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On Berman—Gibbs stability and K-stability of
Q-Fano varieties

Kento Fujita

ABSTRACT

The notion of Berman—Gibbs stability was originally introduced by Berman for Q-Fano
varieties X. We show that the pair (X, —Kx) is K-stable (respectively K-semistable)
provided that X is Berman-Gibbs stable (respectively semistable).

1. Introduction

One of the most important problems for the study of Q-Fano varieties X (i.e., projective log-
terminal varieties with —Kx ample Q-Cartier) is to determine whether the pairs (X, —Kx) are
K-stable or not (for the notion of K-stability, see §2.1). Recently, Berman introduced a new
stability of X, which he calls Gibbs stability, and its variants. The main purpose of this paper
is to show that, slightly modifying the definition (we rename it as Berman—Gibbs stability),
it implies the K-stability in Donaldson’s [Don02] and Tian’s [Tia97] sense. In particular, by
[CDS15a, CDS15b, CDS15¢, Tial5], it implies the existence of a Kéhler—Einstein metric if X is
smooth and the base field is the complex number field. We remark that Berman showed in [Ber13,
Theorem 7.3] that strongly Gibbs stable Fano manifolds defined over the complex number field
admit Ké&hler—Einstein metrics, where the notion of strong Gibbs stability is stronger than the
notion of Berman—Gibbs stability. Now we define the notion of Berman—Gibbs stability. (We
remark that the notion of Berman—Gibbs stability is slightly weaker than the notion of uniform
Gibbs stability. For detail, see [Berl3, §7].)

DEFINITION 1.1. Let X be a projective variety and L be a globally generated Cartier divisor on
X. Set N := h%(X,0x(L)) and ¢ := ¢y : X — PN—1 where ¢|r| is a morphism defined by the
complete linear system |L|. Consider the morphism ® : X~ — (PN=1)V defined by the copies of
¢, that is, ®(z1,...,zn) = (¢(z1),...,d(xN)) for z1,...,2x € X. Let Dety C (PV~HN be the
divisor defined by the equation det(z;;)1<; j<n = 0, where

(T11 - TIN; - 3ENT D INN)

are the multi-homogeneous coordinates of (PV~1)N. We set the divisor Dy, C X* defined by
DX,L = ®*Dety.

Remark 1.2. The divisor Dx,;, C X N'is defined uniquely by X and the linear equivalence class
of L. In particular, the definition is independent of the choice of the basis of H(X,Ox(L)).
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BERMAN—GIBBS STABILITY

DEFINITION 1.3 [Berl3, (7.2)]. Let X be a Q-Fano variety. For k € Z~ with —kK x Cartier and
globally generated, we set N := N}, := h®(X, Ox(—kKx)) and Dy, := Dx i, C XN Set

1
¥(X):= liminf <1ctAX<XN,Dk>>,
k— o0 k
—kK x: Cartier

where Ax(~ X) is the diagonal, that is,

Ax = {(z,...,x) e XN |z € X} c XV,
and leta, (XY, (1/k)Dy) is the log-canonical threshold (see [Laz04, §9]) of the pair (X%,
(1/k)Dy) around Ax, that is,

1
leta (XN, ka> 1= sup {c € Qso

N € _ log-canonical
<X ’ka> *around Ax }

We say that X is Berman—Gibbs stable (respectively Berman—Gibbs semistable) if v(X) > 1
(respectively v(X) > 1).

We show in this paper that Berman—Gibbs stability implies K-stability for any Q-Fano
variety. More precisely, we show the following.

THEOREM 1.4 (Main theorem). Let X be a Q-Fano variety. If X is Berman—Gibbs stable
(respectively Berman—Gibbs semistable), then the pair (X, —Kx) is K-stable (respectively K-
semistable).

