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Li coefficients and the quadrilateral zeta
function

Kajtaz H. Bllaca, Kamel Mazhouda and Takashi Nakamura

Abstract. In this note, we study the Li coefficients 1,, , for the quadrilateral zeta function. Further-
more, we give an arithmetic and asymptotic formula for these coefficients. Especially, we show that
for any fixed n € N, there exists a > 0 such that A,,_1,4 > 0Oand A2, < O.

1 Introduction and statement of main results
1.1 Li coefficients

The Riemann hypothesis is a critical question in analytic number theory. As such, it is
interesting to examine different ways to frame it, which may shed more light on its res-
olution. In 1997, Xian-Jin Li has discovered a new positivity criterion for the Riemann
hypothesis (RH). In [10] he defined the Li coefficients for the Riemann zeta function as

1
An= ———
(n—1)!ds"

where £ is the completed Riemann zeta function defined by

£(s) = s(s = )a~*I’T(s/2){(s)

which satisfies £(s) = &£(1 — s) and gave a simple equivalence criterion for the (RH):
(RH) is true if and only if these coefficients are nonnegative for every positive integer n.
The Li coefficients A,, can be written as follows
1 n
)
o

* 1 n
/1,,:2[1—(1——) ]: lim
P T—oo
p pillm(p)|<T
where the sum runs over the nontrivial zeros of the Riemann zeta function counted with
multiplicity. This criterion is generalized by Bombieri and Lagarias [4] for any arbitrar-
ily multiset of numbers assuming certain convergence conditions. Voros [19, section 3.3]
has proved that the (RH) true is equivalent to the growth of A,, as %n log n determined
by its archimedean part, while the Riemann hypothesis false is equivalent to the oscilla-
tions of A, with exponentially growing amplitude, determined by its finite part. The Li
coefficients were generalized in two ways; by generalizing these coefficients to various
sets of functions (the Selberg class, the class of automorphic L-functions, zeta function
on function fields,... [8, 11, 17]), and by introducing new parameter in its definition (see

s logf(s)] .
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[12]). The Li coefficients (and its generalizations) has generated a lot of research interest
due to its applicability and simplicity.

1.2 Quadrilateral zeta function

Recall the definitions of Hurwitz and periodic zeta functions. The Hurwitz zeta function
£ (s, a) is defined by the series

o1
g(s,a)::Zm, O'>1, O0<ac<l.
n=0

The function £ (s, @) is a meromorphic function with a simple pole at s = 1 whose
residue is 1 (see for example [1, Section 12]). The periodic zeta function Lis (€274 is

defined by
. ©0 eZnina
Lis(827rlu) ::Z PR o>1, 0<ac<l1
n=1

(see for instance [1, Exercise 12.2]). Note that the function Lis (€27%) with0 < a < 11is
analytically continuable to the whole complex plane since Lis (¢2*/%) does not have any
pole, that is shown by the fact that the Dirichlet series of Li; (¢2™%) converges uniformly
in each compact subset of the half-plane o > 0 when 0 < a < 1 (see for example [9,
p- 20]). For 0 < a < 1/2, we define zeta functions

Z(s,a) ={¢(s,a) + (s, 1—a), P(s,a) = Lis(e*™) + Liy (¢?™(179),
20(s,a) = Z(s,a) + P(s,a), Eo(s,a) =s(s— D%’ (s/2)0(s, a).

We can see that Q (s, @) is meromorphic functions with a simple pole at s = 1. In addi-
tion, we have 0(0,a) = —1/2 = £(0) and £ég(s,a) = € (1 — s, a) which is proved
by

2I°(s) (ﬂs )
cos| —
(2m)s 2

(see [13, Theorem 1.1]). Moreover, the function Q (s, a) has the following properties.
When a = 1/6,1/4,1/3 and 1/2, the Riemann hypothesis holds true if and only if all
non real zeros of Q(s, a) are on the line Re(s) = 1/2 (see [15, Proposition 1.3]). Let
NSL(T) the number of the zeros of Q (s, @) on the line segment from 1/2to 1/2+iT.1In
[13, Theorem 1.2], the third author proved that for any 0 < a < 1/2, there exist positive

constants A(a) and Ty (a) such that

Q(l =9, Cl) = EOS(S)Q(S’a)’ 1—c‘os(s) = (1.1)

NSL(T) > A(a)T whenever T > Ty(a).

