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Abstract

We analyse SIS epidemics among populations partitioned into households. The analysis
considers both the stochastic and deterministic models and, unlike in previous analyses,
we consider general infectious period distributions. For the deterministic model, we
prove the existence of an endemic equilibrium for the epidemic if and only if the threshold
parameter, R, is greater than 1. Furthermore, by utilising Markov chains we show that
the total number of infectives converges to the endemic equilibrium as + — oco. For
the stochastic model, we prove a law of large numbers result for the convergence, to the
deterministic limit, of the mean number of infectives per household. This is followed by
the derivation of a Gaussian limit process for the fluctuations of the stochastic model.
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1. Introduction

The household epidemic model, which models the spread of an epidemic among a com-
munity of households, has recently received considerable attention; see, for example, [6], [4],
[2], and [3]. In all the above examples, closed-population SIR (susceptible — infective —
removed) epidemics are considered and, therefore, endemic behaviour is not possible. The
simplest epidemic model which can exhibit endemic behaviour is the closed-population SIS
(susceptible — infective — susceptible) epidemic model. That is, infectives at the end of their
infectious period return to the susceptible state and therefore can be reinfected. The study of
homogeneously mixing closed-population SIS epidemic models goes back to [16]; see also [11]
and [9] for stochastic analyses. However, it is only recently, in [1] and [10], that the extension
to a household epidemic model has been considered. The aim of the current work is to study
closed-population SIS household epidemic models further.

In[1, Section 2] the initial stages of the epidemic process were considered, that is, when there
are initially a few infectives in an otherwise susceptible population. In such circumstances, by
considering a sequence of epidemics indexed by the total number of households, n, asn — oo,
a branching process approximation for the epidemic can be derived. The branching process
approximation can be used to answer the question of whether or not the SIS epidemic can
exhibit endemic behaviour. The results of [1, Section 2] apply to a very general SIS epidemic
model allowing for unequally sized households and general infectious periods. Therefore, we
shall focus on the endemic behaviour or, more specifically, the trajectory of the total number
of infectives per household. In this respect, we extend the work of [1, Section 3] by taking a
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novel approach. In [1, Section 3] the special case of equally sized households (i.e. in which
there exists an m > 2 such that all households contain m individuals) and exponentially
distributed infectious periods was considered. This enabled the derivation of a system of
differential equations defining the deterministic SIS epidemic model; see [1, Equation (10)].
The differential equations can then, in principle, be solved to determine the progress of the
epidemic over time. Moreover, results of [12] and [13] can be utilised to prove convergence
(suitably normalised) of the stochastic epidemic model to the deterministic limit and to derive a
Gaussian limit process for the fluctuations of the epidemic model about the deterministic limit.
Finally, for equally sized households of size 2 in [1], the endemic behaviour of the deterministic
model was considered, and it was shown that if the initial proportion of the population which is
infectious is positive, then the distribution of the total number of infectives within the households
converges to the endemic equilibrium, given that it exists, as  — 00.

In [10] the SIS household epidemic model was analysed using methods from statistical
physics, namely self-consistent field methods. The analysis was essentially deterministic,
and self-consistent field theory was utilised to consider the individual household epidemics as
independent epidemics, subjected to a ‘mean-field’ global infection. We shall also utilise a
construction which considers the individual household epidemics as conditionally independent
given the total amount of global infection. However, our approach is rather different to that
of [10], and we provide rigorous mathematical justification for our construction of the model.

The methods and results of [1] and [10] have two major drawbacks. Firstly, for m > 1 and
0 < i < m, it is necessary to keep track of the total number of households of size m with i
infectives. Therefore, for m > 1 we require m separate differential equations for households
of size m and, so, for unequally sized household epidemics the system of differential equations
rapidly grows in complexity. Secondly, it is required that each infectious period, the length
of time from an individual becoming infected until they return to the susceptible state, be
exponentially distributed. In order to surmount these problems we focus on a single quantity,
the total number of infectives or, more precisely, the mean number of infectives per household.
This requires a radically different approach to analysing the model, a full description of which
is given in Section 2. Although our methods can be used with very general choices of infectious
period, it is again necessary to restrict attention to exponentially distributed infectious periods
to obtain explicit results. This is primarily due to difficulties in obtaining explicit expressions
for the deterministic model for general choices of infectious period.

The paper is structured as follows. In Section 2 the household epidemic model is described
in full detail. Since we are considering asymptotic results, we define a sequence of epidemic
processes { E, }, indexed by the total number of households, n, asn — oo. Then, in Section 3, a
weak law of large numbers result is derived for the convergence of the mean number of infectives
per household to a deterministic limit. In Section 4 we study the deterministic limit in some
detail in the case where the infectious periods are exponentially distributed. In particular, we
extend [1, Theorem 3.1] to a very general household structure and thereby prove an associated
conjecture (see [1, p. 64]). These results establish necessary and sufficient conditions for
the existence of an endemic equilibrium and show that, as ¢ — oo, the epidemic converges
to the endemic equilibrium, if it exists. Although the deterministic model can be described
using a system of differential equations, our results are proved by utilising Markov birth—death
processes and Markov chains, viaa coupling argument. Similar results have been obtained in [5]
for metapopulation models. The method of proof we use is very different to that presented in [5],
but Markov processes are again utilised in studying the deterministic model. Furthermore, the
results of [5] are not directly applicable to the epidemic model, since [5, condition (H1)] is
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violated. In Section 5 we aim to extend the results of Section 3 by establishing a Gaussian
limit process for the fluctuations of the stochastic model about the deterministic model. We
are only able to do this for exponentially distributed infectious periods, since we require an
explicit expression for the deterministic model. However, in Theorem 5.1 we are able to obtain
useful bounds for the fluctuations of the stochastic model for more general choices of infectious
period. In particular, the bounds are of the same order of magnitude as those obtained from the
Gaussian limit process. Finally, in Section 6 a summary of the results and an outline of further
work is given.

2. Model set-up

We consider a sequence of epidemic processes {E, } indexed by the total number of house-
holds, n, asn — oo. Fori > 1, let h; denote the total number of individuals within household .
Note that we assume that, for all i < n, the ith household in E,, is of size h;. (This assumption
can easily be relaxed but is retained for clarity of exposition.) Fori > 1, label the individuals in
household i as (i, 1), (i, 2), ..., (i, h;). For afixed n > 1, the epidemic process is constructed
as follows. An individual, (i, j) say, the jth individual in household i, becomes infected for
the kth time at time ¢, say, and has infectious period Q;jx, which is distributed according to
an arbitrary (but specified) continuous, nonnegative distribution Q. The infectious period Q; j«
is independent of all other infectious periods and individual i is infectious in the time interval
[t,t + Qiji), returning to the susceptible state at time ¢ + Q; ;. During its infectious period,
individual (i, j) makes global infectious contact at the points of a homogeneous Poisson point
process with rate Bg{(1/n) > ;_, h;}, and the individual thus contacted is chosen uniformly
at random from the entire population, including individual (i, j) itself. Also, for 1 < k < h;
(k # j), individual (i, j), whilst infectious, makes infectious contact with individual (i, k) at
the points of a homogeneous Poisson point process with rate fr.. Those individuals initially
infectious at time + = 0 are assumed to have independent infectious periods identically
distributed according to an arbitrary (but specified) continuous, nonnegative distribution Q.
Note that O and Q can be distinct.

We consider the epidemic within individual households when each individual is exposed to
a known global infectious pressure. Fori > 1,¢ > 0,andz = {z(s): s > 0}, let 6;(¢; z) denote
the total number of infectives within household i at time ¢ given that each individual within
household i is contacted by global infectives at the points of an inhomogeneous Poisson point
process with rate Bgz(s). The individuals within household i then have infectious periods
whose lengths are independently distributed according to Q (with initial infectious periods
distributed according to Q). An individual, while infectious, makes local infectious contact
with a given individual within household i at the points of a homogeneous Poisson point process
withrate L. The most important fact to note is that, fori # jands, t > 0,6;(¢; z) and 6; (s; z)
are independent.

