + [
∑

i(Q
γ
i )

2]n

}
(27.3)

A proton consists of (uud) and a neutron of (udd) valence quarks. The
required charges may now be read off directly from Table 16.1. The result
is

A2H = − Gq2

2πα
√

2

2

5
(27.4)

The SLAC results are shown in Fig. 27.1. The simple result in Eq. (27.4)
is also indicated. It gives a very nice first explanation of the data. A
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27 Parity violation 249

much more sophisticated analysis of the parity-violating DIS process is
presented in [Ca78].

As a second example, consider parity violation in elastic scattering
from the nucleon. The single-nucleon matrix element of the weak neutral
current in the standard model must have the general form1

〈p′|J(0)
μ (0)|p〉 =

i

Ω
ū(p′)[F (0)

1 γμ + F
(0)
2 σμνqν + F

(0)
A γ5γμ − iF

(0)
P γ5qμ]u(p)

(27.5)

The matrix element of the electromagnetic current has the form given
in Eqs. (19.6) and (19.7). It is then simply an exercise in Dirac algebra
to show that for relativistic electrons the parity-violating asymmetry for
N(
e, e)N is given by [Po87]

A
{

[(F
γ
1 )

2 + q2(F
γ
2 )

2] cos2
θ

2
+

q2

2m2
(G

γ
M)2 sin2 θ

2

}
=

− Gq2

2πα
√

2

⎧⎨
⎩[F

(0)
1 F

γ
1 + q2F

(0)
2 F

γ
2 ] cos2

θ

2
+

q2

2m2
G

(0)
MG

γ
M sin2 θ

2

−sin θ/2

m

√
q2 cos2

θ

2
+ 
q 2 sin2 θ

2
G
γ
M(1 − 4 sin2 θW )F

(0)
A

⎫⎬
⎭ (27.6)

Here the Sachs form factors are defined by

GM = F1 + 2mF2

GE = F1 − q2

2m
F2 (27.7)

The discussion in chapter 26 implies that within the framework of QCD
in the nuclear domain of equal mass (u, d) quarks (which implies strong
isospin invariance), the form factors appearing in this expression must
have the form

F
(0)
1,2 = FV

1,2 − 2 sin2 θWF
γ
1,2

F
(0)
A = FV

A (27.8)

Here F
S,V
1,2 are obtained from electron scattering and FV

A from charged
current semi-leptonic weak interactions.

In the extended domain of (u, d, s, c) quarks and strong isospin in-
variance, Eq. (26.67) implies there is an additional isoscalar term in the

1 Hermiticity of the current again implies that the form factors in this expression are real.
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Fig. 27.2. Average value of raw asymmetry (difference/sum) observed with
longitudinally polarized electron beam on a proton target for each data set. Odd
data sets have the half-wave plate inserted in the laser beam (at the injector) and
are expected to have the opposite asymmetry. Note the scale is parts per million
(ppm). From the HAPPEX experiment at CEBAF [An99].

weak neutral current, so each of the form factors will have an additional
isoscalar contribution

F
(0)
i → F

(0)
i + δFS

i (27.9)

A parity-violation experiment to determine the distribution of weak
neutral charge in the proton has been carried out at CEBAF. Figure 27.2
shows the measured asymmetry when nothing but the incident photon
polarization is reversed at the injector on a macroscopic time scale using
a half-wave plate. In the nuclear domain with only the light u and d
quarks and their antiquarks, the weak neutral charge distribution should
be identical to that of the electromagnetic charge. Any difference must
arise from s (heavy) quarks. No difference is found, a result which has
profound implications for our understanding of the structure of matter.

In more detail, a measurement of the parity-violating electroweak
asymmetry in the elastic scattering of polarized electrons from the pro-
ton is presented in [An99]. The kinematic point [〈θlab〉 = 12.3o and
〈Q2〉 = 0.48 GeV2c−2] is chosen to provide sensitivity, at a level that is
of theoretical interest, to the strange electric form factor GS

E. The result,
A = −14.5 ± 2.2 ppm, is consistent with the electroweak standard model
and no additional contributions from the strange quarks. In particular,
the measurement implies GS

E+0.39GS
M = 0.023±0.034(stat)±0.022 (syst)±

0.026 (δGn
E), where the last uncertainty arises from the estimated uncer-

tainty in the neutron electric form factor.
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28
Excitation of nucleon resonances

One of the primary goals of electron scattering experiments is to
understand the internal structure of the nucleon, both its static and
dynamic properties. Ultimately, electron scattering data will provide
benchmarks against which the theoretical predictions of QCD can be
compared.

Elastic scattering from the nucleon has been discussed in chapter 22.
There are no discrete bound states of the nucleon as there are in nuclei,
and thus excited states of the nucleon show up as resonances in particle
production processes. This is analogous to the situation with giant res-
onances in nuclei which lie above particle emission threshold. Nucleon
resonances are characterized by strong interaction widths, a typical value
for which is given by the time it takes a light signal to travel a pion
Compton wavelength, or Γ ≈ h̄c/(h̄/mπc) ≈ mπc

2 ≈ 135 MeV.

The first inelastic process on the nucleon occurs with the production of
the lightest hadron, the pion. The coincidence cross section for the reaction
N(e, e′ π)N follows immediately from the general analysis in chapter 13.
The angular distribution in the C-M system for arbitrary nucleon helicities
is given by Eq. (13.68). If the nucleon target is unpolarized and its final
polarization unobserved, the angular distribution reduces to that given in
Eqs. (13.71) and (F.9). The analysis of pion electroproduction starting from
the covariant, gauge invariant S-matrix and reducing it to the contribution
of multipoles leading to states of definite Jπ in the final π–N system is
presented in detail in appendix H. Such a decomposition forms the basis
for current phenomenological analyses of coincident electron scattering
experiments aimed at extracting properties of nucleon resonances. Exist-
ing pion electroproduction data is presented in [Br82, Br83, Fo83] and
discussed further in [Bu94]. The reader is referred to these references for
previous applications.

To get some idea of the quality of the data that is now becoming
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252 Part 4 Selected examples

Fig. 28.1. Preliminary angular distribution data dσ/dΩq in μb/sr for process
p(e, e′ π+)n on the first nucleon resonance from Hall B collaboration at TJNAF
[Eg01]. Here k2 = 0.40 (GeV/c)2,W = 1.230 GeV/c2,Δk2 = 0.100 (GeV/c)2, and
ΔW = 0.020 GeV/c2. The plots are vs. φ� = π/2 − φq for various θq . The author
is grateful to H. Egiyan for preparing this figure.

available on the coincident electropion production process, we show in
Fig. 28.1 some of the very first results for the process p(e, e′ π+)n from the
Hall B collaboration at TJNAF [Eg01].

QCD-inspired models of the internal structure of the nucleon give rise
to a rich structure of dynamic excitations. One now has a quark-based
picture of the underlying structure similar to that of the periodic table
of the elements in atomic physics, or the shell model in nuclear physics
[Bh88, Wa95]. The M.I.T. bag models confinement and asymptotic freedom
with three massless quarks moving in a vacuum bubble [Ch74, Ch74a,
De75, Ja76]. The constituent quark model has three non-relativistic quarks
with masses mq ≈ M/3 moving in a confining potential, for example, a
harmonic oscillator [Is77, Is80, Is81, Is85]. Electron scattering coincidence
studies of reactions proceeding through these resonances N(e, e′)N� →
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Fig. 28.2. (left) Existing world’s data on Re (E∗
1+M1+)/|M1+|2 at the Δ(1232) as

of CEBAF PR89-037 [Bu89, Wa93]. Here k ≡ Q.

Fig. 28.3. (right) Projected range and error bars on Re (E∗
1+M1+)/|M1+|2 at the

Δ(1232) in CEBAF PR89-037 [Bu89, Wa93]. Here k ≡ Q.

N(e, e′ X)N promise to teach us much about the internal dynamics of the
nucleon [Bu94].1

The quark model prediction for electron excitation of the first excited
state of the nucleon, the Δ(1232), has been examined in chapter 24. It is
clear from Fig. 12.8 that this first excited state is seen experimentally as a
nice, isolated resonance.

The electric quadrupole transition amplitude E1+ to the Δ(1232) with

(Jπ, T ) = (3
2

+
, 3

2 ) is particularly interesting. Quark bag models of the nu-
cleon, with a one-gluon exchange interaction, indicate that the bag may
deform — similar to the deformation of the deuteron arising from the
tensor force. As with even–even deformed nuclei, the nucleon can have no
quadrupole moment in its ground state, so the most direct evidence for
such an intrinsic deformation would show up in this transition amplitude.
In the quark model, the transition amplitude to the P33(1232) is predom-
inantly a spin-flip magnetic dipole M1+. The E1+ is, in fact, observed to
be small, and it is currently only very poorly known. This is illustrated in
Fig. 28.2, which shows the existing world’s data on Re (E∗

1+M1+)/|M1+|2
at the Δ(1232) as of the proposal CEBAF PR 89-037 [Bu89]. Figure 28.3
shows the projected range and error bars in that proposal [Bu89]. Note, in
particular, the expansion of the vertical scale in this second figure. At TJ-
NAF (CEBAF), the internal dynamics of the nucleon will be studied with
unrivaled precision. These measurements will provide deep insight into the
dynamical consequences of QCD. The accurate new data will continue to

1 See this review article [Bu94] for an extensive list of further references on electron

excitation of the nucleon and the quark model.
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254 Part 4 Selected examples

Fig. 28.4. Preliminary results obtained for E1+ by the Hall B collaboration at
TJNAF from the reaction p(e, e′π0)p [HB01]. The author is grateful to V. Burkert
and C. Smith for the preparation of this figure.

provide benchmark tests for theoretical quark-model and QCD descriptions
of the nucleon — the basic building block of matter.

Figure 28.4 shows actual data on this ratio obtained from an analysis
of the process p(e, e′ π0)p by the Hall B collaboration at TJNAF [HB01].
Note the quality of these results.

It is evident from Fig. 12.8 and the Particle Data Book that the higher
nucleon resonances are many, broad, and overlapping. It will be a challenge
to isolate the individual resonance contributions, particularly when there
is a substantial background contribution as is evident from Fig. 12.8. A
second challenge is to have a completely relativistic description of the
quark bound-state structure of the nucleon; this is essential when one
goes to momentum transfers k2 � m2

q .
2

As first shown in a non-relativistic static model by Chew and Low
[Ch56a], and subsequently generalized to the relativistic case [Ch57, Fr60],
the Δ(1232) can be alternatively obtained as a dynamic resonance in
a pion–nucleon field theory (QHD). Here, instead of starting at short

2 Relativistic corrections to the constituent quark model are examined in [Ca86, Ca87].
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28 Excitation of nucleon resonances 255

Fig. 28.5. Electroexcitation of the first nucleon resonance.

Fig. 28.6. Generalized Feynman amplitude used as the excitation mechanism in
the |πN〉 channel for the Δ(1232) [Pr69, Wa72]. It is assumed that Fπ ≈ FV

1 . [For
the last graph, which plays a minor role for the Δ(1232), gωπγ is obtained from
ω → π + γ, and gωπγgωNN from an overall fit to the inelastic resonance spectra;
it is assumed that Fωπγ ≈ FV

2 /FV
2 (0).]

distances with an asymptotically free quark model, one starts at large
distances with a pion–nucleon description of the structure of the nucleon.
Electron excitation of this resonance can then be viewed as an excitation
process into the proper π–N channel followed by a dynamic final-state
enhancement that builds up the resonance, as illustrated in Fig. 28.5.

As a model for N(e, e′)Δ consider the following [Wa68, Pr69, Wa72]

a(W, k2) =
alhs(W, k2)

D(W )

D(W ) = exp

{
− 1

π

∫ ∞

W0

δ(W ′) dW ′

W ′ − W − iε

}
(28.1)

Here alhs(W, k2) is the appropriate multipole projection of a set of Feyn-
man graphs thought to play an important role in the excitation of the
resonance and D(W ) is a final-state enhancement factor. The sum of
excitation graphs is treated as a generalized Feynman amplitude in that
renormalized coupling constants and electromagnetic form factors F(k2)
are used at the vertices; the justification for this procedure is that this am-
plitude has the correct left-hand singularity structure arising from the pole
terms in a dispersion treatment of this process [Fu58]. The graphs used
in the present calculation [Wa68, Pr69, Wa72] are shown in Fig. 28.6. The
multipole projections are obtained through the analysis in appendix H.
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The excitation amplitude arising from the first three graphs is constructed
below.

Division of numerator and denominator in Eq. (28.1) by D(Ms) changes
nothing and

D(W )

D(Ms)
= exp

{
− (W − Ms)

π

∫ ∞

W0

δ(W ′) dW ′

(W ′ − Ms)(W ′ − W − iε)

}
(28.2)

This relation provides additional convergence. If one assumes that a(W, k2)
≡ alhs(W, k2) at a given point, as in [Ch56a] where in the static limit one
has a simple pole at W = M, then the quantity Ms is determined.3

This is a very simple model; but, it has several features to recommend
it:

1. It has the correct analytic properties since alhs(W, k2) has the correct
left-hand singularities and D(W ) has the right-hand unitarity cut;

2. It has the correct threshold behavior in both |k∗| and |q| [Bj66];

3. It satisfies Watson’s theorem a = |a|eiδ on the physical cut [Wa52];
here δ is the strong interaction π–N phase shift (see appendix H);

4. It is an approximate solution to the integral equation of Omnès
[Om59];

5. The electroproduction amplitude resonates at the same WR as elastic
scattering;

6. The calculation is completely relativistic;

7. The current is conserved;

8. The k2 dependence is explicit.

Let us elaborate on some of these points. The problem of constructing
an analytic function a(W, k2) with a specified set of left-hand singularities
in W given by alhs(W, k2), where alhs(W, k2) is real on the physical real
axis and where the overall amplitude obeys Watson’s theorem there, was
formulated by Omnès as an integral equation [Om59]

a(W, k2) = alhs(W, k2) +
1

π

∫ ∞

W0

e−iδ(W ′) sin δ(W ′) a(W ′, k2)

W ′ − W − iε
dW ′ (28.3)

3 The calculation shown uses Ms = 0.95M and Re δ(W ) everywhere in the integral.
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28 Excitation of nucleon resonances 257

The solution to this integral equation for W0 ≤ W ≤ ∞ was also given
by Omnès [Om59]

a(W, k2) = eiδ(W )

[
alhs(W, k2) cos δ(W )

+eρ(W ) P
π

∫ ∞

W0

alhs(ξ, k2) sin δ(ξ)e−ρ(ξ)

ξ − W
dξ

]
(28.4)

In this expression P is the Cauchy principal value and

ρ(W ) =
P
π

∫ ∞

W0

δ(ζ) dζ

ζ − W
(28.5)

Assume now that alhs(W, k2) varies only slowly over the region where
sin δ(W ) �= 0 on the physical cut, and factor it out of the integral. It then
follows that

a(W, k2) ≈ alhs(W, k2) χ(W )

χ(W ) = ψ(W ) exp

{
1

π

∫ ∞

W0

δ(W ′) dW ′ 1

W ′ − W − iε

}

ψ(W ) = exp

[
− 1

π

∫ ∞

W0

δ(W ′) dW ′

W ′ − W − iε

]

+
1

π

∫ ∞

W0

sin δ(ξ) dξ

ξ − W − iε
exp

[
−P

π

∫ ∞

W0

δ(ζ) dζ

ζ − ξ

]
(28.6)

The evident analytic properties of ψ(W ), and the observation that ψ → 1
as |W | → ∞, allow one to write an unsubtracted dispersion relation for
ψ(W ) − 1. A simple calculation shows that on the right-hand physical
cut the discontinuity of this function vanishes, hence one concludes that
ψ(W ) ≡ 1!

It follows that

a(W, k2) =
alhs(W, k2)

D(W )

D(W ) = exp

[
− 1

π

∫ ∞

W0

δ(W ′) dW ′

W ′ − W − iε

]
(28.7)

This is just Eq. 28.1. Here D(W ) serves as a final-state enhancement factor,
and this final-state enhancement factor satisfies Watson’s theorem

D(W ) = |D(W )|e−iδ(W ) ; W ≥ W0 (28.8)

D(W ) is purely imaginary at a resonance in elastic scattering where
δ(WR) = π/2. A Taylor series around the resonance then gives

D(W ) ≈ (W − WR)

[
dReD(W )

dW

]
W=WR

+ i ImD(WR) (28.9)
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The electroproduction amplitude in this channel then resonates at the
same WR and has a Breit–Wigner form.

Finally, consider the Feynman diagrams in Fig. 28.6 as the excitation
mechanism for the production of the low-lying nucleon resonances in Fig.
12.8. Treat these as generalized Feynman amplitudes using renormalized
coupling constants and physical electromagnetic form factors F(k2) at
the vertices; again, the justification for this procedure is that these terms
give the correct pole contributions in the dispersion relations for the
electroproduction amplitudes [Fu58]. The contribution of the nucleon and
pion pole terms takes the form [Wa95](

4πW

M

)
Jpole

λ ελ = −gπū(p2)

{
ταM

(0)
λ + δα3M

(+)
λ +

1

2
[τα, τ3]M

(−)
λ

}
u(p1)ελ

M
(i)
λ = γ5

1

i(p/ 1 + k/ ) + M
[F

(i)
1 γλ − F

(i)
2 σλρkρ]

+si[F
(i)
1 γλ − F

(i)
2 σλρkρ]

1

i(p/ 2 − k/ ) + M
γ5

−ifiγ5
(2q − k)λ

(q − k)2 + μ2
Fπ (28.10)

Here the spinor normalization is ūu = 1, the Feynman notation a/ = aμγμ
is employed, and the form factors are given by

2F (0) = FS ; s0 = +1 ; f0 = 0
2F (+) = FV ; s+ = +1 ; f+ = 0
2F (−) = FV ; s− = −1 ; f− = 1

(28.11)

If one assumes that Fπ(k
2) ≈ FV

1 (k2) in the region of interest, then the
replacement ελ → kλ gives zero; hence one concludes that this current
is explicitly conserved. Multipoles can be projected from this amplitude
through the procedures in appendix H.

The model presented here [Wa68, Pr69, Wa72] is a simple synthesis and
summary of a great deal of theoretical work on N(e, e′)Δ(1232) within
a hadronic framework [Fu58, De61, Vi67, Za66, Ad68]. The result is
shown as the theoretical curve in Fig. 12.9. Note that this QHD picture
of the cross section to the first excited state of the nucleon holds out
to k2 ≈ 4 GeV2 = 100 fm−2. The individual helicity amplitudes, which
provide a much more detailed test of the picture, are compared with early
experiments in [Pr70]. A coupled channel extension of this model exists
that describes the inelastic form factors in the higher resonance regions in
Fig. 12.8 [Pr69, Wa72].

Precise coincidence studies and measurement of all the amplitudes for
all the excited states of the nucleon out to high k2 will further challenge
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28 Excitation of nucleon resonances 259

our understanding of the internal dynamics of the nucleon. Of major
importance is the synthesis of a relativistic quark description of the
internal dynamics of the nucleon with a meson field theory description
of the dynamics of its external structure.4 Ultimately, electron excitation
of the nucleon will provide benchmark tests of ab initio calculations of
QCD, perhaps through lattice gauge theory [Wi74].

4 Various hybrid bag models are examined in [Bh88, Wa95].
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TJNAF(CEBAF)

A top priority for the field of nuclear physics in the U.S. since the late
1970’s, the Thomas Jefferson National Accelerator Facility (TJNAF) was
approved for construction by Congress in 1987. This project was originally
called CEBAF, the Continuous Electron Beam Accelerator Facility. It
came into operation in Newport News, Virginia, in 1994. The first physics
results were reported at the Particles and Nuclei International Conference
(PANIC) held at the College of William and Mary in Williamsburg in
1996. The experimental program at TJNAF is now fully underway, and
one can look forward to a steady output of significant experimental results
providing insight into the structure of hadronic matter well into the 21st
century.

Some of the new experimental results from TJNAF have already been
referred to in this book, and we discuss more of the anticipated program
in the next chapter. In order to fully understand the future opportunities
this facility provides, we present a brief overview of the existing accelerator
and major experimental equipment.

There is no single feature that makes TJNAF unique; each of the
characteristics has been achieved previously at one location or another.
Rather, it is the combination of properties that makes TJNAF (CEBAF)
the world’s most powerful microscope for looking at the nucleus. A
schematic of the accelerator complex at TJNAF is shown in Fig. 29.1.

The accelerator itself is in the form of a racetrack 10 m underground. The
basic accelerating structure is a superconducting niobium cavity fed with
microwave power at a frequency of ν = 1497 MHz. A longitudinal electric
field in the cavities accelerates 0.5 mm-long packets of electrons down the
linac, which is composed of self-contained cryomodules each containing
four cavity pairs. After exiting from the injector, the electrons are moving
at close to the velocity of light c = 2.998 × 1010 cm s−1. The wavelength
determining the longitudinal cavity dimension is then λ = c/ν = 20.0 cm,
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264 Part 5 Future directions

Fig. 29.1. Schematic of the accelerator complex at TJNAF [Le93].

and the period of the field oscillation is τ = 1/ν = 0.668 ns. The linac
accelerates the electrons and increases the energy by 0.4 GeV on the first
pass. The electron beam is then extracted from the first linac, passed
through its own magnetic return arc, and re-injected into a second linac
which adds an additional 0.4 GeV to the energy. The electron packets
are again separated, magnetically returned, and re-injected into the first
linac. It is a remarkable property of special relativity that even though the
electrons may have different energy, they are moving with essentially the
same velocity, namely the velocity of light c. The returned electron bunch
can thus be placed spatially on top of a new bunch and accelerated with
it. As designed, this process is repeated 5 times, until the electrons reach
an energy of 4 GeV.1 A precise electronic timing system keeps track of the
location of each bunch, and on the final pass, the electrons are deflected
out of the beam by an RF separator. They are then steered magnetically
to one of three independent end stations. The electrons can, of course,
be extracted after fewer circuits, to provide a beam of lower energy. In
standard operation, every third bunch is steered to a given end station.
The time between electron bunches is then 3τ = 2.00 ns during which time
the electrons go 60.0 cm. At full current, 200 μA can be placed on target
in each end station. Since the electron bunches come continuously, instead
of in the well-separated macropulses of a room-temperature linac which

1 The field gradient in the CEBAF cavities significantly exceeds design specification, and

an accelerator upgrade to 6 GeV has been carried out.

