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A CENTRAL LIMIT THEOREM
FOR NON-OVERLAPPING RETURN TIMES
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Abstract

Define the non-overlapping return time of a block of a random process to be the number
of blocks that pass by before the block in question reappears. We prove a central
limit theorem based on these return times. This result has applications to entropy
estimation, and to the problem of determining if digits have come from an independent,
equidistributed sequence. In the case of an equidistributed sequence, we use an argument
based on negative association to prove convergence under conditions weaker than those
required in the general case.
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1. Introduction and main theorem

1.1. Statement of problem

Given a sample (Zy, ..., Z,) from a random process taking values in an alphabet A, we
would like to estimate the entropy of the process. In general this is a hard problem, though if
the process is assumed to be independent or stationary some progress can be made.

In particular, given a sequence of binary bits, determining whether the bits were generated
by an independent equidistributed process has applications to problems in cryptography and
number theory, as described in Section 1.3.

Our approach is as follows. We first partition the sample of (Z;) into blocks of size £. That
is, writing ij for (Zy, Za+1, - ., Zp), we define block random variables X; = Zéffl)Hl such
that X; € At for each i. Then, given the first k blocks X1, ..., Xk, we count how long it takes
for these blocks to reappear.

Definition 1.1. (Non-overlapping return time.) For a given k, define the random variable
Sj=min{t > 1: X;4, = X}, j=1,...,k,

to be the return time of the jth block.

It appears that this definition dates back to Maurer [17]. The main result of this paper is that
if the number and size of blocks grow appropriately, then the S; satisfy a central limit theorem.

Theorem 1.1. Suppose that (Z;) is an independent, identically distributed finite-alphabet

process with entropy H. Write qmax < 1 for the maximum probability of any symbol appearing
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in (Z;). If as £ — 00 the number of blocks of length 1, k(£), goes to oo in such a way that
limy_ o0 k(€)% . = 0, then

Y ¥ og S; — tHlog2 +y) »

N(O, 1).
Jk(O72/6 - NOD

Here ‘> denotes convergence in distribution and y is Euler’s constant, y = 0.577216---.

Remark 1.1. 1. Note that, to agree with conventions in information theory, the entropy H is
calculated using logarithms to the base 2. If entropy were calculated using natural logarithms,
the log 2 term could be omitted.

2. For equidistributed processes, in which each symbol occurs with probability g, say, Propo-
sition 3.2, below, shows that we can relax the assumption on the rate of convergence of k(£),
to only require that k(¢)g® — 0. Indeed, simulations in Section 4 suggest that a weaker
condition, namely that k(¢£)£2~#¢ — 0, may be sufficient to ensure convergence for all finite-
alphabet independent processes with entropy H. The faster rate of convergence in the case of
equidistribution is useful, since we will often test a null hypothesis of equidistribution.

3. Maurer [17] proved that lim,_,  log S — £H = —y for equidistributed binary processes.
This result was extended to the case of stationary 1/-mixing processes by Abadi and Galves [2].

Corollary 1.1. Under the conditions of Theorem 1.1, the estimator

YO og Si +7)

Llog 2:/k(£)72/6

satisfies H ~ AN(H, 1 /1?) and, so, is asymptotically normal and consistently estimates the
entropy.

H=

If the process is independent and equidistributed on a finite alphabet, then each block occurs
at each time with probability p = |4|~¢. Hence, each of the S is a geometric random variable,
withP(§; =7) = p(1 — p) ! (we call this a geom(p) variable). In general, if the process is
independent and identically distributed with entropy H, it satisfies the asymptotic equipartition
property, meaning that, asymptotically, almost exactly 2/¢ blocks of length £ appear, each with
a probability of almost exactly 2~ #¢. Hence, conditioned on the value of X j» S is a geometric
random variable. However, even though the symbols Z; are independent, the return times S
are dependent, so we need to understand the dependence structure to prove Theorem 1.1.

