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On rational approximations of the

exponential function at rational points

Kurt Mahler

Let p, q, u , and V toe any four positive integers, and let

further 6 be a number in the interval 0 < 6 5 2 . In this

note an effective lower bound for q will be obtained which

insures that

u/v
>

-(2+6)

In the special case when u = u = 1 , i t was shown by J. Popken,

Math. Z. 29 (1929), 525-5!+!, that

> -{2+(c/log logc?)}
for q > C .

Here c and C are two positive absolute constants which,

however, were not determined explicity. A similarly non-

effective result was given in my paper, J. reine angew. Math.

166 (1932), 118-150.

The method of this note depends again on the classical formulae

by Hermite which I applied also op. ait.

1.

Denote by m and n two non-negative integers and put

»> = j 0 '•*"1(s]
A simple calculation shows that
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m¥n 7 . r11 , , ^m+n-k m+n

Put therefore

P(z) = (m+n)lznH'n+1P(z; 0) and «(2) = (mtn) lzmn+1P(z; l ) .

Then

V 1,1 -, \m+n-K\Ki im+ni m*n-K ... r , ,\K\\m+n\ m+n-k
= I k!(-l) L 7, 2 , Q(z) = I k'-\..\\ ,. \z

By these formulae, P(z) and Q(z) are polynomials in z of the degrees

w and m , and with integral coefficients divisible by ml and n! ,

respectively.

It also follows from the definitions of F(w) and F{z; w) that

mda = F(3; 0) - F(z; l)e~
z .

0

Hence, on putting

R(z) =

we obtain Hermite's identity

c
(1) P{z)eZ - Q(z) = R(z) .

2 .

From now on.denote by r a positive integer. The identity (l) will

be used only in the two special cases when either

(A) m = r - 1 , n = r , or

(B) m = r , n = r - l .

Thus in either case m + n = 2r - 1 , and the functions P(s), Qlz) , and

take the following special forms.
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Case A:

and

Case B:

ty.J

f
By these formulae, an<^ have the exact degree r , and

^ s ) and

i?g(3) vanish at s = 0 to the order 2r . Further, by (l),

and QAZ) have the exact degree v - 1 ; further both

and

Therefore the determinant

D(z) =

PA(z), QA(z)

Pg(«), "Ji

is a polynomial in z of the exact degree 2r which has at z = 0 a zero

of order 2r . This determinant can therefore be written as

D(z) = dz2*

where d is a constant distinct from zero. Thus

(2) D(z) * 0 if 3 # 0 .
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3.

All four polynomials PAZ)> QAz), Pg(2), Qn(z) have integral

coefficients divisible by (r-l)! , and they have the degrees r or r - 1

in z . Denote by u and v two positive integers and put in the

preceding formulae

a = u/v .

Let further

UA = j£)T PAMv) ' VA- ' T £ ) T V " / U ) • WA '

and

UB " (7IIJT s s (^177 B s T&T h

Then, by (2), V., V., J/_, 7_ are integers of determinant

(3) UAVB - UBVA * 0 .

We require upper estimates for these six quantities and therefore

introduce the two maxima

X=max[\UA\, \VA\, \ug\, | ^ | ) and 7 =UA\, \VA

In the sum

T

) ) < 2r-2

[r-lj [ r J ~d

the two terms with fe = i» - 1 and fe = r are identical and hence satisfy

the inequality

It follows that also

F u r t h e r , in t h e sums de f in ing £/., V., Ug , and V.. , t h e f a c t o r s
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assume their largest possible values when k = 2r - 1 . Hence trivially,

\2
X 5

(r-l)l

and therefore

CO X 5 2$r-Gr\{u+vf .

Next, when w lies in the interval 0 S w 2 1 ,

x[w ~ (w-l)r, w (w-l) ) £ (w(u-l)) £ U and e~ 5 1 .

The integrals for W. and V_ imply therefore that

v <r »r «2r-2, , >2r u/u, -(r-1)
r s T^iyr 2 {u/v) * h

and hence that

(5)
eu/v

4.

These upper estimates will now be applied to the rational

u/v
approximations of e . For this purpose, denote by p and q any two

positive integers and put

u/v ,
qe - p = a .

An explicit lower estimate for \d\ can be obtained by the following

considerations.

Since the determinant (3) is distinct from zero, the same is true for

at least one of the two determinants

? » P

and

UB> VB

q , p

Denote then by C the suffix A or S for which

UC> VC

o .
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The two equations

V " / » -VC=WC and qeU'V -p = d

imply that

Puc - qvc = duc - qwc .

Here the left-hand side is an integer distinct from zero and is thus at

least of absolute value 1 . Thus the following deduction can be made.

LEMMA. If the integer r can be chosen such that

(6) \2qWc\ < 1 ,

then also

(7) |2<ft/c| > 1 .

5.