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


29 TJNAF(CEBAF) 265

requires recovery time to dissipate the generated heat, one says the beam
is continuous; the duty factor of the machine is df = 100%. An electron
beam polarized at the photo-cathode source can be readily transported
through the accelerator and delivered on target. Polarizations as high as
≈ 75% have now been obtained.

Although the cavities are superconducting, there are RF losses in the
walls. The accelerating structures are immersed in superfluid 4He at ≈ 2o K
that carries off the generated heat. TJNAF is, in fact, the world’s largest
superfluid 4He facility. Focusing magnetic elements keep the beam in line
and well inside the machine aperture. The exiting beam has a remarkably
low emittance, which means that it exits the machine as a fine pencil and
stays that way for however far one wants to transport it on the site. The
intrinsic energy resolution in the beam is δE/E ≈ 10−4 which implies
that at 4 GeV one can resolve δE ≈ 400 keV in the target, well suited
to the energy scale of nuclear physics. Since not much happens at low
temperatures, the beam is remarkably stable once the machine is up and
running.

The experimental areas at TJNAF consist of three round halls of wa-
tertank construction that are independently fed by beam, and in which
experiments can be carried out in parallel. In electron scattering experi-
ments, it is always necessary to have one magnetic spectrometer to detect
the scattered electron and define the virtual quantum of electromagnetic
radiation interacting with the target. Since one of the great advantages of
TJNAF is the 100% duty factor that allows coincidence experiments, at
least one additional detector is required.

In Hall C, as illustrated in Fig. 29.2, there is a high momentum spec-
trometer (HMS) constructed from three superconducting quadrupoles
and a superconducting dipole (QQQD). In simplest optical terms, the
quadrupoles act as focusing lenses and the dipole as a dispersive prism
with which momentum measurements are made. The final particle is ob-
served in the detector hut with an appropriate detector package. The HMS
is capable of detecting scattered electrons with momenta up to 6 GeV c−1.
The momentum resolution is moderate with δp/p ≈ 0.05 –0.1%. The solid
angle acceptance is sizable with ΔΩ ≈ 6.7 msr and the angular coverage
for the scattered electron is 12o –90o. Together with the HMS in Hall C,
there is a short-orbit spectrometer (SOS) capable of detecting decaying
secondaries with a maximum central momentum of 1.5 GeV c−1 and with
δp/p ≈ 0.1%, ΔΩ ≈ 9 msr, and angular range 12o –165o.

In the initial commissioning phase, during the running of experiment
E91-13, a brief test of the high momentum and short-orbit spectrome-
ter pair for kaon detection was performed by the Hall C collaboration
[HC96] (Fig. 29.3). In this experiment an electron collides with a pro-
ton, the nucleus of the element hydrogen, producing an electron and a
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Fig. 29.2. Schematic of major detectors in Hall C at TJNAF [Do93a].

Fig. 29.3. A brief test of the system for kaon detection in 1H(e, e′ K+) by the
Hall C Collaboration during E91-13 at CEBAF [HC96, Wa97].

K+ meson which are detected in coincidence, along with a variety of
other particles which are not detected. In our notation this reaction is
1H(e, e′ K+). Quarks of positive and negative strangeness are created in
pairs in this high-energy reaction, with the K+ meson being the signature
(and the carrier) of the positive strangeness quark. The missing mass (the
collective masses of the unobserved particles) spectrum for this reaction,
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Fig. 29.4. Schematic of CLAS detector in Hall B at TJNAF [Do93a].

shown in Fig. 29.3, is indicative of the effectiveness of the system for
kaon electroproduction studies that provide unique access to this process
which implants strangeness (through the presence of the strange quarks)
into the nucleus. Here the remaining Λ and Σ0 hyperons produced in
this reaction, which now carry negative strangeness, are clearly identi-
fied.

The CEBAF Large Acceptance Spectrometer (CLAS) is located in
Hall B. This is a device designed to provide maximum coverage for
particles emitted in coincidence with the scattered electron. A schematic
of this device is shown in Fig. 29.4. Six thin superconducting current
coils provide a toroidal field which surrounds the beam axis. Then, like
segments of an orange, detector packages are inserted between the coils.
The detectors contain drift chambers, Cerenkov counters, and time-of-
flight scintillators. An electromagnetic calorimeter of segmented lead glass
mounted in the forward direction allows one to detect the scattered
electron. While the momentum resolution for the final electron is mod-
est δp/p ≈ 1%, the detector is able to handle luminosities as high as
1034 cm−2 s−1 and has outstanding particle identification capability for
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Fig. 29.5. Schematic of HRS detectors in Hall A at TJNAF [Do93a].

single and multiparticle coincidences. An example of some of the initial
data from the CLAS detector has already been given in Figs. 28.1 and
28.4.

In Hall A there is a pair of identical high resolution spectrometers
(HRS) with properties matched to the outstanding quality of the TJNAF
beam itself. The HRS is shown schematically in Fig. 29.5. The HRS is
of a QQDQ design, with all magnetic elements superconducting. The
momentum range is 0.3 -4.0 GeV c−1. The resolution is δp/p ≈ 10−4 and
the solid angle coverage is a significant 7 msr. One spectrometer has a
detector package for electrons, and the second for hadrons. A polarimeter
exists which can be mounted in the hadron arm. The angular coverage
of the electron spectrometer is 12.5o–165o and that of the hadron arm is
12.5o–130o.

Polarization transfer has been discussed in appendix D. The polarization
transfer experiment 1H(
e, e
p) measures the product of the magnetic and
electric form factors of the proton [Ar81]. Since the magnetic form factor
is well known, this interference term allows an accurate determination of
GEp. Figure 29.6 shows one of the first significant experimental results
from TJNAF. This is a measurement of GEp/GMp [Jo00]. The quality of
the data is truly superb. The simplest interpretation of this data is that
since the charge form factor falls off faster with Q2 than the magnetic
form factor, the charge density in the proton has a greater spatial extent
than the magnetization density. This experiment provides fundamental
information on the internal structure of the nucleon.
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Fig. 29.6. Experimental data on the ratio GEp/GMp obtained from polarization
transfer measurement 1H(
e, e
p) at TJNAF [Jo00]. The author is grateful to C.
Perdrisat and M. Jones for the preparation of this figure.

As we have seen in chapter 21, the reaction whereby a polarized electron
incident on a nucleus produces a scattered electron and a polarized proton
allows one to study how the nucleon spin propagates out from the nuclear
interior. In this way one has a direct test of relativistic models of nuclear
structure that describe the spin dependence of the nuclear shell model.
One of the initial Hall A missing-mass spectra for this reaction on a 16

8O
target producing 15

7N is shown in Fig. 29.7.

One of the first published experimental papers from TJNAF presents
the results from CEBAF E89-12 shown in Fig. 29.8 [Bo98], along with
results of the previous SLAC experiments NE8 and NE17, in addition
to other measurements at lower photon (γ-ray) energy, Eγ . In the CE-
BAF experiment the electron beam strikes a target producing a beam
of γ-rays which are used for the investigation of the quark structure of
nucleons and nuclei. In E89-12 the photon strikes a deuterium nucleus,
2
1H which consists of a bound proton and neutron, causing it to dis-
sociate into a proton and a neutron. The SLAC experiment presented
some evidence that this dissociation gave indications that QCD effects
(the presence of sub-structure in the nucleons) played a role, because
the observed reaction obeyed what are called simple constituent quark-
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Fig. 29.7. Missing-mass spectrum in coincidence reaction 16
8O(e, e′ p)15

7N
� taken

at CEBAF at an incident electron energy of 2.445 GeV and four-momentum
transfer squared of 0.81 (GeV/c)2. The first peak is the (1p1/2)

−1
π proton hole in

16
8O and the second the (1p3/2)

−1
π . Note the overall energy resolution in 15

7N of
ΔE/E = 0.54/2445 = 2.2 × 10−4 [Ma00a]. The author would like to thank C.
Perdrisat and K. Wijesooriya for the preparation of this figure.

counting rules at high energy. This behavior is signaled by the fact that
the appropriately energy weighted cross section “scales”. So that, in this
case, the product of the eleventh power of the square of the total en-
ergy in the center-of-momentum frame and the cross section becomes
constant (see Fig. 29.8). The new CEBAF data exhibit a flat scaling be-
havior consistent with this rule, in photon energy approximately 1 to 4
GeV at a reaction angle of 90o (between the incident photon beam and
the detected proton) for the 2

1H(γ, p)n reaction. Furthermore, the new
data also suggest that there is an onset of the scaling behavior above
an energy of 3 GeV at a reaction angle of 37o. The results are con-
sistent with an onset of scaling occurring at a transverse momentum
of 1GeV c−1. The new data support the picture where six constituent
quarks in the deuteron (each nucleon contains three constituent quarks)

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


29 TJNAF(CEBAF) 271

Fig. 29.8. The product of s (square of total C − M energy)11 times cross section
at 90◦ in 2

1H(γ, p)n as a function of photon energy in measurements in E89-12
at CEBAF [Bo98]. The short dashed curve is the predicted flat scaling behavior
from a simple constituent quark counting rule. Also shown are data from the
previous NE8 and NE17 experiments at SLAC, as well as data from lower energy.

organize a concerted response involving the exchange of gluons among
themselves.2

The author served as Scientific Director of CEBAF from 1986 to 1992
when the initial scientific program and design for the initial complement
of equipment were established.3 The reader is referred to an article which
the author wrote for the publication Physics News in 1996 when the initial
experimental results from that Laboratory appeared [Wa97]. Current
information about the facilities and program at TJNAF can always be
found on its website [TJ00].

2 At least five gluon exchanges are required to reorganize the six quarks into two high-

momentum outgoing nucleons. At very large s, the quark propagators each scale as

1/s. The square of the amplitude, and conversion from solid angle to four-momentum

transfer, then gives dσ/dt ∝ 1/s11.
3 John Domingo, Associate Director for Physics, led the equipment design and construction

effort (see [Do93a]).
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30
Other facilities

The previous and subsequent chapters go into detail on TJNAF (CE-
BAF) because that is the project in which the author was most deeply
involved and about which he is most knowledgeable. Many other accel-
erator laboratories have played, and continue to play, an important role
in electron scattering studies of nuclei and nucleons. Worth highlighting
from the early years are the Nuclear Physics Laboratory at the University
of Illinois, where the betatron provided a tool to do the very first study
of nuclear structure with electrons [Ly51, Il87], and the High Energy
Physics Laboratory at Stanford (HEPL), where Hofstadter carried out
his pioneering work on charge and magnetization densities [Ho56, Ho63].
Many other important facilities sprang from the work at HEPL, includ-
ing those at Amsterdam, Darmstadt, Mainz, Saskatchewan, Tohuko, and
the Saclay Laboratory, which played a particularly important role in the
development of the field. The Stanford Linear Accelerator (SLAC), under
Wolfgang Panofsky’s inspired leadership, found its roots in HEPL, as
did TJNAF. A prototype of the CEBAF superconducting accelerator was
first constructed at HEPL. An excellent discussion of the early years of
electron scattering is to be found in [Il87].

It is the Bates Laboratory at M.I.T., where a variety of precision ex-
periments truly demonstrated the power of electron scattering to study
the nucleus, and the Stanford Linear Accelerator Center (SLAC), where
high-energy experiments demonstrated the pointlike, asymptotically free,
substructure of the nucleon and examined its weak neutral current, that
are responsible for the role that electron scattering plays in nuclear and
particle physics in the U.S. today.

The principal centers today for nuclear structure studies with elec-
trons are TJNAF in Newport News, the Bates Laboratory at M.I.T. in
Boston, and the Mainz Microtron (MAMI), in Germany. High energy
studies, which probe the very short-range structure of nucleons are carried

272
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out principally at SLAC, in Stanford, and at the Deutches Electronen-
Synchrotron (DESY) in Hamburg. Electromagnetic studies with very high
energy muons are carried out at CERN in Geneva. The European com-
munity has an ongoing effort to design and fund a high-current electron
accelerator to study physics in an energy regime intermediate between the
few- and multi-GeV machines.

This book attempts to lay out the basic motivation, analysis, and goals
of electron scattering studies of nuclei and nucleons. It is impossible
in a work of this length to go into detail on all the existing facilities
and programs. In fact, up-to-date information is always better, and more
easily, found on the websites for the laboratories [TJ00, Ba00, Ma00, SL00,
DE00]. It may be of some use, however, to provide a brief overview as
guide to the four other principal current electron scattering centers: Bates,
Mainz, SLAC, and DESY.

The Bates Linear Accelerator Center is a university-based facility for
nuclear physics which is operated by the Massachusetts Institute of Tech-
nology for the Department of Energy as a National User Facility. Con-
struction funding started in 1967. The accelerator is a room-temperature
linac with a single-pass energy of 515 MeV at an average current of 100
μA with a 1% df. A single recirculation was subsequently added which
brought the maximum unloaded energy to 1060 MeV, with a maximum
average current of 40 μA. The energy spread in the beam for 80% current
is 0.3%. From the beginning, the Energy Loss (dispersion matching) Spec-
trometer System (ELSSY) produced data of unprecedented resolution.1

The best resolution achieved, for an extended period and limited by target
thickness, is δE/E = 4 × 10−5. This was on 154

64Gd [He83, Tu00]. We have
already demonstrated the type of nuclear information that can be obtained
with this resolution in Fig. 12.7 and the accompanying discussion. The
author considers that the work on the charge distribution in deformed
nuclei at Bates, with ELSSY, was predominant in convincing the nuclear
physics community in the U.S. of the power of electron scattering for
nuclear physics. A 180o scattering facility at Bates allowed one to isolate
the transverse contributions to the cross section and study magnetization
distributions in elastic and inelastic scattering (Figs. 12.4, 12.6 and accom-
panying discussion).2 A major recent addition to the detectors at Bates

1 William Bertozzi and Stanley Kowalski led the effort to design and construct ELSSY.

Note that the dispersion matching technique, whereby the incident beam is dispersed

and the various components of the beam followed through the scattering, allows one to

obtain scattering resolution orders of magnitude better than that in the primary beam

itself.
2 A magnet in front of the target bends the beam through a small angle θ; the backscattered

beam is then bent through an additional angle θ, which removes it from the incident

beam.
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is an array of out-of-plane spectrometers (OOPS), which allows one to
separate all the contributions in inclusive coincidence scattering (chapter
13). The polarized beam capability at Bates led to the ground breaking
parity-violation experiment discussed in chapter 16, and to the study of
the strange quark contribution to the intrinsic magnetism of the proton
in the SAMPLE experiment. A major effort at Bates involved a parallel
study of the three-body systems 3

2He, 3
1H. The latter involved an extensive

radioactive target effort.3 These studies resulted in data of the type shown
in Fig. 23.13.

A storage ring was subsequently constructed in the South Hall at Bates.
This gives rise to a continuous external beam capability for coincidence
experiments through slow spill of the stored beam. More importantly,
with a large circulating current of 200–300 mA, it allows experiments
on very thin, polarized, internal targets. A major new detector, the Large
Acceptance Spectrometer Toroid (BLAST) is under construction at Bates
to take advantage of this opportunity and to measure spin-dependent
electron scattering from polarized nuclei.

Even with the low duty factor, heroic, pioneering coincidence studies
have been carried out with the Bates linac.

The Mainz Microtron MAMI is an electron accelerator which delivers
a c.w. beam (100% df) of 100 μA at a maximum energy 855 MeV. Built
under the guidance of H. Herminghaus and coming into operation in
1991, it consists of three cascaded racetrack microtrons with a 3.5 MeV
injector linac. The last stage delivers beam from 180 to 855 MeV in 15
MeV steps with excellent emittance and stability.4 The energy spread in
the beam is 50 KeV for an impressive energy resolution of 6×10−5. There
is a polarized source.

At Mainz, the electron scattering Hall A contains three spectrome-
ters, rotating about a common pivot, with resolution δp/p = 10−4. The
maximum momenta are 735, 870, and 551 MeV c−1, with solid angle ac-
ceptances of 28, 5.6, and 28 msr, respectively. The angular coverages are
18o–160o, 7o–62o, and 18o–160o, and all have angular resolution at the
target of less than 3 mrad. The second spectrometer has the capability of
going out-of-plane. This is an exceptional set of spectrometers, and with
the accelerator capability, MAMI provides a superb facility for doing
nuclear structure studies that provide a lower-energy complement to the
work that will done at TJNAF. There is also a tagged photon facility at
MAMI.

3 Because electron scattering cross sections are small, radioactive targets are ordinarily not

a serious problem at electron scattering facilities, and one can re-enter the experimental

areas relatively quickly while conducting experiments.
4 Mainz is currently adding a fourth stage to the microtron which will take the maximum

energy to 1.5 GeV.
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Current experiments at Mainz include nuclear (e, e′p) measurements,
with polarizations, and (e, e′π) studies on the nucleon. There are also
ongoing experiments on the form factor of the neutron and on parity
violation.

The Stanford Linear Accelerator Center (SLAC) is located near the
Stanford University campus. The 10,000-feet-long (2-mile) accelerator was
originally designed to operate at a peak energy of 22.2 MeV with an RF
frequency of 2856 MHz. It was designed with a (macroscopic) pulse length
is 2.5 μsec and peak current of 25–50 mA, with an average current of
15–30 μA (df ∼ 10−3) [Ba65]. It met the design characteristics beautifully
during the first year of operation, achieving an energy of 20.16 MeV with
43 mA peak current for a 1.6 μs pulse length [Lo67]. The linear accelerator
has been continually upgraded over the years so that today the machine
can achieve an energy of 48 GeV with 6 × 1011 particles in a 370-ns-long
beam pulse (260 mA peak current) [De99].

End Station A at SLAC, designed for electron scattering experiments,
was originally equipped with a complement of three spectrometers of
maximum momenta 1.6 GeV c−1, 8 GeV c−1, and 20 GeV c−1, respectively.
They rotated about a common pivot and covered an angular region match-
ed to their maximum accepted electron momenta (25o–165o, 12o–100o, and,
0o–20o). The spectrometers had solid angle acceptances of 4.1×10−3, 10−3,

and 10−4 sr, respectively. The original resolution of the 1.6 GeV c−1 spec-
trometer was 0.08%, and of the higher energy spectrometers, ∼ 0.15%
[Pa70, Ki75].

The contribution of the SLAC deep-inelastic scattering experiments
to the understanding of the quark–parton structure of the nucleon has
been extensively discussed in this book. Many spectrometers have been
assembled and disassembled in End Station A over the years for particular
experiments. The 8 GeV c−1 spectrometer, in particular, has proven to be
a workhorse over this period.

The physics contribution of SLAC over the years from colliding beam
(e+–e−) experiments, where the annihilation creates a pure, virtual time-
like quantum of electromagnetic radiation with definite quantum numbers,
is well-known; nevertheless, important electron scattering experiments on
hadronic targets continue to be done in End Station A up to the highest
machine energies.

As one example, the measurement of the spin structure function in
deep inelastic scattering was discussed in chapter 12. Polarized-beam,5

polarized-target experiments to provide precision measurements of this
quantity for both the proton and neutron are currently underway at
SLAC using the highest energy of the accelerator. To illustrate the quality

5 SLAC has played a key role in the successful effort to obtain high beam polarizations.
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Fig. 30.1. Measurement of g
p
1(x) from experiments E143 and E155 in End

Station A at SLAC, together with some other results. The data are evolved to
Q2 = 5 GeV2 c−2 [An00]. The author is grateful to K. Griffioen and G. Mitchell
for providing this figure.

of the currently available data, Fig. 30.1 shows results for g
p
1(x) from

experiments E143 and E155, evolved to Q2 = 5 GeV2 c−2 [An00].6

Deep inelastic electron scattering (DIS) experiments are also carried out
at the HERA collider at the Deutsches Electronen Synchroton (DESY) in
Hamburg. The HERA collider can store electrons (positrons) of up to 30
GeV and protons of up to 820 GeV in two rings of 6.3 km circumference.
The C-M energy is 314 GeV and the maximum achieved luminosity is 1.4×
1031 cm−2 s−1. HERA has four interaction regions. The general purpose
detectors H1 and ZEUS study the interactions between electron (positron)
and proton colliding beams. The HERMES collaboration measures the
spin structure of nucleons by the interaction of the polarized electron
(positron) beam with polarized nucleons (nuclei) of a gas-jet target [Wo97].

The proton structure function F2(x, Q
2) has been measured at HERA

over a wide range of x and Q2, with values of Q2 as high as 5000
GeV2 c−2 and x as low as 10−5. The most striking feature of the HERA
data is the rapid rise of F2 as x → 0 which is seen to persist down
to Q2 values as small as 1.5 GeV2 c−2. The Alterelli–Parisi (DGLAP)

6 The Alterelli–Parisi QCD evolution equations relate the DIS structure functions at

different Q2 [Al77]; this is discussed in [Ro90, Wa95].
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evolution equations describe the evolution of the parton densities with
Q2 [Al77, Ro90, St93, Wa95]. In order to solve these equations one must
provide the parton densities as a function of x at some reference scale Q2

0.
With the assumption of a Regge behavior at very small x, perturbative
QCD then implies that F2 grows faster than any power of ln (1/x) as
x → 0 [Wo97]

F2(x, Q
2) ≈ C0

{
33 − 2nf

576π2 ln (1/x) ln [αs(Q
2
0)/αs(Q

2)]

}1/4

× exp

√
144 ln (1/x)

33 − 2nf
ln [αs(Q

2
0)/αs(Q

2)] (30.1)

Here αs is the strong coupling constant and nf is the number of quark
flavors. Improved evolution schemes which can give a faster rise for small
x are under current investigation [Mu97, Wo97].
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31
Future directions

We have seen several examples of existing experimental results from TJ-
NAF (CEBAF), and have discussed their implications for nuclear and
particle physics. In the author’s opinion, the best way to get a feel for
the quality and impact of the future CEBAF physics program is to show
anticipated error bars, kinematic range, and event modeling in a few
selected examples. While reluctant to show anticipated data because so
much work lies ahead in actually carrying out the experiments, such a
significant effort has already gone into modeling the detectors, magnetics,
acceptances, efficiencies, electronics, and event rates for the real experi-
ments that the author feels justified in presenting this material; it is taken
from the proposals.1 The experimental program is dynamic and constantly
evolving. Where data now exist, they more than satisfy the expectations.
The following discussion only represents one snapshot in time. It is based
on talks the author gave on the CEBAF scientific program, when the
experimental program was still one of anticipation [Wa93, Wa94].