Now we explain how this article is organized. In § 2.1, we recall the notion and basic properties
of K-stability. In § 2.2, we recall the notion and basic properties of multiplier ideal sheaves, which
is a powerful tool to determine how much the singularities of given divisors or given ideal sheaves
are mild. In §3, we determine whether the projective line P! is Berman-Gibbs stable or not.
We will see that P! is Berman-Gibbs semistable but is not Berman-Gibbs stable. In §4, we
prove the key propositions in order to prove Theorem 1.4. We will prove in Proposition 4.2 that
Berman-Gibbs stability of X implies that the singularity of a given certain ideal sheaf on X xA! is
somewhat mild. The strategy of the proof of Proposition 4.2 is to see their multiplier ideal sheaves
in detail. In § 5, we prove Theorem 1.4. By combining the results in [OS12], Proposition 4.2, and
by some numerical arguments, we can prove Theorem 1.4.

Throughout this paper, we work in the category of algebraic (separated and of finite type)
scheme over a fixed algebraically closed field k of characteristic zero. A variety means a reduced
and irreducible algebraic scheme. For the theory of minimal model program, we refer the readers
to [KMO98]; for the theory of multiplier ideal sheaves, we refer the readers to [Laz04]. For varieties
X1,..., XN, let p; : HKKN X; — X, be the jth projection morphism for any 1 < j < N.

2. Preliminaries

In this section, we correct some definitions.

2.1 K-stability
We quickly recall the definition and basic properties of K-stability. For detail, for example, see
[Odal3] and references therein.
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DEFINITION 2.1 (See [Tia97, Don02, RT07, Odal3, LX14]). Let X be a Q-Fano variety of
dimension n.

(1) A flag ideal .7 is an ideal sheaf .# C Ox 41 of the form

I =D+ Iyt + -+ LM+ (M) C Oy,

where Ox D I1 D --- D Ip is a sequence of coherent ideal sheaves.

(2) Let .# be a flag ideal and let s € Q~q. A normal Q-semi test configuration (B,L)/A" of

(X, —Kx) obtained by .# and s is defined by the following datum:
e II:B— X x Al is the blowing up along .#, and let E be the exceptional divisor,
that is, Op(—F) := #Op;
o L =1I"pi(—Kx)—sE,
and we require the following conditions:
e B is normal and the morphism II is not an isomorphism;
e L[ is semiample over Al.

(3) Let 7 : (B,£) — Al be a normal Q-semi test configuration of (X, —K ) obtained by .#
and s. For a sufficiently divisible positive integer k, the multiplicative group G,, naturally acts
on (B, 0p(kL)) and the morphism 7 is G,,-equivariant, where the action G,, x A! — Al isin a
standard way (a,t) — at. Let w(k) be the total weight of the induced action on (m.Op (kL)) 0}
and set Ny, := h%(X,Ox(—kKx)). Then Ny, (respectively w(k)) is a polynomial in variable k of
degree n (respectively at most n + 1) for k > 0. Consider the expansion

w(k)
N,
Let DF(B, L) := —F; be the Donaldson—Futaki invariant of (B,L)/A'. We set DFg := 2(n +
1)2((—=Kx)™)DF(B, £) for simplicity.
(4) The pair (X,—Kx) is said to be K-stable (respectively K-semistable) if DF(B,L) > 0
(respectively DF(B,L£) > 0) holds for any normal Q-semi test configuration (B,L)/A! of
(X, —Kx) obtained by .# and s.

—Fy+ Rk 4+ Bk 24

The following is a fundamental result.

THEOREM 2.2 [0S12, Odal3]. Let X be a Q-Fano variety of dimension n, (B, £)/A' be a normal
Q-semi test configuration of (X,—Kx) obtained by .# and s, and (B,L)/P! be its natural
compactification to P!, that is, IT : B — X xP! be the blowing up along .% and L := ITI*p}(—Kx)—
sE on B. Then the following holds.

(1) For a sufficiently divisible positive integer k, we have
w(k) = x(B, O5(kL)) — x(B, " piOx (—kKx)) + O(k" ).