Therefore, if we let X, (t) = nX,,(¢) denote the total number of infectious individuals in E,, at
time 7, then X,,(t) = (1/n) Y_"_, 6;(t; X,,). The key point is that with this construction the epi-
demics within distinct households are conditionally independent, given X,, = {X,(s): s > 0}.
Clearly this introduces an explicit dependence upon the entire past history of the epidemic when
considering X, (¢); however, it transpires that this will not be problematic.

Fork >1and0 <[ <k, let akl denote the total number of households of size k within E,,
which contain / initial infectives. For k > 1, let w}} = (1/n) Zz o ay; denote the proportion
of households of size k and, for 0 < I < k, let ¢} = a};/nwj. Suppose that, for k > 1 and
0<!<k o > woand{); > fyasn — oo, with ) 72wy = landzl ol = L.
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Finally, let H be a positive discrete random variable with P(H = k) = wy (k > 1). Thus, H
denotes the limiting probability distribution for household size, and throughout we will specify
conditions on the household size distribution in terms of H.

Fork>1,0<l<k,t >0,andz = {z(s): s > 0}, let xx;(¢; z) denote the total number of
infectives at time ¢ within a household of size k which has / initial infectives and is such that
each individual within it is contacted by global infectives at the points of an inhomogeneous
Poisson point process with rate fgz(s). Thus, fori > 1, if h; = k and 6;(0; z) = [, then
0;(t; z) 2 Xk (t; z) for all ¢t > 0. Here, ‘2’ denotes equality in distribution.

Let x(0) = 302, ax Y_¢ 14w and, for 1 > 0, let

oo k
x(t) =Y or Y & Bl (s 0], @.1)
=0

k=1

Thus, {x(s): s > 0} describes the total proportion of infectious individuals in the deterministic
equivalent of the limiting stochastic model described above. In Section 4 we shall analyse (2.1)
in detail for the case Q ~ Exp(y).

3. Law of large numbers analysis

In this section we show that if E[H?] < oo then, for any 7 > 0,

sup | X,(s) —x(s)| = 0 asn — oo, 3.1
0<s<T
where ‘£, denotes convergence in probability.
We begin by stating the following useful proposition.

Proposition 3.1. Forany two inhomogeneous Poisson point processes 01 and 0y with respective
rates o1 (s) and a2 (s), there exists a coupling such that, foranyt (0 <t <Y),

ml0, 1] = n2[0, 7],

where Y is a nonnegative random variable with cumulative distribution function
t
PY<tH=1- exp(—/ |1 (8) — an(s)| ds).
0

Let x,(0) = Y 02| o] Zf:o I¢}y and, for 1 > 0, let

00 k n
1
xp (1) = E Wy E S Elxra (15 x)] =t - E E[6] (1; x,)].
i=l1

k=1 =0

Thus, {x,(s): s > 0} is the deterministic equivalent of {X;,(s): s > 0}. Furthermore, we have
the following lemma linking x,(-) and x(-).

Lemma 3.1. Suppose that Y o k Zf:o lwp ¢l — okl — 0 as n — oo. Then, for any
T >0,

sup |x,(s) —x(s)| >0 asn — oo.
0<s<T
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Proof. Fork <1land0 <[ <k,

sup_ Ellter(s: %) = i (53 %) 1 = K P( sup_[xaa (55 %) = a5 )| #0).

0<s<T 0<s<T

By Proposition 3.1, there exists a random variable lef with

T
P(Y, <T)=1- GXP<—7€,BG/ lx(s) — xn(S)IdS>,
0

such that the inhomogeneous Poisson point processes 7, and n;, with respective rates kBgx (s)
and kBgx, (s) can be coupled as follows, forany t (0 <t < Y,’f):
nkl0, 11 = 1[0, 1].

Therefore, we have

P( sup | xri (t; X) — xua (3 Xp)| # 0) <P(Y; <T)

0<s<T
T
< kfg /0 ) —a®lds. (2)
By (3.2),
sup |x(s) — xu(s)|
0<s<T
ook
<Y > sup |olu Elxu(s: X)] — 0} gy Blxu (s: )|
k=1 00<s<T
[ee) k [ee) k
<Y kY lowtu — wk;k,|+2wkZ¢kIE[ sup | xkr(s: X) — xua (s; xn>|]
0<s<T
k=1 [=0 k=1 =0
00 k T
< kS fontu —wZCI?ﬂ‘i‘ZwkkzﬂGf (5) = x(s)] ds
k=1 =0 k=1 0
00 k T
<Y kY ot — wpgll+ BGELH?] [ sup |x(u) — x, ()] ds.
k=1 1=0 0 O=uss
Therefore, it follows by Gronwall’s inequality that
o0 k
sup |x(s) — xa ()| < Y kY ] & — ontul exp(Ba T ELH?)), (33)
O<s<T k=1 =0

and the lemma follows since the right-hand side of (3.3) converges to 0 as n — oc.

Forallr > 0,

1 n
Xn(0) = xn(1) = ~ 3 {01t X)) — EL6; (15 X) | X}

i=1

1 n
+o Z{E[é‘i(l, X)) | Xn] — E[6; (15 x0)]}-

i=1
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We shall make use of a sequence of immigration—death processes {1, },>1 to assist in proving

that
Z{e (53 X,) —

i=1

sup 50 asn— oo.

0<s<T |1

For n > 1, suppose that immigrations occur at the points of a homogeneous Poisson point
process with rate

_1/3G”h.2 “hl1 1"h‘2 1"h2
—17{; z} +5L;Z—nz{ﬁG(;; z) +,3ng i}'

Then
K, — K = H{BGE[H)* + BLE[H?]} asn — oo,

Upon immigrating into the population, the immigrants have independent lifetimes identically
distributed according to Q. That is, if individual i, say, with lifetime Q;, immigrates into the
population at time 7, say, then individual i dies at time ¢ + Q;.

Further suppose that, for n > 1, the process I, starts at time t+ = O with r, initial
individuals in the population. Suppose both that there exists an r > 0 such that r,/n — r as
n — oo and that the initial individuals have independent and identically distributed death times
Q 1 Qz, .. Qr,,, respectively. For k > 1, let the first two entries of (¢, O, Uy) denote the
immigratlon time and the lifetime, respectively, of the kth immigrant in [,,, and let Uy denote a
uniform random variable on [0, 1] which plays no part in the immigration—death process but is
instrumental in coupling the epidemic process to the immigration—death process. It is assumed
that the random variables (Qy, Uy) are independent and identically distributed with Qj and Uy
independent.

Forn > 1andr > 0, let

AL = (1, O, Up): 1 < 1},
AP(1) = (1, Qi Up): 1 + Qx < 1} U (D Op <1).

Therefore, the sets AI (t) and AD(t) respectively consist of those individuals who have immi-
grated into [,, and dled in I,,, up to and including time ¢. Forn > 1 and¢ > 0, let ZI (1) = nZI (1)
and ZD(t) = nZD(t) denote the cardinalities of AI (¢t) and AD(I) respectively. Hence, ZI (1)
and Z ,? () respectively denote the total number of immigrations and deaths in 7, up to time ¢.