As one example, Fig. 31.1 shows the anticipated errors on the charge
form factor of the proton GEp (relative to the dipole fit) from the polar-
ization transfer measurement 1H(
e, e
p) at CEBAF as anticipated in PR
89-014 [Pe89]. This polarization transfer experiment measures the product
of the magnetic and electric form factors of the proton [Ar81]. Since
the magnetic form factor is well known, this interference term allows an
accurate determination of GEp. To get a feel for the validity of such
projections, Fig. 29.6 shows subsequent actual data on the measurement
of GEp/GMp at TJNAF [Jo00]. The data are indeed superb.

Figure 31.2 shows the anticipated error bars on the determination of
GEn from two experiments:a polarization transfer measurement 2

1H(
e, e′
n)
in CEBAF PR 89-005 [Ma89a] similar to that discussed above; and a

1 The proposals are available in the library at TJNAF.
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Fig. 31.1. Projected error bars in GEp in polarization transfer measurement
1H(
e, e
p) at CEBAF. From PR 89-014 [Pe89, Wa93]. Here k ≡ Q.

Fig. 31.2. Projected error bars on GEn from polarization transfer measure-
ment 2

1H(
e, e′
n) in CEBAF PR 89-005 (upper); and polarized target experiment
2
1

H(
e, e′ n) in CEBAF PR 89-018 [Ma89a, Da89, Wa93]. Here k ≡ Q.

coincidence measurement with a polarized target 2
1

H(
e, e′ n) in CEBAF PR

89-018 which also determines GEn through an interference term [Da89].2

Since the measurement of GEn ultimately involves nuclear physics (there
are as yet no free neutron targets), it is important to have complementary

2 The error bars are relative to the different theoretical estimates.
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Fig. 31.3. Projected range and error bars in 2
1H(e, e′ p) from CEBAF PR 89-028

[Fi89, Wa93].

determinations. Both of the charge distributions GEn and GEp directly
reflect the internal structure of the baryon; the theoretical description of
the accurate measurements of these charge distributions will continue to
provide a benchmark challenge to quark models and QCD.

Consider next the nuclear coincidence reaction 2
1H(
e, e′
p) to be mea-

sured in CEBAF PR 89-028 [Fi89]. This polarization transfer experiment
explores the spin structure of the deuteron in unrivaled detail; it also pro-
vides an important calibration for the measurement of GEn by a similar
procedure. In the course of this experiment, the momentum distribution
in the deuteron will be determined at the same kinematics. Plotted in Fig.
31.3 are the anticipated range and error bars in the determination of the
basic nuclear coincidence cross section 2

1H(e, e′ p) to be measured in PR
89-028 [Fi89]. The arrow indicates the extent of existing data, and the
inset demonstrates that the experiment will distinguish between different
models; one calculation shown uses a good two-nucleon potential, the
other a relativistic boson-exchange description.3 Elastic charge scattering
essentially measures the Fourier transform of the spatial density (square of
the wave function); the (e, e′ p) reaction essentially measures the Fourier
transform of the wave function (whose square is the momentum density)

3 The calculation is for illustration; it assumes plane waves in the final state and neglects

exchange currents.
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Fig. 31.4. Model calculation of in-plane Coulomb response surface for the
reaction 18

10Ne(e, e′ 2p)16
8O(g.s.) at (ε1, θe) = (1GeV, 20o); see text [Da92, Wa93].

—these are complementary quantities, and by measuring both one can
examine the structure of this fundamental two-nucleon bound state in
unprecedented detail.

Consider the results of a very simple model calculation, meant only to
provide some guidance for explorations into new territory. In principle,
the most direct way to examine short-range correlations is to study two-
nucleon emission with extreme kinematics. Figure 31.4 shows a preliminary
analysis by John Dawson of the in-plane Coulomb response for the triple
coincidence 18

10Ne(e, e′ 2p)16
8O(g.s.) [Da92] — this reaction is forbidden in

a single-particle model. Here the initial wave function is the correlated
relative 1S0 state obtained by solving the Bethe–Goldstone equation with
a two-nucleon potential for the interacting (π1d5/2)

2 pair in the presence

of the 16
8O core.4 The total energy and C-M momentum of the pair are

(ω,P = p1 +p2 = κ) and θ is the angle between the relative momentum of
the pair 2p = p1 − p2 and κ. Plane wave final states are used in this initial
calculation. Note the characteristic diffraction minimum as ω is increased
and characteristic angular distribution of the 2-proton final state. In
the present approximation, this surface measures the sum of the Fourier
transforms of the two-nucleon correlation function with respect to p±κ/2.
This calculation was motivated by a presentation of William Hersman
at PAC5 (Fifth Program Advisory Committee Meeting) at CEBAF, in
which he showed a similar model surface for the basic nuclear two-proton

4 This calculation and wave function are given in [Fe71].
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coincidence experiment 3
2He(e, e′2p) that will be studied in CEBAF PR 89-

031 [He89]. This experiment will map out the two-proton wave function in
this three-nucleon system — an unprecedented measurement, fundamental
to our understanding of nuclear physics.5

Consider next pion production and the internal dynamics of the nucleon.
In CEBAF PR 89-037 [Bu89], precision angular distributions will be mea-
sured on the first nucleon resonance at W = 1232 MeV with varying k2

for the reactions 1H(e, e′ p)π0, 1H(e, e′ π+)n, and 2
1H(e, e′ π−)pp. The con-

tributing multipoles can then be extracted from these angular correlation
measurements. The resonant target transition is (1/2+, 1/2) → (3/2+, 3/2).

As discussed previously, the electric quadrupole transition E1+ is par-
ticularly interesting.Quark bag models of the nucleon, with a one-gluon
exchange interaction, indicate that the bag may deform — similar to the
deformation of the deuteron arising from the tensor force. As with even–
even deformed nuclei, the nucleon can have no quadrupole moment in
its ground state, so the most direct evidence for this deformation would
show up is in this transition amplitude. In the quark model, the above
transition to the P33(1232) is predominantly spin-flip magnetic dipole
M1+. The E1+ is, in fact, observed to be small, and it is only very poorly
known; this is illustrated in Fig. 28.2, which shows the existing world’s
data on Re (E∗

1+M1+)/|M1+|2 at the Δ(1232) at the time of CEBAF PR
89-037 [Bu89]; Fig. 28.3 shows the projected range and error bars in that
proposal. Note, in particular, the expansion of the vertical scale in this
second figure. The subsequent actual experimental results for this quantity
have been shown previously in Fig. 28.4, more than meeting expectations.

At CEBAF, the internal dynamics of the nucleon will be studied with
unrivaled precision. These measurements will provide deep insight into
the dynamical consequences of QCD. The accurate new data will con-
tinue to provide benchmark tests for theoretical quark-model and QCD
descriptions of the nucleon — the basic building block of matter.

A simulation of the CLAS detector output for observation of meson
production through the reaction 1H(γ, p)X is shown in Fig. 31.5 from PR
91-008 [Ri91]. Here the tagging of the photon and the measurement of the
proton determine the missing mass of X, and well-defined peaks are seen
for the two-body reactions producing (π0, η, ω, η′) at Eγ = 1.7 GeV. The π0

production has already been referred to. The production of η with isospin
T = 0 provides a selective mechanism to study the T = 1/2 nucleon
resonances. CEBAF PR 89-039 [Dy89] utilizes the fact that the S11(1535)
resonance has a large branching ratio into the η channel to selectively
study the behavior of this state with high precision out to large k2. This

5 More detailed calculations of the process (e, e′ 2N) on nuclei are described in [Ry96,

Ry97, Ry00].
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Fig. 31.5. CLAS simulation of missing-mass determination of meson production
through the reaction 1H(γ, p)X at Eγ = 1.7GeV. The abscissa is in GeV2. From
CEBAF PR 91-008 [Ri91, Wa93].

state is particularly interesting because its inelastic form factor appears
to fall anomalously slowly. Both η production, and the production of the
T = 0 ω meson studied in PR 91-024 [Fu91], can be used to selectively
search for nucleon resonances that couple only very weakly to pions. The
η and η′ signals also provide the opportunity to study the structure of
these mesons themselves in PR 91-008 [Ri91].

An important feature of coincident electron scattering is that the baryon
levels in the S = −1 sector can also be accessed with the (e, e′ K+) reaction.
In fact, PR 89-024 will look at the resulting photon transitions between the
low-lying levels in this sector — a lovely extension of traditional nuclear
γ spectroscopy [Mu89]. A CLAS simulation of the reaction 1H(γ,K+)Λ
and subsequent decay Λ → p + π− from PR 89-004 is shown in Fig. 31.6
[Sc89]. The signature is very clear and this elementary process can be
studied in unprecedented detail, as can the self-analyzing polarization of
the Λ. The extension to 2

1H in PR 89-045 provides a neutron target and
allows one to examine the two-baryon final-state interaction [Me89]. An
examination of the hyperon production mechanism in a series of nuclei
will be carried out in PR 91-014 [Hy91]. Figure 31.7 shows the projected
rates and error bars in PR 91-016 for the production of the lightest bound
hypernucleus through 4

2He(e, e′ K+)4ΛH [Ze91]. The bound state is clearly
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Fig. 31.6. CLAS simulation of 1H(γ,K+)Λ and subsequent decay Λ → p + π−

from PR 89-004 [Sc89, Wa93].

Fig. 31.7. Projected rates and error bars for 4
2He(e, e′ K+)4ΛH in PR 91-016

[Ze91, Wa93].

identified in this figure; the projected transition is almost entirely to the
spin-flip 1+. This experiment forms the prototype for the production of
hypernuclei through the (e, e′ K+) reaction at CEBAF — accessing a whole
new dimension of nuclear structure.

Let us return to the subject of parity violation. The nuclear domain
consists of (u, d) quarks and their antiquarks. Consider elastic scattering
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of polarized electrons from a (0+, 0) nucleus, for example 12
6C(
e, e). The

nuclear quantum numbers serve as a filter, and the standard model states
that for such a transition in this sector the weak neutral current and
electromagnetic current are strictly proportional

J(0)
μ

.
= −2 sin2 θWJγμ (31.1)

The predicted parity-violating asymmetry A = (dσ↑ − dσ↓)/(dσ↑ + dσ↓) is
then

A12C =
Gq2

πα
√

2
sin2 θW (31.2)

It is important to note that this result depends only on the existence of
isospin symmetry; it holds to all orders in the strong interactions (QCD).
As we have seen, this quantity has been measured in a tour de force
experiment at Bates at q = 150 MeV with the result that [So90] 6

A12C Pe = 0.688 × 10−6 ; theory

= 0.60 ± 0.14 ± 0.02 × 10−6 ; experiment (31.3)

This experiment serves as a demonstration of feasibility for the next
generation of electron scattering parity-violation experiments.

Now consider the extended domain of (u, d, s, c) quarks and their anti-
quarks. The standard model then has an additional isoscalar term in the
weak neutral current

δJ(0)
μ =

i

2
[c̄γμ(1 + γ5)c − s̄γμ(1 + γ5)s] (31.4)

The asymmetry for elastic scattering of polarized electrons on a (0+, 0)
nucleus such as 4

2He then takes the form

A4He =
Gq2

πα
√

2
sin2 θW

[
1 − δF (0)(q2)

2 sin2 θWF
γ
0 (q

2)

]
(31.5)

The additional weak neutral current form factor comes from the vector
current in Eq.(31.4) — expected to arise predominantly from the much
lighter strange quarks. Hence one has a direct measure of the strangeness
current in nuclei. The total strangeness of the nucleus must vanish in
the strong and electromagnetic sector, and hence δF (0)(0) = 0; however,
just as with the electromagnetic charge in the neutron, there can be a
strangeness density, which is determined in this experiment.

Approval exists for the experimental measurements of the asymmetry
in 4

2He(
e, e) in CEBAF PR 91-004 [Be91], and the asymmetry for a similar

6 The first error is statistical.
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elastic scattering measurement on the nucleon itself 1H(
e, e) in CEBAF
PR 91-010 [Fi91].7 The measurement of the distribution of weak neutral
current through (
e, e) and (
e, e′) will be one of the most important results
at CEBAF. The beautiful experimental results that now exist on this latter
experiment, and their deep implication for the structure of nuclei and
nucleons, have already been presented in chapter 27.

In summary, let us try to pull all this material together with a state-
ment of the nuclear physics goals of electron scattering studies: first,
quite generally, one wants to examine the limits of the traditional, non-
relativistic many-body description of the nucleus based on baryons inter-
acting through static potentials fitted to two-body scattering and bound-
state data. The nuclear shell model, for example, provides a remarkably
successful description of the strongly interacting quantum mechanical nu-
clear many-body system. Just how far does that description hold, and
when does it break down?

The degrees of freedom of the shell model are the nucleons, protons and
neutrons. We know from electron scattering that additional sub-nucleonic
hadronic degrees of freedom, mesons and isobars, come into play when
one examines the nucleus at shorter and shorter distance scales. What
is the role of these additional degrees of freedom? The only consistent
description we have of a relativistic, interacting, hadronic many-body
system is through a relativistic quantum field theory based on a local
lagrangian density constructed from the hadronic degrees of freedom.
What are the limits of a relativistic, hadronic field theory description of
the nuclear system?

At shorter distances still, electron scattering first taught us that quark–
gluon degrees of freedom are the relevant ones. At what distance scales
are we forced to make the transition from a baryon–meson to a quark–
gluon description of the nucleus? The constituent quark model provides a
remarkably successful description of the interior structure of the hadrons
themselves; however, it is still a model, and just as with the nuclear shell
model, one wants to determine where this picture breaks down.

At a more fundamental level, one has a relativistic quantum field theory
of the strong interactions, quantum chromodynamics (QCD) based on the
strong color interactions of quark and gluons. This is the true relativistic,
strongly coupled, nuclear many-body system. As with any theory, the
experimental implications of QCD must continually be explored. Electron
scattering data will provide the most direct benchmarks against which to
test the experimental implications of QCD.

The standard model provides a marvelously successful unified descrip-
tion of the weak and electromagnetic interactions. The experimental im-

7 Here the quantum numbers 1
2

+ 1
2

allow other elastic form factors.
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plications of the standard model must similarly continue to be explored.
Electron scattering provides a tool for examining the weak neutral cur-
rent distribution in nuclei, which, taken in conjunction with the study of
the electromagnetic current distribution effectively doubles the power of
electron scattering.

At very short-distance particle physics scales, one examines the quark
distributions in the nucleon, including those contributing to its spin. At a
more basic level, deep-inelastic electron scattering provides an unrivaled
tool to examine the short-distance behavior of the relativistic quantum
field theory describing the strong interactions, QCD.

Finally, at all levels, we are interested in exploring the phenomena man-
ifest by the remarkable, strongly-coupled, quantum-mechanical, nuclear
many-body system.
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Appendix A

Long-wavelength reduction

This appendix is concerned with the long-wavelength reduction of the
electromagnetic multipole operators. The analysis follows closely the ar-
guments developed in [Bl52] (see also [de66]). Consider first the transverse
electric and magnetic multipoles, which govern real photon transitions.1

The use of the relations 1/h̄c = 5.07 × 1010 cm−1 MeV−1 and R ≈
1.2A1/3 × 10−13 cm allows one to write for real photons

kR ≈ 6.1 × 10−3[Eγ(MeV)A1/3] (A.1)

Evidently kR � 1 for photons of a few MeV. In this case, the spherical
Bessel functions can be expanded as2

jJ(kx) → (kx)J

(2J + 1)!!
; kx → 0 (A.2)

One also needs from [Ed74]

LYlm =
1

i
(r × ∇)Ylm =

√
l(l + 1)Ym

ll1 (A.3)

With this relation, the multipole operators in Eqs. (9.16) take the form

T̂ el
JM =

1

k
√
J(J + 1)

∫
d3x

{
[∇ × LjJ(kx)YJM]·Ĵc(x)

+k2[LjJ(kx)YJM] · μ̂(x)
}

T̂
mag
JM =

1√
J(J + 1)

∫
d3x

{
[∇ × LjJ(kx)YJM] · μ̂(x)

+[LjJ(kx)YJM]·Ĵc(x)
}

(A.4)

1 Recall x ≡ r and x ≡ |x| ≡ r in all these discussions.
2 One has to get all the derivatives off the Bessel functions before they can be expanded

— that is the point of the following exercise.
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These expressions can now be manipulated in the following manner:
1. The differential orbital angular momentum operator L in Eq. (A.3)

commutes with any function of the radial coordinate [L, f(r)] = 0, and it
is hermitian; thus it can be partially integrated in the last two terms on
the r.h.s. in the above to get it over to the right [with a sign (−1)].

2. The divergence theorem in Eqs. (9.13) and (9.14) can be used on the
first two terms on the r.h.s. of the above to get the curl to the right.

3. One can then get L to the right in these terms using the first argument
[again with a (−1)]. This leads to two types of terms: first

L · v =
1

i
(r × ∇)·v =

1

i
(∇ × v)·r = −1

i
∇·(r × v) (A.5)

and second

L·(∇ × v) =
1

i
(r × ∇)·(∇ × v) =

1

i
[∇ × (∇ × v)]·r

= −1

i
∇·[r × (∇ × v)] (A.6)

Here the relation ∇ × r = 0 has been used in obtaining these equations.
4. Since all derivatives are now off the spherical Bessel functions and

on the source terms, the Bessel functions may be expanded in the long-
wavelength limit according to Eq. (A.2).

5. One next invokes the general vector identity∫
xJYJM∇·[r × (∇ × v)] d3x = (J + 1)

∫
xJYJM∇ · v d3x (A.7)

This identity holds as long as the source terms v(x) vanish outside the
nucleus.

With these steps the magnetic multipoles take the form

T̂
mag
JM ≈ 1

i

kJ

(2J + 1)!!

√
J + 1

J

∫
d3x xJYJM

{
∇·μ̂(x) +

1

J + 1
∇·[r × Ĵc(x)]

}
(A.8)

Partial integration of this result then gives for the long-wavelength limit
of the transverse magnetic multipoles

T̂
mag
JM ≈ −1

i

kJ

(2J + 1)!!

√
J + 1

J

∫
d3x [μ̂(x) +

1

J + 1
r × Ĵc(x)]·∇xJYJM

(A.9)
Similarly, the electric multipole operators take the form

T̂ el
JM ≈ 1

i

kJ−1

(2J + 1)!!

√
J + 1

J

∫
d3x

{
∇ · Ĵc(x) +

k2

J + 1
∇·[r × μ̂(x)]

}
xJYJM

(A.10)
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290 Appendixes

Now use the continuity equation on the first term

∇ · Ĵc(x) = ∇ · Ĵ(x) = −1

c

∂ρ̂

∂t
= − i

h̄c
[Ĥ, ρ̂] (A.11)

The matrix element of this relation yields

〈f|[Ĥ, ρ̂]|i〉 = (Ef − Ei)〈f|ρ̂|i〉 = −h̄kc 〈f|ρ̂|i〉 (A.12)

Thus, in the matrix element, one can replace3 ∇ · Ĵc(x) → ikρ̂(x). Thus,
for photon emission the long-wavelength limit of the transverse electric
multipoles takes the form

T̂ el
JM ≈ kJ

(2J + 1)!!

√
J + 1

J

∫
d3x

{
xJYJMρ̂(x) − ik

J + 1
μ̂(x)·[r × ∇xJYJM]

}
(A.13)

The first term in Eq. (A.13) is just the JMth multipole of the charge
density. The second term goes as h̄kc/mc2 � 1 and hence the contribution
of this term is very small compared to that of the first term for real
photons.4

Make a model where the nucleus is composed of individual nucleons,
and where only the leading terms to order 1/m are retained in the current,
that is, the terms in p(i) and σ(i) [see Eqs. (9.17) and (9.20)]. The J = 1
transverse magnetic dipole operator for k → 0 then takes the form

T̂
mag
1M ≈ i

√
2

3

h̄k

2mc

√
3

4π

{
Z∑
i=1

l(i) +
A∑
i=1

λiσ(i)

}
1M

(A.14)

This is the familiar magnetic dipole operator to within a numerical factor
and power of k. Here the nucleon magnetic moments in nuclear magnetons
are given by λp = 2.793 for the proton and λn = −1.913 for the neutron.

Static Moments. It is useful to make the connection between these
general results for the electromagnetic nuclear moments and the static
nuclear moments measured in time-independent electric and magnetic
fields.

Consider first the static electric moments of the nucleus. Suppose one
places a static charge distribution ρ(r) in an external electrostatic potential
Φel(r) where the external electric field is given by E = −∇Φel(r) (see Fig.
A.1). A relevant example is a nucleus in the field of the atomic electrons.
The interaction energy is given by

U = ep

∫
ρ(r)Φel(r) d

3r (A.15)

3 Note this is for photon emission; for photon absorption one has the opposite sign for

this term.
4 This term can become large in electron scattering where, as we shall see, the appropriate

ratio is h̄qc/mc2 with q the momentum transfer.
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Fig. A.1. Static electric nuclear moments.

