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1. Introduction and motivation

It is well known that many of the field equations from theoretical physics
(e.g. Einstein field equations, Maxwell’s equations, Klein-Gordon equation) can
be obtained from a variational principle with a suitably chosen Lagrange density.
In the case of the Einstein equations the corresponding Lagrangian is degenerate
(i.e., the associated Euler-Lagrange equations are of second order whereas in
general these would be of fourth order), while in the cases of the Maxwell and
Klein-Gordon equations the Lagrangian usually used is not degenerate. However,
it is not generally realized that there exist degenerate Lagrange densities which
also give rise to these last two field equations. In this note the general structure
of this type of degenerate Lagrange density is examined.

We shall concentrate our attention on m quantities p# (4 = 1, ..., m) which
in general are each functions of position i.e.

pt = p(xY).
Under transformations of the type
1.1 % = 7))

we shall assume that the p transform according to the law?
(1.2) p=Csp®,

where the Cg are functions of %° (or x’) and are completely determined by the
transformation (1.1). To fix ideas we cite four examples all of which fall into
the above category.

* This work was supported by a grant from the National Research Council of Canada.

1 Unless otherwise noted the summation convention will apply, whereby repeated capital
indices 4, B, ... will be summed from 1 to m and repeated latin indices @, b, ..., i,J,... from 1 to n.
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2] The Euler-Lagrange expression 483
(i) Scalar field ¢. If ¢ is a scalar field the counterpart of (1.2) reads
=9,

in which case m =1, p*=¢ and C§ = 1.
(ii) Vector field ;. In this case m = n, p% = ; and C§ = B/} (= dx'[0%°)
since a vector field transforms according to the law!

lpa = B:lllll
iii) Tensor field g;;. Here m = n?, pt= g;; and Ci = BB} correspond-
] 7
ing to
&s = B.B3gy;-
(iv) Non-tensorial field a;;. If a;; are n> quantities which transform accord-
ing to?

Gy = X X [Z )y B,icB,{dAfA;?+B;B,{]aij

i=t j=1 le=1d=1
where we have put
B!, = 0B![0x° and Af= 0x°/ox',

then under these circumstances

n n
Ci= X X BiBJAA%+ B.B].
c=1 d=1

From these examples it is evident that p* may represent, on the one hand,
the components of an arbitrary relative tensor field and, on the other hand,
certain quantities which are manifestly non-tensorial in character.

We now assume that we are given a quantity L-the Lagrangian. It is further-
more supposed that Lis a function of p? and its first M partial derivatives to-
gether with g arbitrary preassigned functions of position A% (@ = 1,...,9) and
the first Q partial derivatives of 1% i.e.

(1.3) L=Lp% p* i o5 Pt i3 A% A% 005 5 Ay ig)»
where a comma denotes partial differentiation.

With L we can always associate the Euler-Lagrange expression E (L) de-
fined by

M r s
(L4) B = Ly 3oy T (),
opr =t ox'...ox" 6pA,i1‘..i.-

where, as mentioned above, the 1* are not varied but are assumed to be preas-
3

2 The summation convention does not apply to this example.
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484 D. Lovelock {31

signed functions of position. In general the Euler-Lagrange expression (1.4)
will be of order 2M in p* (and order M + Q in 1%). If the order of this expression
in p#is less than 2M the corresponding Lagrangian is called degenerate. For
examples of this see [2], [3] and [4].

In order to ensure that the so-called action integral corresponding to (1.3)

J‘J‘L dx!...dx"

is an invariant, we assume that Lis a scalar density, i.e. under (1.1)

viz.

(1.5) L =BL

where B = det|B}|.

In theoretical physics the role played by the Euler-Lagrange equations
(1.6) EL)=0

is well known. It is usually possible to derive the field equations of physics from
a variational principle with a suitably chosen Lagrangian L. To illustrate this
we briefly discuss three important cases.

(a) Symmetric tensor field: Einstein vacuum field equations.

