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Compact Groups of Operators on
Subproportional Quotients of I}

Piotr Mankiewicz

Abstract. It is proved that a “typical” n-dimensional quotient X, of I{* with n = m?, 0 < o < 1, has the
property
Average/ || Tx||x, dha(T) >
G

L (n . / [t T th(T)),
y/nlog® n G

for every compact group G of operators acting on X,,, where dg(T) stands for the normalized Haar measure on
G and the average is taken over all extreme points of the unit ball of X,,. Several consequences of this estimate
are presented.

1 Introduction

The fact that “typical” quotients of I}" play a special role in the local theory of Banach
spaces was established by Gluskin in his ground breaking paper [G1] on the diameters of
Minkowski compacts. Soon after, it was observed that such quotients are “rigid”—i.e., they
allow only a “few” well bounded operators, [S1], [G2], [S2], [M1], [B1], [M2]. On the
other hand, it was shown by Bourgain that the techniques developed for “typical” quo-
tients of /" can be used in the context of general finite-dimensional Banach spaces, [B2],
which lead to several interesting results both in the local and structural theory of Banach
spaces, [MT1], [MT2], [MT3]. For more information on this subject the reader is refered
to [MT4].

Several properties of finite-dimensional Banach spaces within the local theory of Banach
spaces are described by means of some classes of compact groups of operators acting “well
boundedly” on the spaces in question cf. e.g., [GG], [BKPS]. In this paper we study the
behavior of compact groups of operators acting on subproportional quotients of I, i.e.,
n-dimensional quotients with n = m?, for some 0 < o < 1. We prove that “typical” such a
quotient X,, has the property that for every compact group G of operators acting on it, the
following estimate holds

Average/ | Tx||x, dha(T) >
G

__c <n - / tr T th(T)>,
\/nlog’n G

where the average is taken over all extreme points of the unit ball of X,,, hg stands for the
normalized Haar measure on G and tr T denotes the trace of T, Theorem 2.2 below. As a
consequence we derive, Theorem 2.7, that for every sufficiently nontrivial compact group
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G of operators acting on such a quotient (e.g., a group with no 1-dimensional invariant

subspaces) we have
Average/ | Tx||x, dha(T) > ¢'\/n/log’ n.
G

On the other hand, it is proved in Theorem 2.8, that if for some compact group G of oper-
ators acting on such X,

Average/ ITx||x, dha(T) < A
G

then there exists a linear subspace H C X,, with dim H > max{0, n — CA4/nlog’ n} such
that G|H is trivial, i.e., G|H either consist of & Id; or Idy only.

We shall use the standard notation as in [P], [T]. As it is a general practice in the context
of random quotients of I, we shall consider only the spaces over reals, however the corre-
sponding results for the complex case can be obtained along the same lines after a standard
modification.

2 Main Results

We shall study finite-dimensional Banach spaces, which will be represented as R" equipped
with a suitable norm || - ||. In particular, by || - ||, we shall denote the standard Euclidean
norm on R". For a linear subspace E C R", by E* and Py we shall denote the orthogonal
complement of E in R” and the orthogonal projection in R"” onto E, respectively. The space
of all linear operators acting on R” will be denoted by L(R"). For a finite-dimensional
Banach space X = (R”,|| - ||x) and a linear operator T € L(IR"), the norm of T as an
operator acting on X will be denoted by ||T||x. If X is R" equipped with the standard
Euclidean norm then || T'||, will stand for the norm of T in X. For a compact group of
operators G C L(R") by h¢ we shall denote the normalized Haar measure on G. Finally,
the trace of an operator T € L(R") will be denoted by tr T.

Recall, ¢f. [S2], [M1], [MT4], that an operator T € L(R") is said to be (k, a)-mixing if
and only if there exists a k-dimensional linear subspace E C R" such that dist(Tx, E) =
[P Tx||2 > «|x]|2, for every x € E. Furthermore, for T € L(R") we define

Mix,(T) = max{ak | T is (k, &)-mixing}.
For a finite dimensional Banach space X by Ex(X) we shall denote the set of extreme points
of the unit ball Bx of X and by e(X) its cardinality. Clearly, e(X) = m < oo if and only if X

is isometric to a quotient of /. The following theorem is a generalization of Theorem 1.4
in [S2].

