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A NOTE ON p-ADIC CARLITZ’S ¢-BERNOULLI NUMBERS

TAEKYUN KiM AND SE0G-HOON RIM

In a recent paper I have shown that Carlitz’s gq-Bernoulli number can be repre-
sented as an integral by the g-analogue u, of the ordinary p-adic invariant mea-
sure. In the p-adic case, J. Satoh could not determine the generating function of
g-Bernoulli numbers. In this paper, we give the generating function of g-Bernoulli
numbers in the p-adic case.

1. INTRODUCTION

Throughout this paper Z,, Q, and C, will respectively denote the ring of p-adic
rational integers, the field of p-adic rational numbers and the completion of the algebraic
closure of the Q.

Let v, be the normalised exponential valuation of C, with |p|, = p~*»® = p-!.
When one talks of g-extension, ¢ is variously considered as an indeterminate, a complex
number g € C, or a p-adic number g € C,,. If ¢ € C, one normally assume |¢g| < 1. If
g € Cy, then we normally assume |g — 1|, < p~%/(P=1), 50 that ¢® = exp (zlogg) for
|z|, < 1. We use the notation:

1-4¢*
1-¢q°

[z] =[z:q =

Hence, lim1 [z] = z for any z with |z|, < 1 in the present p-adic case.
q—

Carlitz’s ¢-Bernoulli numbers Bx = Bx(g) can be determined inductively by

1 ifk=1

Bo=1, q(aBl@)+1)" — B = { 0 ifk>1

with the usual convention of replacing 8* by gG;.
In complex case, J. Satoh (see [2]) constructed the generating function of the g-
Bernoulli numbers F,(t) which is given by

(=) [ 2] ﬂ
Fyt) =) _q ™ (1-q-g"t)=3 “he".

n=0 n=0
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However, he could not explicitly determine Fg(t) (2, p.347] in the p-adic case.

In this paper, we give a generating function Fg(t) of g-Bernoulli numbers in the
p-adic case.

Recently I have shown that Carlitz’s g-Bernoulli number can be represented as an
integral by the g-analogue p, of the ordinary p-adic invariant measure [1]. In this
paper, we extend to the g-Bernoulli numbers using an integral by the g-analogue p,
of the ordinary p-adic invariant measure and given some relation between the Carlitz’s
g-Bernoulli number and the g-Bernoulli numbers of order 2 in the p-adic case.

2. GENERATING FUNCTION

Let d be a fixed integer and let p be a fixed prime number. We set

X = lim (Z/dp"Z),
N

X*= {J a+dpZ,

0<a<dp
(a.p)=1

a+deZp={:c€X]zEa (modde)},

where a € Z lies in 0 < a < dpV
It is known from [1] that

mm=/hWMm=/MWM@
e Z( ) Uy

where pq(a +dpNZ,) = ¢*/[dp").
Let Gg4(t) be the generating function of G;(q) :

® k
Galt) =Y. Brl@) gy
k=0 ’
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for ¢ € C, with |1 — g} < p~*/P~!. Thus we have

ad k
Gt =Y O
k=

) 1 k k Lt ﬁ
=k=o((1‘—4)k§(i)(—l) ['i+1])k

—~ Jj+1 /1 Ve &/ 1 Ve
=Zu+u(“)’<1—q) ﬁz(f-—q) ]

=0

Therefore we obtain the following:

THEOREM 1. For ¢ € C, with |1 - g|, < p~!/?P"!,

G,y(t) = /(-9 Z J+ (_ ) ’ f
[7+1] -q) 3"
It is shown in (1] that

Bn(z,q) = /z [z + t]"du,(t) = (¢*8 + [z])", forn >o0.

Thus we have
1 Z" k+1 (1)t
,Bn(xa q) - (1 _ q)n P ( ) [k + 1] ( 1)

COROLLARY 2. For g€ C, with |1 —gl|p < p~'/P~1, we have
I (z,t
Gylz.t) = Zﬂ (“’ Jn

n=0

t/(l s ' J 1 j : tj
= .-q -——'—— z—-
© Z (1) (1—4) ¢ !
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REMARK. Let Q@ be the algebraic closure of Q. For g € QN C, with |g| < 1, we have

Gt = -0 5 b (ﬁ—q)j""’?i
S st S Oers)s
_ 2, { W J§:jl (’;’) (-1 ;qu
s () e
- g{—m;q"[n]m_l - (g-1(m+ 1)24"{"1’"}%

Differentiating both side with respect to t and comparing coefficients, we have

Bm(@) = -m Y _q"[n" '~ (g—1)(m+1))_ ¢"[n]",

n=0 n=0
that is,
ﬂm(q) — = nfr,,Jm-1 (m+1) = nf{1m
——m‘—'—ZQ[n] +(‘1—1)TE¢1["] )
n=0 n=0
for m > 0.