Consider the Lagrangian L given by

17n L(gij; Gij.k> gij,kh) = \/zlgin'i'jh,
where g = detlg,-j|, g% are characterised by

gijgkj':élic
e [hY _[h P [k _{ r ([ h
e IS N AR AR AR A

h 1 .
{i ]} =3 g k(Qik,j"‘ij,i_gi.i.k)'

and

with

With the correspondence
pA = Gij» =0,

in (1.3) the associated Euler-Lagrange expression (1.4) is®
. —f I
(1.8) EUL) = - /g (g"'g"‘R;fm - —zg"g""R.sz),

3 See e.g. I5] p. 258.
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4 The Euler-Lagrange expression 485

and the Euler-Lagrange equations (1.6) are just the Einstein field equations
in vacuo.

(b) Scalar field: Klein-Gordon Equation.

If we consider the Lagrangian

(19) L3645 99) = 58 0790, + K99,

(where k = constant), and use the correspondence
pt=¢, 1 =gy,

then (1.4) becomes

(1.10) EWL) = J9(g" ¢ — K*0),

where the vertical bar denotes covariant differentiation with respect to g;;. The
Euler-Lagrange equation in this case is the Klein-Gordon equation.

(c) Vector field: Maxwell’s equation

By choosing

(1.11) L(‘ﬁx;l/’i,j;gij) = Elx/éFiijkgihgjk
where

Fij = ‘P.-,j“' '//j,i
and by identifying

PA= l//i, A'a = gij’
we find that (1.4) reads
(1.12) E(L) = 2\/§gihgijhk|j-

The corresponding Euler-Lagrange equations are Maxwell’s equations in the
absence of sources.

Of these three Lagrangians i.e. (1.7), (1.9) and (1.11), only one is degenerate
viz. (1.7). However, it is not generally realized that in the other two cases it is
possible to choose Lagrange densities which are degenerate but which still yield
(1.10) and (1.12) as the corresponding Euler-Lagrange expressions. These La-
grangians are

1 —-,, 4
(1.13) L(b; 050,159 9i7.0) = E\/g(b(gl(ls]ij ~ k*¢),
and
(1.14) L(l//i;‘pi,j;‘//i,jk;gij;gij,k) = \/all’igihgijhk]js

respectively. Aside from their degeneracy, the Lagrangians (1.7), (1.13) and (1.14)
have something else in common —they all have the same structure viz.
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apA EA(L) ’

where a is a constant, in the general case. This raises three obvious questions:

1. If L is a scalar density and p* transform according to (1.2) is p*E (L)
a scalar density?

2. If p*E (L) is a scalar density and we regard it as a new Lagrangian,
is it always degenerate?

3. If p*E,(L) is a degenerate Lagrange density are its Euler-Lagrange
equations always E (L) = 0, up to a constant?

These three questions will be answered in the next sections by means of
Theorems 2, 4 and 6 respectively.

2. Certain properties of the Euler-Lagrange expression

The main purpose of this section is to establish the transformation law for
E (L) under (1.1) where it is assumed that p# and L transform according to
(1.2) and (1.5) respectively.

To this end we introduce the following notation. If F: is any function of
x' then

and :" ’ l.o

F = aF’ ioil...ir-l/ax i

::: 14 ioil...ir
for r=1,2,.... Similarly if G- is any function of % then
G4 = G
and
Gu

. 9 apayg...ar

= 090G

.. 3 8081...dr -

JOxX*

for r = 1,2, .... In view of this the summation convention will not apply to the
indices i, or a,.