Theorem 2.1  There are constants C > 1 and ¢ > 0 such that for every n > 2 there exists an
n-dimensional Banach space X, = (R", || - ||x,) satisfying the properties:

(i) eX,) =n’
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n
% €yl
ogn

cMixn(T)} < e(X,)

\/nlogn 2

(ii) foreveryx € R"

1
sl <

(iii)

card{x € Ex(X,) | ITx|x, >

for every T € L(R").
The proof of this theorem is postponed to the next two sections. In fact, we shall prove a

probabilistic version of it. Namely, Theorem 3.5 below states that “most of” n-dimensional
quotients of I'" with m = n? satisfy the requirements of Theorem 2.1.

Remark The theorem remains valid if in (i) we require that e(X,) = n'*9 for arbitrary
fixed § > 0 (with both C and ¢ depending on ).

Remark Clearly, (ii) implies that the lower estimate for the norm in (iii) is up to a constant
optimal.

Remark (ii) and (iii) yield that the Banach-Mazur distance d(X,,, [2) is of order 1/n/ log n.

In the sequel by X,, we shall denote the class of all n-dimensional Banach spaces sat-
isfying the conditions (i)—(iii) of Theorem 2.1. As a consequence, for compact groups of
operators we have

Theorem 2.2 There are constants C > 1 and c;, ¢, > 0 such that for every Banach space
X, € X, and every compact group G of operators acting on X,, one has

e( ) > /HTxHx dha(T) = \/n—gn/Mlxn(T)th(T)

x€Ex(X,)
(2.1)
(%]
> — <n - / [tr T| th(T)>.
\/nlog’ n G
In particular,
sup x, dhg(T) > ——— /Man(T) dhe(T)
llxllx,=1 /G n og n

> Cz(n/tr T| th(T)>
\/nlog’ n

Proof Fix X,, € X, and an arbitrary compact group G of operators acting on X,,. Clearly,
it is enough to prove (2.1). To this end observe that by the definition of X, we have

> [ sl anacr) - / > Il

x€Ex(X,) xEEx(X,

G

2y/nlogn

x, dhg(T)

t’l
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which proves the left hand side inequality. To prove the remaining part of (2.1) note that
by Theorem 3.4 in [M2] there is a numerical constant ¢’ > 0 such that for every T € G

Mix,(T) + Mix, (71 > S =10 T
logn

Hence

1

/Mixn(T) dhg(T) = 3 / (Mix,,(T) + Mix,(T~")) dha(T)
G G
> o [ [T ()

2 log

which yields the second estimate. ]

For k,m € N, 1 < k < mlet G, x denote the Grassmann manifold of k-dimensional
subspaces of R” equipped with the normalized Haar measure i, . For a linear subspace
E C R™ the quotient of I by E will be denoted by I{"/E. For n € N and ¢ > 0 define

Yne = {Zn = l'fz/E | E € Gy 2y such that

( ) Z /HT’CHZ dhe(T) > —— <n/|trT| th(T)>
el \/nlog’ n

x€Ex(Z)

for every compact group G of operators acting on Z, }

In fact, the argument used to prove Theorem 2.1 yields as well (cf. Remark following
Theorem 3.5)

Theorem 2.3  There are numerical constants ¢,c’ > 0 such that
l/’nz,nz—n(yn,c) >1—e“"

for everyn € N.

For irreducible groups of operators we have

Theorem 2.4  For every X,, € X, and for every group G of compact operators acting irre-
ducible on X,,

n

! Cc
e(X,,) > /”Tx”Xnth(T)Z%

x€Ex(X,)

logn’

where c is the constant from Theorem 2.1.
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Proof By [M3, Theorem 3.1], for every compact group G of operators acting irreducible
on X,, we have

n 1
h{T GM'nT>—}>—
1T €eG| 1)(()_80 =

and the theorem follows from Theorem 2.2, (2.1). [ |

For an arbitrary fixed basis {x;}/_; in an n-dimensional Banach space Y,, with dual func-
tionals {x; }/, consider the compact group Gy} of operators on Y, of the form