The external field satisfies Laplace’s equation since it is source-free over
the nucleus

∇2Φel(r) = 0 (A.16)

It is also finite there. Thus the external field in the region of the nucleus
can be expanded in terms of the acceptable solutions to Laplace’s equation

Φel(r) =
∑
lm

almr
lYlm(Ωr) (A.17)

The numerical coefficients alm can be related to various derivatives of the
field at the origin. Substitution of Eq. (A.17) into Eq. (A.15) yields

U = ep

∑
almMel

lm (A.18)

Here the multipole moments of the charge density are defined by

Mel
lm =

∫
xlYlm(Ωx)ρ(x) d3x (A.19)

These are exactly the same expressions, to within a numerical factor and
powers of k, as the first term in the transverse electric multipole operators
in Eq. (A.13).5 Note that the nuclear quadrupole moment is conventionally
defined by

Q =

∫
(3z2 − r2)ρ(x) d3x (A.20)

which differs by a numerical constant from Mel
20.

Consider next the nuclear magnetic moments. Take the ground-state
expectation value that gives 〈∂ρ̂(x)/∂t〉 = (i/h̄) 〈[Ĥ, ρ̂]〉 = 0. This implies

∇·〈Ĵ(x)〉 = ∇·〈Ĵc(x)〉 = 0 (A.21)

Here the general decomposition of current has been invoked

Ĵ = Ĵc + ∇ × μ̂ (A.22)

5 The charge multipole operators are defined in terms of the charge density operator.
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Since the divergence of the last quantity in Eq. (A.21) vanishes everywhere,
it can be expressed as the curl of another vector M(x)

〈Ĵc(x)〉 = ∇ × M(x) (A.23)

One can assume that the additional magnetization M(x) vanishes outside
the nucleus, for suppose it does not. Then since its curl vanishes outside
the nucleus by Eq. (A.23), it can be written as M(x) = ∇χ(x) in this
region. Now choose a new magnetization M′(x) = M(x)− ∇χ(x). This new
magnetization has the same curl everywhere, and now, indeed, vanishes
outside the nucleus.

The expectation value of the interaction hamiltonian for the nucleus in
an external magnetic field now takes the form

〈Ĥint〉 = −ep

∫
[∇ × M(x)]·Aext(x) d3x − ep

∫
μ(x)·Bext(x) d3x (A.24)

Here μ ≡ 〈μ̂〉. The use of Eqs. (9.13) and (9.14) permits this expression to
be rewritten as

〈Ĥint〉 = −ep

∫
[M(x) + μ(x)]·Bext(x) d3x (A.25)

Since Bext(x) is an external magnetic field with no sources over the nucleus,
it satisfies Maxwell’s equations there

∇ · Bext = ∇ × Bext = 0 (A.26)

Thus one can write in the region of interest

Bext = −∇Φmag

∇2Φmag = 0 (A.27)

One can now proceed with exactly the same arguments used on the electric
moments. The energy of interaction is given by

〈Ĥint〉 = ep

∫
[M(x) + μ(x)]·∇Φmag(x) d3x

= −ep

∫
Φmag∇·(M + μ) d3x (A.28)

The divergence in the last equation evidently plays the role of the “mag-
netic charge.” Thus, just as before, when the general solution to Laplace’s
equation is substituted for the magnetic potential Φmag, all one needs are
the magnetic charge multipoles given by

Mmag
lm = −

∫
xlYlm(Ωx)∇·(M + μ) d3x (A.29)

= −
∫

xlYlm(Ωx)∇·[ 1

l + 1
r × (∇ × M) + μ] d3x
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The second equality follows with the aid of the identity in Eq. (A.7). A
partial integration, and the restoration to operator form yields the final
result for the relevant static magnetic multipole operators

M̂mag
lm =

∫
d3x

[
μ̂(x) +

1

l + 1
r × Ĵc(x)

]
·∇xlYlm (A.30)

This is recognized to be, within a numerical factor and powers of k, the
long-wavelength limit of the transverse magnetic multipole operator in
Eq. (A.9).
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Appendix B

Center of mass (C-M) motion

The center-of-mass (C-M) motion can, in fact, be handled correctly in
the usual non-relativistic many-body problem. We follow the approach of
[Fo69]. Introduce the usual C-M and internal coordinates as indicated in
Fig. B.1.

X ≡ 1

A

A∑
i=1

xi

x′
i ≡ xi − X ; i = 1, 2, . . . , A (B.1)

It follows that [Fo69]

A∑
i=1

x′
i = 0 (B.2)

d3x1 d
3x2 · · · d3xA = d3(AX) d3x′

1 d3x′
2 · · · d3x′

A δ
(3)

(
A∑
i=1

x′
i

)

Fig. B.1. C-M and internal coordinates; i = 1, 2, . . . , A labels the particles.
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The rewriting of the volume element in the second equation is particularly
useful. The target wave function can be written quite generally as

Ψi(x1, . . . , xA) =
1√
A3Ω

eip·X ψi(x
′
1, . . . , x

′
A) (B.3)

Now the nuclear charge density operator, for example, is given as

ρ̂(x) =
Z∑
i=1

δ(3)(x − xi) (B.4)

Its Fourier transform is written in terms of C-M and internal coordinates
as

∫
e−iq·x ρ̂(x) d3x = e−iq·X

(
Z∑
i=1

e−iq·x′
i

)
(B.5)

The integral over the C-M coordinate can be done in the big box of
volume Ω with p.b.c., and the result is

〈f|
∫

e−iq·x ρ̂(x) d3x|i〉 = δp,p′+q〈ψf |
∫

e−iq·x ρ̂(x) d3x|ψi〉 (B.6)

The remaining matrix element is now written in internal coordinates in
the C-M system.

〈ψf |
∫

e−iq·x ρ̂(x)d3x|ψi〉 =

∫
d3x′

1 · · · d3x′
A δ

(3)

(
A∑
i=1

x′
i

)

×ψ�
f(x

′
1, . . . , x

′
A)

(
Z∑
i=1

e−iq·x′
i

)
ψi(x

′
1, . . . , x

′
A) (B.7)

Now use

δ2
p,p′+q = δp,p′+q∑

f

δp,p′+q =
∑
f

′ ∑
p′

δp,p′+q =
∑
f

′
(B.8)

Here
∑

f
′ goes over all internal quantum numbers. This allows one to

write the sum over final states of the square of the matrix element as

∑
f

|〈f|
∫

e−iq·x ρ̂(x) d3x|i〉|2 =
∑
f

′|〈ψf |
∫

e−iq·x ρ̂(x)d3x|ψi〉|2 (B.9)

Now the analysis proceeds as in the text.
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In summary, assume the current density has the form

Ĵν(x) =
A∑
i=1

[jν(xi)δ
(3)(x − xi)] (B.10)

Its Fourier transform can then be written∫
e−iq·xĴν(x) d3x =

A∑
i=1

[jν(xi)e
−iq·xi] (B.11)

Assume further that this expression can be written in terms of C-M
and internal coordinates as∫

e−iq·xĴν(x) d3x = e−iq·X
A∑
i=1

[jν(x
′
i)e

−iq·x′
i] (B.12)

This holds true in the following cases:

• It is true for the charge density operator [see Eq. (B.5)];

• It is true for the spin current density [see Eq. (9.17)];

• It is true for the transverse part of the convection current density.

We give a proof of this third case. Consider the transverse part of the
current defined by (here λ = ±1)

Ĵ(x) · e
†
qλ =

Z∑
i=1

[
p(i)

m
, δ(3)(x − xi)

]
sym

· e
†
qλ (B.13)

Since mẋi = mẊ + mẋ′
i, it follows that

p(i) =
1

A
p + p′(i) (B.14)

Now note that the transverse part of the convection current from the
C-M, when the target is initially at rest, satisfies

1

2A
(p + p′) · e

†
qλ = − 1

2A
q · e

†
qλ = 0 (B.15)

Hence the C-M momentum does not contribute, and one can rewrite Eq.
(B.13) as

Ĵ(x) · e
†
qλ =

Z∑
i=1

[
p′(i)

m
, δ(3)(x − xi)

]
sym

· e
†
qλ (B.16)

Thus the stated result is established.
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In conclusion, it follows that∑
i

∑
f

|〈f|
∫

e−iq·x ρ̂(x) d3x|i〉|2 = (B.17)

∑
i

∑
f

′|〈ψf |
∫

e−iq·x ρ̂(x)d3x|ψi〉|2

∑
i

∑
f

∑
λ=±1

|〈f|
∫

e−iq·x Ĵ(x) · e
†
qλ d

3x|i〉|2 =

∑
i

∑
f

′ ∑
λ=±1

|〈ψf |
∫

e−iq·x Ĵ(x) · e
†
qλ d

3x|ψi〉|2

All of the subsequent analysis proceeds exactly as in the text.
A few comments are relevant. These are exact relations within non-

relativistic quantum mechanics. The matrix elements are computed in
the internal space according to Eq. (B.7); however, there is an A-body
constraint δ(3)(

∑A
i=1 x′

i) in them. One usually does not deal correctly with
this A-body constraint in calculations involving one or more valence
particles, but there are models, such as the harmonic oscillator model,
where it is possible to do so.

Within the framework of many particles in a harmonic oscillator po-
tential, the center-of-mass motion can be taken into account by writing
[El55, Ta58]

f(κ) = fCM(κ)FSM(κ) (B.18)

Here FSM(κ) is calculated with A independent nucleons in a harmonic
oscillator shell-model potential, and f(κ) is the transition form factor
calculated with an intrinsic wave function with coordinates measured
with respect to the center-of-mass; this is clearly what one is after. The
C-M correction factor is

fCM(κ) = exp (
y

A
)

y ≡
(
κbosc

2

)2

h̄ωosc =
h̄2

mb2
osc

(B.19)

Note that the correction factor goes as 1/A where A is the number of
nucleons. In calculations, this additional factor can always be conveniently
lumped, together with the single-nucleon form factor of chapter 19, into
an effective Mott cross section

σ̄M ≡ f2
SN(κ)f2

CM(κ) σMott (B.20)

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


298 Appendixes

Unless stated otherwise, this expression is used in all the traditional nuclear
physics calculations carried out in this text.

We proceed to demonstrate the result in Eq. (B.19) in the case of
four nucleons in the 1s state of the three-dimensional simple harmonic
oscillator.1 The independent-particle wave function in this case is

ΨSM ∼ exp

(
− 1

2b2
osc

A∑
i=1

r2i

)
(B.21)

The norm is discussed below. Introduce C-M and relative coordinates
according to

R ≡ 1

A

A∑
i=1

ri

r′
i ≡ ri − R (B.22)

Use the simple, crucial identity

A∑
i=1

r2i =
A∑
i=1

r′2
i + AR2 (B.23)

Hence

ΨSM ∼ exp

(
− AR2

2 b2
osc

)
ψint(r

′
i) (B.24)

Now compute the charge form factor

FSM(κ) ≡ 1

Z
〈ΨSM|

Z∑
i=1

e−iq·ri |ΨSM〉 (B.25)

∼ 1

Z

∫
d3R e−iq·R exp

(
−AR2

b2
osc

)
〈ψint|

Z∑
i=1

e−iq·r′
i |ψint〉

The Fourier transform of the gaussian is immediately performed to give

FSM(κ) = exp

(
−b2

oscq
2

4A

)
1

Z
〈ψint|

Z∑
i=1

e−iq·r′
i |ψint〉 (B.26)

One can now check the normalization. Set κ ≡ |q| = 0, and since both the
shell-model and internal wave function are normalized, the overall factor
is correct. This result is now solved for the true internal form factor

FSM(κ) = exp

(
− y

A

)
fint(κ)

fint(κ) = fCM(κ)FSM(κ) (B.27)

1 For the extension, see [de66].
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This is the stated result. Note that fint(κ) is now calculated with true
internal wave functions, the true internal volume element (see above dis-
cussion), and with the constraint

∑A
i=1 r′

i = 0 thereby incorporated. The
physics of this result is the following. The independent-particle model
includes motion of the center-of-mass. This smears out the charge (prob-
ability) density. The true internal density is more compact, and hence its
form factor falls off more slowly with κ. With many nucleons, the C-M
motion does not smear out the density as much. Of course, this discussion
is still all within the framework of the harmonic oscillator shell model.
The extension to other forms of the potential, and especially to the fully
relativistic case, is still an open problem.
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Appendix C

Weizsäcker–Williams approximation

A useful approximation for the electron scattering cross section at low q2

follows from the results in chapter 11; it is due to Weizsäcker and Williams
(WWA). This approximation gives the dominant part of the inelastic cross
section whenever the electron is undetected as it passes through matter,
for then one has to sum over all possible momentum transfers, and the
WWA cross section increases as 1/q2 for small q2. Furthermore, the
form of the WWA result derived below provides a stepping stone into
the renormalization group evolution equations for quantum field theory
[Al77], as discussed, for example, in [Ro90, Wa95].

We relate the electron scattering process in Fig. 11.1 to the correspond-
ing real photon process illustrated in Fig. 11.4. This will allow us to express
the electron scattering cross section as q2 → 0 in terms of a cross sec-
tion measured in photoabsorption. In the course of the analysis, we will
be able to identify a probability of finding a photon in the field of the
electron. The classical basis for the WWA is described, for example, in
[Ja62]. The Coulomb field of a relativistic electron Lorentz contracts and
becomes predominantly transverse; the electron current produces a trans-
verse magnetic field of comparable magnitude (Fig. C.1). This transverse
field configuration is equivalent to a collection of real photons with a
certain, specified momentum distribution.

The QED analysis here follows [Dr64, Wa84]. Recall the structure of
the response tensor in Eqs. (11.20) and (11.27) for a target of mass m

Wμν = (2π)3
∑
i

∑
f

δ(4)(q + p′ − p)〈p|Jν(0)|p′〉〈p′|Jμ(0)|p〉(ΩE)

= W1(q
2, q · p)

(
δμν − qμqν

q2

)

+W2(q
2, q · p) 1

m2

(
pμ − p · q

q2
qμ

)(
pν − p · q

q2
qν

)
(C.1)
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Fig. C.1. Lorentz contracted electric field of relativistic electron; basis for
Weizsäcker–Williams approximation.

The (unpolarized) cross section for real photon processes follows directly
from this response tensor. The relationship is derived in chapter 11, and
the photoabsorption cross section is given by Eq. (11.39)

σγ =
(2π)2α√
(k · p)2

1

2
Wμμ

=
(2π)2α√
(k · p)2

W1(0,−k · p) (C.2)

The first line follows from the covariant polarization sum, and the second
from a change to incoming photon momentum. Note that the real photon
limit (q2 → 0) of Eq. (C.1) is perfectly finite; there are no singularities
of the r.h.s. in this limit. Hence one establishes the following relations as
q2 → 0 (chapter 11)

W2(q
2, q · p) = O(q2) ; q2 → 0

W1(q
2, q · p) =

(p · q)2
m2q2

W2(q
2, q · p) (C.3)

These equations can be inverted to give for q2 → 0

W1
.
=

√
(q · p)2

(2π)2α
σγ

(
q · p
m

)

W2
.
=

m2q2

(p · q)2W1 (C.4)

The electron scattering cross section can be written in terms of the
variables in Fig. 11.1 as (chapter 11)

dσe =
4α2

q4

d3k2

2ε2

1√
(k1 · p)2

{
q2W1 +

[
2(k1 · p)(k2 · p)

m2
− 1

2
q2

]
W2

}
(C.5)

The overall dependence of 1/q4 coming from the square of the virtual
photon propagator implies that in the integrated cross section, most of
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the contribution arises from the region where q2 → 0. In this case, one
can replace the structure functions by their limiting forms in Eqs. (C.4)1

dσe
.
=

4α2

q4

d3k2

2ε2

√
(q · p)2√
(k1 · p)2

1

(2π)2α
σγ

(
q · p
m

)

×
{
q2 +

m2q2

(p · q)2
[
2(k1 · p)(k2 · p)

m2
− 1

2
q2

]}
(C.6)

This expression is Lorentz invariant. It is exact in the limit q2 → 0;
at finite, but small q2, it forms the Weizsäcker–Williams approximation.
Equation (C.6) is the principal result of this appendix.

Let us, however, further develop this expression by using some kine-
matics. From Fig. 11.1 one has in the lab frame

q · p = m(ε1 − ε2) = mω

k1 · p = −mε1 (C.7)

Also, the expression in brackets in Eq. (C.6) can be rewritten as

{· · ·} = q2 +
4ε1ε2 sin2 θ/2

ω2

[
2ε1ε2 − 2ε1ε2 sin2 θ

2

]

= q2 +
8ε21ε

2
2 sin2 θ/2 cos2 θ/2

ω2
= q2 +

2ε21ε
2
2 sin2 θ

ω2
(C.8)

Hence the result in Eq. (C.6) becomes

dσe
.
=

8α2

q4

d3k2

2ε2

ω

ε1

1

(2π)2α
σγ(ω)

[
ε21ε

2
2 sin2 θ

ω2
+

1

2
q2

]
(C.9)

Now change variables using

ω = ε1 − ε2

q2 = 2ε1ε2(1 − cos θ) (C.10)

Hence (after an immediate integration over dφ)

d3k2

2ε2
=

ε2ε2dω

2ε2
2π

dq2

2ε1ε2
=

π

2ε1
dωdq2 (C.11)

The limit q2 → 0 is achieved at finite ε2 by going to small angles where
θ → 0. In this case one has

ε21ε
2
2 sin2 θ

.
= ε21ε

2
2θ

2 .
= q2ε1ε2 (C.12)

1 Here the symbol
.
= implies an approximate relation that is exact in the limit q2 → 0.

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


Appendix C 303

Hence

dσe
.
=

4πα

q2

dω

ε1

ω

ε1

1

(2π)2

[
ε1ε2

ω2
+

1

2

]
dq2σγ(ω) (C.13)

Now introduce the momentum fraction of the virtual photon

ω

ε1
≡ z

ε2

ε1
= 1 − z (C.14)

Also introduce the differential of the so-called resolution in the electron
scattering process defined here by

dτ ≡ d ln

(
q2

q2
0

)
=

dq2

q2
(C.15)

The electron scattering cross section in Eq. (C.13) can then be rewritten
as

dσe
.
=

α

2π
dτ z dz

[
2(1 − z)

z2
+ 1

]
σγ(z) (C.16)

We are now in a position to provide a more detailed interpretation
of this result [Al77]. The contribution from the accompanying photon
field to the electron scattering cross section for a beam of N electrons
can be written as the following product: [number of photons dγ(z, τ)dz
viewed with resolution between τ and τ+dτ carrying a momentum fraction
between z and z+dz of the beam]× (photoabsorption cross section at that
z). The first factor can in turn be related to the probability that at that τ,
a photon carrying momentum fraction z is produced by an electron; we
define that differential probability by (α/2π)Pγ←e(z)dτdz. It follows that

Ndσe ≡ [dγ(z, τ)dz] σγ(z)

≡
[
N

α

2π
Pγ←e(z)dτdz

]
σγ(z) (C.17)

One is now in a position to identify the splitting function Pγ←e(z) which
forms the heart of the analysis of the evolution equations of QED and
QCD. A comparison of Eqs. (C.16) and (C.17) gives

Pγ←e(z) = z

[
2(1 − z)

z2
+ 1

]
=

1

z
[(z − 1)2 + 1] (C.18)

Note that the splitting function as calculated here is independent of τ.
For the additional splitting functions in QED and QCD, see for example
[Qu83, Wa95].
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Appendix D

Polarization and spin-1/2 fermions

It is essential to know the technique for dealing with the spin and po-
larization of any spin-1/2 fermion, electron or nucleon, entering into a
scattering process. Consider first the case of a massless fermion, for exam-
ple a relativistic electron. The positive energy, stationary state, momentum
eigenstate of the Dirac equation in this case satisfies1

α · pψ = Epψ

Ep = |p| (D.1)

Introduce the Dirac matrix γ5 with the properties

γ5 ≡ γ1γ2γ3γ4

γ5γμ + γμγ5 = 0

γ2
5 = 1 (D.2)

In the standard representation, γ5 and γ5α take the form

γ5 =

(
0 −1

−1 0

)
; γ5α = αγ5 =

( −σ 0
0 −σ

)
≡ −σ (D.3)

Introduce the projection operators defined by

P↓ =
1

2
(1 + γ5) P↑ =

1

2
(1 − γ5) (D.4)

These satisfy

P 2
↓ = P↓

P 2
↑ = P↑

P↓P↑ = 0 (D.5)

1 Recall h̄ = c = 1 here. The reader can extend the arguments to the negative energy

solutions.
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Define

ψ↓ = P↓ψ ψ↑ = P↑ψ (D.6)

Now multiply Eq. (D.1) on the left by, for example, P↓. Since γ5 and α
commute, this gives

α · pψ↓ = |p|ψ↓ (D.7)

Multiply this equation on the left by γ5 and make use of the above
relations

−σ · pψ↓ = |p|ψ↓

σ ·
(

p

|p|

)
ψ↓ = −ψ↓ (D.8)

One concludes that P↓ projects out of the Dirac spinors that part with
negative helicity. P↑ does just the opposite.

One can now compute the cross section for massless fermions of any
helicity by inserting either P↑ or P↓ before the appropriate Dirac spinors
and then summing over all helicities. This converts the required expressions
to traces, and only the appropriate helicity will contribute to the answer.