It is possible to rewrite (1.4) in a slightly more concise form by introducing
the following definitions:

L = 8Ljdp*, i,(= 0L[0p"),
Lf;_)ilmir — aL/apA

for 1 < r < M. In this case (1.4) becomes

2 loiy...0p

M
E[(L) = ;0(—1)'144'0“""'_ioil...ir-

In order to obtain the transformation law for E, (L) we will require the
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[6] The Euler-Lagrange expression 487

transformation properties of p*,, .. for all k, 0 < k £ M. We shall obtain
these properties in the form of a recurrence relation. In view of (1.2) it is clear
that p* ;.. ., will be linear in p®; . forall j, 0 <j <k, and can thus be
expressed in the form

k
—4 — Aiogig...ij B
(21) p ,aody...qr Z aBaoal.,.ak p s dolg..djo
j=0

where afi% are functions of %% Differentiation of (2.1) with respect to £%<*!
yields

k+1

—A — Aipiy...ij-1pij Aigiy.. i B

(2'2) 14 L8081 B 1 z [aBaoal...ak Ba‘::+l + aBaQag,..;k,ak+1] p sioly.dj +

ji=1

A B
+ aBaoal...ak,ak+1 P

with the understanding that

folg.dk+1 __ 0
Bﬂoal...ak - *

A comparison of (2.2) with (2.1) [with k replaced by (k + 1) in the latter] yields
the following. If k is any integer, 0 < k+1 < M,

ag:gal...ak,nkn lf] =0 and k Z— 0’
(23) oo, = | apebe b B ol 1SjS kL,

0 ifj>k+1.
Obviously
(2.4) o = Ci.

By means of (2.3) we can prove the

LemMA. If under (1.1) p* and L transform according to (1.2) and (1.5)
respectively then for 1 £ k<M -1

k—1
P (_l)pLBlou..JM_p,iM—piM—p—1~-~iM-k+1+(_1)kLB‘o”.“lM—k _
P=0
k-1 k=j—-1 _
- Z(_l)j{ z (—l)pL?almaM-p'“M—p“M—p-1~--aM-k+j+x +
(2.5) i=o p=0

+(_1)k—anga1...aM-k+j} Aigig..iM~k-1 BiM-k /B+

XBaoa;...aps~x+ ;- 1Parr -k +

+ (_ l)kl'la:‘)a,...aM aAigil...iM—k— 1BiM-k /B .

Bagay...arm -1 am
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488 D. Lovelock [7]
Proor. We shall prove this by induction over k. With k =1 (2.5) reads

ioiy...im
LB im

Aioiy...ipr -2 ing -1 ¥ aoai...an ., Aagiy...iag-2 irg-1
X aBaoﬂl...aM_zBaM_l/B_LA aBmax...aM_lBaM /B'

— LIB(,H...IM-[ = (L_"l:ioal...aMyaM _E;oal...aM—l ) X

(2.6)

From (1.5) and (2.1) we find

iolt...iM __ Faoai...am ,, Aioit...im
LB - LA aBaoal...aM /B,

which, by virtue of (2.3), can be written as

ioit...ipge _ 7 aoar...am . Algir...iva~1 pinm
LB - LA. aBaoa;...aM_‘BaM/B'

In view of the fact that s

axi (BZ/B) = 0:

we thus have

(2.7) Ly,

— (Z;oal...aM, Aigig...ipm -1 + Et[l{oal...aM aAioil---iM—l )/B

M am aBaoa;...aM_l Bagay...am - 1,am

From (1.5) and (2.1) we also see that

lgit..iM -1 __ (7 ao@1...ans . Aigit...ipg~1 ¥ aoay...am -1 ., Aipig...ip -1
(28) LB - (LA aBaga1...aM + LA aBﬂ()ﬂ[...ﬂM—])/B'

Subtraction of (2.8) from (2.7) yields

ioiy...inr ioly...ipM-1  __ (T Go81...aMm 7 Gody...apM ~1 Aigi1...im—1
LB s T LB - (LA ,aM —LA ) <xBaual...a)y[_l/B +
T aogai...anm ¢ Alpig...izm -1 _ AAiiriMm -
+ LA (aBaual...aM_l,aM aBaoal...aM )/B’

which is (2.6) when account is taken of (2.3). Hence (2.5) is valid for k = 1.