In Section 1.2 we describe some results concerning similar return time definitions made by
other authors. In Section 1.3 we describe two possible applications of these results. In Section 2
we prove Theorem 1.1, using an argument based on asymptotic independence. We transform
our problem into a similar one, by eliminating the possibility of early matches. In Section 3 we
give a proof, under weaker conditions, for equidistributed random variables, by using negative
association. Section 4 contains the results of some simulations.

In future work, we hope to extend these results to general stationary processes, under a
suitable mixing condition, and to prove similar results for other definitions of match length.
Notice that, as mentioned previously, Abadi and Galves [2] proved convergence of log S; — £ H
for stationary 1-mixing processes, and that exponential bounds for individual hitting times
were proved under similar conditions for random processes, by Abadi [1], and for Gibbsian
random fields, by Abadi et al. [3].
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1.2. Other, similar definitions

We briefly describe some other work concerning similar quantities. This is by no means an
exhaustive list, but merely gives a flavour of some of the alternative approaches which exist.

1.2.1. Overlapping return time.

Definition 1.2. (Overlapping return time.) Define the random variable
Ty = min{r > 1: Z§ = Z/TH)

to be the time elapsed before the block Z’l‘ is next seen.
Kac’s lemma [13] shows that, for any stationary ergodic process,

1

BT | Z¥ =7 = —————.
P(zk =z

This was developed by Kim [14], who gave the limiting behaviour of E[ T} P(le‘)] for indepen-
dent processes, and by Wyner [25], who proved the following result.

Theorem 1.2. If (Z;) is a Markov chain then

log, T, — nH
lim —g2in = nH

n—o00 /nv

Here V = lim,_,« var(—log, P(Z]))/n is the information variance. For independent
processes,

~ N(,1).

V = var(~log, P(Z))) = Y "P(Z) = z;)(—log, P(Z| = z;) — H)™.

1

We refer the reader also to Corollary 2 of [15], where it was shown that this result holds
for general stationary processes (Z;) under explicit mixing conditions. Wyner and Ziv [24],
Ornstein and Weiss [19], and Gao [8, pp. 46-57] studied similar quantities.

1.2.2. Grassberger prefix.

Definition 1.3. (Grassberger prefix.) Given ann and ani, 1 <i < n, define
Rin(Z0) =inf{r: ZIH'~' # zj*“ for all j # i}.

In words, R; ,(Z}) is the length of the shortest string starting at position i that is different
from all the others of equal length starting at position j, 1 < j < n. This quantity was
introduced by Grassberger [9], and studied by Kontoyiannis and Suhov [16], Quas [21] and
Shields [22], [23], partly because it allows good entropy estimation for an ergodic process with
a suitable degree of mixing. For example, Theorem 1 of [16] is as follows.

Theorem 1.3. If the finite-alphabet process (Z;) is ergodic with entropy H and satisfies a
Doeblin condition, then

1 «— logn
lim — Z L H almost surely.
w00 1 = Ry 1 (Z])
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1.2.3. Lempel-Ziv coding. Another problem with similar features is that of finding the asymp-
totic behaviour of the number of codewords in the Lempel-Ziv parsing (see Section 12.10
of [7]). Ziv [26] made a conjecture concerning the number of codewords. However, Aldous and
Shields [4] were only able to resolve the problem for independent, identically equidistributed
processes, and it took careful analysis by Jacquet and Szpankowski [11] to extend their results to
independent, identically distributed asymmetric processes. For example, Theorem 1A of [11]
is as follows.

Theorem 1.4. Given a binary asymmetric (P(Z; = 0) # % ), independent, identically
distributed process, the total length, L,, of the m words in a Lempel-Ziv tree satisfies

lim Lm —ElLm] N(O, 1)
m—o00  /var(Ly) e

where

mlog, m Vmlog, m
Tz + O@m) and var(L,) = H—32
1.2.4. Comparison of approaches. Notice that Theorems 1.2, 1.3, and 1.4 differ in character
from our Theorem 1.1. For example, Theorem 1.3 proves a law of large numbers for the
Grassberger prefixes, showing that a statistic based on them acts as an entropy estimator.
However, it does not tell us the rate of convergence of the estimator. Similarly, although
Theorems 1.2 and 1.4 give asymptotic normality, they both refer to statistics calculated with
respect to one fixed point. It is possible that this fixed point could be unrepresentative; hence,
our result is stronger, in the sense that it averages over a number of different starting points.