The key point in utilising I, is that, in the epidemic E,, infections occur at the points of an
inhomogeneous Poisson point process with rate n,(¢), given by

{Ze(r X )”Z(h —6:(1; X ))}+ﬂL29(r X,) (hi — 0; (t; X))

i=1

Hence, A, (t) < K, for all t > 0. Thus, for n > 1, the epidemic E, can be coupled to the
immigration process I, as follows. Suppose that r, = nX,(0)(= nx,(0)), and let the initial
infectives in E,, have (remaining) infectious periods Ql, Qg, e, an, respectively. Thus, for
every removal of an initial infective in E,, there will be a corresponding death of an initial
individual in /,. Now, for k > 1, consider the kth immigration in I,,. If Uy < A, (#])/ K,
then an infection occurs in E, and the infectious period of the infective is Q. The individual
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infected can then be chosen from among the susceptibles according to the correct conditional
distribution. Thus, we have a coupling such that, foralln > 1, s,and t (0 < s < 1),

1 X, (1) — Xu ()| < {ZL () — ZL()} + (2D () — Z2(5)), (3.4)

where Z}l (-) and Z,l?(o) are more convenient to analyse than X, (-).
Forallr > 0,

| 1
Zy (1) ~ —Po(nKy1),
t
ZP@) ~ l{Bin(rn, F(1)) +P0<nK,,/ F(s)ds)}, (3.5)
n 0

where, for s > 0, F (s) and F(s) denote the cumulative distribution functions of Q and Q,
respectively.

Lemma 3.2. Forall T > 0,

sup
0<s<T

1 n
=3 {0i(s: X)) — Bl (s: X,) | Xn]}’ 50 asn— oo.
n

i=1

Proof. Firstly note that, using (3.5) and Chebyshev’s inequality, it is trivial to show that,
for all s > 0, |Z!(s) — E[ZL(s)]] = 0 and |ZP(s) — E[ZP(s)]| = 0 as n — oo. Further-
more, since the {6; (s; X,,)} are conditionally independent given X,,, it follows by Chebyshev’s
inequality (cf. [14, Lemma 5.4]) that, for any s > 0 and ¢ > 0,

1 1 n
> s) a2 E|:var<20i(s; X») ‘ Xn>i|
i=1

11 < "
< N2 = N2

— 0 asn — oo.

IA

P(‘% i;{e,»(s; X,) — E[6;(s: X,) | X,1}

FixaT > 0andane > 0. For0 < s < T, let zZ'(s) = Ks and ZP(s) = x(0)F(s) +
K fos F () du. Note that 71(T), zP(T) < oo and that z!(s) and zP(s) are nondecreasing in s.
Therefore, there exist r € Nand ug, ..., u, (0 = ug < uy < --- < u, = T) such that, with
By = {s:ux <5 <ugs1} (0 <k <r —1), we have max; yep, Iz(s) — Z'(s")| < &/10 and
max; yep, [20(s) — 2P (s")| < €/10. Since, for all s (0 < s < T), E[Z](s)] — z!(s) and
E[ZP(s)] — zP(s) as n — oo, it follows that

lim P<|Z,I1(s) _de) < = s e H,) —1, (3.6)
Pt 10

lim P<|Z,‘?(s) — P < = s e H,) —1, (3.7)
1< e

lim P(‘— > (6:(s: Xu) — El6;(s:X) | Xul}| < . s € Hr) =1 (8
n— 00 nio 10

where H, = {ug, uy, ..., u,}.
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By the triangle inequality, forall k (0 <k <r — 1) and s (uy < s < ur4+1) we have
1 n
‘; > (6 (s: X)) — BI6; (s: X,) | Xn]}’
i=1

=<

1 n
=D 10153 Xa) — 0 i xn)}‘
i=1

1 n
+ ‘; D 40 (i Xu) — EL6; (ui: Xp) | X1}

i=1

1 n
+ ‘— D (E6: (s; X)) | Xy ] — EI6; (s X,) | Xn]}’. (3.9)
n

i=1
By (3.4), the first and third terms on the right-hand side of (3.9) are less than
I I D D
Zy(uit1) — Z, (k) + Z,; (up1) — Z,; (ug) (3.10)

and
E(Z) (ups1) — Z) )] + ELZP (ugs1) — ZP (ui)], (3.11)

respectively. Therefore, letting W, () = | Z} () — z' )| +1ZP (u) — zP )| (u > 0), we have,
from (3.9), (3.10), and (3.11),

1 n
‘; Z{Qi(S; X)) — E[0i(s; Xp) | Xnl}| < Wy (uit1) + Waug) + E[W, (ug+1)] + E[Wy (ui0)]
i=1

+ 2( urs1) = 2 w)) + 2P 1) — 2P wp))

n

1
+ '; > 6 (ur: Xo) — EI6; g Xo) | X1}

i=1
Foralll (0 <1 <r), E[W,(u;)] — 0asn — o0, so, for all sufficiently large n,
I3
E[W, (ug+1)] + E[W, (up)] < T

Thus, by considering each By separately it follows that if, for all u € H,, we have

W) = |Z) (u) — 2 )| + 122 ) — 2P w)| < z

10°
1 & £
=) (6w X) — E6; (u: X)) | X )| < —,
n i 10
then
] n
sup |~ Y {6i(s; X,) — El0;(s; X)) | X, 1}| <,
0<s<TI| M izl

and the lemma follows using (3.6), (3.7), and (3.8).

We are now in a position to prove (3.1).
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Theorem 3.1. Forall T > 0,

sup | X, (s) — x(s)| 20 asn— .
0<s<T

Proof. By Lemma 3.1 and the triangle inequality, it is sufficient to show that

sup [X,(s) — xp(s)| > 0 asn — oo.
0<s<T
Note that, by the triangle inequality,

sup | Xu(s) — xu ()| < An(T) + Bu(T), (3.12)

0<s<T

where, for ¢t > 0,

’

1 n
An() = sup |3 {6;(s; Xn) — E[6:(5 X) | X}
i=1

0<s<t

1
B, (t) = sup ; Z{E[Ql (s; X)) | X1 — E[6; (s; Xn)]}‘

O<s=<t| M i
00 k
= Ssup sz Z g]?l{E[Xkl(S; X)) | Xu] — Elxri(s; Xn)]}‘

Oss<th—1 =0

Therefore, by arguments similar to those used in Lemma 3.1, for t > 0 we have

0 t
B, (1) < {Zksz},BG/ sup | Xy (u) — xp(u)| ds. (3.13)
k=1 0 O<u<s
Thus, by using (3.13) and applying Gronwall’s inequality to (3.12) we find that, for 7 > 0,
o
sup | X, (s) — x,(s)| < Au(T) exp({z ksz }/BG T) . (3.14)
0<s<T

k=1
By Lemma 3.2, the right-hand side of (3.14) converges in probability to 0 as n — oo, and the
theorem follows.

4. Deterministic model

In order to study the deterministic model x (-), we restrict attention to the case Q ~ Exp(y)
where ¥ > 0; we can then use Markov chains to analyse x(-). In particular, we prove a
generalisation of [1, Theorem 3.1] and, hence, prove a related conjecture (see [1, p. 64]) under
the weak condition that E[H] < oo.

We begin by considering a household of size m, for some m > 1. For u > 0, let G, (u)
denote an (m + 1) x (m + 1) matrix with typical entries glf’} (u) (0 <1i,j <m), where

gt @) = (m = Dfu+ (m — i O <i<m-—1),

8ii—1W) =iy (I =<i=<m),
giju) =0 (li—jl=2,0<i,j<m),
gn) =—Y gl ©<i<m).

J#i

https://doi.org/10.1017/50001867800001403 Published online by Cambridge University Press


https://doi.org/10.1017/S0001867800001403

952 P. NEAL

Hence, g{']’. (u) is the infinitesimal transition rate from there being i infectives to there being j
infectives, given that there are u units of global infectious pressure. We shall use G, (u) to
construct a time-inhomogeneous Markov chain to study the total number of infectives within the
household at any given point in time. Note that G, (-) does not satisfy the birth condition (H1)
of [5].