In particular, we have
r-n+l
lim wik) = (L™ .
k—oo kN n+1)((-Kx)™)

(2) We have
n sn a.n
DFy = —— - (£ )+ (L™ Kpp)
1 r,n o
= —m(ﬁ N+ (L - Kp/xxpr — sE).
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(3) We have (L™ - E) > 0.
(4) If Kg)xupr — sE > 0, then DFy > 0.

Proof. Parts (1) and (2) follow from [Odal3, Proof of Theorem 3.2], part (3) follows from [OS12,
Lemma 4.5], and part (4) follows from [OS12, Proposition 4.4]. O

2.2 Multiplier ideal sheaves
We recall the definition and basic properties of multiplier ideal sheaves.

DEFINITION 2.3. Let Y be a normal Q-Gorenstein variety, ai,...,a; C Oy be coherent ideal
sheaves and ci,...,¢ € Qso. The multiplier ideal sheaf Z(Y,af'---a;') C Oy of the pair (Y,
aj - - a;') is defined by the following. Take a common log resolution p: Y — Y of a1,..., q, i.e.,

Y is smooth, a;0y = Oy (—F;) and Exc(u), Exc(u) + >, ;< Fi are divisors with simple normal
crossing supports. Then we set

vy o).
1<i<l
where (K?/Y — Y 1<ic CiFi] is the smallest Z-divisor which contains Ky )y — Y <<t ik

The following proposition can be proved in essentially the same way as in the proofs in [Laz04,
§9]. We omit the proof.

PROPOSITION 2.4 (See [Laz04, §9]). Under the hypotheses of Definition 2.3, we have the
following.

(1) Z(Y,ai* - - - a;") does not depend on the choice of p.

(2) For an effective Cartier divisor D on 'Y, we have
Z(Y, Oy (=D) af* ---af') = Z(Y,af" - - af') ® Oy (—D).
(3) If coherent ideal sheaves by, ...,b; C Oy satisfy that a; C b; for all 1 <1 <[, then
TV o) C (V5 b))

(4) Let Y' be another normal Q-Gorenstein variety, by, ..., by C Oys be coherent ideal
sheaves and ¢}, ...,c;, € Qx9. Then we have

/
/1 —1_c —1_¢ —1 c —1.Cy
Z(Y xY',pyar' ---py oy -py byt - py by
C/
1

= pr TV, 0§t ) py MY B b

The following theorem is a singular version of Mustata’s summation formula [Mus02,
Corollary 1.4] due to Takagi.

THEOREM 2.5 [Tak06, Theorem 3.2]. Let Y be a normal Q-Gorenstein variety, let ag,ai, ...,
a; C Oy be coherent ideal sheaves and let cy, ¢ € Q=o. Then we have

l c l
(o (£4))-_ 5o 1)
i=1 c1+-+¢=c =1
c1ye-5e1€Q30

291

https://doi.org/10.1112/50010437X1500768X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1500768X

K. FuJita

3. The projective line case

In this section, we see whether the projective line P! is Berman-Gibbs stable or not. For any
k € Zsg, we have N = 2k + 1 and the morphism associated to the complete linear system
| — kKp1| is the (2k)th Veronese embedding P' — P?#. If the multi-homogeneous coordinates of
(P1)?#+1 are denoted by

(t1,0 st storgr,0 © takg1,1),

then the divisor Dy, C (P')2*+! corresponds to the following section:

2k 2k—1,1 1 42k—1 2k
1o tio tia e ol W1
det
12k 2k=1 41 nl 2k=1 2%k
2k+1,0  “2k+1,02k+1,1 2k+1,02k4+1,1  Y2k41,1
The above matrix is so-called the Vandermonde matrix. Thus, around 0 € Ailfﬂu% = C (P1)2k+1,
the divisor Dy, C Ai’ff{u%ﬂ is defined by the polynomial fi € k[ui, ..., usgy1], where
fo= I (wi—wy).
1<i<j<2k+1

By Lemma 3.1, lcto(A%**! (fx = 0)) = 2/(2k + 1). Thus
leta,, (PN, (1/k)Dy) = 2k/(2k + 1).