E[Ln] = + O(m).

1.3. Applications

We briefly describe two applications of these results.

1. Cryptography. The problem of deciding whether binary bits (Z;) were generated by an
independent, identically equidistributed process arises in cryptography. Bits generated in this
way can be used as a perfectly secure one-time pad to transmit a message (Y;). This system is
secure, in the sense that the transmitted bits ¥; & Z; are independent of the message, meaning
that no inference about ¥; can be made from them. Equivalently, Shannon’s second coding
theorem (see, for example, Theorem 8.7.1 of [7]) implies that the binary symmetric channel
with error probability p = % has capacity C = 0. If the (Z;) were not independent and
equidistributed, then, given large enough n, it may be possible to infer properties of the (Z;)
and perhaps read the message (Y;).

2. Number theory. Recall that a number is said to be normal to base b if the limiting proportion
of each digit in its base-b expansion is 1/b. A number which is normal to all bases b is
simply referred to as being normal. Ergodic theory shows that almost all numbers are normal,
but it is hard to prove that any particular number has this property. For example, Bailey and
Crandall [5] proved that a particular class of numbers (including the so-called Stoneham and
Korobov numbers) has the normal property. On the other hand, in the same paper, [5], the
authors discussed the fact that constants including 7, e, In2, and ¢(3) are not known to be
normal. Weisstein gives a review of results concerning normal numbers that is available online
at http://mathworld.wolfram.com/NormalNumber.html. An informal statement of the property
of normality to base b is that the digits of the number ‘look as if they were generated by an
independent, identically equidistributed process’, which we hope to be able to test.
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Kim [14] gave computational results concerning the speed of convergence of estimators based
on overlapping matches, hoping to detect processes which are not Bernoulli. Similarly, Bradley
and Suhov [6] used theoretical results concerning the Grassberger prefixes (see Definition 1.3)
to consider the normality of constants such as 7, e, and . We give some computational results
in Section 4.

2. Proof of main theorem

2.1. Avoiding early matches

The difficulty in analysing the dependence structure of the random variables S; introduced
in Definition 1.1 is that ‘early matches’ can occur at i. That is, it may be that S; < k —i.
The possibility of early matches leads to a complicated situation of case splitting according to
where such early matches occur. To avoid this, we introduce a very similar sequence of random
variables, (R;), in Definition 2.1 below. We use two main ideas to prove Theorem 1.1, the
central limit theorem for the S;.

First, we let S; = R; + (k — i), unless there has been an early match. By controlling the
probability of an early match, we show that a suitably scaled version of ) _; log S; — ) ; log R;
tends to O in probability; thus, a limit law for the R; passes over to a limit law for the S;. The
formal statement is given in Lemma 2.1, below. Then, in Proposition 2.1, we establish a central
limit theorem for the R; using explicit bounds on conditional probabilities, which show that
the variables are asymptotically independent.

Definition 2.1. Given a realisation of X1, ..., Xz, we define D to be the set of positions that
do not see an early match, i.e. D = {i: X; # X;,j =i+ 1,...,k}. Foreachi € D, we let
b; = X;. Foreachi ¢ D, we let b; be a random element chosen uniformly from the set of
elements not yet seen, namely A¢ \ U; bi.

Define the random variable R; to be the time elapsed between time k and the time of first
appearance of value b;,i.e. R; =min{t > 1: X4y =b;}, j=1,...,k.

Lemma 2.1. Suppose that (Z;) is an independent, identically distributed finite-alphabet pro-
cess with entropy H. If, as £ — oo, k(£) — 00 in such a way that limg_, k(€)3/2€qﬁlax =0,
then the difference term
Y (log R; —log$;)
vk

tends to O in probability.