Suppose that each individual within the household is contacted by global infectives at the
points of an inhomogeneous Poisson point process with rate Bgz(t), for some nonnegative
function z(-). For 0 < a < b, let S,,(a, b; z) = exp( f G, (z(s)) ds) with typical entries

’"(a b;z) (0 <i,j <m). Thus, for 0 < i, j < m,s; (a b; z) denotes the probability that
there are j infectives within the household at time b glven that there were i infectives at time a.
Therefore, turning our attention to x (), we note that, for > 0, x(¢) solves the equation

xX(1) =Y oGSk (0, ;%)) (4.1)
k=1

with x(0) = 322, wxkg, where k = (0, 1, ..., k) and & = (&kos Sk, - - - Ckk) for k > 1.
In order to analyse x(-) and, in particular, lim,_, o x(¢), we need to introduce some basic
notation and results. For k > 1, let

1 .
,BG p'
=
— il
and e
korRY 8 B K N pf
Ro=) EH =) o= Nk
k=1 [H] = VP!

where p = y/BL. The quantity R, plays a vital role i 1n both the stochastic and deterministic
analyses of the epidemic model. In this situation, R ) denotes the mean number of global
infectious contacts (births) emanating from the epidemic within a household of size k (individual
in the branching process) where initially there is one infective within the household and there
are no global infections into the household. Then, for the stochastic model, it was shown in [1]
that if R, < 1 then the approximating branching process goes extinct, almost surely, and the
epidemic also dies out. However, if R, > 1 then there is a nonzero probability that the branching
process does not go extinct, corresponding to the epidemic taking off. The deterministic model
is analysed below. We show that if R, < 1 then there exists only one equilibrium point, x* = 0,
and this point is an attractor, that is, for all x(0) > 0, x(t) — x*(= 0) ast — oo. For R, > 1,
there are two equilibrium points, x* = 0 and s* > 0. Then x* is an unstable equilibrium point
while s* is an attractor, in that, for any configuration of initial infectives such that x(0) > 0,
x(t) — s* ast — oo. An analysis of the distribution of the total number of infectives within
the differently sized households, in equilibrium, is also given.

The first step is to consider, for m > 1 and s > 0, time-homogeneous Markov birth—death
processes with transition matrices, G, (s), corresponding to epidemics within households of
size m subjected to a constant global infectious pressure s. Let i, (s) denote the stationary
distribution of the birth—death process. Then

0 =, (s)Gi (),
and if we define S‘m (t; s) = exp(t Gy, (s)) for t > 0, then
T (5) = T (5) S (15 5)

https://doi.org/10.1017/50001867800001403 Published online by Cambridge University Press


https://doi.org/10.1017/S0001867800001403

Stochastic and deterministic SIS household epidemics 953
forallt > 0. Forallm > 1, let

m
Fn = {a:(ao,al,...,am) eR™:0<a 0<i<m),) a= 1}.
i=0
Foranym > 1,anda, b € F,,leta <bif Y ", a; <> ir, b; forallk (1 <k < m), and let
a < b if the same conditions hold with strict inequality for at least one value of k. It is trivial
to prove that, for s < s’, 7, (s) < 7, (s"), since for s > 0 we have

ilﬁ[ (m+1—i)(Bas + (i — 1)BL) }‘1

mo(s) = {1 + :
k=1i=1 ty

and for 1 < k < m we have

(m+1—k)(Bgs + (k — 1)ﬁL)nk71(s)'

k() = oy

For s > 0, let w,,(s) = Z:":l i 71,’;1 (s) denote the mean number of infectives, in stationarity,
within a household of size m given that the household is subjected to a constant global infectious
pressure s, and let pu(s) = Y po | wrpi(s).

We shall consider the solutions to p(s) = s after the following preliminary lemma.

Lemma 4.1. For m = 1 and a;, b; > 0 (0 < i < m), suppose that fn,(x) = Z;"ZO a;x' and
gmx) = Z;n:() bix'. Suppose that, for0 < j <k <m, aj/bj < ax/bk. Then, for all x > 0,

d d?
_(fm(x)> -0 and _2<fm(x)> <0
dx \ gm(x) dx= \ gm(x)
Proof. The lemma trivially holds for m = 1 and can then be proved using induction on m
by considering

i(amxm + fm_1<x)) and ﬁ(amxm + fm_1<x>>
dx \ by x™ + gm—1(x) dx? by x™ + gm—1(x) ’
An immediate consequence of Lemma 4.1 is the following corollary.
Corollary 4.1. Forallm > 1, w,,(s) is a concave function with
d d?
aum(s) >0 and @,um(s) <0 “4.2)
forall s > 0. Hence, u(s) is a concave function with
>0 and e <0 (43)
— > — < .
dsM s an ds2'u g
forall s > 0.
Proof. Form > 1andk > 1, let

E(m+1=DBes+G =B = s
1_[ Y = OriS ,  say.
i=1

i=
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Therefore,
m (s) = ;iﬂ,’;(S) = ;Zg;
where
m k . . m k
k=1 i=1 Y k=1 i=0
and

m k . . m k
gm(s)z1+Zl—[{<m+1—z)<ﬁc,s+(z—1>ﬁL)}=1+ZZ¢Z§S,~_ “s)

i
k=1i=1 14 k=1i=0

Interchanging the order of summations in (4.4) and (4.5) yields

fn) =D "5 kel gm&) =1+ 5" g

i=0 k=i i=0 k=i
Therefore, the conditions of Lemma 4.1 are satisfied and (4.2) follows.

Equation (4.3) follows since (. (s) is a linear combination of the 1, (s).

Note that £ (0) = 0 and u(oco) = E[H]. Thus, from Corollary 4.1, there exists at most
one s > 0 such that u(s) = s. Furthermore, such a solution will exist if and only if
(d/ds)u(s)|s=o0 > 1.

Lemma 4.2. Forallm > 1,

4 on| = lime ) = "R
- S = 11umé& £) =
astm| T e Hm E[H]
and, hence,
d
— =lime~! = R,.
I u(s) » 81113 e u(e) X

Proof. Form > land 1 <k <m,

k . .
2k (e) = 70 () 1—[ (m+1-— l)(ﬂgfz‘ +(0 - 1)/3L).
iy

i=1

Thus, 7'[,,11(8) = (mﬂg/y)en,% (¢) and, for2 <k < m,

k N
wh(e) = enf o) [[ TR 1 o)
i=2

with 712 (¢) =1 — O(¢e). Therefore, for 1 <k <m,

¢ mpg_(m—1)

—(k—1)
T, (&) = sk(m _k)!p + o(e).
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Thus,

pm(e) =Y kmy (e)
k=0

o~ D 4 o(e)

_mBg_x~, (m—1)
=y 8};kk(m—k)!
_ M nm

_E[H]R* e+ o(e)

and, so, lim, o e lun(e) = mRim)/ E[H], as required.
The preceding results are drawn together in Lemma 4.3.

Lemma 4.3. For R, < 1, the only s > 0 such that u(s) = s is s = 0. For R, > 1, there exists
a unique s* > 0 such that u(s*) = s*. Moreover, for s; < s* < sp, we have s1 < u(s1) and
n(s2) < s2.

Before returning to x(-), we state a very useful general result for time-inhomogeneous
Markov birth—death processes.