3. EXTENDED ¢-BERNOULLI NUMBERS
For g € C, with |1 — g, < p~'/P~!, we define the g-Bernoulli numbers of higher
order by

1 ﬂ(h k) — / / [1:1 + o4 zk]qul(h—1)+...+Ik(h—k)d”q(zl) e dll'q(xk)-
z,, Zp Z,
Ic times

It has been proved in [1] that
(h k) _ 3 JE+R)
=19 "‘Z( )

where (j+h), = (G+h)G+h—-1)---(j+h—k+1) and [j+hlx =[j+h}---[j +
h—k+1]. Note that 85" is Carlitz’s g-Bernoulli number in the p-adic case (see [1]).
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We also define the g-Bernoulli polynomial of higher order by

(2) BP(z)

= / / . / [z + z + .. + xk]m . qzl (h-l)+"'+zk(h’-k)d#q($1) s d/‘q(zk)-
Zp JZp Zp

k times

LEMMA 3.

and

BLF) (z)

(I—Q)’"Z( )

In particular, for h =1, we see

U+Mk

For h,k € Z = {the set of positive integers}, we have

e Z( ) v g

(5 +h)y

[+ Rlx

.7 + h)k qu'

80@) = [ ot g ()

3 =g( JCara i

= (6™ + 1a1)"
It is easy to see that
q“a“'")(x +1) = A3V (z)
0 =g () -

= ¢*m[z]™" + h(g — 1)[z]™.
By (3) and (4), we see

1

m
¢* (a8 +1)" - g0 = { 0

Note that

50— [ -
Z,
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=0

fm=1
if m>1.
B
(A
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EXAMPLE.
@1 _ 2 21 _ _2¢+1
° 2 ™ [2](3] °
52D 2¢% (2,1) _ _d(a— 1)(2[3] + q)
T Bl R (31(4](5] ’
Let G(h’l)(t) be the generating function of ﬂi(h’l)(q) :
h,1 . —1/p—
Gt Zﬂ( Mg k_ for ¢ € C, with |1 — ¢, < p~1/P71,

then Gf,h‘l)(t) is given by

p’-1

GV (1) = hm E_ z geliltgh=1t _ / leltg(h-1z 4, ()
=0 Zp

+h 1\
—et/i-a) S IR (__) Ly
,Z:: []+h]( ) 1—-q/ j
REMARK. For ge QN C,, we have

G (1) = /19 Z ]+h](_ )]( _q) ;_J'

= i{ﬁ(i (7)( Yigiy +Z(?)(_1)juzh])}%

m=0 j=0

= mii:o{ m—l Z ( ) iq(ﬁh)n
+ —1_—,,,_-1- > (’;‘)(—1)" quw’"}%

j=0 n=0

-3 {- mzqh"[nr"— —@-Dm+ 0 S}

m=0 n=0

Differentiating both side with respect to ¢ and comparing coefficients, we have

BoN(g) =—mY g™ - (g-1)(m+h)) ¢,

n=0 n=0
that is,
(h 1)( )
Z ™ + (g - 1)— DI il
n=0 n=0
for m > 0.
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LEMMA 4. For g€ QNGC,, we have
(h 1)
( ) thn[n]m— + (q _ 1 m+ h & thn[n]m

n=0 n=0

For m > 1, we see

BED(1 - 2,¢7) = /Z [L-z+21:q7 " DM dpgma (1)
P

P N_1
= N ] —1] z,z-o[l—ﬂzx M

= g™th-1(_1)m a1 (),
Thus we have
BEN(0,47Y) = (-1 ERN() = (-1 B0 (by (4)).

Therefore we obtain the following:

PROPOSITION 5. For h,m (> 1) € Z,, we have
ARV - 2,q7Y) = ()™ 1AL ().
Moreover,
AV(0,.971) = (=)TgmHIERD(1) = (-1)gm ALY,

By the definition of ﬁ(h k) , We see

pRE) = [ [ [ b adm g eI g (an) - i)
P P P

k times

i( ) N /Zp/z, /[xk]’[$1+ N TR ki

j=0
k times
. q(k+i—1)zl++(‘+l)zk—lduq(zl) .

-y ( ) g B gLk,
j=0

r dﬂ'q (zk)

Therefore we obtain the following:
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THEOREM 6. For k€ Z,, we have

m
m i -
e =52 (7)o

1

i=0
Moreover,
m
m i+2,1
89 =Y () pipdta.
=0 \J
We see

5 = [ (@l dugta) = [ (o™ (0~ Dlel + 1) (@)

- Z:; (%)@= 176mss

COROLLARY 7.
m j+1 .
m (7 +1
pE? = E ( .)ﬁj Z(q - 1)‘(J . )ﬁm-j+i
j=o M i=0 ¢
REMARK. If ¢ — 1, then we have
= (m
52 =3 () Bibms.

i=0

where By, B,(,%) denote the mth Bernoulli number and the mth Bernoulli number of
order 2.
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