We now assume (2.5) to be true for fixed k and establish the validity of
(2.5) with k replaced by k + 1, i.e. we wish to show that (2.5) implies

+ (_1)k+1 Ligi;...lM_k..l =

k
_1\? foig...ing -

20( 1)Ly ATV S I S

p=

k—j

(=0 [ £ (~appge-en: +

S AM - pAM —p=1...O8M —k+ j+10M -~k + j
p=

Il
M=

It

o

(2.9) j

k—j+1Faoay...amr=-k+j-1 Aigit...iM=-x=-2 ir—k—1
+ (—1) LA <xBaga;...a,\,z-k-z+,vBaM_k+J_l/B+

k+ 17 aoay...anm, Aipiy...iM -k ~2iM -k =1
+ (—1) LA aBaoal...aM_l BHM /B'

We see that the first term on the left hand side of (2.9) is the derivative of the
left hand side of (2.5) with respect to x*-*. Consequently the left hand side of
(2.9) can be expressed as the sum of six expressions, viz.
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k=1 k—j PR
2 (_l)j Z (—l)pl—t;oal'”aM_" Aigit..iM-k~1 /B +
j =0

WM —pOM =1 OM ~k+ j+18M =K+ j aBaoal,..aM-k»,j-;
j=0 p

k-1 Tpj-1 _ o
+ Z (_l)j Z (_I)PL‘LOUL--“M—» aAloH-ulM—k-l /B +
j=0

JAM —pe @M ~k+ j+1 ~Bagay...aM —k+ j~1,8M -k + j
p=0

k—
+

1

__ 1Yk Facar...an ik + j ., Aigit..im —k—1

( 1) LA aBaoal...aM_k+,-—1,aM_k+_,-/B =+
Jj=0

+ (_l)kZ:oal...aM, AioilmiM_k_l/B+(—1)kl-,aAomaMaAioilmiM_k_i/B +

aMaBaoal...aM_l Bag...ap - 1,aM

(=T Lol g,
j=0

The fourth expression can be absorbed in the first by extending the summation
in the latter from j = k— 1 to j = k. In the second and third expressions we
replace the summation over j by one over j — 1 and include a j = 0 term (which
is zero by (2.3)). From the sixth expression we extract the term j = k + 1 and
combine it with the fifth expression. Finally we group the remaining terms in
the sixth expression with those in the third to find that the left hand side of (2.9)
reads

k L (k=J _ . -
2 (_])J { 2 (__1)PL“A0~v-aM—ljaM +(_1)k_1+1L10---aM—k+j—l %
j=0 p=0

~p'TAM - k4§

Algig..iM k-1 Aiogiy...ipf -k =1
X (aBaoal...ﬂM—k+j—1 aBﬂo...aM—k+j_2.aM—k+j—])/B +

k+17ag...anms,  Aig...aM -k ~1 Aigig.. M-t ~1
+ (_ 1) LA (aBao...aM - aBaoal.,.aM_ 1;ﬂM)/B .

By virtue of (2.3) this is the right hand side of (2.9), which establishes the lemma.
With the aid of this lemma we are now in a position to prove

THEOREM 1. If under (1.1) p*# and L transform according to (1.2) and (1.5)
respectively then

(2.10) BE (L) = CPELL).

ProoOF. In (2.5) we set k = M — 1 to find

M-2
T (DL gy (DL
M-2 (Mj-2 _
- 2(—1)’{ S (—lpLoees,
i=0 p=0

Bao...a;Pa;+1

+ (—I)M_j_IZZO"'aJ+‘}GAiO Bi1 /B +

+ (_1)M—1Ea‘2...aM Aio szl /B

aBﬂo...aM—l M
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490 D. Lovelock 9]

By differentiating the latter with respect to x'*, multiplying by (—1)"™ and
recalling (1.4) we see that

M-1 M-j-1 X
EfL) = X (=1 X (—DP ™MLY ™7 o ayss ¥bag.as/B+
i=0 p=0
M-2 M-k-2 .
+ Z(—l)f: S (= APTMLS e (=D L
ji=0 p=0
X agaig...aj.aj...l/B—Z;omaM a‘;ziz%...aM-lyaM/B +
M
+ XLy Yape . /B.
j=0

By virtue of (2.3) only the j = O terms in the first and final expresssions survive
on the right hand side-—all others cancel. We thus find
M-1

EiD) = | T (0Pt B,
p=0
which, in view of (2.4), is (2.10).