Consider any two continuous-time, time-inhomogeneous Markov birth—death processes,
labelled one and two, with respective infinitesimal transition rate matrices Hy(u) and H(u)
at time u > 0. For u > 0, let Wi (u) and W>(u) respectively denote the total numbers of
individuals alive in processes one and two at time u#. Suppose that the maximum population
size in both processes is m > 1, and that, for j = 1, 2, the transition matrices H;(u) are
(m + 1) x (m + 1) matrices of the form

h{(i+1)(”) >0 O0O=<i<=m-1),
h{(i—l)(”) =iy (1<i=<m)),
) =0 (i —k|>2,0<ik<m),
W ==Y hw  ©0<i<m).
ki

Proposition 4.1. Suppose that, for0 <i <m — 1,
ey @) < B @) <oo  (u=0) (4.6)

and
W1(0) < W,(0). 4.7

Then a coupling exists such that, for all t > 0,

Wi(@t) < Wa(t) almost surely. 4.8)
Furthermore, if either the inequality in (4.7) or the inequalities in (4.6) are strict, then, for all
t >0,
P(Wi(t) < Wa()) >0 (4.9)
and, so,
E[Wi(1)] < E[W2(D)]. (4.10)
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Proof. We assume that processes one and two behave independently whenever Wi (t) #
W (t). Note that, for birth—death processes, if Wi(s) < Wa(s) and Wi(u) > Wa(u) (s < u)
then there exists a ¢ (s < t < u) such that Wi (¢) = W»(¢). Therefore, it suffices to specify a
coupling for Wi (z) = Wa(2).

Suppose that, at time ¢t > 0, Wi (t) = Wa(t) =i (0 < i < m). The two processes can
be coupled as follows. Let n’i and né be inhomogeneous Poisson point processes with rates
hl.l(,._s_l)(u)'and h,.z(l.H)(u) - hil(i+l)(u)’ respectively. Let D; ~ Exp(iy). If there are no points
in either ! (¢, t + D;] or n4(z, t + D;], then a death occurs in both processes at time ¢ 4 D; and
Wit + D;) = Wa(t + D;) = i — 1. Alternatively, if there is at least one point in (¢, 4+ D;]
on the superposition of nil and né, let B; (t < Bf < t + D;) denote the time of the first such
point. If the point corresponds to a point in 7}, then a birth occurs in both processes and
Wi(B;) = W»(B;) =i+ 1. Otherwise, a birth only occurs in process two and W (B;) =i + 1
with W1 (B;) = i. In this case, the two processes evolve independently until such time, s > B;,
that Wy (s) = W (s). Therefore, (4.8) holds.

Since the maximum population size is m, for both process one and process two there is
always a nonzero probability of no births or deaths occurring in any finite interval. Thus, if
W1(0) < W>(0) then

P(W1(¢t) < Wa(2)) > P(no births or deaths in either process in [0, ¢]) > 0.

Now suppose that W1(0) = W,(0) < m and that the strict inequalities (4.6) hold. Then
P(W1(t) < Wa(t)) is greater than the probability that there is only one birth in process two
with no corresponding birth in process one, and no deaths in either process. This probability
is positive, since whenever there are the same number of individuals in both processes a birth
can occur in process two with no corresponding birth in process one. Thus, (4.9) is proved for
W1 (0) = W2(0) < m. A simple adaptation can be applied to prove it in the case W1(0) =
W>(0) = m, and (4.10) is then immediate.

For j =1,2and 0 < s <1, let Rj(s, 1) = exp(j;t H(u)ds). The next corollary then
follows immediately from (4.10).

Corollary 4.2. Form > 1 and 0 <i <m — 1, suppose that
higen @) < @ @ =0) .11

and that x,y € F,, withx < y. If either x <y or the inequality in (4.11) is strict, then, for
allaandb (0 <a < b),
XRi(a,b) < yR>(a, b).

Applying Corollary 4.2 to the household model yields the following useful results.

Lemma 4.4. Suppose that, for all m > 1, ay,b, € F, with a,, < by. Let x4(0) =
Y ey a)kka,;r and xp(0) = > 72 a)kkb,;r with

xXa(1) =Y oede{arSp0, 1 %)} and xp(t) = ) work{bi Sk (0, 13 xp)} .

k=1 k=1

Suppose that there exists a k > 1 such that wy > 0 and ay < by. Then, for all t > 0,
Xq(t) < xp(t) and, forallm > 1,

anSn(0,1;X5) < by S (0,15 Xp).
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Fori = 1,2, let vi = {vi(u): u > 0}. Suppose that vi(u) < va(u) for allu > 0. Then, for
allm > 1, ¢, < d,, (Where ¢y, dyy, € F,,), and t > 0,

cnSm(0,1;v1) < €S (0,1;v2) (4.12)

and
cnSn(0,t;v)) <dypSn(0,1; vy). (4.13)

Thus, we have shown that the SIS household epidemic model satisfies a monotonicity
condition. That is, two populations with identical household structures and disease dynamics
can be coupled household by household such that if, for all i > 1, there are initially at least as
many infectives in household i in population two as there are in population one, then there are
at least as many infectives in household i in population two as there are in population one at all
times ¢ > 0.

We now consider the stationary distributions m,, (s) (m > 1, s > 0).

Lemmad4.5. Form >1,0<r <s,andallt > 0,
T (r) < T (r)Sp (15 5) < T (s) (4.14)

and, similarly,
T (r) < T (s)Sp(t; 1) < T (s). (4.15)

Proof. We prove (4.14); (4.15) follows similarly.
Fixrands (r < ). Forall u > 0, let vi(u) = r and v2(#) = s in Lemma 4.4. Then, by
stationarity, (4.12), and (4.13), we have

T (r) = Tn () S (t:7) < T () S (1 5) < W () S (1 8) = T (5),
as required.
Lemmas 4.3, 4.4, and 4.5 lead to the following key result.

Lemma 4.6. Let R, > 1, and let s* > 0 be a solution to u(s*) = s*.

(i) For s > s*, let u(s) = sg. Then s™ < so < s and, for any 51 (so < s1 < §), there exists a
t1 > 0 such that, for allm > 1,

T (5)Sm (0, 15 ¥°) < mp(s1),

where, fort,u > 0, y*(t) = Y 7, ork{m (u) Sk (0, ; y*)} T

(i) For 0 < r < s* let u(r) = ro. Thenr < ro < s* and, for any ri (r < ry < rg), there
exists a ty > 0 such that, for allm > 1,

T (r) Sy (0, 115 Y") > 1, (ry).
Proof. We shall prove statement (i); statement (ii) follows similarly.

Fix s and s* (s > s*) and u(s) = 59 < s; < s. Firstly, note that y¥(0) = s9. Now suppose
that there exists a #; > 0 such that y*(#;) > so and, forall 1 (0 <t < 7), y*(¢) < so. Thisis a
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contradiction since, by Lemma 4.4,

V) =) od{mi(s)Sk (0, 125 y)} T
k=1

< Za)kk{nk(s)sk(tz; s0)} "

=~
—_

wopkme(s) "

WK

=
1

=3

0-

Thus, for any #» > 0 and for y*(f2) > sg, we require that there exist a 13 (0 < #3 < fp) such
that y*(#3) > so, or, equivalently, that there exist a z, > 0 such that y*(#;) > s¢ only if

d S
Ey‘ () i > 0.
However,
d o o o0
'O = ;wkk{nk(smk(so)ﬁ < ;wkk{nk(smk(s)ﬁ = ;wkkoT =0.

Therefore, for all + > 0, y*(¢) < sg and, hence, by Lemma 4.4, for all m > 1 we have
T (8)Sm (0, 11 Y*) < 1 () Sy (2 50). (4.16)

Then, since ~
T (8) Sy, (25 50) = Ty, (s9) ast — oo,

it follows that there exists a 1; > 0 such that
7 (5) S (115 50) < T (51). (4.17)
Hence, statement (i) follows by (4.16) and (4.17).