By t h e d e f i n i t i o n o f Y a n d by i t s u p p e r e s t i m a t e (5 )>

Assume now that r satisfies the inequality

(r-1)! >Ze
u/v[uZ/v)rq ,

or, equivalently, the inequality

(8) eTr\ > 2reu/V[eu2/v)rq .

Then the condition (6) holds, and it follows from (It) and (7) that

(9) \d\ > (2 r~ r!(w+u)r)~ .

To simplify these formulae, denote by e a constant in the interval

0 < e s | ,

so that

Further assume from now on that both
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(10) q > (2reu/v(eu2/v)P)1/e

and

(11) errl i q1+e .

Then the inequality (8) likewise is satisfied. Now almost trivially,

r» —r>

r! > v e .

The hypothesis (ll) may then be replaced by the following stronger one,

(12) rr > q1 + £ .

In order to satisy this condition, assume that q , in addition to the

condition (10), also has the property that

(13) log log logq < — log logq ,

and then define r as a function of q by the equation

Then

r >

log logq

and therefore

logr > log logq - log log logq

because log(l+2e) is positive. It follows that

This shows that (12) is a consequence of the two formulae (13) and (lit).

6.

Also the condition (13) may be replaced by a simpler one. If for the

moment o is any positive constant and x a positive variable, the

function

a:" logx
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1/eassumes its maximum at x = e so that for all x ,

logx 5 (ce)~ x° ;

hence for c = 1/2 ,

(15) logxS (2/e)x1/2 .

On putting x = log log<7 in (13), this inequality takes the form

logx 5 |- x

and is thus certainly satisfied if

(2/e)x1/2 < | x , that is, if x > (̂ J .

The condition (13) is thus a consequence of the simpler condition

J
(16) q > e

We have just replaced the condition (13) for q by (l6). As a next

simplification, the other condition (10) for q will now be replaced by

two conditions in which the integer 2° no longer occurs.

Evidently,

2r 5 er

for all positive integers r . Hence the inequality (10) is certainly

satisfied if

(IT) qe>eu/v(e2u/vf .

Here, by (lU),

log log<7

Further

0 < e 5 % , l + l * e s 3 , P r j

Since
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l o g log<? 2 I—I ,

it follows therefore easily that

log logq '

and so also

3lQK je2u/v)
(2 1 AV log log<7
\e u/vj < q

Hence the single inequality (17) for q may be replaced by the pair of

conditions

„ [e2u/v)6/Z ^ _, 2{u/v)/z
(18) q > e v ' and q > e

It depends on the size of u/v which of these two conditions is the

stronger one.

7.

By what so far has been proved, the three conditions (16) and (18) for

q , together with the definition (lit) of r as a function of q , imply

the inequalitiy (9) for d . This inequality still contains the parameter

r , which will now be eliminated from it.

We found already that

log logq

Here log(l+x) < x for positive x , so that

logr 5 log log? + log(l+2e) - log log log<? + log 1 + TT—;

2 log log/q - log log logq + 2e +

Here, by (16),

log log log<7 > 21og — 2 21og - 2 2 2; he

and
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-Wee)2 ^ pLfflfA.]6]"1 <j£ef <
log? " [ee) * "= [eel [6{ee) J " " [ U j

I t follows that

log log? '

whence

(19) < (1+3 e) log?
; log log? '

Further

logr s log log? - l t e + 2 e - e < log log? ,

so that

rlogr < (1+3e)log?

and f inal ly

(20) r ! < r < q .

On substituting this lower estimate for r! in (9), it follows that

Here, by (19),

<q log log? Sq Sloglogqq lo

In order to simplify this estimate, add to the previous conditions (l6) and

(18) for q the following new one,

The lower bound for \d\ takes then the simple form

\d\ > 32<f(l+l tE) .

Here i t is convenient to put

lte = 6 .

Then the result just obtained may be formulated as follows.

THEOREM. Let & be a constant in the interval 0 < 6 S 2 , and let
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p, q, u , and v be four positive integers where q is restricted by the

conditions

Then

u/v £
q q

.-(2+6)

The conditions for q in this theorem are stronger than necessary,

and it would in particular be possible to replace the first condition by a

weaker one. However, such a change would probably complicate the proof and

the final result. My aim was to establish an effective lower bound for

u/v £
e

q
which does not contain any unknown constants.

References

[/] Kurt Mahler, "Zur Approximation der Exponentialfunktion und des

Logarithmus, Teil I " , J. Reine angew. Math. 166 (1932), 118-136

(1931).

[2] Kurt Mahler, "Zur Approximation der Exponentialfunktion und des

Logarithmus, Teil I I " , J. reine angew. Math. 166 (1932), 137-150.

[3] J. Popken, "Zur Transzendenz von e ", Math. Z. 29 (1929), 525-51»l.

Department of Mathematics,

Institute of Advanced Studies,

Australian National University,

Canberra, ACT.

https://doi.org/10.1017/S0004972700041010 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700041010

