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SOME INEQUALITIES FOR
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Abstract

We obtain various refinements and generalizations of a classical inequality of S. N. Bernstein on
trigonometric polynomials. Some of the results take into account the size of one or more of the
coefficients of the trigonometric polynomial in question. The results are obtained using interpolation
formulas.

1980 Mathematics subject classification (Amer. Math. Soc): primary 26 D 05, 42 A 05; secondary 41 A
17.

1. Introduction and statement of results

Let S{9) = EjJ, „ bmeim9 be a trigonometric polynomial of degree at most n. It is

well known (see [1, page 39] or [4, page 85, Prob. no 82]) that

(1) \S'($)\<n max \S(X)\, N R .
0 X < 2

In (1) the equality is possible only if

S(6) = aemB + be~ini, a,beC.

In this paper we obtain certain refinements of this inequality (known after

S. N. Bernstein). As a very special case of one of our results it follows that (1)

may be replaced by

(2) |S"{0)|< [n - \ \ max | S ( * ) | + —
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[2 J Some inequalities for trigonometric polynomials

According to a result of Visser [8, page 85]

217

max \S(X)\,
X<2

(3)

and so (2) is indeed a refinement of (1).
Here is another special case of our results.

THEOREM 1. If S(6) — YTm^_nbme""6 is a trigonometric polynomial of degree at
most n then

n max \S(X)\,
-1

E <
m = -n

It is clear that Theorem 1 is stronger than Bernstein's inequality. But the
following result is even stronger.

THEOREM 1'. If S(d) = ££,_ _ nbme'me is a trigonometric polynomial of degree at
most n then, for all R 3s 1, we have

- l

(R~m - l)bme ime {Rm-l)bmein
max

6 e R.

If we divide both sides of this inequality by R" and let R -* oo, we see that
Theorem 1' immediately implies (3). Also, if the coefficients of the trigonometric
polynomial satisfy b_ m = bm, 1 < m < n (which is certainly the case if S is a real
trigonometric polynomial), then

(Rm-l)bme""e max \S(X)\,
0<X<2tr

for all real 0 and R > 1.
Theorem 1 may also be refined in another way.

THEOREM 2. If S(0) = ££,__„ 6me'm9 is a trigonometric polynomial of degree at
most n then

L U im$ , °-n -,„» °0mbme>mv + -rre - -r E mbj'" - %e'« + %

[n - \\ max \S{X)\, 6 e R.
\ 2 /0<A-<27r
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218 Clement Frappier |3]

This result implies that the inequality

(4) S'(6) - T ) m a x

holds for all trigonometric polynomials S(8) = H"m=_n bme""e of degree at most n.
The inequality (2) follows from (4). Also, if P(Z) = E"_o ajZJ is a polynomial of
degree at most n then S(0) = /'(cos 0) is a trigonometric polynomial of degree at
most n such that b_n = bn = an/2

n and maxo<A.<2JS'(*)| = max_la!,sSl|.P(O|; in
that case, the inequality (4) and the triangle inequality show that

(5)

where Tn(X) = cos(narccos X) is the «th Chebyshev polynomial of the first
kind. In view of Chebyshev's inequality [1, page 29]

I « J < 2 " " 1 max \P(t)\,
-i«'«:l

we see that (5) is a refinement of another inequality of Bernstein, namely

The two theorems stated above will be proved with the help of an interpolation
formula. This latter will permit us to deduce

THEOREM 3. If S{6)= T."m nbme'me is a trigonometric polynomial of degree at
most n then, for all R > 1, we have

- 1

ni = w
(R ~m - \)bme

n

m = l

<

(/?m -

( / ? " - ]

l)bme'(m~")e

) max

If S(0) = P(e'e), where P is a polynomial of degree at most n, then Theorem 3
implies that (see [2, Theorems 10 and 11])

max |P'(Z)I< " max \P(eKiri/")\.
| Z | 1 l«/f<2

THEOREM 3'. If S(6) = Y,"m = _nbme'm9 is a trigonometric polynomial of degree at
most n then, for all R > I, we have

n

m = —n

»-\">\ - l)beim0- l)b ei max \S{Km/n)\, 6
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To illustrate this theorem suppose that / is a function of bounded variation,
periodic with period 2 77. Let Sn(f, 6) = £„__„ Cme'mB be the nth partial sum of
the expansion of / in Fourier series and

the associated Fejer mean. It is easy to verify that

Hence, a corollary of Theorem 3' (obtained by dividing both sides of the
inequality by (R — 1), R > 1, and letting R -> 1) shows that

max 6

Finally, we shall prove

THEOREM 4. / / S(0) = E^__n bme'm6 is a trigonometric polynomial of degree at
most n then, for all R > 1, we have