Lemma 4.7. Let R, > 1, and let s* > 0 be a solution to u(s*) = s*. Suppose that there exists
an ¢ > 0 such that, for allm > 1 with w,, > 0, &, > 1w, (¢). Then

x(t) = s* ast — oo.
Proof. Fix an ¢ (0 < & < s*) such that, for allm > 1,
ay = 1,(8) < & < Wy (00) = by,

Fort > 0, let

o
xa(t) =) oek{arSe(0, 15 x0)}
k=1

xp(t) =Y okelbrSi(0, 15 xp)} .
k=1
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By successive applications of Lemma 4.6, for any r; and r; (r; < s* < rp), there exists a
t1 > O such that, for all m > 1,

T (1) < @ Sm (0, 115 Xq),
T (12) > by S (0, 115 Xp).
Moreover, Lemmas 4.5 and 4.6 can then be utilised to show that, for all > 0,
T (r1) < 7 (r1)Sm (t; (1)) < @S (0, 11 + 15 Xq),
T (r2) > 7o (r2) Sy (8 1(r2)) > b S (0, 11 + 15 Xp).

Thus, for all r > 1,

Xa(t) > Y wrkmi(r)) | = p(r),
k=1

xp(1) < Y onkmi(ra) " = p(r).
k=1

By Lemma 4.4, x4(t) < x(¢) < xp(¢) for all t > 0. Hence, for all t > 11,

u(ry) < x(t) < u(r2).

Since the above result holds for all r{ and o (r; < s* < rp) and u(s*) = s*, the lemma
follows.

The equivalent result for the case where R, < 1 is as follows.

Lemma 4.8. Suppose that R, < 1. Then
x(t) =0 ast — oo.

Proof. The proof is similar to that in the case R, > 1; hence, the details are omitted.

Lemma 4.7 shows that if R, > 1 then, for most initial configurations of infectives, the mean
number of infectives per household converges to s* > Q0 ast — 00, i.e. an endemic equilibrium
exists. Moreover, in equilibrium the proportion of households of size m with i infectives is
given by 7! (s*). However, there is still some work to be done to achieve our goal of showing
that x(z) — s* ast — oo if x(0) > 0 and R, > 1. Suppose that, for any x(0) > 0, there exist
t1 > 0 and & > 0O such that, for all m > 1, with w,, > 0,

(&) < &mSm (0, 11; X).

We can then apply Lemma 4.7 to prove the required result. Thus, we proceed by showing that
t;1 > 0and ¢ > 0 exist.

Lemma 4.9. Suppose that x(0) > 0. Then, forallm > 1 andt > 0,
CnSm (0,1, x) > m, (0) = (1,0,...,0).
Proof. Note that, foranym > 1 andt > 0, if &, > (1,0, ..., 0) then

EmSm (3 0) > 7, (0)S, (15 0) = 7, (0).
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Therefore, by Lemma 4.4, for all > 0,

x(1) =) o8 Sk 0,130} = Y onk{gSe(t; 0)} T > 0.
k=1 k=1

Thus, fé x(s)ds > Oforany ¢ > 0, corresponding to all individuals being subjected to total
global infectious pressure Bg fot x(s)ds > Oup to time ¢. Hence, for all # > 0, each individual
has a positive probability of being infectious at time ¢, and, so, the lemma follows.

Lemma 4.10. Suppose that x(0) > 0. Then, forallm > 1 and t > 0, there exists an e, > 0
such that

;msm 0, £; X) > m(em)-
Proof. Fix m > 1 and t1,t, > 0 with t = #; + #, and note that, by construction, for all
i>1 and 1, > 0, 5" (t2; 0) > 0, where E;”k (t2; s) (0 < j, k < m) denotes a typical element of
S (t2; 5). Thus, by Lemma 4.9, for all m > 1 there exists a §,, > 0 such that

EnSm (0,11 + 123 %) > &S (0, 113 %) 8, (12; 0) > (1 — 8,0, ..., 0, 8y).

Hence, by choosing an ¢, > 0 such that 71,2 (em) = 1 — 8, the lemma is proved.

Theorem 4.1. Let R, > 1, and let s* > 0 be a solution to u(s*) = s*.

x(0) = D2 kg, > 0. Then

Suppose that

x(t) = s* ast — oo.

Proof. Suppose that there exists an M > 1 such that, forall k > M, w; = 0. Then it follows
immediately from Lemmas 4.7 and 4.10 that, for x(0) > 0,

x(t) = s* ast — oo.

For M > 1, we can construct lower bound and upper bound approximations to the epidemic
process in which, for all # > 0, all individuals in households of size k > M are respectively
susceptible and infectious. Since we can take M to be arbitrarily large and > 22, | kay — 0
as M — oo, we can make the lower bound and upper bound approximations to the epidemic
process arbitrarily close to the actual epidemic process. The theorem then follows.

5. Fluctuations and Gaussian limit processes

In this section we aim to extend the results of Section 3 to obtain a Gaussian limit process for
the fluctuations in the mean number of infectives per household, X, (-), about the deterministic
limit, x(-). In other words, for any T > 0, we wish to show that V,,(-) = /n(X,,(:) — x(-))
converges to a Gaussian process V(-) on [0, T']. This is possible for Q ~ Exp(y) since we
have an explicit expression for x(-); see Section 4. For more general Q, we are unable to
obtain a Gaussian limit but are able to show that, for any 7 > 0, {supg,<7 |Va(s)|: n > 1} is
stochastically bounded. o

Firstly, forn > 1,7 > 0,and y = {y(s): s > 0}, let

1 n
iy = 2= Y {6it;y) — El6i(1; )1}
i=1
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Note that, for s > 0,
Vi(s) = Yu(s; Xp) + — f Z{EW (s; X)) | Xl — E[0: (s; )]}

Thus, we begin by analysing Y, (- ; X,,), and we shall assume that E[H*] < oco.
Form e Nand t = (t1, 12, ..., tw), ¥ = V1, V2, - - -» Vm) € R, let

m
ZXty) =) nYalt:y)

k=1
ZZyk(e (t: y) — El0; (i y)])
\/_ i=1 k=1
and
1 n m m
w(ty) =~ DD yivkcov@i(ty: ). 0 (e y)).
i=1 j=1k=1

Lemma 5.1. Foranym € Nandt € R™ witht > 0,

(Yo (t1: %), Yo (12: %), ..., Yo (1 X)) = (Y (013 X), Y (025 X), ..., Y(tm3 X)) asn — oo,

where Y is a multivariate normal distribution with mean 0 and covariance matrix X(t), and
D e . .
‘=’ denotes convergence in distribution. The (j, k)th element of X (t) is

Zwi Z Gir cov(xir (2 X), it (fk: X)).

i=1 =0

Proof. Fix ay € R™. Then, since E[H 2] < 00, it follows by Lindeberg’s central limit
theorem (see, for example, [7, Theorem 7.2]) that
zZY @
J 2 N@©,1) asn — oc.
Note that

i

o (%) = Z o] Z gl Z Z ¥ vk cov(xir (15 X), i1 (i X))

- Z Z Vivk Zw, Z Zit cov (it (¢ %), it (tx; X))

j=1k=1 i=1 =0

=z¥(t;x), say,asn — oo.

Therefore Z,’{ (t; x) 2 N(O0, z¥ (¢t; x)) as n — oo and the lemma follows by the Cramér—Wold
device (see, for example, [7, pp. 48—49]).

In order to make use of Lemma 5.1, we need to show that {Y,, (¢; X,,)} has the same asymptotic
limiting distribution as {Y, (¢; x)} asn — oo.
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Lemma 5.2. Foranyt > 0and ¢ > 0,
P(|Y,(t; X)) = Y, (t;x)| >¢) > 0 asn — oo.