Proof. The key observation is that S; = R; + (k — i) unless i € D°. Furthermore, 1 <
S; < R; + (k — i). This means that we can decompose as follows, since R ~ geom(p) with
E[1/R] = —plog p/(1 = p) = O(ghux®):

P(Z{.‘_l(log S; — logR;) . 8) g P(Zf_l log(1 + (k — i)/R;) . 5)
vk vk
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Similarly, we know that

k e
(Zi_l log Ri1(i € D°) - 8)

P(Z{.‘_l(log Ri —logSi) _ 5) <p
NG —) = Vi
k
< ﬁ(z Ellog R;1P(i € DC))

i=1
= 0k(©)*tgl ),
since
Pl e D) =1-P@ e D) <(—(-ghb <kgba
independently of R;, and E[log R;] = O ({).

2.2. Moments of log R;

We first find the leading-order terms in E[log R;] and var(log R;) for all i. The values y and
72 /6, which appear in Lemma 2.3, were first recognised by Maurer [17]; in addition to these,
we need to know the order of the error term as well. We use the following lemma, the simplest
form of the Euler—-Maclaurin sum formula.

Lemma 2.2. For any differentiable function f such that f(x) — 0 as x — oo, we have

S 1) - /1 £ o) d
i=1

Proof. Note that (by integrating by parts), for all differentiable functions f and all a,

1 1 [
< zlf(1)|+§/1 [/ (x)|dx. (2.1

atl 1 a+l 1
/ f@dr = (f@+ fla+1) _/ f’(x)<x e E) d.

which implies that
a+1 1
/ fx)dx = S(f(a) + fla+ 1) =R,

where |R| < (fa”Jrl | f/(x)| dx)/2. By summing such results froma = 1 to a = oo, we deduce
that (2.1) holds.

Lemma 2.3. For R ~ geom(p),

wu(p) :=E[log R] = —y —logp + O(p), (2.2)

2
oz(p) := var(log R) = % + O(plog p), 2.3)
E[[logR — u(p)’1 < K, (2.4)

where y is Euler’s constant as before, and K is a finite constant.
Proof. Letc = —log(1 — p) and f(x) = e~“* log x, and use the fact that

—CX —CXx

+ cle”* log x]|.

1 ) = |2

—ce “logx| <
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We deduce, by (2.1), that the difference between the following integral / and sum S is

o ) 00
|S — 1| :='Zec’ logi—/ e “logxdx
i=1 1

1 (0.¢] e—C)C c o
< —/ dx—l——/ e ““logxdx
2 1 X 2 1

1 o° >
= |:—e"x log xi| + c/ e “logx dx

=cl.
Using the fact that
F(Oa C) 2
= =—y —logc+c+ O(c),
c
where we write ' (0, -) for the incomplete gamma function, we deduce that
oo
_ p F(O c)
Ellog Rl =) _ p(1 = p)*~'logx = -—— S (e ==y —logp+0(p).

where |¢| < c. For f(x) = e"“*(logx)?, we have

2e " ““log x 2e ¥ log x
o) = | =282 26 08X L e (log )2,

As above, we find that

IS — 1] := <cl.

. o
~“logi —/ e “logxdx
1

Using the fact that I = 72/(6¢) + (—y + log ¢)?/c + 1 — O(c), we deduce that

2 2 m?
Efllog R°] — pn(p)” = 3 + O(plog p).

Finally, we bound the centred absolute third moment, E[[log R — u( 11 We partition the
real line into three intervals: the sets A| = {x: |[logx —u(p)| <1}, Ao ={x: logx—un(p) =1},
and Az = {x: logx — u(p) < —1}. We also define the integrals

K; = E[|logR — /L(p)|31(R € A)l, i=1,2,3.
Clearly K1 < 1. By Chernoff’s bound, for r > 1, we have
P(logR — u(p) = 1) < ___EIR
exp(s(t + n(p)))
< 672, 2 - p)/p2

exp(—2y + O(p))/ p?
S 262)/6—21’

taking s = 2. Hence, K, = floo 3t2P(log R — u(p) > t)dr < 4. Similarly, we have
P(logR —u(p) < =) =P(R<e™"") <1 —exp(—e 77",

meaning that K3 < 4. Thus, we can take K = 9.
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2.3. Asymptotic independence

Next we prove a lemma that shows that the R; are approximately independent, giving explicit
bounds on the difference between the joint probability distribution and the product of the
marginals.