Hence v(P') = 1. As a consequence, the projective line P! is Berman-Gibbs semistable but is
not Berman—Gibbs stable.

LEMMA 3.1 [Mus06]. For g > 2, we have

1Ct0 <Az1,...,uga ( H (uz - Uj) = 0)) = 2/g.
1<i<j<yg
Proof. Set D = ([];c;cjcy(ui —uj) = 0) C A9 Let 7: V. — A9 be the blowing up along
the line (u; = --- = uy) and let F' be its exceptional divisor. For ¢ € Qs, the discrepancy
a(F,A9,cD) is equal to g —2 — cg(g — 1) /2. Thus lctg(A9, D) < 2/g. Hence it is enough to show
that lct(AY9, D) > 2/g.
Let H;; C A9 be the hyperplane defined by u; —u; = 0 and set A := {H;; }1<i j<g,izj- We set

L(A) = {W C A9

A Cc AW = ﬂ H}

HeA
For W € L(A), set s(W) :=#{H € A|W C H} and (W) := codimps W. By [Mus06, Corollary
0.3],
) r(W)
Ict(A9, D) = .
D= el { s(W>}

Pick any W € L(A)\{A9} and set r := r(W). It is enough to show that s(W) < r(r 4+ 1)/2. If
r =1, then s(W) = 1. Thus we can assume that r > 2. There exist distinct H; ..., H;,j, € A
such that W = H;,;, N--- N H;,j,.
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Assume that i1, j1 & {42, j2,...,%r,Jr}. For any H;; € L(A), if W C H;; then H;,;, = H;j or
I"IZ'QJ'2 N---N Hirjr C Hl'j. Thus S(W) =1+ S(HZ’QJ'Q Nn---N Hirjr) <1+ T(’I” — 1)/2 < ’I“(T -+ 1)/2
by induction on r. Hence we can assume that (ig :=)i; = is.

Assume that io, j1,j2 & {i3,73,...,%,jr}. For any H;; € L(A), if W C H;; then H;,; N
Hiyjy C Hij or Higjy 0N Hi, 5, C Hij. Thus s(W) = s(Higjy N Higjy) + 5(Higjs N+ N Hyj, ) <
2-3/24+(r—1)(r—2)/2 < r(r+1)/2 by induction on r. Hence we can assume that iz € {ig, j1,j2}-
If i3 = jl, then Hiojl N Hj1j3 = Hiojl N Hi0j3- By replacing Hj to HZ
(ig =)i1 = iz = i3.

We repeat this process. (We note that, forany 1 < j <r—1,j(j+1)/2+(r—j)(r—j5+1)/2<

s 0j3» We can assume that

r(r+1)/2.) We can assume that (ig =)i; = --- = i,. For any H;; € L(A), the condition W C H;;
is equivalent to the condition {i, j} C {i0,J1,-..,Jr}- Thus s(W) = r(r+1)/2. Therefore we have
proved that s(W) < r(r+1)/2. O

4. Key propositions

In this section, we see the key propositions in order to prove Theorem 1.4. Throughout the
section, let X be a Q-Fano variety of dimension n and let (B, £)/A!, .7, s, and so on are as in
§2.1.

LEMMA 4.1. Let k be a sufficiently divisible positive integer.
(1) Set Iy := Ox (cf. [RT07, §§ 3 and 4]). We also set

L= Y Iy,

j1 ks =]
0<g1, s Jks SM

for all 0 < j < Mks. Then 7% = Typs+Insps—1t+- -—|—1:1th5_1+(th8). Consider the filtration
H(X,0x(~kKx)) =Fo D F1 D+ D Fags D0

defined by Fj := H(X,Ox(~kKx) - I;). Set m := 3"} dim F;. Then m = NMks + w holds,

where w = w(k) and N = Nj, are as in Definition 2.1(3).
(2) Let .fm C Ox, be the copies of.fj COx (X;:=X) for all 1 <i < N and set