Proof. As noted in [14, Lemma 5.4], by Chebyshev’s inequality, for any ¢ > 0,

P(|Y,(t; X,) — Y, (£; X)| > €) < gizE[Var(Yn(t;Xn) —Y,(t;x) | X;)]

11
=5 X;E[var(e,-(t; Xy) =0t %) | Xp)]

11 ¢
< ;;;h%E[P(@i(t;Xn) #0;t;%) [ Xl (5.

The right-hand side of (5.1) is equal to

[e9) k

1

8—22 Ko > g EIP G (t: Xa) # xua(6:%) | X))
k=1 =0

By arguments similar to those employed in Lemma 3.1, for k > 1 and 0 <[ < k we have

t
PO (t: Xo) # x(t: %) | Xo) < kg /0 X (s) — x(s)|ds

< kBgt sup |X,(s) — x(s)].

0<s<t
Thus, it follows from (5.1) that

1 (0.¢]
(Y, (t; Xn) = Yu(t; %) > £) < g—zﬁGtE[ p [Xa(s) = x| oK. (52)

0<s<t =1

Note that, by Lemma 3.2, SUPg<s<; | Xn (s) —x(s)| L 0asn — 00, for all ¢+ > 0. Therefore,
since X, (s) < Y po; kol (s = 0), it follows that

E[ sup | X, (s) —x(s)|] — 0 asn — oo.

0<s<t
Thus, the right-hand side of (5.2) converges to 0 as n — oo, and the lemma is proved.

Corollary 5.1. Foranym € Nandt € R" witht > 0,

(Yo (115 Xn)s Y (223 X, oy Yo (s X)) = (Y (113 %), Y (12 X), ..., Y (tw3 X)) asn — 00,
where Y (- ; X) is as defined in Lemma 5.1.
Proof. The Corollary follows immediately from Lemmas 5.1 and 5.2 by [7, Theorem 4.1].

We have thus established that the finite-dimensional distributions of Y, (- ; X,;) converge to
the finite-dimensional distributions of Y (-; x). The next step is to show that {¥, (-; X,,)} is
tight. Then, for T > 0, by defining Y (-; x) and Y,,(-; X,;) (n > 1) on D[0, T'] endowed with
the Skorokhod topology, we will be able to show that Y,,(-; X,;) = Y (-; x) on D[0, T'], where
‘=’ denotes convergence of the stochastic process.
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Lemma 5.3. Foranyy = {y(s): s > 0} and L > 0 such that sup,~ |y(s)| < L, and any s, t,
and u with 0 < s <t < u, there exists a finite constant Dy, independent of s, t, and u, such
that

E[(Y,(t;y) — Yu(s: Y (Ya (s y) — Y (£; )] < Dp(u — 5)?
foralln > 1.
Proof. Forn > 1land 1 <i <n,letf;(t;y) = 6;(t;y) — E[6; (¢; y)]. Since E[6;(t; y)] = 0

and the distinct households are conditionally independent given y, we have

E[(Ya (13 y) — Yu(s; Y (Yu (3 y) — Y (23 )%

n n

= n_lz 3OS US EWG (Y — Gi(ss NG y) — 6 (53 v)

i=1 j=1k=1I=1
x {0 (u; y) — Ot Y)HO (s y) — 6 (u; y))]

IA

1 n B B n _ .
—5 D B0 y) = O (s "1 ) _BIG; s y) = 6,1 9)7]
i=1

j=1

2 [ - s . y 2
+ ﬁ{EE[(Gi(ﬁ Y) = 0i(s;y) (G (w3 y) — 6; (1; Y))]}

1 n . ~ . .
+ 5 D _ElGy) = 0:(5y)* Gr(as y) — 03 9))). (5.3)

i=1

Note that

B[ (; y) — 0i(s: y)°] = var(6; (5 y) — 6i(s: y))

< E[6:(1;y) — 6i (53 )]
< hi P(6i(1;y) # 6i(s; Y)).- (54)
Now, P(6; (t; y) # 6;(s; y)) is less than the probability that there are no infections or removals
within household i in the time interval (s, #]. Infections take place within household i at the
points of an inhomogeneous Poisson point process withrate (h; —6; (s; ¥)){Bcy(s)+BLb; (s; ¥)}.
Therefore, the probability that there are no infections in household i in the interval (s, 7] is greater
than or equal to exp(—}‘{4,3c,h,-L + ,Bthz}(t —s)) since sup,.~¢ |y(r)| < L. A similar argument
shows that the probability that there are no removals within household i in the interval (s, ¢]
is greater than or equal to {1 — o (t — )M, where o = sup,~q fo(x) and fg(-) denotes the

probability density function of Q.
Thus, it follows from (5.4) that

E[@i (t:y) — 6 (s; y)*] < h {1 — exp(—3{4BchiL + BLhj}(t — )}
+hH1 = (1 —a@ —s)")
< hi($14BchiL + BLhi}(t — 5)) + hi (hija(t — 5)).

Therefore, there exists a constant C; < 0o, independent of ¢, s, and /;, such that

E[(@:(1;y) — 6 (s;¥))%1 < CLhi(t — 5). (5.5)
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Similarly, we can show that

[E[{6; (£ y) — 6; (s; Y HO: (us y) — 6;(t; Y| < 2hFCr(u — 5) (5.6)

and
E[{0i(t:y) — 0i (s DY {0i (s y) — 0: (1 )] < 6CT R (u — 5)°. (5.7)
Therefore, it follows from (5.3)—(5.7) that

E[(Y,(t;:y) — Ya(s; ) (Vs y) — Yo (25 ¥))°]

1< 2 1< LI
E{ZZCLh?(u—s)} +2{r—lZzCLh;‘(u—s)} +EZ6C%h§(u—S)2
i=l1 i=l1 i=1

o0
<1Ciu - )Y Koy,
k=1

Thus, if D; = IIC% (E[H4] 4+ 1) then 0 < D; < oo and there exists an ng € N such that,
for all n > no,

E[(Ya(t:y) = Ya(s: > (Ya(u:¥) = Y (6 ¥))°] < Dru = 9)%,
as required.
The following corollary is an immediate consequence of Lemma 5.3.

Corollary 5.2. Let A = E[H]. Then, forany s, t, and u (0 < s <t < u), there exists an
no € N such that, for all n > ny,

E[(Y, (13 Xn) — Y (55 X)) (Vo (5 X)) — Y (15 X))?] < Da(u — 5)°. (5.8)

Hence, for any T > 0,
Yn(‘;Xn) = Y(';X)
on D[0, T] as n — oc.
Proof. Forr > 0,let §, = {y = {|y(s)[: s > 0}: sup,>( y(s) < r} and note that X,, € G
almost surely. Therefore, by Lemma 5.3,
EL(Ya (13 Xp) — Yu(s3 Xn))> (Y (15 Xp) = Y (15 X))
= BIBI(Y, (1; Xu) — Yu(s: X)) (Yo (u; Xp) = Yo (13 X)) | X 1]

< sup E[(Y,(t;y) — Yu(s; Y)? (Y us y) — Yo (25 ¥))°]
ye3a

< Da(u —s)*

Thus (5.8) is proved and, by [7, Theorem 15.6], the result follows immediately from Corol-
lary 5.1 and (5.8).

The final step in the analysis of {Y;,(-; X,,)} before returning to {V,,(-)} is to show that the
limiting Gaussian process Y (- ; X) has almost surely continuous sample paths.

Lemma 5.4. The Gaussian process Y (-; X) has a continuous version (see [15, p. 59]) and,
hence, for T > 0, Y (-; X) has almost surely continuous sample paths on D[0, T].
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Proof. Fix a T > 0. By arguments similar to those employed in Lemma 5.3, it is straight-
forward to show that there exists a constant C < oo such that, forall s and 7 (0 < s,r < T),

|E[Y (s: )Y (1; x)] — E[Y (1; X)Y (1; X)]]

> o Y Caleovxin(s: X) — xi(t: X), xir(t: X))}

i=1 1=0
<Cls —1l.