Lemma 2.4. Suppose that (Z;) is an independent, identically distributed finite-alphabet
process with entropy H. For (R;) as defined in Definition 2.1, and for any s, m, and a =
(ai,...,am—1), with R = (Rq, ..., Rj_1) we have

s—1
(1— 1 p”;v*) <P(Rnzs|R=a)<(—pn) ™",

where W* = p1 4+ -+ + pu—1 and p; = P(b;).
Proof. Given the values of Ry, ..., R, —1, we can write down an explicit expression for the
distribution of R,,;:
s—1
P(Ry =5 | R=a)=[]P(Xssi #bu | R =a). (2.5)
i=1
We consider this product term by term, for each value of i. If a; = i for some j < m — 1, then

Xjyi = b; and, automatically, Xi4; # b,; hence, the contribution to (2.5) from that i-value
is 1. Otherwise, if a; # i forall j < m — 1, then

P(Xipi # by | R=a) =1 =P(Xpsi = by | R=a) =1 = -7
1
where W; = Z;:ll pjl(a; > i). This is a decreasing function of W;.

It is clear that the product in (2.5) is maximised when the first (m — 1) values of a; occur
in the first m — 1 places, that is, when {aj, ..., an—1} = {1,...,m — 1}. In this case, the
product in (2.5) equals (1 — p,;)*~™. Similarly, the product in (2.5) is minimised when W; is
maximised for each 7, that is, when a; > s for each j. In this case, W; = Z;f'z_ll pj = W* for
each 7, and the product equals (1 — p,, /(1 — W*))*~ L.

Proposition 2.1. Suppose that (Z;) is an independent, identically distributed finite-alphabet
process with entropy H. For (R;) as defined in Definition 2.1, we find that, for any 6,

oo St )] - on( 25 5 el )|

is O(Lk(0)12gt ).

max

Proof. By adapting Equation (22) of [18], for any complex, continuously differentiable
functions f and g, and for random variables U and V, we have

cov(f(U). g(V)) = / / F/()g' (v) Hy.y (., v) du do, 2.6)
where
Hyy@u,v) =PU >u,V > v) —PU > u)P(V > v)
=—PWU>u,V <v)+PWU =u)P(V < v).
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LetU =logRyandV = Y /7 log R;. We will find nonnegative functions z2_ and /. such
that —h_(u, v) < Hy,v(u,v) < hy(u,v) for all ¥ and v. Since U and V take nonnegative
values only, if u < O orv < Othen Hy, v (u, v) = 0. Hence, with f(¢) = g(¢) = exp(i@t/«/%),
(2.6) simplifies to

o 2) ()
_ / / (leu)exp(iiz>HUV(u v) du dv

|HU’V(M, v)Idv du

o Jo
: 9_’(// hi(u’v)dvd“"'/f h+(u,v)dvdu>. 2.7)
k\Jo Jo o Jo

We know that [;° P(U > u)du = E[U], [;° P(V > v)dv = E[V], and

=

/MP(V <v)dv+/ P(V > v)dv = E[|V — ul].
0 "

Furthermore, we can evaluate

T, —log(1 - p))
_ e

F(p) = fo (1—p)d

Since f(p) has an increasing, but negative, gradient, with

1 1
A= piogd—p) ~ pd—p)°

—f'(p) <

we know that f(p) — f(q) < (g — p)/(p(1 — p)) for p < g. This means that

o0 e—1
_ e“—1 _ (1 _ _Pm _ ¢
/0 (1= pw) (1 £ W*) du = OK(0)gty). 25)

Let us rearrange the result of Lemma 2.4 and sum over values of @ such that }_ ; loga; > v
or Zj loga; < v. For v > E[V], we find that

e'—1
h-(u, v) < ((1 =) = (1 —1 f”;v*> )P(v > v),

and similarly can take A4 (1, v) < (1 — pm) "™ P(U > u)P(V > v). Thus, by (2.8), over this
region,