Gy = {T € L(R") ‘ T= Ze,’xl’%)xh g €{-1,1}fori = 1,2,...,n}.
i=1

Similarly as in the Theorem above, by [M3, Theorem 3.3], we have (¢f. [BKPS], [B])

Theorem 2.5  There exists a numerical constant ¢ > 0 such that for every Banach space
X, € X, and every basis {x;}!"_, in X,, one has

1 n
Tx||x, dhgiix(T) > ¢ .
e(X,) Z )[3({,@}) ITedlx, g (T) \/ logn

x€Ex (X,

In particular,

)

ruc(X,) = inf sup / | Tx]|x, dhgpp(T) > ¢
G({xi})

lI<llx, =1

logn

where infimum is taken over all bases in X,,.

Remark By the last Remark following Theorem 2.1 the Banach-Mazur distance of X, to
IZ is of order \/n/logn. Hence the estimates in Theorems 2.4 and 2.5 are sharp up to a
multiplicative constant.

Clearly, the right hand side inequality in Theorem 2.2, (2.1) is not sharp and cannot
yield an optimal estimate. Before we shall be able to present its typical applications we need
some basic facts concerning compact groups of operators acting on R” (cf. e.g., [M2]). For
a linear subspace E C R" and an operator T € L(IR") by T|E we shall denote the restriction
of T to the subspace E.

Fact1 Let G be a compact group of operators acting on R". Then

(1°) there is another scalar product {(-,-); on R" such that G is a group of isometries on
(R || - |[1), where ||x||1 = (x, x>}/2forx € R

(2°) there is a decomposition of R" into an || ||,-orthogonal sum of G-invariant subspaces
R" = E; @ E;, ® - - - ® Ex with the properties:

(i) the group G|E; = {T|E; | T € G} acts irreducibly on E; fori = 1,2,...,k,
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(ii) if U € L(E;) commutes with every element of G|E; then
(Ux,x); = (dim E;) " tr U||x||3,
foreveryx € E;,i =1,2,... k.

Lemma 2.6  For every r > 2 and every irreducible compact group G of isometries acting on
R"

/ e T| dhg(T) < \f

Proof Fix an irreducible compact group G of isometries acting on R’. For every e € R"
with ||e||; = 1 write T, = (e, -)e and set

Ue:/T*ITerhG(T).
G

Since trU, = tr T, = 1 and U, commutes with every T € G, by Fact 1, we infer that
(Ugx,x) = 1/r for every x € R with ||x||, = 1. Hence, for every e € R" with ||e]|, = 1

L (Uee, e) = /(T*ITeTe, e) dhg(T)
r G
= /((e, Te)e, Te) dhg(T) = /(e, Te)* dhg(T).
G G
Thus, by the Hélder inequality, for every e € R with ||e||, = 1 we have

/| e, Te)| dhg(T) <

%I

Therefore
’

/\trTIdhc(T)<Z/| ei, Te;)| dhg(T) < /1 < 7 -

As a consequence of Theorem 2.2 (2.1) we have

Theorem 2.7  For every Banach space X,, € X,, and for every compact group G of operators
acting on X, one has

. dho(T) > —24mE ¢ dimE

ITx][x
e( ”) xeg: / 44/nlog’ n

for every G-invariant subspace E C X, which admits no 1-dimensional G-invariant subspaces,
where ¢, is the constant from Theorem 2.2.
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Proof Let (-,-); be the scalar product which makes G to be a group of isometries of
(R™,|| - ||;) and let F = E* be the (-, -),-orthogonal complement of E. Note that for every
G-invariant subspace H C R” we have | tr T|H| < dim H. Therefore

n— / |tr T| dhg(T) = dim F — /|tr T|F| dhg(T) + dimE — /|tr T|E| dhg(T)
G G G
(2.2)
> dimE — /|tr T|E| dhg(T).
G

Thus, in view of Theorem 2.2, it suffices to show that
dimE
V2

To this end let E = E; & E;®, ..., ®Ex be a decomposition of E into (-, -);-orthogonal
sum of G-invariant G-irreducible subspaces. Since dimE; > 2 fori = 1,2,...,k, by the
previous lemma we have