From Theorem 1 we see immediately that if p* are the components of a
relative tensor of covariant valency r, contravariant valency s and weight w,
then E (L) are the components of a relative tensor of covariant valency s, contra-
variant valency r and weight (1 —w).

We remark that Theorem 1 can be extended to quantities p# which trans-
form according to

2.11) pt = Cap® + 04

where the C3 and 6 are functions of % and are completely determined by the
transformation (1.1). [A typical example of this would be the symmetric affine
connection I'? ; which transforms according to

L)%, = BiBLAL,, + 4;By", ]
In fact we can prove the

THEOREM. If under (1.1) L is a scalar density and p* transform according
to (2.11) then

BE (L) = CEELL).

However, we will not consider this case in any further detail, but will return to
(1.2). If we multiply (2.10) by p* and note (1.2) we have

THEOREM 2. If under (1.1) p* and L transform according to (1.2) and (1.5)
respectively then p*E, is a scalar density.
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We shall now give a direct proof of the frequently asserted

THEOREM 3. A divergence satisfies the Euler-Lagrange equations identi-
cally*, i.e. if a Lagrangian L is of the form
(D)

where
i _ g A, A Y { L2 1 .9
S - S(p 3P ’ila""p ’l']...iM_l’A’ ’A !ils"w}' ’il...i,,)’

and p is any positive integer

then
E(L) = 0.
)
Proor. It is clear that’
M_l . s s . p . Y .
(2.12) UL)')= ;0 S”BjojlmhpB,jojl...j,i+ _20Sl'!ljojl.uj'}'a,jujj...jri
where
SilBj0j1u~jr — asi/apB,jojlmjr

and

Si:aiofxu-jr — asi/alla

sJojt.Jr

For 1 £ k £ M — 1 it is easily seen, from (2.12), that

M-1
(%)Aiou""k = gto (asusmjl'"J'/aPA,ioil...ik)PB,joj....j,i +
& iijoitirjn A
(2'13) + —20(68 'ao-’l"'-"‘/ap ,ioil...ik)}‘a’ JoJt...jri +

+ S[ik; A”ionil---ik—l] ,

where the square bracket denotes complete symmetrisation over iy ... i (since
ig is excluded from this symmetrisation process we place it in braces). However,
for 1 £ k £ M —1, it is easily seen that

M-1
iziofy...0 itioiy...i B B
Sty = 2;) (@S 10P” joii i ioitoniei T
re
p 2.3 o ’
izigi...i « @
+ Zo(asz{ o k/al ,joj[...]',-)z‘ sjodt..Jri?
r=
4 This result is not at variance with [1] p. 121.
5 Summation over « from 1 to q.
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which, when taken together with (2.13), yields

L:'i)il...ik — Sll;;ioix...ik . + SE{ik:”iOHil“.ik_d
>3 *
(D)

From the latter we see that for 1 £ k< M —1

iof1...ik _ ik +13i0d1.. .0k icsigiy...dx-1
Ly vigitde = 4 Viotyoiker T S4 Jods...die
(D)
from which we conclude that
M~-1
Kk ioi1...i MGingsioir..in— inio
(=D)L e+ (= 1) TS igigingoy TS840, = 0.
k=1 (D)

In view of (2.12) the last two terms on the left hand side are respectively the
k = M and k = 0 terms of the first expression, so that

E(L)=0.
D)

3. Degenerate Lagrange densities

For the reasons indicated in section 1 we now wish to investigate the con-
sequences of adopting the quantity