Jj = Z pi' gy Py Ny © Oxn

Jittin=j
0<j1 N <Mks

for all 0 < j < NMks. Then Oxn(—Dy) C J,, holds.
Proof. (1) By [RTO07, §§3 and 4], (m.Op(kL))|f0} is equal to
HY(X x Ay, O(=kEKx 1) - ™) [t - HO(X x A}, O(=kKx 1) - %)

and is also equal to
Mks

Frks ® @ t) - (Faths—i )/ FMks—it1)-
j=1
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Thus w = ZMkS( J)(dim Farps—j—dim Fpsps—jr1) = —Mks dim .7:0+ZMkS dim ;. This implies
that m = NMks + w.

(2) Choose a basis s1,...,sy € H'(X,Ox(—kKx)) along the filtration {F;}o<j<ars. For
1<j <N, set

f(j) :=max{0 < i < Mks|s; € F;}.

Let si1,...,siv € HO(X;,Ox,(—kKx,)) be the ith copies of s1,...,sy for all 1 <i < N. Then
the divisor D, € XV corresponds to the section

Z SgNO - S15(1) "' " SNo(N) € HO(XNa Oxn(—kKxn)),

ceG N

where G is the Nth symmetric group. Take any o € G. Since s; ; € pi_lfi,f(j), we have

S10(1) " SNo(N) € P11 f(o(1)) PN N f(o(a))-

Note that Y"1 f(o(i)) = YN, £(i) = Y305 j(dim Fj — dim Fjy1) = m, where Fagpsr = 0.
Thus OXN(—Dk) C JIm. g

PROPOSITION 4.2. Assume that a positive rational number v € Qs satisfies that, for a
sufficiently divisible positive integer k, the pair (X", (v/k)Dy) is log-canonical around Ax.
Then for any € € (0,1)NQ and any sufficiently big positive integer P, the structure sheaf Oxy z1
is contained in the sheaf

I(X x A, (1)) Uyw/(N)+P - g(1=6)78) @ Oy 01 (P - (t = 0))

(that is, the pair (X x Al (t)(1F7w/(BN)) . 775) jis ‘sub-log-canonical’), where w = w(k) and
N = Ny, are as in Definition 2.1(3).

Proof. We set

(1,5 3N) 0< )10y jn < Mks

Jit+in=m, }

N
i

369

JE@ ==(1-¢)v/k, }

Ocj GQ;O
Bo,---s Brks €Qx0,
S Bj=(1—e)y/k
€053 EM ks €Q0,
or- o Enree) ’ S € =1y
S 6= (1—e)ym/ (kN)

[1]
|

-
={=e

B;:{ = ﬁo,...,ﬁMks)‘
s

for simplicity.

CrAM 4.3. We have the equality

Mks

Ox = ZI(X, 11 ffi).
fex i=0
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Proof of Claim 4.3. By Proposition 2.4, Theorem 2.5 and Lemma 4.1, around Ax, we have

Oxn =Z(XN, Oxn (—Dy)1=97k)
C (XN, Jlmn/ky

N - - (1—e)v/k
=I<X ; (ZPI L py INJN> )

J€EO
=y I(XN, [T h - 'szlfN,jN)a;')
acA jeo
1 FOz -1 745
= z(n TTE ) 'z (e TTI ).
acA jeo jeo

Restricting to Ax, we have
~O7 ~O
Ox = ZI(X, 11 Ijlj> ---I(X, Ij1$>.
acA jeo jeo

Fix an arbitrary @ € A. Since

Y azii 4+ Y azin = (1—e)ym/k,

je® jeo
we have } = g azjq > (1 —€)ym/(kN) for some 1 < g < N. We set

SED DR
J€O; jg=i

for 0 <7 < Mks. Then 5:: (&oy -+, &mks) € Z and

Mks

7Y\ 7&i
I<X, 11 Ijqﬂ> _I(X, 1% >
jeo =0
Therefore we have proved Claim 4.3.