[l TiEldho() <
G

k
/|tr T|E| dhg(T) :Z/m T|E:| dhg(T)
G -1 /G

k k
1
= [tr T|dhi(T) < — » dimE;
>/, Vi me
_ dimE
=~
where h; fori = 1,2, ..., k denotes the normalized Haar measure on G|E;. [ |

Theorem 2.8  There exists a constant Cy > 0 such that for every X,, € X,, and every compact
group G of operators acting on X,, satisfying

1
e(Xn) > /GHTx”xn dha(T) < A

x€Ex(X,)

there is a linear subspace H C X,, with dim H > max{0, n — CoAy/nlog’ n} such that G|H
acts trivially on H (i.e., G|H consists of either Idy or £1dg).

Proof Fix X, and G satisfying the assumption of the theorem and let X, = E, @ E; &
-+ - ®E,, be a decomposition of X, into an || - ||;-orthogonal sum of G-irreducible invarjant
subspaces, where ||-||; is a suitable Euclidean norm, ¢f. Fact 1. Without any loss of generality

we may assume that

dimE; > dimE, > --- > dimE,;_j,—, > dimE;y_,—f+1 = -+ = dimE,, = 1,
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where for j =m —k; —ky +1,m —k; — ky +2,...,m — k, we have G|E; = +1dg; and

G|E; = Idg, for j = m — ky + 1,m — ky + 2,. .., m. Observe that by Theorem 2.2 and by
(2.2), for every G-invariant subspace E C X, we have

(2.3) A> 2 <dimE - / Itr T|E| th(T)>.
G

- \/nlog’ n

lein{Ej|jzm—kl—k2+17m—k1—k2+2,...,m—k2}.

Set

It is not difficult to see that F admits a unique decomposition
F=F@F® - ®F,
of minimal length m, such that G|F; = £1dj, forevery j = 1,2,...,my. Forevery T € G

and for j = 1,2,...,mq define €;(T) by the equality T|F; = £;(T)Idr,. The minimality
of my yields fG €j,(Me;,(T)dhg(T) = 0 for ji, j, = 1,2,...,my, j1 # j,. In order to

simplify notations assume that dim F; = max{dimF; | j = 1,2,...,mg}. By the Jensen
inequality
2
(/|tr T|F| th(T)) < /\tr T|F|* dhg(T)
G G

) Mo
2.4 . 2 .
(2.4) :/(Zsj(T)dlij) dhe(T) = 3 (dim F)?

G- ,
j=1 j=1

<k;dimF; < ndimF;.

Let Ey = lin{E; | i = 1,2,...,m — ki — k,} and put ky = dim E,. By Theorem 2.7 we

have "
ko = dimE, < —\/nlog3 n.
%]

Therefore, if k; = dim F < (84 nlog3 n)/c, thenk, > n—(12A nlog3 n)/c, and we are

done. Thus, it remains to consider the case when k; > (8A4/n log3 n)/c,. This case splits
into two disjoint sub-cases

(A) kb, < (2A nlog3 n)/ca
(B) k, > (2A nlog3 n)/c.

To establish the theorem in the sub-case (A) it suffices to note that k;y = dimF > n —
(6A4/nlog’ n)/c,. Hence, by (2.3)

7A
(2.5 /trTF dha(T) > n— “=1/nlog’ n
) G| |F| dha(T) o Vrlog
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and by combining (2.5) and (2.4) we get

14A
(2.6) dimF, >n— — nlog3 n.
%]

The last step is to prove that, in fact, the sub-case (B) cannot occur. Indeed, to see this
assume that (B) holds. Observe that fG|tr T|F| dhg(T) < ky/2 and k; > (8A4/nlog’ n)/c,
contradict (2.3). On the other hand, if fG|tr T|F| dhg(T) > ki /2 then, by (2.4), dim F; >

ki /4 > (2Ay/n log’ n)/c,. Let F and H be arbitrary (2A nlog’ n)/c,-dimensional sub-
spaces of F; and lin{E; | j =m — ky + 1,m — k, + 2,..., m} respectively. Then