Next, let N (T') count the number of non real zeros of a function F(s) having [Im(s)| <
T.Then forany 0 < a < 1/2,

Ng(T) = No(T) = 0a(T),

and the third author [15, Proposition 1.8] proved that

T T
No(T) = —logT - — log(2ena®) + O, (logT).
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Furthermore, he [15, Theorem 1.1] proved that there is a unique absolute ag € (0, 1/2)
such that

0(1/2,a) >0 < 0<a<ao.

In addition, it is proved in [15, Corollary 1.2] that all real zeros of Q (s, a) are simple and
are located only at the negative even integers just like £(s) if and only if ag < a < 1/2.
Let us note by Zg the set of all non-trivial zeros p, of £g (s, a). Since it is an entire
function of order 1, one has

Eo(s,a) = eMBs 1—[ (1—/%1)6‘;“=§Q(0’a) H (1—%), (1.2)

Pa€Zo Pa€Zg @

where ¢4 = 1/2, B = g(O, a)—-1- 7“%” and y denotes the Euler constant. Note
that Q’(0, a) is given explicitly in [15, Theorem 1.5].

1.3 Main results

Recall that £(1 — 5) = Los(5){(s) and Q(1 — s5,a) = Los(s)Q (s, a) by (1.1). However,
the function Q(s, a) does not have an Euler product except fora = 1/6,1/4,1/3 and
1/2. Hence, the function Q(s, a) is a suitable object to consider the influence of not
Riemann’s functional equation but an Euler product to zeros of zeta functions. We show
a criterion for non-vanishing of Q (s, @) in terms of the positivity of the Li coefficients,
an arithmetic and asymptotic formula for these coefficients in Theorems 1.1, 1.2 and 1.4,
respectively. It should be emphasised that A,, , defined in (1.3) are the first Li coefficients
that we can explicitly give n € N such that 4, ;, < 0. There is a possibility that this fact
would give an idea to find negative Li coefficients for £ () if they would exist.

For n # 0, the Li’s coefficients attached to Q(s, a) non vanishing at zero is defined
by the sum

ta= 3 [1-(1- ) | = (-(- ) )
2 Pa TF*“um(pza;m Pa

Pa€Zg

The symmetry p, — 1 — p in the set Zg of non-trivial zeros of Q (s, a) implies that

Acn,a =An,qg = An,q foralln € N. So, 4,, 4 are real. We have also

1 dn n—1
/ln,a = mﬁ S long(S, a)]S:I. (13)

Moreover, from (1.2) we have (see [4, Equations (2.3) and (2.4)] or [17, Appendix A])

n _ R
E Ant1,a8 —dslog[fg(l_s,a)].
n=0

As an analogue of Li coefficients for the Riemann zeta function, we have the follow-
ing.

Theorem 1.1 The function Q (s, a) does not vanish when Re(s) > 1/2ifand only if A, 4 >
0 foralln € N.
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An arithmetic formula for A, , is stated in the following theorems.

Theorem 1.2 We have
Apag=1- g(log(47r) +7y)+ Z(_l)k(Z) (1 - 2‘]‘) C(k)+ Z (Z)yQ(k - 1),
k=2 k=1

where yg (n) are defined as follows
Q, 1 ) .
=(s+la)+-= :
g1+ = Y vons

Theorem 1.3 Fora = 1/2,1/3,1/4,1/6, under the RH we have
n n
An,a = Elogn+ 3 (y = 1 —log2n) + O(Vnlogn).

For a fixed [ € N, we have the following asymptotic formula of 4; , when a — +0.
We can see that there exists n € N such that 4, , < 0by Theorem 1.1 and the fact that
Q (s, a) does not satisfy an analogue of the Riemann hypothesis whena € QN (0, 1/2)\
{1/6,1/4,1/3} (see [15, Proposition 1.4]). Clearly, this argument gives no information
on the frequency of n € N, the smallest n € N such that A, , < 0 and so on. However,
the next theorem implies that A5, , < 0 if we fix any n € N and then we takea > 0
sufficiently small.

Theorem 1.4 Fix [ € N. Then it holds that

(_1)l+1

Mg = ——r
LT T 2a)l

+0;(a""|logal), a — +0.

Especially, for any fixed n € N, there are a > 0 such that

/12n—1,a >0 and /12n,a < 0.