Suppose the fermion has a non-zero rest mass m. One can then go to
the rest frame of the particle. In this frame, the four-vector pμ = (0, im).
The Dirac spinors for a particle at rest reduce to simple Pauli spinors,
and the spin operator in this frame is just σ/2. The spin can be quantized
along any convenient z-axis in this rest frame. Introduce a spin vector
which points along this z-direction

S ≡ z

|z| ; rest frame (D.9)

Evidently

σ · Sψ = ±ψ (D.10)

One can readily construct projection operators for spin up or down along
this z-axis in the rest frame

P↑ =
1

2
(1 + σ · S) P↓ =

1

2
(1 − σ · S) (D.11)

Now define a four-vector Sμ to be the result obtained by Lorentz
transforming Sμ ≡ (S, 0) from the rest frame. One evidently has the
Lorentz invariant relations

p · S = 0 S2 = 1 (D.12)
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306 Appendixes

The projection operators can be put into covariant form by using Eqs.
(D.3), with the result that for positive energy spinors (for which, in the
rest frame, βψ = ψ)

P↑ =
1

2
(1 − γ5 α · S)

=
1

2
(1 + iγ5 γ · S β)

=
1

2
(1 + iγ5 γμSμ) (D.13)

This result can now be readily transformed from the rest frame to any
other Lorentz frame. A similar result is obtained for P↓, and the reader
can verify that Eqs. (D.5) are again satisfied.

These projection operators can now be inserted in front of the appropri-
ate Dirac spinors and sums then taken over all spins, which converts spin
sums to traces. Only the appropriate spin states will contribute. The result
will be expressed in terms of Lorentz invariant expressions involving the
four-vector Sμ which has a simple interpretation in the rest frame of the
particle in terms of the direction of its spin.

Let us illustrate these developments with a simple exercise. Consider the
scattering of longitudinally polarized, relativistic (massless) electrons from
point Dirac nucleons with one-photon exchange. Let h = ±1 represent
the helicity of the incident beam with Ph = (1 − h γ5)/2. Calculate the
polarization of the final nucleon defined by

PS ≡ N↑ − N↓
N↑ + N↓

≡ N
D (D.14)

Here the arrows refer to the direction S in the rest frame. Since all
common factors cancel in the ratio, one only needs to consider the Dirac
traces obtained upon insertion of the appropriate projection operators.
One needs the contraction of

η̃μν = trace {γμ(1 − hγ5)(−ikργρ)γν(−ik′
σγσ)} (D.15)

W̃μν = trace {γμ(1 + iγ5γλSλ)(M − ipαγα)γν(M − ip′
βγβ)}

At least four gamma matrices must be paired off with the γ5 to get a
non-zero result, and

trace {γμγνγργσγ5} = 4εμνρσ (D.16)

Hence

η̃μν = −4(kμk
′
ν + kνk

′
μ − δμν k · k′) − 4h εμρνσkρk

′
σ

W̃μν = 4M2δμν − 4(pμp
′
ν + pνp

′
μ − δμν p · p′)

−4M(εμλνβSλp
′
β + εμλανSλpα) (D.17)
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In the contraction of the two tensors, both terms must either be even
or odd in the interchange of μ and ν to get a non-zero result. For the
contraction of the antisymmetric terms use

εμνρσ εμναβ = 2(δραδσβ − δρβδσα)

εμνρσ εμναβ aρbσcαdβ = 2 a · c b · d − 2 a · d b · c (D.18)

Hence for the polarization PS in Eq. (D.14) one has for massless
electrons

N .
= +2hM(S · k p′ · k′ − S · k′ p′ · k − S · k p · k′ + S · k′ p · k)
= −hM q2 S · (k + k′)

D .
= 2M2 k · k′ + 2 k · p k′ · p′ + 2 k · p′ k′ · p (D.19)

In the second line q ≡ k′ − k = p − p′ has been used. One only has a
non-zero PS in this case if h is non-zero and there is a polarization transfer
(see [Ar81]).
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Appendix E

Symmetry properties of matrix elements

In this appendix we derive symmetry properties of matrix elements of the
electromagnetic multipole operators that follow from hermiticity of the
current and time-reversal invariance of the strong and electromagnetic
interactions [Pr65, Wa84].1 The electromagnetic current is an observable
and an hermitian operator

Ĵ(x)† = Ĵ(x)

ρ̂(x)† = ρ̂(x) (E.1)

The properties of the spherical and vector spherical harmonics under
complex conjugation follow by inspection

Y �
JM = (−1)M YJ,−M

YM�
JJ1 = (−1)1+M Y−M

JJ1 (E.2)

The adjoints of the multipole operators then follow from their definition

T̂JMJ
(κ)† = (−1)MJ+η T̂J,−MJ

(κ)

η ≡ 1 ; current multipoles

≡ 0 ; charge multipoles (E.3)

It is useful to include isospin in the analysis. Define spherical components
of τ

τ±1 = ∓ 1√
2
(τ1 ± iτ2)

τ0 = τ3 (E.4)

1 Selection rules from parity invariance of these interactions are discussed in the text.
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Now isolate the isospin dependence of a multipole operator in a factor

ITMT
≡ 1

2
; T = 0

≡ 1

2
τ1,MT

; T = 1 (E.5)

It follows that the multipole adjoints further satisfy

T̂†
TMT

= (−1)MT T̂T ,−MT
(E.6)

A combination of these results gives the full adjoints of the multipole
operators

T̂JMJ ;TMT
(κ)† = (−1)MT+MJ+η T̂J,−MJ ;T ,−MT

(κ) (E.7)

We shall now derive from this the following relation on a general
reduced matrix element of a multipole operator

〈JfTf

...
... T̂J,T (κ)

...
... JiTi〉� = (−1)Jf−Ji+Tf−Ti+η〈JiTi

...
... T̂J,T (κ)

...
... JfTf〉

(E.8)

Here the symbol
...
... indicates a reduced matrix element with respect to both

angular momentum and isospin. The proof of this relation follows from
the Wigner–Eckart theorem [Ed74]

〈JfMfTfM̄f |T̂JMJ ;TMT
|JiMiTiM̄i〉 = (−1)Jf−Mf

(
Jf J Ji

−Mf MJ Mi

)

×[J ⇀↽ T ] × 〈JfTf

...
... T̂J,T

...
... JiTi〉 (E.9)

Now take the complex conjugate of this relation and use the definition of
the adjoint 〈f|T̂|i〉� = 〈i|T̂†|f〉

(−1)Jf−Mf

(
Jf J Ji

−Mf MJ Mi

)
× [J ⇀↽ T ] × 〈JfTf

...
... T̂J,T

...
... JiTi〉�

= (−1)MJ+MT+η(−1)Ji−Mi

(
Ji J Jf

−Mi −MJ Mf

)

×[J ⇀↽ T ] × 〈JiTi

...
... T̂J,T

...
... JfTf〉 (E.10)

Here the Wigner–Eckart theorem has been used once more on the last
matrix element. Now use the properties of the 3-j symbols [Ed74] to
rewrite the right hand side

r.h.s = (−1)Jf−Ji+Tf−Ti+η(−1)Jf−Mf

(
Jf J Ji

−Mf MJ Mi

)

×[J ⇀↽ T ] × 〈JiTi

...
... T̂J,T

...
... JfTf〉 (E.11)

Equation (E.8) has now been established.
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Let us now investigate the restrictions imposed by time-reversal invari-
ance. Recall that the time-reversal operator is anti-unitary and satisfies

T̂ i T̂−1 = −i

〈f|T̂−1|i〉 = 〈Tf|i〉� (E.12)

The properties of the electromagnetic current under time reversal follow
from classical correspondence

T̂ Ĵ(x) T̂−1 = −Ĵ(x)

T̂ ρ̂(x) T̂−1 = ρ̂(x) (E.13)

Thus the multipole operators satisfy

T̂ T̂JMJ,TMT
T̂−1 = (−1)MJ T̂J,−MJ ;TMT

(E.14)

Note that the current only involves MT = 0 and hence time reversal does
not affect the isospin here. Our states are defined to transform according
to 2

T̂ |JMJ;TMT 〉 = (−1)J+MJ |J,−MJ;TMT 〉 (E.15)

Time-reversal invariance then says

〈JfMfTfM̄f |T̂JMJ ;TMT
|JiMiTiM̄i〉

= 〈JfMfTfM̄f |T̂−1T̂ T̂JMJ ;TMT
T̂−1T̂ |JiMiTiM̄i〉

= (−1)Ji+Mi(−1)Jf+Mf (−1)MJ

×〈Jf,−MfTfM̄f |T̂J,−MJ ;TMT
|Ji,−MiTiM̄i〉� (E.16)

Now use the Wigner–Eckart theorem on both sides and the properties of
the 3-j symbols [Ed74]

(−1)Jf−Mf

(
Jf J Ji

−Mf MJ Mi

)
× [J ⇀↽ T ](1) × 〈JfTf

...
... T̂J,T

...
... JiTi〉

= (−1)Ji+Mi(−1)Jf+Mf (−1)MJ (−1)Jf+Mf

(
Jf J Ji
Mf −MJ −Mi

)

×[J ⇀↽ T ](1) × 〈JfTf

...
... T̂J,T

...
... JiTi〉� (E.17)

Since the isospin factors are identical, this relation implies

〈JfTf

...
... T̂J,T

...
... JiTi〉� = (−1)J〈JfTf

...
... T̂J,T

...
... JiTi〉 (E.18)

2 Note that this involves a phase convention.
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Table E.1. Selection rules for multipole operators from parity and time reversal
in elastic scattering; this quantity must be +1.

M̂JM(κ) T̂ el
JM(κ) T̂

mag
JM (κ)

Parity (−1)J (−1)J (−1)J+1

Time Reversal (−1)J (−1)J+1 (−1)J+1

A combination of Eq. (E.8) and Eq. (E.18) then leads to

〈JfTf

...
... T̂J,T

...
... JiTi〉 = (−1)J+η+Jf−Ji+Tf−Ti〈JiTi

...
... T̂J,T

...
... JfTf〉 (E.19)

This is the basic result of this appendix. It follows from the hermiticity
of the current, time-reversal invariance of the strong and electromagnetic
interactions, and a phase convention on the states. This relation allows
one to turn around the matrix elements. If the initial and final states are
identical, as is the case in elastic electron scattering, this relation leads to
a selection rule. It states that

(−1)J+η = 1 ; elastic scattering (E.20)

Thus J + η must be an even integer in elastic scattering. Hence only
the even charge multipoles and odd current multipoles can contribute
to elastic scattering. The selection rules for the various multipoles from
both parity and time reversal in the case of elastic scattering are shown
in Table E.1. For the charge and transverse magnetic multipoles, time-
reversal and parity invariance lead to identical selection rules, that is, only
charge multipoles with even J and transverse magnetic multipoles with
odd J contribute to elastic electron scattering. For the transverse electric
multipoles, parity implies J must be even while time reversal implies
J must be odd. Hence invariance under both parity and time-reversal
invariance implies there are no transverse electric multipoles in elastic
electron scattering

〈i|T̂ el
JM(κ)|i〉 = 0 ; parity and time reversal (E.21)
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Appendix F

Angular correlations

Consider the basic coincidence reaction

A(Sπ1
1 ) [e, e′ X(SπX

X )] A′(Sπ2
2 ) (F.1)

The angular distribution of particle X in the C-M system can be analyzed
in more detail using some basic results from [Ja59]. If particle X is massive,
so that all helicity states are present, one can make a change of basis to
L–S coupling states for the final two-particle system.

|JMλ2λX〉 =
∑
LS

〈J;LS |J; λ2λX〉 |JM;LS〉

〈J;LS |J; λ2λX〉 =
√

(2L + 1)(2S + 1)(−1)S−S2+SX−L−2λ

×
(

L S J

0 λ −λ

)(
S2 SX S

λ2 −λX −λ

)
(F.2)

Here λ = λ2−λX. This transformation reproduces the usual non-relativistic
L–S coupling wave functions [Ja59]; however, it is also a completely gen-
eral unitary transformation, for with some algebra [Wa84], one establishes
the relations ∑

LS

〈LS |λ1λ2〉〈LS |λ′
1λ

′
2〉 = δλ1λ

′
1
δλ2λ

′
2∑

λ1λ2

〈LS |λ1λ2〉〈L′S ′|λ1λ2〉 = δLL′δSS ′ (F.3)

Here J is suppressed. The transformation thus remains valid for arbitrary
relativistic motion of the final two particles. The transformation in Eq.
(F.2) is real, and the coefficients are independent of M just as in the proof
of the Wigner–Eckart theorem.
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The L–S basis states have two advantages. First, since they reduce to the
usual non-relativistic L–S wave functions, one can use angular-momentum
barrier arguments in this case to classify the contributions. Second, they
produce eigenstates of parity, for again with some algebra [Wa84], one
establishes the relation

P |JM;LS〉 = η2ηX(−1)L|JM;LS〉 (F.4)

The change of basis in Eq. (F.2) can now be substituted in the expression
for the bilinear product of current matrix elements appropriately summed
and averaged over the final and initial helicities in Eq. (13.68). The result
is, again after some algebra [Wa84]

(
Jλk

)�
λf ,λi

(
Jλ′

k

)
λf ,λ

′
i

=
1

4k�q

1

2S1 + 1

∑
λ1

∑
J

∑
J ′

∑
L

∑
L′

∑
S

∑
l

×(2J + 1)(2J ′ + 1)
√

(2L + 1)(2L′ + 1)(−1)l+J+J ′−S+λi

×
(

L l L′

0 0 0

){
J J ′ l

L′ L S

}√
4π(2l + 1)Yl, λ′

k
−λk (θq, φq)

×
(

J J ′ l

λi −λ′
i λk − λ′

k

)
〈LS |TJ |λ1λk〉�〈L′S |TJ ′ |λ1λ

′
k〉 (F.5)

Here λi = λ1−λk and λ′
i = λ1−λ′

k , and a 6-j coefficient has been introduced
[Ed74].

Transition amplitudes into states of definite parity can be defined by

c(LS; J; λ1) ≡ κ�

ω�
〈LS |TJ |λ1, 0〉

t(LS; J; λ1) ≡ 〈LS |TJ |λ1,+1〉 (F.6)

Recall these are functions of (W, k2) and still contain all the dynamics.
Parity invariance then implies that

〈LS |TJ |λ1, λk〉 = η(−1)L+J−S1〈LS |TJ | − λ1,−λk〉 (F.7)

Again η ≡ η1η
�
2η

�
X. This relation allows one to eliminate 〈LS |TJ | −λ1,−1〉

and leads to the selection rule

c(LS; J; λ1) = η(−1)L+J−S1c(LS; J; −λ1) (F.8)

Upon substitution of the appropriate values of λk , one can identify the
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coefficients appearing in Eqs. (13.71) as

Al =
∑

Kl
JJ ′(LL′Sλ1) (F.9)

×
(

J J ′ l

λ1 −λ1 0

)
c(LS; J; λ1)

�c(L′S; J ′; λ1)

Bl = −2
∑

Kl
JJ ′(LL′Sλ1)

×
(

J J ′ l

λ1 − 1 −λ1 + 1 0

)
t(LS; J; λ1)

�t(L′S; J ′; λ1)

Cl =
−2√
l(l + 1)

∑
Kl

JJ ′(LL′Sλ1)

×
(

J J ′ l

λ1 −λ1 + 1 −1

)
Re c(LS ; J; λ1)

�t(L′S; J ′; λ1)

Dl =
−1√

(l − 1)l(l + 1)(l + 2)

∑
Kl

JJ ′(LL′Sλ1)(−1)L
′+J ′−S1

×
(

J J ′ l

λ1 − 1 −λ1 − 1 2

)
t(LS; J; λ1)

�t(L′S; J ′; −λ1)

Here
∑ ≡ ∑

J

∑
J ′
∑

S

∑
L

∑
L′
∑

λ1
and the common summand factor is

defined by

Kl
JJ ′(LL′Sλ1) ≡ 2l + 1

2S1 + 1
(2J + 1)(2J ′ + 1)

√
(2L + 1)(2L′ + 1)

×(−1)J+J ′+l−S+λ1

{
J J ′ l

L′ L S

}(
L L′ l

0 0 0

)
(F.10)

Thus we have derived a general expression for the angular distribution in
the C-M system for the coincidence reaction in Eq. (F.1). The derivation
is completely relativistic, as long as particle X has non-zero rest mass so
that all helicity amplitudes are present in the reaction.

For a 0+ nuclear target, these angular correlation coefficients are dis-
cussed and tabulated in [Kl83, Wa84]. We give one other application
here.

Consider pion electroproduction from the nucleon so that particle X
is a pion and the initial and final target states are the nucleon with
Jπ = 1/2+. For the pseudoscalar pion SX = 0 and ηX = −1. For the
nucleon S1 = S2 = 1/2 and η1 = η2 = +1. It follows from Eq. (F.2) that
only one value of the total spin S = 1/2 enters the analysis, and this
quantum number will subsequently be suppressed. The parity of the final
π–N states follows from Eq. (F.4)

P |JM;L〉 = (−1)L+1|JM;L〉 (F.11)
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There are now only two values of the initial nucleon helicity λ1 = ±1/2,
and the sum over this quantity can be immediately performed. Introduce
the notation

c(LJλ1) ≡ k�

ω�
〈L|TJ(W, k2)|λ1, 0〉

t(LJλ1) ≡ 〈L|TJ(W, k2)|λ1,+1〉 (F.12)

Equations (F.9), which give the angular distributions in the C-M system
through Eqs. (13.71) then reduce to the form

Al =
∑

Kl
JJ ′(LL′) (F.13)

×
(

J J ′ l

1/2 −1/2 0

)
c(LJ

1

2
)�c(L′J ′ 1

2
)

Bl = −
∑

Kl
JJ ′(LL′)

×
[(

J J ′ l

−1/2 1/2 0

)
t(LJ

1

2
)�t(L′J ′ 1

2
)

−
(

J J ′ l

−3/2 3/2 0

)
t(LJ,−1

2
)�t(L′J ′,−1

2
)

]

Cl =
−1√
l(l + 1)

∑
Kl

JJ ′(LL′) Re c(LJ
1

2
)�

×
[(

J J ′ l

1/2 1/2 −1

)
t(L′J ′ 1

2
)

−η(−1)L+J−1/2

(
J J ′ l

−1/2 3/2 −1

)
t(L′J ′,−1

2
)

]

Dl =
−1√

(l − 1)l(l + 1)(l + 2)

∑
Kl

JJ ′(LL′)(−1)L
′+J ′−1/2

×
(

J J ′ l

−1/2 −3/2 2

)
Re t(LJ

1

2
)�t(L′J ′,−1

2
)

Here one is left with
∑ ≡ ∑

J

∑
J ′
∑

L

∑
L′ , and the common summand is

now

Kl
JJ ′(LL′) ≡ (2l + 1)(2J + 1)(2J ′ + 1)

√
(2L + 1)(2L′ + 1)

×(−1)J+J ′+l

{
J J ′ l

L′ L 1/2

}(
L L′ l

0 0 0

)
(F.14)

Also

η ≡ η1η2ηX = −1 (F.15)

As one application, suppose the pion electroproduction proceeds entirely
through the first excited state of the nucleon with Jπ = 3/2+. In this case
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only one total angular momentum contributes so that J = J ′. Furthermore,
since L = J ∓ 1/2 the positive parity picks out L = L′ = 1 from Eq.
(F.11). The summand can be evaluated with the aid of [Ed74] to give
K2

3/2,3/2(11) = 8
√

5, and further evaluation of the required 3-j symbols

leads to the explicit angular distributions

|Jc|2 =
1

k�q
[1 + P2(cos θq)]

∣∣∣∣c
(

1
3

2

1

2

)∣∣∣∣2

|J+1|2 + |J−1|2 =
1

k�q

{[∣∣∣∣t
(

1
3

2

1

2

)∣∣∣∣2 +

∣∣∣∣t
(

1
3

2
,−1

2

)∣∣∣∣2
]

+P2(cos θq)

[∣∣∣∣t
(

1
3

2

1

2

)∣∣∣∣2 −
∣∣∣∣t
(

1
3

2
,−1

2

)∣∣∣∣2
]}

Im J�
c (J+1 + J−1) =

1

k�q
sinφq P

(1)
2 (cos θq)

×
[

− 1√
3
Re c

(
1
3

2

1

2

)�

t

(
1
3

2
,−1

2

)]

Re (J+1)�(J−1) =
1

k�q
cos 2φq P

(2)
2 (cos θq)

×
[

1

2
√

3
Re t

(
1
3

2

1

2

)�

t

(
1
3

2
,−1

2

)]
(F.16)

The integrals over the angle-dependent terms vanish when
∫
dΩq is per-

formed, leaving just the angle-independent terms in the inclusive cross
section.
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Appendix G

Relativistic quasielastic scattering

If one scatters an electron from a nucleon at rest to a final state of discrete
mass, then, as was shown in chapter 12, the Lorentz invariant response
surfaces take the following form1

Wi(q
2, q · p) = wi(q

2)
m2

p′
0

δ(p0 − p′
0 − q0) ; i = 1, 2 (G.1)

For a Dirac nucleon

w1 =
q2

4m2
(F1 + 2mF2)

2

w2 = F2
1 +

q2

4m2
(2mF2)

2 (G.2)

For elastic scattering from an isolated nucleon, it was shown in chapter
12 that ∫

dε2 δ(m − E′ − q0) =
E′

m
r

r−1 ≡
(

1 +
2ε1 sin2 θ/2

m

)
(G.3)

Hence the differential cross section for elastic scattering is given by

dσ

dΩ
= σM

[
w2(q

2) + 2w1(q
2) tan2 θ

2

]
r (G.4)

This is the celebrated Rosenbluth cross section.

1 In this section, momenta denote four-vectors so that q2 ≡ q2
μ. We explicitly denote the

three-vectors by q, etc.
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An alternative way to proceed is to rewrite the energy-conserving delta
function in Eq. (G.1) as

m2

p′
0

δ(p0 − p′
0 − q0) = 2m2 δ[(p0 − q0)

2 − p′2
0 ]

= 2m2 δ[(p − q)2 − p′2]

= 2m2 δ(2p · q − q2)

= mδ

(
ν − q2

2m

)

=
m

ν
δ(1 − x) (G.5)

Here

ν ≡ p · q
m

; x ≡ q2

2mν
(G.6)

The quantity ν = ε1 − ε2 is the electron energy loss in the lab, and x is the
Bjorken scaling variable. Three-momentum conservation has been used in
arriving at the second equality in Eq. (G.5) and the fact that this is elastic
scattering so that p2 = p′2 = −m2 in the third.