/ h-(u,v)dudv < O(k(0)gh) BNV — pll = 0k ?gf 0.

qmax

/h+<u v)dudv < (1 — pp) ™ E[UTE[V — u|l = O (tk(£)*/*q}
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For v < E[V], we find that

e'—1
hy(u,v) < ((1 — )" = (1 - 1’f”s) )P(v <),

and similarly can take _(u, v) < (1 — p,)' ™" P(U > u) P(V > v). As before, the integrals
satisfy

/h+(u, v)dudv = 0(k(£)*?¢},) and /h_(u, v)dudv = 0k(©)*?¢ 0.

Substitution of these expressions into (2.7) yields the result.

2.4. Completing the proof of Theorem 1.1

The Lyapunov central limit theorem (see, for example, Theorem 4.9 of [20]) implies that,

for independent random variables Y, ..., Y, where Y; has mean p;, variance aiz, and finite
centred absolute third moment m; = E[|Y; — u; |3], if
k .
Xk:i=—1m’% -0, (2.9)
iz 0D/
then
k
K Y: — w:
i Z k) vy ), (2.10)

,/Val‘(Zf-(:] Y;)

Proof of Theorem 1.1. Define a sequence of independent random variables (7;) with T; ~
R;. Then Lemma 2.3 (in particular (2.3) and (2.4)) shows that the Lyapunov condition (2.9)
holds if ¥; = log T;. Thus, given values pq, ..., px, we have

iz (log Ty — p(py) o

N(0, v), 2.11
N (0, v) (2.11)

where

k 2
1 T
v = E(igl var(log R[)z) =% + O(plog p).

and (by the law of large numbers) Zle w(pi) = k(—y + Hllog?2).
By repeated use of Proposition 2.1, we then find that

. k k .
0 (7]
'E[exp(ﬁ Y (log R; — u(p»)ﬂ -T1 E[exp(ﬁaog Rj - u(pj»)”
j=1 j=1

is O (Lk(£)3/2gt . ), soif this quantity tends to O then the central limit theorem for log 77, (2.11),

max
carries over to give a central limit theorem for log R;.
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3. Equidistribution and negative association

In the case of equidistributed random variables, we can establish a central limit theorem
under conditions on k(£) weaker than those required to prove Theorem 1.1, using negative
association. This property captures the sense of dependence whereby one random variable
being large forces the others to be smaller. Formally, we make the following definition.

Definition 3.1. A collection of real-valued random variables (Uy) is negatively associated if
cov(f1(Ui,i € A1), f2(Uj, j € A2)) <0 (3.1
for all increasing functions f] and f that take arguments in disjoint sets of indices Aj and Aj.

The negative association property proves useful in many situations, not least since New-
man [18] showed that the central limit theorem holds for negatively associated sequences of
random variables. Furthermore, if (Uy) forms a negatively associated sequence then, for any
increasing function f, (f(Uy)) also forms a negatively associated sequence.

Proposition 3.1. Suppose that (Z;) is an independent, equidistributed process with finite
alphabet A. The (R;) introduced in Definition 2.1 are then negatively associated.

Proof. Given the ordering Ry (1) < Ry(2) < --+ < Ry (for an appropriate permutation, 7),
the actual values satisfy R; (1) ~ geom(kp), R;(2) — R (1) ~ geom((k — 1) p) (independently),
and so on. That is, if we define independent random variables W;,i = 1, ..., k, with W; ~
geom((k+1—1i)p),and define U; = Z'i’:l W;, then Ry = U; or, equivalently, R; = Ur-14)-

As in the proof of Theorem 3.4 of [10], it suffices to show that (3.1) holds for symmetric
functions f; and f with Ay = {1,..., p}and A = {p + 1, ..., k}. Given such functions,

define
f]*(lla sty lp) = E[f](Ull7 s Ulp)]’
folipsts ... i) = E[fz(U,-pH, UL
If any index i;, [ € {1, ..., p}, increases then (since U; < U < -+ < Uy) so does Uj,, and,
hence (since fi is increasing), so does fi*. Thatis, f}" is an increasing function of {i, ..., ip}.