L 2A4/nlog’ n imFo O
/\tr T|F @ H| dha(T) = gh_dmFo
G

(%) 2 ’

which yields a contradiction with (2.3) and completes the proof of the theorem. ]

3 Technical Theorem

We begin with some notations. Fix a probability space (€2, P). For every n € N we shall
consider a sequence of independent Gaussian vectors {g, 1,8n2, - - - ; gn2 } in R”, each with
the distribution N(0, 1, R"), i.e., with the density (r/27)"/? exp(—n/||x||3/2) with respect to
the standard Lebesgue measure in R”. In order to simplify the notations, for a given n € N
we shall write m = n®. We shall need the following well known properties of Gaussian
vectors in R”. Let g be such a vector with the distribution N(0, 1, R").

Fact 2

(i)  For every linear subspace E of R" with dimE = k, the random vector \/n_/kPEg is
Gaussian with the distribution N(0, 1, E).

(ii)  For every pair of linear orthogonal subspaces E; and E, in R" the random vectors P, g
and Pr, g are independent.

(iii) There is an universal constant ¢’ > 0 such that

PlweQ|1/2< gl <2} >1—e<"

(iv) For every measurable subset A C R"

n\"/?2
PlwueQ|geA} < (2—) Vol A,
T

where vol A denotes the n-dimensional Lebesgue measure of A.

For each n € Nand w € ) we set

By = absconv{g,1,8n2, -, 8nm}-
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For each n € N, by ], denote the set {w € Q | B, is a convex body in R"}. Clearly,
P(Q,) = 1. Forw € Q},let || - ||, be the norm on R” with B, , as its unit ball. In this way
for each n € N, we have defined a random family of Banach spaces X, , = (R", | - [|s0)-
Observe that each Banach space X,,, is canonically isometrically isomorphic to a quotient
of I" via the quotient map Q,,,, defined by the equality

Qn,w(ei) :gn,i(w) fori = 1,2,...,m,

where {e;}7 | denotes the standard unit vector basis in I{* = (R™, || - ||1). It is not difficult
to verify that for each n € N the distribution of kernels of of Q,,, is rotational invariant in
IR™. Therefore, by the uniqueness of the Haar measure g, ,,—, we have

(3.1) tmm—n{E € Gum—n | E € B} =P{w € Q| kerQ,, € B}

for every Borel subset B C Gy, yy—p.
For each n € N set

0 ={we, [1/2 <|igui

1 /logn
Z‘/ > BﬁCBW}.

The following proposition is well known to specialists

|, < 2foreveryi < m}

and define

Q' = {w e

Proposition 3.1  There exists a constant ¢ > 0 such that
P(Q)) > 1 — exp(en).

Proof Note that for a real Gaussian variable g with the distribution N(0, 1, R) we have

1 1
P({w e |kl = 3vien}) = o7,
wE lg| > s Viogny ) > o NG
and observe that by Fact 2, (i), for every x € R” with ||x|l, = 1 and every i < m the
Gaussian variable /n(x, g, ;) has the N(0, 1, R) distribution. Thus, by the independence of
the Gaussian variables g, ; we infer that

(3.2) P<{w € f;lrpn{Kxagn,i)I} < %W}) < (1 - ﬁ)m

for every x € R" with ||x||, = 1.
Let N, be the (y/logn/n/8)-net in the unit sphere $"~!' of R” with card N, <

(404/n/logn)", cf. e.g.[P]. Define

1/l
sup( ()1} > /5" for everyx € N, .
i<m n

AN" = {w € Q:,l
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Clearly,

2 1 " n '
(3.3) PA,) 2 PO — (1~ m) (40\/%) '

Now, fix arbitrary xo € S ! and w € Ay, and choose x € N,, with

1 n
— < - .
o =l < 8 V logn

Since

sup{ (xo, gui (W)} = sup{[{x, gni(w))} = flxo = xll2 sup{ llgnfl-}

1 /1
o 1 [logn
4 n
we infer that for every x € §"~! and w € Ay, we have

1 [logn

?;15{|<X,gn,i(w)>|} 2 4 n

By the standard separation argument, this yields that for w € Ay, the ball B, contains

(y/logn/n /4)B2 and therefore A, C /. The proof is completed by combining Fact 2
(iii) with (3.3). [

Remark Note that
n

d(Xpw, 1) < 8
logn

forw € Q).