Note also that the combination

q2

4m2
δ

(
ν − q2

2m

)
=

1

2m

q2

2mν
δ

(
1 − q2

2mν

)

=
1

2m
δ(1 − x) (G.7)

Hence for elastic scattering from an isolated nucleon, the response surfaces
are given by

ν

m
W2 = δ(1 − x)w2(q

2)

2m

m
W1 = δ(1 − x)w̄1(q

2)

w̄1 ≡ 4m2

q2
w1(q

2) = (F1 + 2mF2)
2

w2 = F2
1 +

q2

4m2
(2mF2)

2 (G.8)

If one now models the nucleus as a collection of non-interacting nucleons
at rest, the nucleon cross sections can just be summed; equivalently, the
structure functions take the form

ν

m
W

(A)
2 = δ(1 − x)[Zw

p
2(q

2) + Nwn
2(q

2)]

2W
(A)
1 = δ(1 − x)[Zw̄

p
1(q

2) + Nw̄n
1(q

2)] (G.9)
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This is the world’s most naive model of the nucleus; however, it does
have the following features to recommend it:

• It is completely covariant, assuming only that the nucleons are at
rest in the lab frame and remain nucleons after the scattering. The
nuclear response tensor has the correct Lorentz covariant structure;

• The nuclear current is conserved, and the structure of the nuclear
response tensor reflects this fact;

• The nucleons can have arbitrarily large final four-momentum p′ =
p − q; the calculation still holds;

• When divided by the appropriate single-nucleon response functions,
the nuclear response tensors exhibit Bjorken scaling, depending only
on the variable ν through the Bjorken scaling variable x appearing
in the factor δ(1 − x).

It is a simple matter to generalize the above to the situation where the
target nucleon is moving with momentum p. There are two changes that
one has to consider:

1) From the definition of the initial flux as the number of particles
crossing unit area transverse to the beam per unit time, one has

Iinc =
1

Ω
vrel ·

(
k1

k1

)

=
1

Ω

(
k1

k1
− p

E

)
·
(

k1

k1

)

=
1

Ω

√
(p · k1)2

Ek1
(G.10)

This is exactly the same expression used previously in obtaining the
invariant form of the cross section in Eq. (11.20). Hence it is appropriate
to start from there.

2) Since the electron tensor is conserved, the terms in the nucleon tensor
proportional to qμ and qν can be discarded in the contraction of the two.
The required replacements are therefore:

ημνδμν → ημνδμν

ημν
pμpν

m2
→ 1

m2
[2(p · k1)(p · k2) + (k1 · k2)m

2]

=
1

m2

[
2(p · k1)

2 + q2(p · k1) − 1

2
q2m2

]
(G.11)

The first contraction, given entirely in electron variables, is unchanged. For
a nucleon at rest in the lab frame with pμ = (0, im), the second contraction
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takes the previous form

1

m2
[2(p · k1)(p · k2) + (k1 · k2)m

2] = 2ε1ε2 cos2
θ

2
(G.12)

For a moving nucleon, one simply evaluates Eqs. (G.11) for

pμ = (p, iE) = (p, i
√

p2 + m2) (G.13)

The cross section for scattering a massless Dirac electron from a Dirac
nucleon moving with initial momentum p in the lab is thus given by(

d2σ

dε2dΩ2

)
mov nucl

= σM
mε1√

(k1 · p)2
2m δ(2p · q − q2)

{
2w1(q

2) tan2 θ

2

+w2(q
2)

1

2m2ε1ε2 cos2 θ/2

[
2(p · k1)

2 + q2(p · k1) − 1

2
q2m2

]}
(G.14)

Now suppose the nucleus is modeled as a collection of non-interacting
nucleons where there are n(p2) d3p nucleons moving with momentum be-
tween p and p+dp. This could, for example, be the momentum distribution
for nucleons in an independent-particle shell model2

n(α)(p2) =
∑
i

|φ(α)
i (p)|2 ; α = p, n (G.15)

One can again just add the individual cross sections.
The third modification required for this case, in addition to the previous

two, is as follows:
3) The expression for the energy-conserving delta function now takes

the form

2m

∫
n(p2) d2p⊥ dp‖ δ(2p · q − q2) =

2m

2q

∫
n(p2) d2p⊥ dW

(
∂p‖
∂W

)
δ(W )

=
m

q

∫
n(p2

⊥ + p2
‖) d

2p⊥

(
∂p‖
∂W

)

W ≡ p‖ +
ω

q
(p2

⊥ + p2
‖ + m2)1/2 −

q2
μ

2q
= 0

∂W

∂p‖
=

Eq + ωp‖
Eq

(G.16)

The equation W = 0 determines p‖(p
2
⊥, q, ω) where now q ≡ |q| and

ω = −q0 = ε1 − ε2.

2 Closed shells are assumed and hence the distribution is a function of p2.
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The resulting nuclear cross section is given by an incoherent sum(
d2σ

dε2dΩ2

)(A)

= σM
m

q

∑
α=n,p

∫
n(α)(p2

⊥ + p2
‖) d

2p⊥

×
(

Eq

Eq + ωp‖

)
mε1√

(k1 · p)2
{

2w
(α)
1 (q2) tan2 θ

2

+w
(α)
2 (q2)

1

2m2ε1ε2 cos2 θ/2

[
2(p · k1)

2 + q2(p · k1) − 1

2
q2m2

]}
(G.17)

Here p‖ is again determined from W = 0.
These are exact results within this model. The nuclear current is again

conserved, and the nucleon can be scattered through arbitrarily large
(q, ω). While achieving these goals, it is important to note that the kine-
matics for electron scattering on a free nucleon have been employed, as
well as the dispersion relation for a free initial nucleon in Eq. (G.13).
Final-state interactions and modification of the initial nucleon spinors
have been neglected.

To obtain some insight into this answer, specialize to the case where
|p/E| = |(v/c)initial| � 1. To leading order, the coefficients in the cross
section reduce to those in Eq. (G.8), and the only change is to introduce
a new quantity into the previous y-scaling analysis in Eq. (23.36)

ỹ ≡ mω

q
−

q2
μ

2q
(G.18)

This is energy–momentum conservation to order (v/c)2initial. Note again,
(q, ω) can be arbitrarily large as long as the nucleon remains a nucleon.
y-scaling is discussed in much more detail in the review article [Da90],
and also in [Do99].
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Appendix H

Pion electroproduction

Much can be said about the amplitude for pion electroproduction from
the nucleon, N(e, e′ π)N, on general grounds. This is the first inelastic
process one encounters in scattering electrons from protons or neutrons.
The development in this appendix follows [Fu58, Wa68, Pr69, Wa84].
The pioneering work on the photoproduction process was carried out by
CGLN [Ch57]. Other important early references on pion electroproduction
include [De61, Za66, Vi67, Ad68, Pr70].

The kinematic situation is shown in Fig. 13.1; here particle X is now
a pion. The laboratory cross section is given in terms of the covariant
matrix elements of the current in Eq. (13.41) by Eq. (13.47). The angular
distribution of the pions in the C-M system is given in terms of the
helicity amplitudes by Eq. (13.68). With a transition to the L–S basis, and
unobserved polarizations, the angular distribution takes the form in Eqs.
(13.71, F.13). Here for the nucleon Jπ = 1/2+ and for pseudoscalar pions
η = η1η2ηX = −1.

From Lorentz invariance, the S-matrix for the process N(e, e′ π)N in the
one-photon-exchange approximation can be written as

Sfi = − (2π)4

Ω
iδ(4)(k1 + p1 − k2 − p2 − q)

(
m2

2ωqE1E2Ω3

)1/2

Tfi

Tfi = 4πα[iū(k2)γμu(k1)]
1

k2
Jμ

Jμ =

(
2ωqE1E2Ω

3

m2

)1/2

〈qp(−)
2 |Jμ|p1〉 (H.1)

Assume one has a theory for the pion–nucleon interaction with a set of
Feynman diagrams and Feynman rules so that an expression for Tfi is at
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hand. Define the Møller potential by

εμ ≡ ū(k2)γμu(k1)
1

k2
(H.2)

where, as before, k ≡ k1 − k2. The quantity εμJμ is then a Lorentz scalar.1

Conservation of the electromagnetic current states that the amplitude
must vanish under the replacement εμ → kμ

kμJμ = 0 (H.3)

With the aid of the Dirac equation and current conservation, the tran-
sition amplitude can always be reduced to the following form

εμJμ = ū(p2)

[
6∑

i=1

ai(W,Δ2, k2) εμM
(i)
μ

]
u(p1) (H.4)

The Dirac spinors for the nucleon are now normalized to ūu = 1. The four-
momentum transfer to the nucleon used here, and mean four-momentum
used below, are defined by

Δ ≡ 1

2
(k − q)

P ≡ 1

2
(p1 + p2) (H.5)

There are six independent kinematic invariants, and they can be taken
to be [Fu58]

MA =
1

2
iγ5

[
ε/ k/ − k/ ε/

]
MB = 2iγ5 [(P · ε)(q · k) − (P · k)(q · ε)]
MC = γ5

[
ε/ (q · k) − k/ (q · ε)

]
MD = 2γ5

[
ε/ (P · k) − k/ (P · ε)

]
− imγ5

[
ε/ k/ − k/ ε/

]
ME = iγ5

[
(k · ε)(q · k) − (q · ε) k2

]
Mf = γ5

[
k/ (k · ε) − ε/ k2

]
(H.6)

Here the Feynman notation v/ ≡ γμvμ is employed. Current conservation
is evidently satisfied since the replacement ε → k causes each invari-
ant to vanish identically.2 Furthermore, in photoproduction, the last two
invariants are absent since k2 = k · ε = 0 in that case [Ch57].

1 Strictly speaking one must renormalize the electron wave functions with a factor

(E/me)
1/2 so that ūu = 1 for this to be true [Bj65]; however, since all subsequent

expressions in this appendix are linear in ε (and we know how to get the correct cross

section) the overall normalization of ε here plays no role.
2 Recall v/ v/ = v2.
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Without loss of generality, one can reduce the transition amplitude to
an expression taken between two-component Pauli spinors by substituting
the explicit form of the Dirac spinors introduced previously in Eq. (19.9)
and now normalized to ūu = 1

u(p, s) =

(
Ep + m

2m

)1/2

⎛
⎜⎝

ηs

σ·p
Ep + m

ηs

⎞
⎟⎠ (H.7)

Here η↑ =

(
1
0

)
and η↓ =

(
0
1

)
represent spin up and down along

the z-axis, taken to be the direction of the incident nucleon in the C-M
system as in Fig. 13.3. Substitution of Eq. (H.7) in Eq. (H.6) and explicit
evaluation of the Dirac matrix products leads to the following equivalent,
but still exact, expression for the spatial part of the transition matrix
element expressed in term of Pauli matrices in the C-M system

ε̂ · J = η†
s2

[
6∑

i=1

Gi(W,Δ2, k2)mi

]
ηs1

m1 = iσ · ε̂

m2 = σ · q̂
[
σ · (k̂ × ε̂)

]
m3 = iσ · k̂ (q̂ · ε̂) m5 = iσ · q̂ (k̂ · ε̂)

m4 = iσ · q̂ (q̂ · ε̂) m6 = iσ · k̂ (k̂ · ε̂) (H.8)

In this expression v̂ denotes a unit vector. The linear relations between
the amplitudes ai referred to as {A,B, . . . , E} and the Gi is given by
[Wa68, Wa84]

G1 =

[
(E1 + m)(E2 + m)

4m2

]1/2

(W − m)

×
[
A + (W − m)D − k · q

W − m
(C − D) +

k2

W − m
F

]

G2 =
|q| k�(W + m)

[4m2(E1 + m)(E2 + m)]1/2

×
[

−A + (W + m)D − k · q
W + m

(C − D) +
k2

W + m
F

]

G3 = |q| k�(W + m)

[
E2 + m

4m2(E1 + m)

]1/2

×
[
C − D + (W − m)B − k2

W + m
E

]
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G4 = q2 (W − m)

[
E1 + m

4m2(E2 + m)

]1/2

×
[
C − D − (W + m)B +

k2

W − m
E

]

G5 =
|q| k�

[4m2(E1 + m)(E2 + m)]1/2

× {k0 [−A + (W + m)(D − F) − k · q(B − E)]

−k · q [C − D − (W + m)(B − E)]}

G6 = k�2
[

E2 + m

4m2(E1 + m)

]1/2

× [−A + k · q(E − B) − (W + m)F − (W − m)D] (H.9)

The Coulomb matrix element can be obtained from these results by
current conservation

〈qp(−)
2 |J · k̂|p1〉 =

(
k0

k�

)
〈qp(−)

2 |ρ|p1〉 (H.10)

If the Coulomb matrix element is evaluated directly, the result is

(
2ωqE1E2Ω

3

m2

)1/2

〈qp(−)
2 |(−1)J0ε0|p1〉 = η†

s2
[m7G7 + m8G8]ηs1

m7 = −iε0 σ · q̂

m8 = −iε0 σ · k̂ (H.11)

Equation (H.10) allows the identification

G7 =
k�

k0
[G5 + (k̂ · q̂)G4]

G8 =
k�

k0
[G1 + (k̂ · q̂)G3 + G6] (H.12)

It is convenient to take out the same overall factor as in Eq. (13.41), and
one defines new transition amplitudes by

Ji ≡ m

4πW
Gi i = 1, . . . , 8 (H.13)

It then follows from Eq. (H.8) that

ε̂ · J = η†
s2

[
6∑

i=1

Ji(W,Δ2, k2)mi

]
ηs1 (H.14)
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To carry out a multipole analysis of the transition amplitude of the
current, the covariant transition matrix element of the current is expanded
according to Eq. (13.58)

η
†
λ2

(
6∑

i=1

miJi

)
ηs1 = (H.15)

1

(4k�q)1/2

∑
J

(2J + 1)DJ
λ1−λk, λ2

(−φp,−θp, φp)
� 〈λ2|TJ(W, k2)|λ1 λk〉

Here λ1(≡ s1) and λ2 are the initial and final nucleon helicities, and λk is
the virtual photon helicity. The C-M configuration is shown in Fig. 13.3.
A little study shows that the Pauli spinor η�λ2

can be expressed in terms of

the previous spinor η�s2 (representing spin up or down along the −k̂� axis)
by the rotation

η
†
λ2

=
∑
s2

D1/2
λ2,s2

(−φp, θp, φp) η
†
s2

(H.16)

Now one has the invariant amplitude expressed in terms of helicity ampli-
tudes. This relation can be inverted using the orthonormality properties
of the rotation matrices [Ed74]. Thus, given any invariant amplitude for
pion electroproduction, one has all the equivalent helicity amplitudes.

Recall the transformation coefficients to the L–S basis, which provides
eigenstates of parity. For the case of the π–N, the transformation in Eq.
(F.2) takes the form (again S is suppressed)

|JL〉 =
∑
λ2

√
2L + 1(−1)1+L+λ2+1/2

(
L 1/2 J

0 λ2 −λ2

)
|Jλ2〉 (H.17)

Substitution of this expression in the definition of the transition amplitude
in Eq. (F.6) gives

c(LJ
1

2
)=

k�

ω�

∑
λ2

√
2L + 1(−1)1+L+λ2+1/2

(
L 1/2 J

0 λ2 −λ2

)
〈λ2|TJ |1

2
, 0〉

t(LJλ1)=
∑
λ2

√
2L + 1(−1)1+L+λ2+1/2

(
L 1/2 J

0 λ2 −λ2

)
〈λ2|TJ |λ1,+1〉

(H.18)

In the second relation λ1 = ±1/2, and the sum in both relations goes over
λ2 = ±1/2. Thus, once the helicity amplitudes have been obtained, the
transition amplitudes into eigenstates of parity follow immediately. The
angular correlation coefficients are then given by Eq. (F.13). The transition
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multipole amplitudes into states of definite parity are sometimes more
conventionally defined according to

c(LJ,
1

2
) = ±(4k�q)1/2

1√
2

k�

ω�
Ll±

t(LJ,
1

2
) = ±(4k�q)1/2

1√
2
T l±

1/2

t(LJ,−1

2
) = ±(4k�q)1/2

1√
2
T l±

3/2 (H.19)

Here J = L ± 1/2 with L ≡ l.
Although we now have all one needs to obtain the general angular

distribution in pion electroproduction, it is useful in comparing with
current analyses [Bu94] to derive an equivalent expression directly from
Eq. (H.14) by taking simple (two-component) traces. The cross section
is given by Eq. (13.47) where the helicity unit vectors are defined in Eq.
(13.43) with ε̂0 = ε̂k3. The result is readily shown to be

|JC|2 = |J7|2 + |J8|2 + 2Re J�
7J8 cos θq (H.20)

|J+1|2 + |J−1|2 = 2(|J1|2 + |J2|2 − 2Re J�
1J2 cos θq) + sin2 θq

×
(

|J3|2 + |J4|2 + 2Re J�
1J4 + 2Re J�

2J3 + 2Re J�
3J4 cos θq

)
Im JC

�
[
J+1 + J−1

)
= −(1/

√
2) sinφq sin θq

[
2Re J�

1J7 + 2Re J�
4J7

+2Re J�
2J8 + 2Re J�

3J8

+ cos θq(2Re J�
3J7 + 2Re J�

4J8)
]

Re
(
J+1

)� (J−1
)

= −(1/2) cos 2φq sin2 θq

×
(

|J3|2 + |J4|2 + 2Re J�
1J4 + 2Re J�

2J3 + 2Re J�
3J4 cos θq

)
The amplitudes Ji for i = 1, . . . , 4 are expressed in terms of more

familiar multipole amplitudes by

J1 =
∑
l

{[lMl+ + El+]P ′
l+1(x) + [(l + 1)Ml− + El−]P ′

l−1(x)}

J2 =
∑
l

{[(l + 1)Ml+ + lMl−]P ′
l (x)}

J3 =
∑
l

{[El+ − Ml+]P ′′
l+1(x) + [El− + Ml−]P ′′

l−1(x)}

J4 =
∑
l

{[Ml+ − El+ − Ml− − El−]P ′′
l (x)} (H.21)

Here x = cos θq and P ′
l (x) = dPl(x)/dx. The notation l± indicates that

J = l ± 1/2. For k2 → 0, that is the limit of photoproduction, these four
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equations reduce to those of CGLN [Ch57].3 In pion electroproduction,
the multipole amplitudes are still functions of both the energy in the
C-M frame and the four-momentum transfer (W, k2). In addition in
electroproduction, there are the Coulomb multipoles

J7 =
k�

k0
(J5 + xJ4) =

∑
l

{[Cl− − Cl+]P ′
l (x)} (H.22)

J8 =
k�

k0
(J1 + xJ3 + J6) =

∑
l

{[Cl+P
′
l+1(x) − Cl−P

′
l−1(x)]} (H.23)

Here k0 ≡ ω�.
These equations can be inverted to solve for the mutlipole amplitudes

themselves. Define

Ji
l(W, k2) =

1

2

∫ 1

−1
Pl(x)Ji(w, k2, x) dx (H.24)

Then use of the properties of the Legendre polynomials [Ed74] and a
little algebra lead to

lEl− = J1
l − J2

l−1 +
l + 1

2l + 1
[J3

l+1 − J3
l−1] +

l

2l − 1
[J4

l − J4
l−2]

lMl− = −J1
l + J2

l−1 − 1

2l + 1
[J3

l+1 − J3
l−1]

(l + 1)El+ = J1
l − J2

l+1 − l

2l + 1
[J3

l+1 − J3
l−1] − l + 1

2l + 3
[J4

l+2 − J4
l ]

(l + 1)Ml+ = J1
l − J2

l+1 +
1

2l + 1
[J3

l+1 − J3
l−1]

Cl+ = J7
l+1 + J8

l

Cl− = J7
l−1 + J8

l (H.25)

Finally, to close the loop, we give the relations between these multipoles
and the helicity amplitudes into states of definite parity defined in Eqs.
(H.19)

(l + 1)Ml+ = − i√
2
[T l+

1/2 +

(
l + 2

l

)1/2

T l+
3/2]

(l + 1)El+ = − i√
2
[T l+

1/2 −
(

l

l + 2

)1/2

T l+
3/2]

lMl− = − i√
2
[T l−

1/2 −
(
l − 1

l + 1

)1/2

T l−
3/2]

lEl− = +
i√
2
[T l−

1/2 +

(
l + 1

l − 1

)1/2

T l−
3/2] (H.26)

3 Recall that E1− = M0+ ≡ 0.
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The longitudinal multipoles are defined in terms of the Coulomb multi-
poles with the aid of current conservation

Cl± ≡ k�

k0
iLl± ≡ k�

k0
Nl± (H.27)

If only the electron is detected in an inclusive experiment, one must
integrate over the final pion direction. Only the terms (A0, B0) remain in
Eq. (13.71), and the result is written, with the aid of Eqs. (H.19), as∫

dΩq

4π
|JC|2 =

∑
Jπ

(
J +

1

2

)
|Cl±|2 (H.28)

∫
dΩq

4π

(
|J+1|2 + |J−1|2

)
=

∑
Jπ

(
J +

1

2

)(
|T l±

3/2|2 + |T l±
1/2|2

)

Consider the role of isospin in pion electroproduction. Let α = 1, 2, 3 be
the hermitian components of isospin for the produced pion. Recall that
the electromagnetic current has the isospin structure

Jγμ = JSμ + JV3
μ (H.29)

Isospin invariance of the strong interactions implies that the transition
matrix of the current must then have the covariant form

T = T (+)δα3 + T (−) 1

2
[τα, τ3] + T (0)τα (H.30)

The transition amplitudes into states of given total isospin from a proton
target then follow as

T (
3

2
, p) =

(
2

3

)1/2

(T+ − T−)

T (
1

2
, p) = −

(
1

3

)1/2

(T+ + 2T− + 3T 0) (H.31)

The relations between the multipoles presented in this appendix are all
derived in detail in [Wa84]. The reader now has enough background to
proceed from any covariant, gauge-invariant expression for the S-matrix
in pion electroproduction in the form of Eqs. (H.1) and Eq. (H.13) to
individual multipole amplitudes. The coincident angular distribution is
then given by Eqs. (13.71, F.13), or by Eqs. (H.20). Simultaneously, one
has all the information needed for a general phenomenological analysis
of pion electroproduction in terms of contributing multipoles [Bu94].