Similarly, f5 is increasing.
For any permutation t, we define the increasing functions

i@ = e, .. ),
SO = p+D, .. T ).

Theorem 2.11 of [12] implies that the uniform distribution on the set of permutations is
negatively associated, whence

E[g](v)g5(v)] < Elg] (1)1 E[g3 (D)]. (3.2

Now,
E[gr(f)] = E[f]*(r_l(l)s st t_l(p))] = E[fl (Urfl(])a IR U'[*l(p))]

=E[fi(R1,..., Rp)].
Similarly, E[g5 ()] = E[f2(Rp+1, - .., Rx)] and
E[g{(1)g> (D] =E[fi(R1,.... Rp) o(Rps1. ..., R]I;

thus, (3.2) implies (3.1), as required.

https://doi.org/10.1239/jap/1143936241 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1143936241

Non-overlapping return times 43

Lemma 3.1. Suppose that (Z;) is an independent, equidistributed process on a finite alphabet
A. If as £ — 00, k(£) — 00 in such a way that k(€)£|A|~¢ — 0, then the difference term

Zf:] (log R; —log §;)
NG

tends to O in probability.

Proof. As before, S; = R; + (k — i) unless i € D°. Furthermore, 1 < S; < R; + (k —i).
This means that we can decompose as follows:

[logR; —logS;| < |logR; —log(R; + (k —i))| + |log(R; + (k —i)) — logS;|

IA

k
o T1og(Ri +0)1G € D).
i

Since the R; are negatively associated, so are the —k/R;. Thus, by the Cauchy—Schwarz
inequality, recalling that p = ||, we have

k 2 k
E[(Z(log Ri — logS,-)) ] <2 K*E[1/R71+2 ) (Ellog(R)*] + k> E[1/R}])

i=1 i=1 ieD¢
< 2K3(p* + 0(p*)) + 2kp(O((~log p)?)
+ K2 (p* + 0(pH)). (3.3)

This follows both because E[l/RiZ] = pLix(p)/(1 — p) = p% + 0(p3), where Lir () is the
dilogarithm function, and because, for any i,

PieD)<P(1eD%)=1-PleD)=1-(-pk<pk,
independently of R;. The lemma follows on dividing (3.3) by k.

Lemma 3.2. Suppose that (Z;) is an independent, equidistributed process on a finite alphabet
A. Foranyi and j, i # j, the R; defined in Definition 2.1 satisfy

lcov(Ri, Rj)| = O(£]A| 7).

Proof. From the negative association proved in Proposition 3.1, we know that the covariance
is negative, so we need only bound it from below. For any x, we know that

p (1-2p\~" "
E l—p ory < x,
P(Rj=y| R =x)= |
1-2p\*" '
(1 p) A=pY > 1p fory> x.
4
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This means that

EllogR; | R; = x]

x—1 -1 o] x—1
p (1=2pY\ 1-2p .

:ZT<1— ) logy+ ) p<1_ (1= p) " logy

y=1 P P y=x+1 p
_i p_(1=2p\7" p (1-2p\"
= —_— ogy — — log x

y:ll_p 1—p I1—-p\1—p

0 —1 —1
1-2p\* 1-2pY
+ Y (p(-=2) a-pp ' = 2 (Z222) )iogy. (4

In (3.4) each summand is positive, so we can replace log y by log(y — x), which is smaller, and
write 7 = y — x, to find that (3.4) is greater than

o0 _ x—1 _ 74+x—1
Y((=) oo () e
p— I—p I—p\1l=-p
1-2p\ /& o p (1-2p\°
(7)o -r 5 () )ee)

z=1

1—2p\*! 1-2p p
= n(p) — nw—".
1—-p 1l—p 1—-p

Overall then, using the notation of Lemma 2.3, we have

E[log R; log R;]

>y pl- p)*”u(%) logx — ﬁ > 2p(1 —2p)* ' (logx)?
x=1 x=1
1/ 1-2
+ 5(; 2p(1—2p)*! logx) <M(p) - ;M(ﬁ»
_ p_ p 2 2
= wpny_ PR TT (0°2p) +n2p)7)

n(2p) 1-2p p
+ 3 (M(p)—l_pu—l_p)-

By expanding this using Lemma 2.3, we deduce that cov(log R;, log R;) > —plog p. Indeed,
asymptotically, cov(log R;, log R;) > p((—logp)/2 + y).
We can now deduce the central limit theorem for log S;.