2 Proofs

2.1 Proof of Theorem 1.1

Proof of Theorem 1.1 Since A_,, 4 = Apq = Apq foralln € N, then Re(1_, 4) =

Re(A,q4) = An,q- Using that £ (s, a) is an entire function of order 1, and its zeros lie in
1+[Re(p)|
(1+lp])?
Application of [4, Theorem 1] to the multiset Zg of zeros of Q (s, a) gives that Re(p) <

1/2if and only if A,, , > O for all n € N. Now, the application of the same theorem to
the multiset 1 — Zg = Zg gives Re(p) > 1/2if and only if A, , > 0. This completes
the proof.

Theorem 1.1 can be also proved by the same argument used in [5, Theorem 1] which
is due to Oesterlé.

the critical strip 0 < Re(s) < 1, we obtain that the series 3. ,c ° is convergent.
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2.2 Proof of Theorem 1.2
Proof of Theorem 1.2 From the expression of £¢ (s, a), one has

& 111 11 0

—= —+————logm+=-—(5/2) + = (s,

2o (00) = Ly logm R (5/2) + G (5,)
which is rewritten as

’

é(s+ l,a) =

11 1 1T 0’
+-—-=1 +-—=((s+1)/2)+ —=(s+ 1,a). 2.1
Tty sl (s r )/ p e La) @)
Note that Q(s, a) is a meromorphic function on the whole complex plane, which is
holomorphic everywhere except for a simple pole at s = 1 with residue 1 (see [13, Section
2.1]). Let define the coefficients yg (n) and 7o (n) as follows

o’ 1<
=(s+La)+-=>) yon)s" (2.2)
0 s Z; ©
and
1 1T =
5 logm+ == ((s+1)/2) =;)TQ(n)s". 2.3)
By Equation (1.2), one has

logép(s,a) =logép(0,a) — Z

Pa GZQ m=1

From the functional equation for the function £¢ (s, @), in the neighborhood of s = 0,

we have
&0 £ S 1
L(s+1 ~2(sa) =Y (-1 m. 2.4
srha=—Lisa m§:0( )p}ezgpmﬂs 2.4

Comparing Equations (2.1), (2.2), (2.3) and (2.4), we get

1
(0" D, o = (CD" 4 y0(m) + 7o(m),
Pa€Zo
for m > 0. Hence, the definition of 4,, , yields
n n 1 n
Ana = Z(_l)kl(k) D=1+ ( )yQ(k -1) +Z( )TQ(k
k=1 paczo P k=1

where

| 1 !
70(0) = 3 logm + 5u(1/2) and T (k ~ 1) = (—1)’<n; G F
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using thaty(z) = —y— %+ZZ°:1 @ Herey (s) = l% () is the logarithmic derivative
of the Gamma function. Since ¥ (1/2) = —y — 2log 2, we obtain

n 2 n\ — 1 “ (n
1- 5(log(47r) +v) + kZ:;(—l)k(k) ”;) m + Z (k)yQ(k -1,

k=1

1 —g(log(4n)+y)+§(_1)k(2) (1 —k) g(k)+Z( )yQ(k

The equality above implies Theorem 1.2.

/ln,a

Proof of Theorem 1.3

Proof of Theorem 1.3 Let us note that

c n _ L(k, 1/2)
kz_;(—mk(k)( S ICE Z( (7)<

where {(s,a) is the Hurwitz zeta function defined in Section 1.2. With notation of
Flajolet and Vespas [7, Lines 2-4 page 70], this is A,,(1, 2) and which equal to

n 1 1
= + ——+=log2]+o0(1),
0 n(y S+ log ) o(1)
where the o(1) error term above is exponentially small and oscillating and equal to
1 5m N
5 (—) exp(—V2nn) cos (‘V —?)+0( “1/4em 2”").

Then we have

An.a logn+—(7—1—log2n)+2( )yQ(k—1)+O(l).
k=1

It remain to prove that

n

D (:)m(k —1) = 0(Vnlogn). 25)

k=1

To do so, we follows very closely the lines of the proof of the corresponding result in [8,
Theorem 6.1] or [16, Lemma 3.3] and it will be shortened. We use the following kernel

function
’ s k S ’

k=1
The residue theorem gives

Z(Z)yQ(k—l):ﬁ'/ckn(s) (—%(s+1,a))ds

k=1

where C is a contour enclosing the point s = 0 counterclockwise on a circle of small
enough positive radius. The residue comes entirely from the singularity at s = 0, as no
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other singularities lie inside the contour. Let T = yn+e¢,, forsome 0 < €, < 1. Now we
follow very closely the lines in [16, p. 1106 and p. 1107] using that the function % (s,a)

satisfies the properties

%(s,a) - + O (log(1 +s])),

Pai [Im(pg—s)|<1 a

for —2 < Re(s) < 2 and

’

%(s +1,a)|=0(log?T),

for —2 < Re(s) < 2, and we get

n

> (Z)yg(k —1) = Ay a7 + O(Vlogn),

k=1
where
* 1 n
I ) |
pa€ZoilIm(pa|<T Pa
with T = vn + €,. Fora = 1/2,1/3,1/4,1/6, under the RH, since 1——| 1 and

using formula of N (T') given in Section 1.2, we obtain A,, o, 7 = O (T log T +1). There-
fore, equation (2.5) follows from that A_,, , i = A_,, 4 ys = O(\nlogn).