Finally, for the transition below the two-pion threshold into a π–N state
with given (Jπ, T ), there is a theorem due to Watson that the phase of
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the electroproduction amplitude is given by the strong-interaction elastic
scattering phase shift in this channel [Wa52]. To understand Watson’s
theorem, consider a 2-channel process where the first channel a+b ⇀↽ a+b

is elastic scattering through the strong interaction in a given partial wave,
the transition amplitude is weak, say of O(e) as in γ + a ⇀↽ a + b, and the
scattering in the second channel γ + a ⇀↽ γ + a is of O(e2). Time-reversal
invariance implies that the S-matrix for this process must be symmetric
and unitarity implies that S†S = 1 [Ja59]. To O(e), the first condition
implies that the S-matrix in this channel must have the form

S =

(
e2iδ 2it
2it 1

)
(H.32)

Explicit evaluation of the unitarity condition for this 2 × 2 matrix then
leads to the relation

t = |t|eiδ (H.33)

Thus the phase of the weak transition amplitude is that of the strong-
interaction phase shift. This is Watson’s theorem.
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Appendix I

Light-cone variables

In this appendix we introduce light-cone variables and discuss the response
function in deep-inelastic electron scattering (DIS) when analyzed in terms
of these quantities. The discussion follows closely that in [De73], which
provides a much more extensive introduction to this topic.

Suppose that in coordinate space one has a four-vector xμ = (x1, x2, x3,

ix0) = (x, y, z, ict).1 The light-cone variables are defined by

x± ≡ 1√
2
(z ± ct)

x⊥ ≡ (x, y) (I.1)

The situation is illustrated in Fig. I.1, where the new axes are defined by
the lines x∓ = 0. The square of the four-vector xμ is evidently

x2 = xμxμ = 2x+x− + x2
⊥ (I.2)

In inclusive DIS we have two kinematic four-vectors qμ = (k2 − k1)μ =
(qx, qy, qz, iq0) and pμ = (px, py, pz, ip0). We similarly define light-cone com-
binations

p± ≡ 1√
2
(pz ± p0) ; p⊥ = (px, py)

q± ≡ 1√
2
(qz ± q0) ; q⊥ = (qx, qy) (I.3)

The scalar products are given by

mν = p · q = p+q− + p−q+ + p⊥ · q⊥
q2 = 2q+q− + q2

⊥ (I.4)

1 We restore h̄ and c in this appendix for clarity.
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Fig. I.1. Transformation to light-cone variables.

Assume the momentum transfer q defines the z-axis so that q⊥ = 0.
Further, assume for simplicity that p⊥ = 0 (as is true, for example, in the
lab). From the electron scattering kinematics, one has

qz = |k2 − k1| = (k2
1 + k2

2 − 2k1k2 cos θ)1/2

q0 = k2 − k1

q+ =
1√
2
[(k2

1 + k2
2 − 2k1k2 cos θ)1/2 − (k1 − k2)]

q− =
1√
2
[(k2

1 + k2
2 − 2k1k2 cos θ)1/2 + (k1 − k2)] (I.5)

Here we have written |k| ≡ k.
The DIS limit is defined by ν → ∞, q2 → ∞, with constant q2/2mν = xB;

it is evidently achieved by the following:

Fix (q+ , pμ); and let q− → ∞ (I.6)

In this case

mν → p+q− ; q2 → 2q+q− ;
q2

2mν
→ q+

p+
(I.7)

To illustrate the arguments, we consider a very simplified, heuristic
version of Eq. (14.18) where all indices and sums are suppressed

w(p, q) ≡ 1

4π

∫
eiq·x(p|[j(z), j(0)]|p) d4x (I.8)

Now

d4x = d2x⊥dx−dx+

q · x = q+x− + q−x+ (I.9)

In the DIS limit of Eq. (I.6), the integrand in Eq. (I.8) oscillates very
rapidly, and the resulting integral goes to zero, unless there is a finite
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contribution from the region where x+ → 0. If x+ → 0, then Eq. (I.2)
implies that x2 → x2

⊥. This now represents a space-like separation of two
points. The principle of microscopic causality states that the commutator
of two hermitian observables (here the currents) must vanish for space-like
separations since their measurements cannot interfere outside of the light
cone. Hence the only contribution to the integral in Eq. (I.8) will come
from the region where (x+, x⊥) → 0, which implies (for any finite x−)
that x2 → 0; this defines the light cone and illustrates the utility of the
new variables. To obtain the asymptotic form of the response function
in the DIS region, one is led to an investigation of the structure of the
commutator of the two currents on the light cone.

Geometrically, the forward light cone is a cone around the ct axis that
lies in the second quadrant in Fig. I.1. Both the x+ and x− axes lie in the
surface of the cone. In the DIS limit, one is forced to the x+ = 0 plane,
which is tangent to the light cone along the negative x− axis. Since by
causality the commutator of the currents vanishes outside the light cone,
the only contribution to the integral in Eq. (I.8) comes from the negative
x− axis in the DIS limit.

What kind of singularities exist on the light cone for the commutator
of two hermitian operators in field theory? To get some insight, consider
the very simple example of a free, massless, real (neutral), scalar field

φ(xμ) =
1√
Ω

∑
k

(
h̄

2ωk

)1/2 (
cke

ik·x + c
†
ke

−ik·x
)

(I.10)

It is one of the standard introductory exercises in field theory to show
that the commutator of this field taken at two different space-time points
is given by

[φ(xμ), φ(yμ)] =
h̄

ic
Δ(xμ − yμ)

Δ(xμ) =
i

(2π)3

∫
d4k ε(k0) δ(k2) eik·x

=
1

2π
ε(x0) δ(x2) (I.11)

Here d4k = d3kdk0. The invariant commutator has a delta-function singu-
larity on the light cone.

One can quite generally define

w(p, q) ≡ 1

iπ

∫
eiq·xG(p, x)D(x2) d4x (I.12)

Assume now that the free-field singularities of the commutator have been
isolated in D(x2) and that the function G(p, x) contains the details of
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the currents and the states. From Lorentz invariance one must have
G(p, x) = G(p · x, x2). In the DIS limit one requires the singularities of the
commutator on the light cone. In extracting the asymptotic limit, one can
then replace the regular coefficient G by its value on the light cone

G(p · x, x2) ≈ G(p · x, 0) ≡ g(p · x) ; DIS (I.13)

Introduce the Fourier transform of this function

g(σ) =

∫
e−iασF(α) dα (I.14)

Substitution into Eq. (I.12) then gives

w(p, q) ≈ 1

iπ

∫
F(α) dα

∫
e−i(αp−q)·xD(x2) d4x (I.15)

Again, for simplicity and illustration, suppose the light-cone singularity
structure is that of Eq. (I.11). A four-dimensional Fourier transform then
leads to

w(p, q) ≈ 2

∫
ε(αp0 − q0) δ[(αp − q)2]F(α)dα (I.16)

In the DIS limit q0 → −∞ and with p2/q2 � 1,

w(p, q) ≈ 2

∫
δ(2αp · q − q2)F(α) dα

≈ 1

mν
F(xB) (I.17)

One thus derives the scaling relation of the quark–parton model from the
free-field singularities, and details of the structure, of the commutator of
the currents on the light cone.

With local currents constructed out of bilinear combinations of quark
fields, one first separates the points in the quark fields and introduces
the notion of bilocal operators when evaluating the required current
commutators [De73]. To quote from [De73], . . . “The important lesson
we learn . . . is that the behavior of the structure function in the inelastic
region is strictly related to the light-cone behavior of the commutator
of the currents. The nature of the commutator singularity at x+ = 0
determines the precise nature of the scaling, while the scaling function can
be expressed as the Fourier transform of g(σ), which in turn is related to
the matrix element of a bilocal operator.”

The idea of using the commutation relations of free-quark currents on
the light cone to derive the DIS quark–parton results is due to Fritzsch
and Gell-Mann [Fr71, De73]. It is Wilson’s operator product expansion
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that provides a systematic way of looking at the short-distance behavior
of a field theory [Wi69].

With the asymptotically-free theory QCD, one can justify the use of
the free-field results at very short distances.2 One can then proceed to
calculate corrections to these free-field results. A useful way to proceed is
to make use of the analysis in chapter 14 to rewrite the expression in Eq.
(I.8). First, introduce a scattering amplitude analogous to that for forward
virtual Compton scattering

a(p, q) ≡ i

2π

∫
eiq·z(p|P [j(z), j(0)]|p) d4z (I.18)

Here P denotes the time-ordered product

P [j(z), j(0)] ≡ j(z)j(0)θ(z0) + j(0)j(z)θ(−z0) (I.19)

This expression is immediately analyzed in terms of Feynman diagrams
[Fe71]; the necessary Feynman rules for QCD are given in chapter 25.
Insertion of a complete set of states and explicit evaluation of the in-
tegrals in Eq. (I.18), with the inclusion of an adiabatic damping factor
for convergence in the time integrals, leads to the Low equation for the
scattering amplitude

a(p, q) =
1

π

∑
f

(2π)3
[

δ(3)(q + p′ − p)

q0 + p′
0 − p0 − iη

− δ(3)(q − p′ + p)

q0 − p′
0 + p0 + iη

]

×〈p|j(0)|p′〉〈p′|j(0)|p〉(ΩE) (I.20)

Now take the imaginary part of this expression.3 As in chapter 14, the
second term does not contribute by the stability of the target, and

Im a(p, q) =
∑
f

(2π)3δ(4)(q + p′ − p)〈p|j(0)|p′〉〈p′|j(0)|p〉(ΩE) (I.21)

The right side is recognized as the analog of Eq. (14.8) for the simplified
response function in Eq. (I.8), and therefore

Im a(p, q) = w(p, q) (I.22)

Thus by taking the imaginary part of the scattering amplitude written in
terms of Feynman diagrams, one can evaluate the response function in
DIS.

The quark–parton result for the DIS response function in the impulse
approximation in the p → ∞ frame is derived in chapter 12; it is evidently

2 Indeed, the non-abelian gauge theory QCD was originally developed to do just that!
3 More generally, take the absorptive part.
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obtained by considering the imaginary part of the scattering diagram
where the scattering takes place from a single non-interacting quark in
the target (the so-called handbag diagram). The probability of finding such
a quark in the target, F(xB), still depends on the strong-coupling aspects
of the theory. From the above analysis, this result is equivalent to keeping
the contribution of the singularities of the free-quark commutator on the
light cone, with an amplitude g(σ) again determined by the dynamics.

By considering additional Feynman diagrams, with radiative corrections,
one can obtain perturbation-theory corrections to the response function of
DIS. The evolution equations then allow one to obtain renormalization-
group-improved results [Al77, Ch84, Ro90, Wa95].

The topics of operator product expansion, QCD radiative corrections,
and evolution equations are explored in many texts (e.g. [Ch84]). In
particular, the reader is referred to [Ro90] for an extensive discussion of
the current theory of DIS scattering from the proton (with a summary of
experimental results). Hopefully, the present text and this appendix will
make that discussion more meaningful.
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[Cz63] W. Czyż and K. Gottfried, Ann. of Phys. 21, 47 (1963)

[Da51] R. H. Dalitz, Proc. Roy. Soc. A206, 509 (1951)

[Da89] CEBAF PR 89-018, spks. D. Day

https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
Downloaded from https://www.cambridge.org/core. IP address: 18.119.119.204, on 28 Apr 2024 at 19:42:43, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/161621932DE0F04F7AB163175154152D
https://www.cambridge.org/core


References 341

[Da90] D. B. Day, J. S. McCarthy, T. W. Donnelly, and I. Sick, Ann. Rev. Nucl.
Part. Sci. 40, 357 (1990)

[Da92] J. F. Dawson, private communication (1992)

[De61] P. Dennery, Phys. Rev. 124, 2000 (1961)

[de66] T. de Forest, Jr. and J. D. Walecka, Adv. in Phys. 15, 1 (1966); (E) 15,
491 (1966); (E) 17, 479 (1968)

[de66a] T. de Forest, Jr., Ph.D. Thesis, Stanford University (1966)

[de67] T. de Forest, Jr., Ann. of Phys. 45, 365 (1967)

[De73] V. De Alfaro, S. Fubini, G. Furlan, and C. Rossetti, Currents in Hadron
Physics, North-Holland Publishing Company, Amsterdam (1973)

[de74] A. de Shalit and H. Feshbach, Theoretical Nuclear Physics Vol. I, Nuclear
Structure, John Wiley and Sons, Inc., New York (1974)

[De75] T. DeGrand, R. L. Jaffe, K. Johnson, and J. Kiskis, Phys. Rev. D12, 2060
(1975)

[de83] T. de Forest, Jr., Nucl. Phys. A392, 232 (1983)

[De86] D. DeAngelis and H. Wegand, U. New Hampshire, private communication

[de86] P. K. A. de Witt Huberts, in New Vistas in Electro-Nuclear Physics, eds.
E. L. Tomusiak et al., NATO ASI Series, B142, Plenum, New York (1986)
p. 331

[De99] F. J. Decker, Z. D. Farkas, and J. Turner, SLAC-PUB-8113 (1999)

[DE00] Website for DESY: http://www.desy.de/
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accidentals, 94
Airy disc, 9
Alterelli–Parisi (see evolution

equations)
American Physical Society (APS), 5
angular correlations, 24, 92, 314–318
angular distribution in C-M system,

91, 316
angular momentum, 33, 176

commutation relations, 38
eigenstates, 42, 65, 215
operators, 38, 38n, 154
(see also selection rules)

anti-baryon, 173, 205
anti-commutation relations, 155, 159,

172, 201, 205n, 235
asymptotic freedom, 7, 213, 231, 233

(see also quantum
chromodynamics (QCD))

axial vector current (see weak neutral
current)

backscattered beam, 275n
bag models, 191n, 256 (see also M.I.T.

bag)
Bates Laboratory, 3, 72, 73n, 74, 94,

125, 194, 210, 274, 287
accelerator, 275
spectrometers, 275–276
storage ring, 276

baryons, 224 (see also nucleon)

Bessel functions, 13
spherical, 36, 70, 290

Bethe–Goldstone wave function, 210,
283

Bjorken scaling, 18, 22, 96, 100, 114,
127, 321

scaling variable, 97, 106, 320
Bloch–Nordsieck, 145
Born approximation, 190
boundary conditions, 24 (see also

periodic boundary conditions)
Breit frame, 189
Breit–Wigner resonance, 74
bremsstrahlung, 142

Cabibbo angle, 245, 249
canonical quantization, 172
canonical transformation, 32, 50, 159
Cauchy principal value, 260
CC1 expression, 182
CEBAF, 3, 92, 253, 256, 265–273, 280

accelerator, 265–267
spectrometers, 268–270
(see also TJNAF)

CERN, 3, 275
charge distributions, 3, 20, 163, 184

Fermi model for nucleus, 184
central density, 184
half-density radius, 187
surface thickness, 184

in 40
20Ca, 187

in neutron, 187
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in 16
8O, 179

in 208
82Pb, 187

in proton, 184
charge density, 26, 179

(see also electromagnetic current)
charge renormalization (see also

quantum chromodynamics
(QCD), quantum
electrodynamics (QED))

chiral perturbation theory, 191
chiral soliton models, 191n
chiral symmetry

spontaneously broken, 214n, 233
circular polarization, 32
Clebsch–Gordan coefficients, 35, 40,

43n, 44, 161, 162
C-M frame, 23, 78, 80, 82, 83, 86, 102,

189, 326
C-M motion, 70, 180, 182n, 214n, 221,

223n, 296–301
in harmonic oscillator, 299

coincidence experiments, 23, 25, 77
on 18

10Ne(e, e′ 2p)16
8Og.s., 283

on 12
6C(e, e′ p)11

5Bg.s., 92
on 1H(e, e′ K+), 268
on 1H(
e, e
p), 270, 280
on 1H(e, e′ p)π0, 284
on 1H(e, e′ π+)n, 284
on 1H(γ,K+)Λ, 285
on 2

1H(
e, e′
n), 94, 280
on 2

1H(
e, e′
p), 281
on 2

1H(e, e′ p), 281
on 2

1H(e, e′ π−)pp, 284
on 2

1H(γ, p)n, 272
on 4

2He(e, e′ K+)4ΛH, 286
on 16

8O(e, e′ p)15
7Ng.s., 180

on 16
8O(e, e′ p)15

7N
∗, 271

on 208
82Pb(e, e′p)207

81Tl, 93
multiple, 25

colliding beam e+–e−, 277
color, 7, 213, 247

(see also quantum chromodynamics
(QCD), quarks, SU(3))

completeness, 99, 201
Compton wavelength, 18, 254
confinement, 7, 213, 231

(see also quantum chromodynamics
(QCD))

conserved vector current (CVC), 249
constituent quarks, 214, 214n, 220,

222, 255, 288
continuity equation, 48, 292 (see also

electromagnetic current,
conservation)

continuous wave (c.w.) accelerator, 23,
77, 94

continuum mechanics, 171, 228
(see also Hamilton’s principal,

Euler–Lagrange equations)
convection (see electromagnetic

current)
Coulomb corrections, 133n

distortion, 15n, 186
Coulomb interaction, 17, 25, 174n,

197
Coulomb multipole (see multipole

operators)
Coulomb response functions, 197

non-relativistic Fermi gas, 204
Coulomb sum rule, 203, 204, 205n,

209, 211
non-relativistic Fermi gas, 204
single-nucleon form factor, 209n,

210
two-body correlations, 203, 204,

209, 210, 211
cross section, 19

for (e, e′), 56, 60, 65, 70, 78, 98, 100,
105, 304
moving nucleon, 322, 323
radiative corrections, 144

for (e, e′X), 84, 85, 90, 91
angular distribution in C-M, 91,
316

for photoabsorption, 60, 303
current density (see electromagnetic

current)

Darmstadt, 274
de Broglie wavelength, 11
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deep-inelastic scattering (DIS), 4, 7,
18, 20, 96, 100, 112, 117, 224, 250,
277, 278, 289, 333, 337

SLAC data, 100, 100n, 108, 110
deformed nuclei, 73, 256, 275, 284

and 154
68Gd(e, e′), 74, 275

Δ (1232), (see nucleon resonances)
density–density correlations (see

Coulomb sum rule)
density functional, 182
DESY, 3, 275, 278

HERA, 278
detectors H1 and ZEUS, 278
HERMES collaboration, 278

diffraction pattern, 9, 15
circular disc, 11, 12
diffraction zero, 163
spherical charge distribution, 12, 13

dimensional regularization, 133n
Dirac equation, 4, 46, 57, 143, 172, 325

Dirac hamiltonian, 47, 50
Dirac matrices, 46
electromagnetic current, 48
magnetic moment, 220
modal matrix, 48
plane wave solutions, 48, 150, 306,

325, 326
point-like particles, 102
polarization, 306–309

helicity projection, 307
spin projection, 307

projection operators, 49, 57, 120
propagator, 192
with electromagnetic field, 47, 50
with fields [φ0(r), V0(r)], 176

angular momentum, 176
form of solution, 178
M.I.T. bag, 213

Dirac field, 50
Dirac hole theory, 49, 234n
dispersion corrections, 133n
dispersion matching, 275
distance scale, 15
Division of Nuclear Physics (DNP), 5
Doppler shift, 20, 201
duty factor, 267

effective field theory, 7, 182, 233
for QCD, 233

chiral symmetry, 233
lagrangian, 233
π–π scattering, 233
pion field, 233

lagrangians, 191, 233
elastic scattering, 20, 65, 184–196

0+ target, 65
1/2+ target, 66
from 40

20Ca(e, e), 15
from 3

1H(e, e), 164, 165, 276
from 3

2He(e, e), 164, 165, 194, 276
from 93

41Nb(e, e), 71
from 17

8O(e, e), 179
(see also form factors, nucleon)

electromagnetic current, 14, 123, 229,
310

charge density operator, 198, 297
commutator, 99
conservation, 57, 58, 62, 65, 80, 89,

98, 121, 132, 143, 174, 180n, 193,
206, 259, 292, 321, 325

convection current, 17, 37, 39, 298
Dirac current, 48
hermiticity, 70n, 72n, 310
intrinsic magnetization, 17, 37, 38,

72, 166, 294, 298
local density operators, 32, 97, 156
localized densities, 33, 37, 45, 69,

152
transition densities, 20, 24
(see also one-body, densities;

standard model)
electromagnetic field, 31

field tensor, 26
electron–positron annihilation, 189
electron scattering, 3, 14, 19 (see also

individual topics)
electroweak interactions, 117, 234

electroweak bosons, 7, 117
boson exchange, 123

electroweak currents, 224
standard model, 17–18, 117, 118,

234–249
unitary gauge, 118
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(see also standard model, weak
neutral current)

EMC effect, 96, 110
emittance, 267
energy conservation, 44, 64, 106, 199,

320
energy resolution, 143, 267, 275, 276
energy transfer, 96, 198
η production, 285
Euler angles, 44
Euler–Lagrange equations, 171, 228
evolution equations, 96n, 278n, 279,

302, 338
momentum fraction, 305
resolution, 305
splitting function, 305

exchange currents, 6, 153, 191, 193
and 2H(e, e′)pnthresh, 195
and 3

2He(e, e), 194
pion-exchange current, 192–195

Faddeev equations, 195
Fermi constant, 18, 243, 249
Fermi distribution, 206
Fermi gas, 197, 198, 211

Coulomb response, 200
Fermi momentum, 172
Fermi motion, 20
Fermi sphere, 200, 208, 211n, 212
Fermi wave number, 197
Pauli correlations, 210
relativistic, 206
with hard-core interactions, 211

