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Abstract

We prove two conjectural congruences on the (p — 1)th Apéry number, which were recently proposed by
Z.-H. Sun.
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1. Introduction

In 1979, Apéry [2] introduced the numbers
inzn+k2 in2n+k
w2V e =200
i \k k e \k k
in his ingenious proof of the irrationality of £(2) and {(3). These numbers are
now known as Apéry numbers. Since the appearance of the Apéry numbers, their
interesting arithmetic properties have been gradually discovered. For instance, Beukers
[3] showed that for primes p > 5 and positive integers m, r,
Appr—1 = A1y (mod p3’),
Ao = A,y (mod p).
In 2012, Sun [13] proved that, for any prime p > 5,
p-1

7
Z(2k +DA=p+ ¢ p*B,_3 (mod p).
k=0

Here the nth Bernoulli number B,, is defined as

X wa"
ex—l_z "l
n=0

In the past two decades, congruence properties for Apéry numbers and similar numbers
have been widely studied (see, for example, [3-7, 11, 13-16]).
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Our interest concerns two conjectural congruences on the (p — 1)th Apéry number,
which were recently proposed by Sun [16, Conjectures 2.1 and 2.2].
CongecTurE 1.1 (Z.-H. Sun). For any prime p > 5,
Ap-1 =1+ 2p°B, 5 (mod p*), (1.1)
A =1+3p’B, 3 (mod p*). (1.2)

The aim of this paper is to prove (1.1) and (1.2) by establishing the following
generalisations.

THEOREM 1.2. Let p > 7 be a prime. Then

Ap1 =1+ p (3B, 3 — $Boy4) + §p* B3 (mod p). (1.3)
TueoreMm 1.3. Let p > 7 be a prime. Then
A =1+p (8B, 35— 3Byps) + 750" Bps (mod p). (1.4)

By taking k = 1 and b = p — 3 in Kummer’s congruence,

Bip-1)+b By,
Kp—D+b - p medp)

(see [12, page 193]), we obtain
Byy-4 = 3B, 3 (mod p). (1.5)

Substituting (1.5) into (1.3) and (1.4) gives (1.1) and (1.2) for primes p > 7. It is routine
to check that (1.1) and (1.2) also hold for p = 5.
We prove Theorem 1.2 in Section 2 and Theorem 1.3 in Section 3.

2. Proof of Theorem 1.2

Since Lak .
p—1+ p [P+
= 2.1
( K ) p+k( K ) .
we have |
P- 2 2 2
-1 +k
Ay = L R L 2.2)
= (p+k k k
Note that

p-N\(p+k\ p*-1H(p*-2H)---(p* - k)
k| k12
= (=D - p*HY) (mod p*), (2.3)

where H” denotes the nth generalised harmonic number of order r,

n
1
HY) = Z E’
k=1
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with the convention that H, = Hfll) . It follows from (2.2) and (2.3) that
-1

4 2 2 2
-1 k
L (p+k2\ k k

p
=1+p° o k)2k (mod p°). (2.4)
k=1
Furthermore,
1 1 2p 3p? 3
Substituting (2.5) into (2.4) gives
p=l g@
Api =1+ pPHY = 2p°HY| +3p*HY| — 2p kiz (mod p°). (2.6)
k=1
Forl<k<p-1,
p—k 1
(2) 2 — g®@
H™ + prk =H~+ 7 (mod p)
i=1
1
(2)
= HP_I + p
1
=a (mod p),
and so ®
H® H !
k p—k  _
W ot P
It follows that
p-1 (p=1)/2  77(2) (] (p=1)/2
H H
k p—k
= + = — d p). 2.7
; Zl (=5 (p—k)2) ; = (mod p) 2.7)
By [12, Theorem 5.2(a)],
(p-1)/2
o =0 (mod p) (2.8)
k=1
for any prime p > 7. From (2.7) and (2.8),
P H(z)
Z 5 =0 (mod p). 2.9)
k=1

The following two congruences are special cases of results of Lehmer [8, page 353]:

H(3) = 0 (mod p?), (2.10)
H;“)] = 0 (mod p), (2.11)
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for any prime p > 7. Combining (2.6) and (2.9)—(2.11) gives

A, =1+ p2H<2) (mod p°). (2.12)
Taking k = 2 in [12, Theorem 5.1(a)] and simplifying,
H?\ = (3Bp3— 1Bypo)p + (3Bp3 — §Bypa)p” (mod p°).  (2.13)

Substituting (1.5) into (2.13) yields
H?\ = (5B~ 5Bsp-a)p + §p° By (mod p*). (2.14)
Now (1.3) follows from (2.12) and (2.14).

3. Proof of Theorem 1.3
In order to prove Theorem 1.3, we need the following combinatorial identity.

Lemma 3.1. For any nonnegative integer n,

< (—l)k(n)(n+1+k) (-1 -1
=2H,+ ————. (3.1
kZ:; k \k n

k +1

Proor. Since

n+1+k_n+1+kn+k
k on+1 k)

we have
S (Df(n\(n+1+k) 0 (=D (n\(n+k 1, fn\(n+k
I R D P A

By the Chu—Vandermonde identity,

& knn+k_n n —n—l___n_
RSB LN s RN

k=

On the other hand, by [1, (2.2)],

o (=DE (n\(n+k\
; T(k)( L ) = —2H,. (3.4)
Now (3.1) follows from (3.2)—(3.4). O

Proor oF THEOREM 1.3. By (2.1) and (2.3),

LW VoY

k
= 1+pz( D ( . )(1 — p*H®) (mod p°). (3.5)
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Taking n = p — 1 and x = p in the partial fraction decomposition

Z":(—l)kn _ n!
x+k\k)]  x(x+1)---(x+n)

we arrive at

It follows that

p-1 k p-1 k
-1) (P—l) (=1 (P—l) 1
p =p -1= - 1. 3.6)
;p+k k ;p+k k (2;_—11)
We need the following congruence of Mclntosh (see [9, (6)]):
2p—1
( P ) =1-p*H?, (mod p°) 3.7)
p-1 P

for any prime p > 7. Substituting (3.7) into (3.6) and using the fact that Hl(i)l =0
(mod p), we arrive at

p-1

(-1DF
p; p+k

On the other hand, using (pzl) = (=D*(1 = pH;) (mod p?),

p- p=l (2
DW= R ey
iy p+k

k=

(p ; ) PPH?,| (mod p). (3.8)

’;( (mod p°).  (3.9)

By [10, (55)],

S HHY S HHP
kETg kI Ty
= =0 d p). 3.10
2k k§:l = =0 (mod p) (3.10)
Since :
=_-_4£ d n?
sk ke medr.

k k k k 2
= ———p —5 = —— (mod p°). 3.11)
- P +k k=1 k =k k=1 k
Combining (3.9)—(3.11) gives
p-1 k p=1 1;02)
-Df(p-1 H
Py k(p . )H,(f) =p’ )~ (mod p). (3.12)
=1 P k=1
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Lettingn=p —1in (3.1),

It follows from (2.3) and the above that

-l 217(2)
1-p°H
. = -2H,_| (mod p4)
k=1
and so
p-l H(2)
P* ) = =3Hp1 (mod p*),
k=1
which implies that
-l HI(<2) 3
=2 H,_ (mod p?). (3.13)
k=1 P
Substituting (3.13) into (3.12) gives
32(1) N 23, dp’ 3.14
Ptk k=Pp—1(m0P)- (3.14)
From [9, (6) and (7)],
2
pH,i = —%Hf_)l (mod p°). (3.15)

Finally, combining (3.5), (3.8), (3.14) and (3.15) gives

A =14 3p*H?, (mod pY). (3.16)
Now (1.4) follows from (2.14) and (3.16). O

Remark 3.2. On WeChat, Professor Z.-W. Sun independently conjectured two
extensions of (1.1) and (1.2), namely,