Remark. Since 2Q(s,a) := Z(s,a) + P(s,a), from Corollary 2.3 below and [6,
Equation (1.18)], we obtain

(= )
Yo(n) = (5 (a) + (In(a) +1,(1=a))|,
where 0,(a) = % + O(1) and [,,(a) are the coefficients in the expansion of
Lig(e?™4) at s = 1; for a ¢ Z one has
Lix(eZm'a) — Z ( 1),1'
n=0

2.4 Proof of Theorem 1.4

To show Theorem 1.4, we quote the following lemmas from [2] and [3].

Lemma 2.1 ([3, Theorem 1])) We set

(s—1)(s,a) =1+ Zyn(a)(s )™, 0<ac<l.
n=0

"These properties are well known for the Riemann zeta-function. The proof for the function Q (s, a) is
exactly the same since the Riemann-von Mangoldt formula holds for Q (s, a) (see [15, Proposition 2.5] or
[18, Page 217)).
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Then it holds that
B (— )’ O log"(k+a)  log™ (m +a)
nl(a) = ! m%mg k+a n+1 '
Lemma 2.2 ([2,(26)]) Let0 < a < 1 and n be a non-negative integer. Then one has
1 | logal™
£(0,a) = (5 - “‘)l logal™ —n!+nla Z %

+ (_l)nn'/o‘oO QD(X) IOgn—l(.x+a) dx — (_1)"n(n B 1) ‘/0'00 ‘p(x) logn—Z(x+a) dx,

(x +a)? (x +a)?
where ¢(x) = fox (y—Lyl—1/2)dy is periodic with period 1 and satisfies 2¢(x) = x(x—1)
ifo<x <1

By using the Lemmas above, we immediately obtain the following.

Corollary 2.3  When a > 0 is sufficiently small,

IIOgaI"

(s=DZ(s,a) =2+ Y ou(@)(s =)™, 6p(a) = = +0(1),
n=0

00

Z(s,a) =an(a)s", €(a) = O(|logal™).

n=1

Proof The first formula and estimation are easily proved by Lemma 2.1 (see also [3,
Theorem 2]). For the first integral in the Lemma 2.2, one has

1 1 n—1 ]1 n—1
/ p()log" (x+a) <</ dezo(uogar‘),
0 0

(x +a)? x+a
* o(x)log" 1(x +a) *log" ' (x +a)
/1 G ra)? dx <</1 “Gra? dx=0(1)

from x < x + a when x, a > 0. In addition, we have

— |logal|™ | loga|™
Z' gal aZl g'| = ael'8al = geloga — 1 0<a<1/2.
o= -

Hence, we obtain

{(sa)= ) =—=s" {"(0,a) = O(llogal").
n!
n=0
Therefore, we have €, (a) = O (| loga|™) and the second formula in this corollary by the
definition of Z(s, a) and Z(0,a) = £(0,a) + £(0,1 — a) = 0 (see [14, (4.11)]). [}

Proof of Theoreom 1.4 Recall the functional equation
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20~ 5.0) = Tu9)P(5.0), Tons) = 2 cos( ™)
(2m)*
(see [14, Lemma 4.11]). By using [los(s)[os(1 — 5) = 1, we have
20(s,a) = Z(s,a) + P(s,a) = Z(s,a) + Iios(1 = $)Z(1 — s, a).
Let |s — 1| be sufficiently small. Then by limg_,; (s — 1)Q (s, a) = 1, the equation above
and the definitions of Q(s, a) and £ (s, a), we have

d! d'
ﬁ[sl_1 log&o (s, a)]rl i [ 1= "og((s = 1)Q(s,a)) +5i” "og(sn~ S/ZF(S/Z))]
5 5=

= d_ll[ - 110g( (Z(s a) + (1 —5)Z(1 —s,a))) +0;(1)
* s=1
ddl[ - IIOg(1+;(6;(3)+E;l(G))(S—1)"+1) s:1+01(1),

where 6/, (a) and €], (a) are defined by

(@ =20 (=920 - 5.0 =2 (@) (s = .
n=0

Clearly, the second estimation in Corollary 2.3 implies

(o]

Z(-sa)= ) e(@(1-5)",  €la)=0(logal").

n=1

Thus we can see that €, (a) = O(|loga|™*") from limg_,; (s—1)Ios(1—5) = —2 and the
fact that the function (s—1)Is(1—5) does not depend on a. Putz,, (a) := 6,,(a)+e, (a).
Then, for n > 0, we have

1 |logal®
n!