Remark The same line of argument shows that in order to ensure that most of the unit
balls B, contain (cy/logn /n)B2 for sufficiently small ¢ > 0, it is enough to consider

m = n'", with e = &(c) > 0, independent Gaussian variables in R", while to obtain

that most of B,,,’s contain (c/+/n)Bz, for sufficiently small ¢ > 0, it is enough to consider
m = Cnlogn with C = C(c).

Proposition 3.2  Forn € N let
Qg ={we Q) |eX,n) = m}.

Then there exists a numerical constant ¢y > 0 such that P(Q0) > 1 — %",
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Proof By the definition of the spaces X, ,, we have that e(X, ) < m for every w € Q.
Clearly, if for some w € €2 the cardinality of extreme points of the unit ball of X, , is less
than m then there exists a positive integer jo < m such that g, ; (w) € absconv{g,;(w) |

i 7é ]0} Set )
B, = absconv{g,i(w) | i # jo}.

By Fact 2 (iii) and the independence of random vectors g, ; fori = 1,2, ..., m we infer that

) n/2 )
P{lw e Q) [ guj, €B)} < (;) max vol B)°

T nw?

where maximum is taken over all w € €2;". On the other hand, by Theorem 1 in [BP]
and the Santal6 inequality we obtain that vol Bﬂ,’w < (cy/logn /n)" for some numerical
constant ¢ > 0 and every w € )’. Therefore

P(Q°) > P(Q"") — m(c\/logn /n)"

and the proof is completed by applying the previous proposition. ]
We shall need

Lemma 3.3 Foreveryn € Nand d > 0, let

Ag:{wegg

card{i <m } |(gnise)| < —} > %
for some e € R" with ||e||, = 1}.

Then there exists a numerical constant ¢”’ > 0 such that P(A%) < e=<""" for every 0 < 6 <
1/32.

Proof Since A)' C A% for &, < 4, it suffices to prove the proposition for § = 1/32.
Fixn € N, > 0and e € R" with |le||, = 1. Let

afi <m|ligue)l < 22} >

cardqi < m ie — — .

> &n, NG B

Since, by Fact 2 (i), the random variables v/n{g, ;, e)’s have the N(0, 1,R) distribution we
infer that for every i < m

Ai:{wegg

P({w cn ] guir €)] < \2/—(;}) = P({w € Q| |v/nlgni )] < 26}) < 20.

By the independence of the random vectors g, ; and by the binomial formulae, we get

m

(3.4) PA) < (’7)(25)}‘ < 2m(28)",

j=m/2
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ford < 1/2.
Let N(n, 6) be the § /4+/n-net in the unit sphere S"~! of R” with

card N(n,d) < (20y/n/4)".

oy = | AL

e€EN(n,0)

Set

Assume that for some w € Q9,7 < mand e; € R" with ||e;||, = 1 we have |(g,;(w), e1)| <
0/+/n, and choose e € N(n, §) with ||e; — e||» < /4+/n. Then

20
[{gni(w), )] < [{gni(w),er)| + |ler —ell2 ||gni(w)]]2 < N

This proves that A3 C Axy,.4). To complete the proof it is enough to note that for § = 1/32
we get ~
P(A)) < P(Anug) < 27(20)™(20y/n/5)" = 27" (640+/n)". n

As a consequence, we have

Proposition 3.4  For everyn € N, let

m

_ 1
An = QO} d{< ‘ Tgnillnw —} Y
{we | carddi < m | || Tguilln, <100\/ﬁ >3

for some T € L(R") with ||T||, > 1}.

Then P(A,) < e=<"'" where ¢’ is the numerical constant from the previous lemma.