(3.1 & = piE (L)

as a Lagrangian. If it is assumed that the p# transform according to (1.2) then
Theorem 2 assures us that % is a scalar density — one of the requirements usually
made of a Lagrangian. Furthermore, if Lis of the type (1.3) then in general E (L)
will involve derivatives of p* up to order 2M and derivatives of A* up to order
M + Q, in which case

L= L% 0% s P i A AR 3 A

,iu'z,,.iM+Q)'

This in turn suggests that the associated Euler-Lagrange expression E (%) [i.e.
(1.4) with L replaced by ¥ and M replaced by 2M] will be of order 4M in
p*. In fact this is not the case as is shown by

THEOREM 4. If
L= Lp*;p% 155 0% isizines 2552505 03 2 it)
and
& = p"E(L)

then E (%) is at most of order 2M in p“i.e. £ is a degenerate Lagrange density.
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Proor. For any positive integer r, 2 < r £ M consider the quantity

St sip -
where
Slr j_( l)r—J sipip—1. lr—j+1L0ll ’loiln-ir—j-l
and 1 £j £ r—1. Clearly we have
Si’-j,i,_, =(=1y"p* . ,Lou Jioigodpejer T
- ("’1)'_”IPA,i,...i,-“lLffil”'i',io...i,_,,
from which we conclude that
2 Sir-{ir—j = _pA,lou lrL‘ml i ( l)rp )lr lo "ir,io [

j=1

In view of the fact that the last term on the right hand side can be expressed
in the form

(- 1)’+1{(PALIO l',m drehin = PAE?{"i',io...i,} >
we find that for 2 <r M
r—1

(— P L gty = PHi0 L + B S,

ig...iy sir—
ji=1

+ (DAL i ok
Consequently we find

M M r—-1
E( 1)' AL:o u,.,lo = Z P o lrLlo z,-+ Z Z Sz,_ ey +
r=0 r=2 j=1

(3.2)
M

+ Z (=D Ly it

r=1

which, in view of (3.1), is of the form

3.3) $=$1+Tf,-
where

(3.4) 31 = Z p Jio.. lrL"’ r
and
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Mz

. M r-1 .
T'= X T s"8_ +

r=2 j=1 r

(__1)rpALio...ir 5;;'

[ 71 YOO FRy

1]
-

However, by virtue of the fact that T*, is a divergence, Theorem 3 assures us
that it will not contribute to E ,(.¥). Therefore we find from (3.3) that

E(ZL) = E(Z)).

Furthermore it is clear from (3.4) that

L= L0 0% 5P i A A A i) s

so that E (%) is at most of order 2M in p*. This establishes the theorem.

We have shown that if &, given by (3.1), is used as a Lagrangian then the
corresponding Euler-Lagrange equations are also obtained from %, given by
(3.4). We also know that . is a scalar density. It is obviously of interest to estab-
lish the tensorial character of .%,. This can easily be accomplished as follows.
Under (1.1) we have

MR

M M
B io...Q _ B Fao...aj Aio...Q

X i Ly = Xt XL Magy /B

=0 -0

r o]

r J

M M . _
DR D 1 el

j=0 lr=0 "
By (2.1) and 2.3) the quantity in brackets on the right hand side is ﬁA,ao...aJ’
which establishes
THEOREM 5. The Euler-Lagrange expressions obtained from

% = p*ELL)
and

M

£, =

r

4 i0u..ir
[N
0

are identical, and, furthermore, both &£ and & are scalar densities.

We are now in a position to give a partial answer to the third question posed
in section 1. From Theorem 5 we see that if .#, is proportional to L i.e. if

fl = kL
where k is a non-zero constant then
E(Z) = kE,L).

By virtue of the definition of %, we thus have

https://doi.org/10.1017/51446788700011125 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700011125

[14] The Euler-Lagrange expression 495

THEOREM 6. If L is homogeneous of degree k(#0) in the variables
(030" 05 5P% 1y ) eee i
M
PA_ioil...i,Lj:“'"i'= kL,
r=0
then the Lagrange density p“E (L) will also have as its Euler-Lagrange equa-
tions precisely

EA(L) = 0 .
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