> +0(|logal™"), a— +0 (2.6)
a

nn(a) =

by Corollary 2.3. By virtue of

m _
(aox +a1x* +ax® +--- )" = af'x™ + (1)06" Yapx™ 4. ..

_ _ -1\ .-
(a0x+a1x2+a2x3+--~)m1=a0mxml+( ) ag' a4

(apx +arx* +ay® +-- ) = a4+,

where m € N and a,,, x € C, the coefficient of (s — 1)’ in the function

£, a)-Z( )m”(Znn(a)(s 1)"”)m
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is expressed as

( 1)l+1 (_1 1+1

1
E @)+ (T ot @ s

n-1(a).  (2.7)

Note that the function above is estimated by

(_ 1 )l+1
l
from (2.6) when a — +0. We can find that

_ )l+1

(n0(@))" + 01 (no(a)' 1 (a)) = (2a)"'+0;(a" " [logal) (2.8)

(s - 1)(Z(s,a) +0s(1 = 5)Z(1 -5, a)) =1 +inn(a)(s -
n=0

is analytic when |s — 1| < 1 form the poles of Z (s, @) and Ios(1 — 5). So we can choose
|s = 1| > 0 such that

D lm@|is =11+ <
n=0

Then, from (2.7), the Leibniz product rule, the definition of 7,(a), and the Taylor
expansion of log(1 + x) with |x| < 1, one has

d! d oy,
s ogtos )| = 5|5 s +ou)

(-t ! -2
:(l) ] I(no(a))” + Oi(no(a) *ni(a)) (b)

1
+(l ! )(l—n( D 1= imo(@) ™ +0slmo@=m@) @

(_ )1+1 .
1 oy (m0(@))” + 01 (1). ®

Note that (b) comes from f(l) (s, a), () is deduced by f(l_l) (s,a), and () derives from
FfD(s,a), f©(s,a) and O;(1) in the left-hand side of the formula above. Therefore,
by (2.8), we obtain

s'"ogéo (s, a) = (=D = 1)!(n0(@))' + 04 (m0(a) 71 (a))

!
(2a)!

dl

= = D o (@ ogal)

which implies Theorem 1.4.
At the end of the paper, we give numerical computation for 4,, , by Mathematica 13.0.
Let
(_ 1 )i’l+1
2a)r

1
Ak

AT (= 1)l ds" [s" ' logéo s, a)]s=1—10*k’ Ana =

Then, we have the following:
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For n = 1, we have

a=2"7 A% =6s5537... al'%/ar  =1.00001...
a=2"18 /1“‘” = 131074... 45}3}/1;’0 = 1.00002...
a=27" ,1510] =262151... AV'%/27 | =1.00003...
a:=277 Al = 65536.6... allll/as = 1.00001..
a:=271% A = 131073 allll/as = 1.00001..
a=2"" /l[“] =262145... Al'}/2z = 1.00000...
a=2"" ,15121 = 655365... AL2/27 = 1.00001...
a:=271% 22— 31073 all2/a = 1.00000...
a:=271° 2 = 263145 all2/ar = 1.00000...

For n = 2, we have

a=2"7 A% =-420352..x10°  A'"%/A5  =0.999663
a=2"1% A= _17177..x 10" /1“‘” /A5, =0.999836...
a=2""° A= _687162... x 10'° “O]//l = 0.999952...
a=2"" A= 420478 x10° /l[”]//l* = 0.999956...
a:=2"18 ,1%1% = ~1.71753... X 10 A%}%/ﬂ;a = 0.999736...
=19 1] _ 10 11  _
a=2 ﬂzr“ = -6.87149...x 10" alll/a5 =0.999933...
a=2""7 A2 =-420477..x10° A2/ =0.999955
a=2"" A" =—16011..x10°0 a2/ =0.984353...
- 12 2]«
a=2"" a2 =-6.87187...x10"°  al21/A; =0.999989...
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