Ap-y = 1=2pH,_; (mod p°), (3.17)

Al =1-5pH, | (mod p) (3.18)

for primes p > 7, which have simpler forms than (1.3) and (1.4). We remark that (3.17)
and (3.18) can be deduced from (2.12), (3.15) and (3.16).
Acknowledgement

The authors are grateful to Professor Zhi-Hong Sun for bringing the reference [12]
to their attention and for helpful conversations.

https://doi.org/10.1017/5S0004972718001156 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718001156

368

[10]

[11]
[12]

[13]

[14]

[15]

[16]

J.-C. Liu and C. Wang [7]

References

T. Amdeberhan and R. Tauraso, ‘Supercongruences for the Almkvist—Zudilin numbers’, Acta
Arith. 173 (2016), 255-268.

R. Apéry, ‘Irrationalité de £(2) et £(3)’, Astérisque 61 (1979), 11-13.

F. Beukers, ‘Some congruences for the Apéry numbers’, J. Number Theory 21 (1985), 141-155.
H. H. Chan, S. Cooper and F. Sica, ‘Congruences satisfied by Apéry-like numbers’, Int. J. Number
Theory 6 (2010), 89-97.

E. Delaygue, ‘Arithmetic properties of Apéry-like numbers’, Compos. Math. 154 (2018), 249-274.
1. Gessel, ‘Some congruences for Apéry numbers’, J. Number Theory 14 (1982), 362-368.

V. J. W. Guo and J. Zeng, ‘Proof of some conjectures of Z.-W. Sun on congruences for Apéry
polynomials’, J. Number Theory 132 (2012), 1731-1740.

E. Lehmer, ‘On congruences involving Bernoulli numbers and the quotients of Fermat and
Wilson’, Ann. of Math. (2) 39 (1938), 350-360.

R. Mestrovi¢, ‘Wolstenholme’s theorem: its generalizations and extensions in the last hundred and
fifty years (1862-2012)’, Preprint, 2011, arXiv:1111.3057.

R. Mestrovié, ‘An extension of a congruence by Tauraso’, Combinatorics 2013 (2013), Article ID
363724, 7 pages.

H. Pan, ‘On divisibility of sums of Apéry polynomials’, J. Number Theory 143 (2014), 214-223.
Z.-H. Sun, ‘Congruences concerning Bernoulli numbers and Bernoulli polynomials’, Discrete
Appl. Math. 105 (2000), 193-223.

Z.-W. Sun, ‘On sums of Apéry polynomials and related congruences’, J. Number Theory 132
(2012), 2673-2699.

Z.-W. Sun, ‘Conjectures and results on x> mod p? with 4p = x> + dy?’, in: Number Theory and
Related Areas, Advanced Lectures in Mathematics, 27 (eds. Y. Ouyang, C. Xing, F. Xu and
P. Zhang) (Higher Education Press and International Press, Beijing, Boston, 2013), 149-197.
Available at https://arxiv.org/abs/1103.4325.

Z.-W. Sun, ‘Congruences involving generalized trinomial coefficients’, Sci. China Math. 57
(2014), 1375-1400.

Z.-H. Sun, ‘Congruences for Apéry-like numbers’, Preprint, 2018, arXiv:1803.10051.

JI-CAI LIU, Department of Mathematics, Wenzhou University,
Wenzhou 325035, PR China
e-mail: jcliu2016@gmail.com

CHEN WANG, Department of Mathematics, Nanjing University,
Nanjing 210093, PR China
e-mail: chenwjsnu@163.com

https://doi.org/10.1017/5S0004972718001156 Published online by Cambridge University Press


http://www.arxiv.org/abs/1111.3057
https://arxiv.org/abs/1103.4325
http://www.arxiv.org/abs/1803.10051
https://orcid.org/0000-0002-8618-2305
mailto:jcliu2016@gmail.com
mailto:chenwjsnu@163.com
https://doi.org/10.1017/S0004972718001156

	Introduction
	Proof of Theorem 1.2
	Proof of Theorem 1.3
	References