Fermi’s Golden Rule (see Golden
Rule)

Feynman diagrams, 53, 131, 142, 190,
192, 258, 324

Feynman parameterization, 133n
Feynman rules, 192, 324

for QCD, 229, 337
for QED, 53, 131, 142
for standard model, 118

final-state enhancement, 258
fine-structure constant, 14, 26, 56
first quantization, 38, 149
flavor (see quarks)

form factors, 20, 140
nucleon, 67, 153, 153n, 174, 190,

252, 253, 258, 261, 280
dipole form factor, 187
Sachs form factors, 174n, 187,
252

(see also nucleon, spectral
representation)

Fourier transform, 12, 14, 24, 25, 53,
99, 133, 152, 163, 187, 189, 204,
210, 297, 300, 336

partial, 187
four-momentum, 18, 19, 24, 52, 78,

104, 321
conservation of, 78
transfer 27, 27n, 77, 96, 150, 189,

257, 325
Fraunhofer diffraction, 10

gamma matrices, 47, 56
γ5, 306
traces, 50, 112, 120, 308

gauge
Coulomb, 31, 32, 132, 132n
Landau, 230
Lorentz, 52n
unitary, 239

gauge invariance, 143
(see also current conservation)

Gauss’ theorem, 37
Gell-Mann matrices [see SU(3)]
Gell-Mann–Nishijima relation, 236
giant resonances, 20, 254

dipole, 92
GIM identity, 245, 246
gluons, 7, 213, 220, 226, 273n, 288

field tensor, 226
(see also one-gluon exchange,

quantum chromodynamics
(QCD))

Golden Rule, 33, 44
cross section, 55, 61
unpolarized electrons, 56
unpolarized and unobserved

targets, 44, 56, 61, 91, 112
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hadrons, 6, 224
hadronization, 25

hamiltonian, 31
interaction with radiation, 37
QED, 31

Hamilton’s principle, 228
harmonic oscillator, 157, 163, 165,

214n, 221, 255, 299 (see also shell
model, C-M motion)

Hartree approximation, 172 (see also
relativistic Hartree theory)

Hartree–Fock states, 153
calculations, 187

Heaviside–Lorentz (rationalized c.g.s.)
units, 26

Heisenberg equations of motion, 57,
98

Heisenberg states, 24, 52, 119
helicity, 39, 43, 113, 173, 234, 307, 308,

328
matrix elements of current, 86

angular dependence, 89
photon, 40, 43
unit vectors, 62, 85

Helmholtz equation, 37
HEPL, 92, 174, 184, 208, 211, 274
Higgs

field, 241
mechanism, 239
(see also standard model)

Hilbert space, 36, 38
hole states, 25, 49, 93, 160, 234n
Huygens Principle, 10
hypernucleus, 25, 286

Illinois betatron, 274
impulse approximation, 104, 113
incident flux, 55, 97, 105, 321
inclusive process, 96n
infinite momentum frame, 102, 104n,

110, 114, 337
infrared divergence (see quantum

electrodynamics (QED))
in-plane configuration, 23
interaction representation, 52, 61
interference, 24, 94, 124

internal targets, 276, 278
irreducible tensor operators (ITO), 33,

36, 38, 39, 43, 155
isospin, 155, 162, 310

form factor dependence, 66, 190
isospinors, 150
isovectors, 249
isovector transitions, 170
symmetry, 107, 248, 252, 310

Jacob–Wick, 42, 87

kinematics, 23, 63, 96
Kroll–Ruderman theorem, 193
Kronecker delta, 31

laboratory frame, 58, 59, 63, 69, 78,
81, 82, 86, 102, 115, 122

lagrangian density, 171
effective for standard model, 243
effective for QCD, 233
free quarks, 225
pion–nucleon, 190
pion–photon, 190
QCD, 227
QHD, 171
standard model, 237, 242

gauge bosons, 237, 241
leptons, 235
point nucleons, 236
quarks, 245
scalar field, 238, 240, 241
strong and electroweak, 247

Laplace’s equation, 293, 294
lattice gauge theory (LGT), 8, 213,

231, 233, 262
Legendre polynomials, 330
leptons, 234

fields, 234
light cone, 100, 333–336

quark–parton result, 337
singularities, 335

bilocal operators, 336
free field, 335
scalar field, 335

variables, 333–336
Lorentz contraction, 302
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Lorentz covariance, 65, 79, 99, 110,
179, 321

four-vectors, 58, 79, 249, 307
axial-vector, 249

scalar invariants 18, 19, 58, 83, 98,
102, 304, 325, 334

tensors, 19, 56, 57
pseudotensors, 58, 113

Lorentz force, 26
Lorentz transformation, 23, 55, 56

laboratory to C-M, 78, 81, 83, 85
Low equation, 337
Low reduction, 89
L–S coupling states, 314

eigenstates of parity, 315
luminosity, 270, 278

magnetic field, 26n, 37, 294, 302
magnetic interaction, 17
magnetization (see electromagnetic

current, shell model)
in nucleon, 186

Mainz Laboratory, 3, 274
MAMI accelerator, 276
MAMI spectrometers, 276

many-body problem (see nuclear
many-body problem)

mass renormalization (see quantum
electrodynamics (QED))

Maxwell’s equations, 26, 52, 139, 294
meson exchange, 6
mesons, 224
microscopic causality, 335
missing momentum, 93n, 180
M.I.T. bag, 213, 218, 255
Mo/ ller potential, 173, 325

effective, 173
momentum conservation, 97, 320
momentum distribution, 25, 281

in nuclei, 208
in nucleons, 18, 107, 110

momentum sum rule, 105, 108
momentum transfer, 9, 14–15, 25, 70,

81, 96n, 257, 334
three-momentum, 20n, 70, 81
(see also four-momentum)

Mott cross section, 60, 100, 144
effective, 153, 299

multipole analysis, 17, 31, 68
multipole operators, 37, 38

charge (Coulomb) multipoles, 70,
293, 327

long-wavelength reduction, 45,
167n, 290–295

magnetic dipole moment, 292
parity, 45
quadrupole moment, 293
static, 292
symmetry properties of matrix

elements, 310–313
time reversal, 310, 312
transverse electric and magnetic, 37,

38, 70, 290
real photons, 290

muons, 116
mu-mesic x-rays, 184

NIKHEF, 3, 93, 274
non-relativistic quark model of

nucleon, 214, 257, 281, 284, 288
baryons, 217

supermultiplet, 218
electric charge, 219
ground-state matrix elements, 218

form factor, 223
isoscalar, 219
isovector, 219
magnetic moment, 220
transverse magnetic dipole, 220

transition matrix elements
higher excitations, 223
isovector, 222
magnetic dipole to Δ (1232), 221,
223

wave functions
color, 214, 215, 218
isospin, 215
space, 215
space–spin–isospin, 215, 217
spin, 216
spin–isospin, 215, 216, 217

(see also constituent quarks)
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normal-ordered, 162n

nuclear many-body problem, 154, 288

creation and destruction operators,
154, 155

many-body matrix elements, 153

cross sections and rates, 157

exact eigenstates, 154

principal result, 156

sum of s.-p. matrix elements, 156

many-body multipole operators,
154

isospin structure, 154, 156

(see also one-body, relativistic
many-body problem, shell model)

nuclear matter, 172, 205n, 206, 210

Bruekner theory, 187

density, 184

saturation, 173

Nuclear Science Advisory Committee
(NSAC), 5

nuclear state vectors, 42

invariant norm, 79, 99

rotation of, 42

nucleon

anomalous magnetic moment, 150,
190

form factors, 67, 153, 153n, 190,
252, 253, 258, 261

magnetic moment, 150, 170, 220,
292

matrix elements

electromagetic current, 150, 251

weak neutral current, 251

relativistic electromagnetic vertex,
150, 206

(see also non-relativistic quark
model of nucleon)

nucleon emission, 20, 73n

protons, 92

nucleon resonances, 20

Δ33(1232), 20, 206, 255, 256

E1+ amplitude, 254, 284

excitation of, 74, 221, 223, 254–262

N(e, e′)Δ(1232), 257, 258

analytic properties, 258, 259, 260

Feynman amplitude, 258, 260

final-state enhancement, 258
multipole amplitudes, 258
pole terms, 261
threshold behavior, 259

S11(1535), 285 (see also
non-relativistic quark model of
nucleon)

Omnès equation, 259
one-body

current densities, 149, 152, 154, 156
densities to O(1/m), 152
nucleon form factors, 153, 153n,
191

matrix elements, 155
Donnelly–Haxton tables, 157,
158, 167

multipole operators, 158
isospin dependence, 156, 158
reduced matrix elements, 157

one-gluon exchange, 213, 223, 256,
284

one-pion exchange potential, 193
operator product expansion, 336
optics, 9–13

optical pathlength, 10

pair production, 50
parity, 45, 88, 88n, 91, 114, 121, 189

conservation of, 112, 315
pseudoscalar, 113

parity violation, 4, 17, 18, 112, 117,
250–253, 286

parity violation asymmetry in (
e, e′),
120, 122, 250

for 12
6C(
e, e), 125, 286

for N(
e, e)N, 251, 288
for 2

1H(
e, e′) in DIS, 250
for 4

2He(
e, e), 288
(0+) target, 124
(0+, 0) target, 124, 126
(see also quark parton model)

particle–hole transitions, 73
and 12

6C(e, e′), 167
and 24

12Mg(e, e′), 73
(see also shell model)

particle production, 57, 78n, 254
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partons, 102

Pauli Exclusion Principle, 49

Pauli matrices, 66, 149, 225, 326

Pauli spinors, 326

Pauli–Villars regulator, 135, 136

periodic boundary conditions, 14n, 31

continuum limit, 53, 54, 64

large box, 14n, 31, 50, 54, 61, 97,
173, 198, 297

number of states, 55

perturbation theory, 131, 213, 233

time-dependent, 52

phase space integral, 83

photoabsorption, 75, 302 (see also
S-matrix, cross section)

photon emission, 37

transition matrix element, 43

transition rate, 40, 44, 45

photon exchange, 14, 77, 123

virtual photon, 15, 23, 24, 89, 140,
189

photon propagator, 132, 303

Coulomb propagator, 132n

transverse photon exchange, 132n

(see also quantum electrodynamics
(QED))

pion electroproduction, 20, 86, 222,
284, 324–332

angular distribution in C-M system,
316, 329

isospin, 331

N(e, e′ π)N, 324

angular correlation coefficients,
329

expansion in invariants, 325, 326

L–S basis, 328

multipole amplitudes, 328–330

S-matrix, 324

states of definite parity, 329

and photoproduction, 324, 326, 330

through Δ(1232), 318

plane wave, 35

polarization sum

covariant, 62, 303

massive vector meson, 144

polarized electrons, 15, 86, 106n, 112,
117, 267, 276, 277, 306–309

and polarized nucleons, 18, 22, 112,
277, 308

scattering asymmetry, 114

and polarized nucleus, 86

(see also parity violation)

polarization of outgoing proton, 182,
308

polarization transfer, 25, 280, 309

positron, 49

quantized radiation field, 31, 60

quantum chromodynamics (QCD),
4–5, 18, 32, 96n, 125, 182, 191,
213, 224–233, 254, 257, 262, 281,
284, 286, 288

asymptotic freedom, 231, 233, 255,
337

color current, 229

confinement, 231, 255

conserved currents, 228

electromagnetic current, 229

equations of motion, 228

Feynman rules, 229

flavor, 224, 232

ghost loops, 231

lagrangian, 227

local gauge transformation, 227

nuclear domain, 233

perturbation theory, 233, 279

renormalized charge, 232

and standard model, 247

vacuum, 232n

(see also color, lattice gauge theory
(LGT), quarks, SU(3))

quantum electrodynamics (QED), 4,
14, 31, 131–145, 302

charge renormalization, 136, 140

bare charge, 136

renormalized charge, 136, 231

divergences

infrared, 138, 140, 144, 145

ultraviolet, 138, 140, 145

Feynman rules for S-matrix, 131
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quantum electrodynamics (QED)
(continued)

closed fermion loop, 132

electron propagator, 131

external particles, 132

photon propagator, 132

vertex, 131

mass renormalization, 133, 135

mass counterterm, 133, 135

radiative corrections

electron self-energy, 134

S-matrix with, 139, 140

vacuum polarization, 133, 135,
136, 137, 139n, 231

vertex, 137, 138, 140

Ward’s identity, 139 ‘

wave function renormalization, 139

quantum hadrodynamics (QHD), 6,
75, 171, 182, 205n, 257, 288

(see also relativistic Hartree theory,
relativistic many-body problem)

quark model, 213

(see also M.I.T. bag, non-relativistic
quark model of nucleon,
quark–parton model)

quark–parton model, 96, 100, 112,
113, 115, 336

parity-violating asymmetry, 126,
250

spin structure functions, 115

structure functions, 107

quark–parton substructure, 3, 224, 277

quarks, 7, 22, 25, 100, 104, 107, 113,
191, 224, 269, 273n, 279, 288

color, 214–215, 224, 247

extended domain, 126, 249, 252, 287

field, 214, 224, 247

isodoublet, 248

flavor, 224, 232, 247

quantum numbers, 213

helicity distribution, 114

momentum distribution, 18, 107,
110

nuclear domain, 108, 125, 214, 233,
247, 248, 251, 252, 286

sea, 108

valence, 108, 251

weak neutral charges, 126

(see also non-relativistic quark
model of nucleon, quark–parton
model of nucleon, quantum
chromodynamics (QCD),
standard model)

quasielastic scattering, 20, 174, 182,
186, 197, 211

in 40
20Ca(e, e′), 208, 209, 211n

in 3
2He(e, e′), 3

1H(e, e′), 210, 276

in 208
82Pb(e, e′), 208

quasielastic peak, 20, 176, 200, 211n

relativistic, 319–323

radiative corrections, 20n, 133

(see also quantum electrodynamics
(QED))

radioactive targets, 276n

reaction notation, 25n

reaction plane, 23, 86

relativistic Hartree theory, 176, 182,
208n

and 16
8O(e, e′ p)15

7Ng.s., 180

and 17
8O(e, e), 179

charge density in 40
20Ca, 187

charge density in 16
8O, 179

charge density in 208
82Pb, 179, 187

computer program for, 179

Coulomb field, 179

Dirac equation, 178

radial wavefunctions, 179

wave functions, 180

meson field equations, 178

neutral ρ field b0(r), 179

isovector baryon density, 179

parameters, 179

(see also relativistic many-body
problem)

relativistic many-body problem, 171

baryons

conserved baryon current, 172

Dirac equation, 172

field, 171

scalar density, 172
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Dirac optical potential, 179, 180,
182

effective electromagnetic current,
173, 174n, 180

mean field theory (RMFT), 171,
172, 173, 182, 187, 205n, 206, 208,
209

baryon field, 173

ground state, 172

meson fields, 172

normalization, 173

nucleon effective mass, 176

response functions for (e, e′ N),
206

self-consistency, 176

relativistic impulse approximation
(RIA), 179, 182

scalar and vector fields, 171

field equations, 174

scalar mass, 176

spin–orbit interaction, 179, 182

Thomas–Fermi theory, 174

and 40
20Ca(e, e′), 174

and 208
82Pb(e, e′), 174

(see also relativistic Hartree theory)

relativistic quantum field theory, 6,
131, 172, 225n

renormalization group, 231, 302

response functions, 18, 19, 86, 319, 320

angle dependence, 86

scaling, 107

(see also Coulomb response
functions)

response tensors

lepton, 56, 57, 98, 113, 117

pseudotensor, 113, 121

with weak neutral current, 121

quark, 106, 126

target, 56, 57, 61, 79, 98, 106, 113,
117, 302, 303

discrete state, 64

general form, 58

pseudotensor, 113, 121

with weak neutral current, 121,
250

RF, 267, 277

Rosenbluth
cross section, 66, 319
plot, 72
separation, 123

rotation matrices, 33, 42, 44, 89, 90,
328

rotation operator, 33, 40
rotation of state vectors, 40

Saclay, 3, 15, 194, 209, 274
SAMPLE, 276
Saskatchewan, 274
scaling, 18, 174n, 272

(see also Bjorken scaling, y-scaling)
scattering plane, 23, 80, 86
Schrödinger equation, 6
Schrödinger picture, 31, 50, 61
Schwinger correction, 144, 145
second quantization, 38n, 151, 154,

198, 236n
selection rules, 33

angular momentum, 43, 70, 160, 165
isospin, 160
parity, 45, 313
time reversal, 165, 313

shell model, 72, 154, 271, 288, 232
closed j-shells, 159
elastic charge scattering, 162

from (0+, 0) target, 163
from 16

8O, 163
ground-state density, 163

elastic magnetic scattering
from 3

2He and 3
1H, 164

from 93
41Nb, 166

hole–hole transition, 161
intrinsic magnetization, 166

in 51
23V, 167

isovector transitions, 170
non-interacting ground state, 159
particle–hole transitions, 160

in 12
6C to (1+, 1), 167

particle–hole operators, 159
(see also shell model, stretched
states)

particle–particle transitions, 159
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shell model (continued)
radial wave functions, 157

harmonic oscillator, 157, 163,
165
Woods–Saxon, 163

stretched states, 169, 170
in 24

12Mg to (6−, 1), 170
in 208

82Pb to (14−), 170
(see also nuclear many-body

problem, relativistic many-body
problem, one-body)

short-range behavior, 25
single-particle matrix elements (see

one-body)
6-j symbols, 215
SLAC, 3, 18, 74, 96, 100, 112, 117,

250, 274, 277
accelerator, 277
spectrometers, 277

Slater determinant, 214
S-matrix, 14, 17

for (e, e′), 14, 97, 105
for (e, e′ X), 24
for (
e, e′), 17, 118, 119, 250
for N(e, e′ π)N, 324
for photoabsorption, 61
with two-body currents, 192
(see also quantum electrodynamics

(QED))
space-like separation, 335
spectral representation, 187

two-pion contribution, 190
anomalous magnetic moment,
190
radius, 190

weight functions, 189
Yukawa distributions, 190

spectrometers, 267–270
BLAST, 276
CLAS, 269, 284
8 GeV, 277
ELSSY, 275
HMS, 268
HRS, 270
OOPS, 276
SOS, 268

spectroscopic factor, 182
spherical harmonics, 91n, 310
spherical unit vectors, 35, 69
spin–orbit interaction, 179, 182
spin spherical harmonics, 177
spin structure functions, 18, 22, 115,

116, 278
spontaneous symmetry breaking, 238
standard model, 234–249, 287, 289

covariant derivative, 237
currents

charge-changing, 246
electromagnetic, 246
electroweak, 247, 248
hadronic, 243
leptonic, 243
weak neutral, 245, 246

fermion mass, 244
coupling to Higgs, 244

gauge bosons, 236
mass, 237
physical fields, 240

leptons, 234, 235, 243
and gauge bosons, 237, 242
mass, 235
neutrinos, 235n

point nucleons, 236, 243
and gauge bosons, 237, 243

quarks, 244, 245
and gauge bosons, 246
(see also quarks)

scalar field, 238, 240, 241
vacuum expectation value, 238
(see also Higgs)

spinor field decomposition, 234
unitary gauge, 239

particle content, 242
weak angle, 241
weak hypercharge, 236
weak isospin, 235
weak quantum numbers, 236

stationary state solutions, 172, 178
(see also Dirac equation)

strangeness, 25, 269
associated production, 25, 269
current, 126, 288
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strangeness (continued)

form factors, 253

(see also hypernucleus)

sum rules (see Coulomb sum rule,
momentum sum rule)

superconducting, 267

superconducting accelerator (SCA),
92, 211, 274

superfluid, 267

supermultiplets, 218, 224

SU(2), 235

(see also angular momentum)

SU(3)

fundamental representation, 226

Gell-Mann matrices, 225

Lie algebra, 225

structure constants, 225

symmetrizing operator, 216

target recoil, 45, 71, 298

tensor product, 38, 156

Thomas–Fermi theory (see relativistic
many-body problem)

3-j symbols, 311, 312 (see also
Clebsch–Gordan coefficients)

time dilation, 102

time-ordered product, 337

time-reversal

invariance, 72, 165

operator, 312

(see also multipole operators,
selection rules)

TJNAF, 3, 256, 255, 257, 265–273,
274, 280 (see also CEBAF)

T-matrix, 61, 88, 141

and cross section, 141, 143

Tohuko, 274

traces (see gamma matrices)

transition form factors, 65

for 0+ → 1+, 68

two-body correlations (see Coulomb
sum rule)

and coincidence reactions, 283

two-body currents (see exchange
currents)

ultraviolet divergence (see quantum
electrodynamics (QED))

units, 26–27, 51
unpolarized target, 40 (see also

Golden Rule)

vacuum, 26, 49, 238, 255
vacuum polarization (see quantum

electrodynamics (QED))
strong, 108, 209, 232

vector mesons
form factors with ρ and ω, 191
(see also quantum hydrodynamics

(QHD))
vector potential, 27

external, 52, 133
quantized radiation field, 31
transverse, 39

vector spherical harmonics, 35, 38, 310
virtual Compton scattering, 91n, 99,

337
virtual photon (see photon exchange)

Ward’s identity, 139
Watson’s theorem, 259, 332
wavelength, 10, 18
weak neutral current, 17–18, 117, 121,

123, 124n, 287, 289
axial vector, 18, 121, 123
hermiticity, 251n
lepton matrix elements, 119, 123
nucleon matrix elements, 119
vector, 18, 121, 123
weak neutral charges, 126, 250

Weizsäcker–Williams approximation,
302–305

Wigner–Eckart theorem, 33, 39, 43,
44, 66, 70, 88, 155, 157, 160, 161,
189n, 222, 249, 311, 312, 314

reduced matrix elements, 40, 160
double reduced, 155n, 157, 311

Wigner’s supermultiplet theory, 218n

Yang–Mills theory 7, 8, 225, 226, 236
y-scaling, 206, 323
Yukawa interaction, 227, 244
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