2- 1

E (
m = -n

- l)bmei

m - l

- \)bme "e ( ( / ? " - 1) max \S(X)\) ,

It is readily seen that Theorem 4 contains Theorem 1' and a weaker version of
Theorem 3'.

2. The interpolation formulas

Theorems 1' and 3 are consequences of the following

LEMMA 1. Let S(0) = £„__„ bme""6 be a trigonometric polynomial of degree at
most n, n > 2, y be any real number and R > 1. Then

- 1 n
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where

AK(R, y) = R" - 1 + 2 £ (R"-J - l)cos j{Kir + y)/n.

The coefficients AK{R, y) are non-negative and

(7) j - 2£AK(R,y) = R " - i -

PROOF. Substituting the expressions for AK{R, y) and S(d + (KTT + y)/n), we
obtain

In

£ I , l~1)K'
A'—l m — - n

-j 2n n— 1 n

W AT=1 j = \ m = -

since (-« ^ m < «)

J V

Using now Euler's identity, cos z — eiz + e lz/2, we see that

£— E
In _

= (R" -

-• /; — 1 n 2 «

— V V y /j (Rn J —
7 = 1 m = - n AT= 1
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Since l < m + « + y < 3 n - l and - ( « - 1) < m + n — j < 2« - 1, we have

, 2n / 1 'f -I- 4- ' — 7

2 « / c = 1 \ o otherwise,

and

1 if w + n - j = 0,
2/i j ^ , 1 " \ 0 otherwise (1 < y < n , - « < m < « ) ,

whence

= (Rn-

n - l - 1

+ E bm(Rm - l)eim6+iy + £ bm(R~m - \)eim9-iy

m = \ m = -{n— 1)

n - 1

= e'> £ (Rm - \)bmeimf> + e~iy £ (R'm - l)bmeim9.
m= 1 m = -n

In order to verify that v4^(/?,-y)>0, we may use Lemma 2, below.
Finally, the relation (7) follows from (6) if we set S(d) = e'"e.

LEMMA 2 ([6,page 75]). If\n > 0, Xn_t - 2Xn > 0 andXj^ - 2 \ , + \ > + 1 > 0
/or 1 < y < n, then

n

\ 0 + 2 £ XjCosjO > 0
7 = 1

for all real 0.

For the proof of Theorem 2, we need

LEMMA 1'. Let S(6) = T,"m „ bme""e be a trigonometric polynomial of degree at

most n. Then, for all real y, we have
n - 1

(8) e'v £ mbmeimB - e~iy £ mbmeimt

m = 1 m = -n
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and

, 2
J_ '" I sm(Kv + y)/2 =
2 / 7 ^ri\sin(A'ff + y)/2/i

PROOF. If we divide both sides of (6) by (R - 1), R > 1, and let R -> 1, we
obtain

n - 1

e'Y E mbmeime - e-'y £ wZ>me'm*
m = 1 m = -n

U 1 U
7 = 1

It is then a matter of simple calculations to show that

n + 2 1 (i, - y
4-

and we obtain immmediately (8).
The relation (9) follows from (8) if we set S(6) = e'"e.
The same method as used in the proof of Lemma 1 yields

LEMMA 3. Let S(8) = ££,=_„ bme""e be a trigonometric polynomial of degree at
most n, n > 2, y be any real number and R > 1. Then

- 1 n

(10) e'iy X (R-m - l)bmeim" + £ («"~|m| - 1)bmeim"
m = -n m^-n

Furthermore,
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There is a similar formula where the interpola t ion po in t s are 6 + ((2K — l ) w
+ y)/n instead of 6 + {2KIT + y)/n. More precisely, we have