Proposition 3.2. Suppose that (Z;) is an independent, equidistributed finite-alphabet process
with entropy H. If, as £ — o0, k(£) — o0 in such a way that k(£)£|A|~¢ — 0, then

Y O og S, — tH10g2 +¥)

N, 1).
Jk©72/6 - NOD
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Proof. By Lemma 3.1, we need only prove the corresponding result for log R;. By Propo-
sition 3.1, the R; are negatively associated and, hence, so are the log R;. Since H (u,v) < 0
for all u and v, by adapting (2.7) as in [18, cf. Equation (22)], we obtain the following result:
if Uy, ..., Uy are negatively associated then

'[exp( ZU]>] ]_[ [exp(i%)}‘5§;|cov(Ui,Uj)|. 3.5)

j=1

This means that, with u = £H log2 — y, and taking ¢ to be the characteristic function of the
distribution N (0, v), we have

‘ [exp( Z(logR —u))}—w(e)‘
E[exp(%;(log&-—u))} l_[E|:exp< (logR; — M))N

k

+[I1] E[exp(i—eaog R; — u))] - ¢<9>'.
| N

<

Equation (3.5) bounds the first term by k92|cov(Ri, Rj)| = O (k(£)2A~%), so we can control
that term. We control the second term by using the Lyapunov central limit theorem, (2.10).

4. Computational results

We now present the results of some calculations based both on simulations with random
number generators and on the decimal digits of well-known constants. Ineach case, we calculate

the value of the statistic
Y ¥ og S; — ¢H log2 + 2]

Jk@m2/6

We present the results as quantile—quantile plots produced using the statistical computing
environment R. In each plot, the upper and lower quartiles are connected by a straight line.
If the distribution of the statistic were exactly N (0, 1), we would see the majority of the points
lying very close to the line y = x.

To produce Figures 1 and 2, we performed 500 trials on simulated data. Figure 3 is based
on breaking the first 20 million decimal digits of 7 and e into 50 blocks of 400000 dig-
its. We used the program PiFast, version 4.3, by X. Gourdon (freely available online at
http://numbers.computation.free.fr/Constants/PiProgram/pifast.html), which can easily calcu-
late tens of million of digits of constants such as w and e. In each case, the points do appear
to lie on a straight line, although the sample variance is slightly smaller than expected. This
could be remedied by dividing by the square root of the true variance,

k()

2 2
var<Z log Si> = k(£6)n + k() (k(£) — D) cov(S;, §;) < k(£6)n .
i=1

In order to do this we would require an expansion, rather than simply an approximation, for
the covariance in Lemma 3.2 (since the proof of Lemma 3.1 shows that the sums of log R;
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Sample quantiles
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FIGURE 1: Quantile—quantile plots of equidistributed binary data: k = 250 and ¢ = 10 (left); k = 1000
and ¢ = 13 (right).
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FIGURE 2: Quantile—quantile plots of asymmetric (P(Z; = 0) = 0.75) binary data: k = 250 and £ = 10
(left); k = 1000 and ¢ = 13 (right).
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FIGURE 3: Quantile—quantile plots of decimal data with k
of e (right).
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and log S; each have the same variance, asymptotically). Numerical calculation suggests that
cov(R;, Rj) ~ plogp/4. Of course, Lemma 3.2 only holds for equidistributed processes.
However, in general, the asymptotic equipartition property suggests that we can assume that
cov(R;, Rj) ~ 2 HHelog2/4.
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