The lemma then follows by [15, Chapter 1, Corollary 25.6].

The following theorem utilises Corollary 5.2 and Lemma 5.4 to show that, for all 7 > 0,
V, is stochastically bounded on [0, 7]. We shall then focus on the case Q ~ Exp(y), where
an explicit Gaussian limit for V,, can be obtained.

Theorem 5.1. Forany T > 0, {supy,<7 Va(s): n > 1} is stochastically bounded.
Proof. Note that, for all # > 0,

1 n
Va(t) = Yu(t; Xp) + «/5{; Z(E[Hi (r: X,) | Xn] — E[0; (1 X)])}-
i=1
Now using arguments identical to those employed in Lemma 3.1,

t
E[6; (t; X,) | X,] — E[6i(1; %)] < hif hiBg|Xn(s) — x(s)| ds.
0

Hence,

1 & 1 & !
«/ﬁ{; Z(E[Qi(t;Xn) | X, ] _E[Oi(t§x)])} < «/ﬁ{gzh?ﬂefo [ X, (s) —x(s)lds}
i=l1 i=l1

et t
= ﬁGZkzwg/ |V, (s)| ds.
k=1 0
Thus,

sup [Va(s)l = sup [¥n(s; X)|+ﬂG Ko sup / |V (u)] du

0<s<T 0<s<T k=1 0<s<T

< sup [Yu(s: Xy )|+ﬂGZk wk/ sup |V, ()| du
0

0<s<t k=1 O0<u<s

and, hence, by Gronwall’s inequality and Corollary 5.2,

sup |Vu(s)| < sup [Yn(s; X )|exp(TﬁGZk2wk>

0<s<T 0<s<T k=1

2 sup |Y(s; x)|exp(TﬂG Zkak) asn — oo.
0<s<T k=1

The theorem now follows since Y (- ; x) is continuous (see Lemma 5.4).
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5.1. Exponential infectious periods

For k > 1, let By denote a (k + 1) x (k + 1) matrix with typical entries bfj O <i,j<k),
where bl’.}m) =k—i,bf =—(k—i)(0<i<k-1),and bffj = 0 otherwise. It then follows
that

t t
ﬁ/o {Gr(Xn(5)) — Gr(x(s)}ds = ﬂG/O Vi (s) ds By.

We shall require that there exists an a > 0 such that E[exp(a H)] < oo.
Note that

VY ok (8] S0, 1 X)) T — (&S0, £ %)) 1)

k=1

= V1Y okl (@ — 80k, X)) 4+ VY oS0, 15 X,) — Sk(0, 1530} T g

k=1 k=1

o0
=en() +/n Y k{80, 1:X,) — S0, 1:%)} g, say.
k=1

Therefore, provided that

[ee) k
\/ﬁZa)kaMﬁ—gH—)O asn — 0o,

k=1 =0
it will follow that &} = 0 asn — oo on [0, T], for all T > 0.

Lemma 5.5. Suppose that there exists an a > 0 such that E[exp(aH)] < oo. Foralln > 1

andt > 0, let
o
VY odk{Se0, 1 X,) " = S0, 1:%) T
k=1
t o]
=,36/ Va(s)ds > axk By Sp(0, ;%) Tg] + e(1),
0 k=1
where
oo
en(t) = Yy okCLOSK (0, %) g
k=1
with -
ﬁG /t ISG ! T
Cl(t) = — V dsB — Iy — — v, dsB
HO! exp(ﬁ | Va(s) dsBy = | Ve dsBy

for k > 1, Iy41 denoting the (k + 1)-dimensional identity matrix.
Then, for all T > 0, 63 =0asn—>ocoon[0,T]

Proof. Forall k > 1,

o0
1
. TaT
IkC(1)Sk(0, ;%) T g | < X;F
/:

k(ﬁ—G /t 1% (s)ds)j(Bj)TSk(O tx) e’
NN/ k ok
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For j > 1, the maximum element of S (0, #; X) B,{ is less than or equal to (2k)7, since Si (0, ; X)
is a stochastic matrix. Therefore,

k(BTS00 7 8| < k(2k) =27k
Thus, if A, () = 28G| fé V. (s) ds|, by Theorem 5.1 we have P(A,(t) < co) = 1 and, so,

j
J‘Zwk <5% /0 V,,(s)ds) 2J jJ+1
1 1
<ny ko exp(k—An(t)) —1—k—A, 1) (5.9)
,; NG NG

Then, since there exists an a > 0 such that E[exp(a H)] < o0, it is straightforward to show
that the right-hand side of (5.9) converges in probability to 0 as n — oo.

Thus, for all > 0, 83 (1) X 0asn — 00, and the lemma follows.

Fort > 0, let

o0
rt:x) =Y kBl Si(0,1:%)7 g/
k=1

It follows that r (¢; X) < oo since E[H?] < oo.

Theorem 5.2. Suppose that there exists an a > 0 such that E[exp(aH)] < oo. Forall T > 0,
Vi = Vasn — ocoon|0, T)], where V satisfies

V() =Y(t; x)+ Bar(t; x) /Ol V(s)ds
Proof. By Lemma 5.5, forall ¢t > 0,
Va(®) = Yo (t; Xo) + £, (0) + £3(0) + Bor (1 %) /0 Va(s) ds.
Form > 0and 0 < s < t,define C, (s, t; x) as follows. Let Cy(s, t; x) = 1 and, form > 1, let
Cu(s, t;X) = /t Bor(u; X)Cp—1(u, t; X) du.
5
Following [17], if we let
K(s, t;x) = i Cn(s,t;X)
then, forall s andr (0 <s <1t), K(s,t; X) < oo and
Va(t) = Yo (t: X)) + £, (1) + €,(1) + for (1 %) /Ot K (s, 1) (Ya(s3 Xa) + £,(5) + £5()} ds.
Then J: D — D defined by
130 =50+ ar@sn) [ Kisutsxy(s)as

is continuous. Also, V,(t) = J (Y, + 8,]1 + e,%) and V(t) = J(Y). Therefore, by the continuous
mapping theorem [8, Theorem 25.7, Corollary 1], V,, = V asn — ocoon [0, T].
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6. Summary

We here give a brief summary of the main results of this paper and suggest possible avenues
for future work. The results are divided into two categories, those for general infectious periods
and those for exponentially distributed infectious periods.

For general infectious periods, we have proved a weak law of large numbers for the conver-
gence of the mean number of infectives over time to a suitably defined deterministic trajectory,
in Theorem 3.1. Moreover, in Theorem 5.1, bounds for the fluctuations of the stochastic model
about the deterministic trajectory were derived. These bounds are of the order of magnitude
that one would expect.

For exponentially distributed infectious periods an explicit equation for the deterministic
model is easily derived and was given in (4.1). This explicit expression allows us to go further
with this model than we can using Theorems 3.1 and 5.1. In particular, it enabled us to derive
the asymptotic behaviour as + — o0, in Theorem 4.1, showing that if R, < 1 the epidemic
goes extinct, while if R, > 1 then the epidemic settles down to an endemic equilibrium
which is easily obtained from the stationary distributions of suitably defined Markov chains.
Furthermore, in Theorem 5.2, we derived the limiting stochastic process for the fluctuations of
the stochastic model about the deterministic trajectory.

Finally the SIS epidemic model is the simplest epidemic model to exhibit endemic behaviour.
It would be interesting to extend the above analysis to other endemic household epidemic models
such as SIRS and open-population SIR models.
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