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A NOTE ON p-ADIC CARLITZ'S g-BERNOULLI NUMBERS

TAEKYUN KIM AND SEOG-HOON RIM

In a recent paper I have shown that Carlitz's g-Bernoulli number can be repre-
sented as an integral by the g-analogue (xq of the ordinary p-adic invariant mea-
sure. In the p-adic case, J. Satoh could not determine the generating function of
g-Bernoulli numbers. In this paper, we give the generating function of (/-Bernoulli
numbers in the p-adic case.

1. INTRODUCTION

Throughout this paper Zp, Qp and Cp will respectively denote the ring of p-adic
rational integers, the field of p-adic rational numbers and the completion of the algebraic
closure of the Q p .

Let vp be the normalised exponential valuation of Cp with |p|p = P~VP(P) = p-1.
When one talks of q -extension, q is variously considered as an indeterminate, a complex
number q e C, or a p-adic number q € C p . If q € C, one normally assume |<jr| < 1. If
q € Cp , then we normally assume \q - l | p < p " 1 ^ " 1 ) , so that qx = exp(zlogg) for
\x\p < 1. We use the notation:

Hence, lim[x] = x for any x with \x\p < 1 in the present p-adic case.

Carlitz's g-Bernoulli numbers 0k — Pk(q) can be determined inductively by

= 1,
fc f 1 if fc = 1

,<«««> + i ) - * - { 0 itt>1]

with the usual convention of replacing /3* by $ .

In complex case, J. Satoh (see [2]) constructed the generating function of the q-
Bernoulli numbers Fq(t) which is given by

n=0 n=0
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However, he could not explicitly determine Fq(t) [2, p.347] in the p-adic case.

In this paper, we give a generating function Fq(t) of ^-Bernoulli numbers in the
p-adic case.

Recently I have shown that Carlitz's q-Bernoulli number can be represented as an
integral by the q -analogue nq of the ordinary p-adic invariant measure [1]. In this
paper, we extend to the ^-Bernoulli numbers using an integral by the g-analogue nq

of the ordinary p-adic invariant measure and given some relation between the Carlitz's
<7-Bernoulli number and the g-Bernoulli numbers of order 2 in the p-adic case.

2. GENERATING FUNCTION

Let d be a fixed integer and let p be a fixed prime number. We set

X = ]^m
N

X' = \J a + dpZp,
0<a<dp
(a,p) = l

a + dpNZp = ix € X I x = a (mod dpN) j ,

where a 6 Z lies in 0 < a < dpN.

It is known from [1] that

= f [a}mdnq(a) = f [a]
Hv Jx

where nq{a + dpNZp) =qa/[dpN}.

Let Gq{t) be the generating function of ft(g) :

fc=o
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for qeCp with |1 - q\ < p'1^'1. Thus we have

J=0

Therefore we obtain the following:

THEOREM 1 . For q e Cp witi | i - g|p <

It is shown in [l] that

0n(x, q)= f [x + t]ndnq{t) = {q*p + [*])", for n > 0.
JZr,

Thus we have

COROLLARY 2 . For 9 e Cp with |l - q\p < p-1^-1, we have

n = 0
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R E M A R K . Let Q be the algebraic closure of Q. For q € Q n C p with \q\ < 1, we have

{
m=0 *• n=0 n=0

Differentiating both side with respect to t and comparing coefficients, we have

Pm{q) = -m £ q^nr-1 - (q - l)(m + 1) f ] «"[n]TO,
n=0 n=0

that is,

for m > 0.

TO *—' m
n=0 n=0

3. EXTENDED ^-BERNOULLI NUMBERS

For q € Cp with |1 — g|p < p" 1 / 1 "" 1 , we define the g-Bernoulli numbers of higher
order by

( 1 ) (3%>V= f f ••• [ [ * ! + ••• + :
Jzp Jzp Jzp

k times

It has been proved in [1] that

where (j + h)k = (j + h)(j + h - 1) • • • {j + h - k + 1) and \j + h]k = \j + h] • • • \j +

h — k +1]. Note that 0m' is Carlitz's g-Bernoulli number in the p-adic case (see [1]).
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We also define the g-Bernoulli polynomial of higher order by

/ / [ [ - + xk]
Zp JZp

k times

LEMMA 3 . For ft, k e Z+ = {the set of positive integers}, we have

and

" j=0

In particular, for h — 1, we see

.1)

i=o

^h'1) + [x])m, form>l.

It is easy to see that

(4) =

By (3) and (4), we see

Note that

a. ,\ (1 ifm=l

(0 ifm>l.
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E X A M P L E .

0(2,1) _ _2_ ,,(2,1) _ 2q+l
P° [2]' Pl

Let G(
q
hll)(t) be the generating function of $h>1)(q) :

G<M)(t) = f>iM ) (<?)£, for q G Cp with |1 - q\p <
fc=O

then G{q'l){i) is given by

G^(t) = lhn - L ^ g'eWy"-
p->oo [p J ^_Q

R E M A R K . For q e Q n C p , we have

m = 0 k 1.1 g; J = 1 \ J / n=Q

{
m=0 *• n=0 n=0

DiflFerentiating both side with respect to t and comparing coefficients, we have

n=0 n=0

that is,

for m > 0.

m
n=0 n=0
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LEMMA 4 . For q € Q D Cp, we have

/h \ \ , . oO • OO

n=0 n=0

For m > 1, we see

Thus we have

/ ^ ( O . T 1 ) = ( - l ) m 9 m + f t - 1 ^ ' 1 ) ( l ) - (-l)1"?™-1^'1 ' (by (4)).

Therefore we obtain the following:

PROPOSITION 5 . For h,m (> 1) e Z + , we have

Moreover,

By the definition of /%, , we see

x)= I f ••• f [x + x1 + ---
JZpJZp JZp

fc times

Til'fr. 4....4.TI . 1m~ 1

k times

j=0

Therefore we obtain the following:
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THEOREM 6 . For k € Z+, we have

m , \

i=0 v '

Moreover,

We see
l l l } = f [x]mqhxdnq{x)= f

Jzp Jzp

COROLLARY 7 .

t=0

R E M A R K . If q -»• 1, then we have

t=0

where Bm,Bm denote the mth Bernoulli number and the mth Bernoulli number of

order 2.
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