-1 n

(10') -e~iy £ (R'm ~ l)bmeime + £ (R"~]ml-l)bme""e

= \ Z A2K_1(R,y)S(0 +((2K - l)v

with
" K-l

I t A2K_1(R,y) = R " - l , n > 2 .
1 A C = 1

If we add the corresponding members of (10) and (10'), we obtain

LEMMA 3'. Let S(0) = ££,__„ bme'm9 be a trigonometric polynomial of degree at
most n, y be any real number and R > 1. Then

(11) t (R"-^-l)bme>""> = ±-2£AK(R,y)S(O+(Kv + y)/n).
m~~n K=\

REMARK 1. Lemma 1' is due to Szego [7, page 64]. The particular case y = -n/2
of that lemma is a formula known as Riesz's interpolation formula [5].

REMARK 2. The interpolation formula obtained from (6) by taking y = 0 and
b_m = 0, 1 < m < « , has been used by Giroux and Rahman [3] in their work on
polynomials having a prescribed zero on the unit circle \z\ = 1.

3. Proofs of the theorems

Theorem 1 is deduced from Theorem 1' by dividing both members of the
inequality by (R — 1), R > 1, and letting R -» 1.

PROOF OF THEOREM 1'. Using the formula (6), the triangle inequality and (7),
we obtain

- l

e-iy £
m — -n

max |S(*) | ,

and an appropriate choice of y gives us the result.
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PROOF OF THEOREM 2. The formula (8) may be written

e'y £ mbme""e - e~iy I mbme^

•, In

= ~ Y\ (-l)Ksin2(Kv + y)/2cosec2(KTr + y)/2nS(8 +(Kn + y)/n)
K —

1 2"
= — E (-l)*sin2(A:7r + Y)/2cot2(Ar7r + y)/2nS(0+(Kv + y)/n)

Since

- E s(e
 +(2KTT + y)/n) = b_ne-«"e+y) + b0 + b

and

\ £ S(8+((2K- l)ir + y)/n) = -(b_ne-'ine+y) - b0

we obtain the interpolation formula
(12)

A t mbme^ - b-fe""> +
L

2"
* 7 r + y ) / 2 )In y ^ 1

 v '

In particular, for S(0) = e'"6,
1 2" 1

(13) T" E sin2((/s:7r +Y)/2)cot2((/ir7r + Y ) / 2 « ) = n - 7 .

It follows from (12) and (13) that

= 1 J \_m = -n

1 ^

= n - — max

and an appropriate choice of y gives us the result.
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PROOF OF THEOREM 3. Let 0 be an arbitrary real number. Choosing y — -nO in
(6) we obtain

- 1 n

L (Rm - \)bmei(m+n)e + Z (Rm

m = -n m = 1

i 2"
«T" E AK(R,-n0) max \S(Kir/n)\,

which, in conjunction with (7) (applied with y = -nO) gives the result.

PROOF OF THEOREM 3'. Choosing y = -nO in (11) we obtain

- i)*v"" T" E ^(/J,-««) max \S(Kv/n)\,

and the result follows again from (7).

PROOF OF THEOREM 4. Put W = e '^y e R), a = L^,_1(/?m - l)6me""",

I ^ . . n ( / ? " - | m | - 1) V m ' and c = L-mL.n(R-m - \)bmeim\ (0 e R, /? > 1).
The formula (10) implies immediately that

(14) \aW2 + bW+ c |< (Rn - 1) max
0<Ar<

It is known [9] that if P{W) = Co + CXW + • • • + CJVm is a polynomial of
degree at most m then

m 2 / \ 2

(15) 2|CO||CJ+ I \CK\ < max |P (^ ) | -
r~n ^ IW''! — 1 ^K=0 \\rr\ — l

If we apply (15) to the polynomial of degree 2, P(W) = aW1 + bW + c, which
satisfies, in view of (14),

max \P(W)\ < ( / ? " - 1) max

we obtain

2|a||c| + | a | 2 + | fc | 2 + |c | 2 < ( ( / ? " - 1) max

which is equivalent to the desired result.
We wish to mention, to conclude, that the choice y = -nd in the interpolation

formula (12) gives us a result which may be compared with Theorems 3 and 3'.
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