By Proposition 2.4(4) and Claim 4.3, we have

Mks
Oxpt (—P - (t=0)) = Zz(x AL ffi),
T i=0

ez
For any £ € , since (1 —&)(1+~m/(kN)) + P — S MEs j6i <1 — e+ P, we have

Mks _
e enrer )
1=0
Mks
C I<X x AL, (#)1=)Lym/ (kN))+P=32 M it I1 ff)

i=0
On the other hand, by Lemma 4.1(1) and Theorem 2.5, we have
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I(X x Al, (t)(l—s)(l—l—'yw/(kN))-l-P . rﬂ(l—s)'yS)

Mks (1—5)’)//16
- I<X x Al (1) 1=e) A=y (Ms=m/(RN))+P (Z(t)Mks—z’fi) >
=0
Mks
= 3"z X x AL, (1) 1O MmN TT () Mhsi ji)ﬁz)
feB pair

Mks
= ZI(X x AL, (1)1 tm/ RN +PS2G 6 T jiﬁi)
feB i=0

Since = C B, we have proved Proposition 4.2. O

5. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. Let X be a Q-Fano variety of dimension n and set
v = y(X). We assume that v > 1. Let (B,L£)/A! be a normal Q-semi test configuration of
(X, —Kx) obtained by .# and s, and let E, B, £ and so on be as in §2.1. Let {Ej}xca be
the set of II-exceptional prime divisors. We note that A # @, since the morphism II is not an

isomorphism. We set

ZCL)\E)\ = KB_/XXP17

AEA

Z by Ey = IT* X, — X,
AEA

Z b\ =F

AEA

as in [OS12], where X is the fiber of py : X x P! — P! at 0 € P! and X is the strict transform of
Xo in B. We note that by, ¢y € Z~g and ay — by +1 > 0 for any A € A since the pair (X x P!, X)
is purely-log-terminal. We set

d::max{wsc/\_(a/\_b)‘_kl)}.

b
By Theorem 2.2(4), we can assume that d > 0.
CrAaM 5.1. We have the inequality:
_(En—i—l)
(n+D((-=Kx)™)

Proof of Claim 5.1. For any sufficiently small positive rational numbers ¢ and ¢/, by
Proposition 4.2, the coefficient of

Kg/xxpr — (L =)+ (v —hw/(EN)IT" X — (1 —¢)(y —')sE

> d.

at Fy is strictly bigger than —1 for any A € A and for any sufficiently divisible positive integer k.
Thus, by Theorem 2.2(1), we have

1<a <1 0 (£ >b ysc
—l<say—{1- reanl KON LI
(n+D((=Kx)™)
for any A € A. Hence we have proved Claim 5.1. O
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By Claim 5.1, we have the inequalities:

DF, = _(nﬁ_m) + (ﬁ'” > (an - scA)EA>

+1 AEA
= <,C_n - dIT* X + Z(CL)\ — SC)\)EA)
AEA
= d([in . Xo) + <£_n . Z(db)\ +ay — SC)\>E)\>
AEA

> <£'n . Z(db)\ +ay — SCA)EA>.

AEA

For any A € A,
1
dby + ay — scy = g(fysc)\ —(ax —bx+ 1)) +ay — scy
Y

—1
(ay —by+1)+by— 1> L—(ay—by+1)

holds. Hence .
DFy > 1 <Z'n ' Z(a/\ —by+ 1)E>\>~
v AEA

By Theorem 2.2(3), (L™ Y cp(ax — by +1)E)) > 0 holds. Therefore, DFy > 0 holds. Moreover,
if v > 1, then DFy > 0 holds.
As a consequence, we have proved Theorem 1.4.

Remark 5.2. Berman pointed out to the author that there is an analogy between the argument
after Claim 5.1 and the argument in [Ber12, Lemma 3.4]. In fact, the argument in [Ber12, Lemma
3.4] gives the inequality

DFO _(ﬁ_-nJrl)
; 2 B - dO?
(=Kx)") ~ (n+1((—Kx)™)
where
dp := max {O,max { S\ T a,\}}
AEA b
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