Proof Fixn € Nand T € L(R") with ||T||, > 1 and assume that for some w € Q2 and
i < m we have

Tgn,
| &n,i ”nw < 100\/—

Write T in the polar decomposition form, i.e.,

n
Tx = Z)\j < Uj,x > V),
=1
where {u;}7_, and {v;}/_, are orthonormal bases in R" and [[T|> = A1 = Ay > -+ >
An > 0. Since [|x[|n. > 3 |lx[| for every x € R” and w € €2, we infer that

HTgﬂIHZ > _|<“17gn1> |<”1>gn,i>|-

1
’“’—z ‘—2

1
ST
TN T8

Hence | (11, gq;)| < 1/50/n, which clearly implies that A,, C A for every n € N which,
by Lemma 3.3, yields the required estimate. ]

The following is a “random” version of Theorem 2.1.
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Theorem 3.5 There are numerical constants c,c'’’ > 0 such that

12

PO\ A >1—e <",

where for n € N the set A, is defined by

Mix (T
A, = {w e ‘ card{i <m ‘ 1Tgnillnw < L()} > %

\/nlogn

for some T € L(]R{”)}.

Remark Observe that Theorem 2.3 follows directly from (3.1) and Theorems 2.1, 2.2
and 3.5.

Due to the homogenuity of the operator norm it is enough to prove the theorem for
T € L(R") with Mix,(T) = 1. Clearly, Mix,(T) = 1 implies that T € Mix,(k, 1/k) for
some k < n/2. Set Mix,(I,a) = {T € Mix,(L,a) | ||T||, < 1} for] < n/2 and o € R*.
Define, forn € N,k < n/2andc >0

;,k: {WGQ?I

card{i <m ‘ 1 Tgnillnw < 4} >

v/nlogn

m
2

for some T € Mix,,(k, l/k)}.

Proposition 3.6  There are numerical constants ¢, ¢ > 0 such that
n/2

P<;<L_J1 93;7,() <emom,

Clearly, Theorem 3.5 is a direct consequence of Propositions 3.1, 3.2, 3.4 and 3.6 so it
remains to prove the last one.

4 Proof of Proposition 3.6

Lemma4.1  There is a constant C; > 0 such that for every n € N, every ¢ < C;', every
pair Ey, E, of k-dimensional orthogonal subspaces in R" and every linear operator T: R"* — E,
satisfying the inequality || Tx||; > ||x||2/2k for every x € E;, we have

P(‘A;,EI,EZ,T) < 2m(C1€)km/2,

where

c _ 0
A BT = {w € Q,

card{i <m ‘ Tgni €

‘ _p.B }>m}
Vrlogn S T [
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Proof Fixiy < mandletg = Pg g, ;. Then

{w € | Tgni, € 4PEan,w}
' v/nlogn
[
C{WGQS Tg € ——P anw_TP nJU}
(4.1) g falogn ©" Ei-&n,
c _ —
c {w c|ge 7_nlogn(T|E1) 1Pg By, — (TIEY) 1TPEngn7i0}.

Observe that since Pg, B, = absconv{Pg,g,; | i < m}, by Fact 2 (ii), we infer that Pg, B, ,
as well as (T|E;) ™! TP gn,i, is independent of g. By Fact 2 (i) and (iv), we have

P({w e i

g< \/nlogn
c k

< (— W{(T|E,) "' Pg, By

—<\/W>VO{(|1) E; 7}

in order to estimate the volume in question, note that ||(T|E;)!||, < 2k and that for

w € Q% we have ||g,i|l» < 2 for every i < m. Therefore (T|E;)~'Pg,B,,, is an absolute
convex of m vectors, each of them of the length not greater than 4k. Hence, by e.g., [BP,
Theorem 1] and Santalé inequality, we have

(4.3) vol{ (T|E1) ™' Ps, By} < (Cov/log(m/k))",

where Cy > 0 is a suitable numerical constant. Combining (4.1), (4.2) and (4.3) we get

P({w e

(TIEN) ™ Pr, By — (TIE) ™" TPy g })
(4.2)

PEan,w}> < (Clc)kv

c
Tgnio €
\/nlogn
for some numerical constant C; > 0. Hence, by the binomial formulae, for c < C fl
km/2
A g pr < 2"(Cre) 2

which completes the proof of the lemma. ]

Lemma 4.2  For every E,, E, pair of k-dimensional orthogonal subspaces in R" and every
¢ > 0set

Te g, ={T: R" = E | ||T|l < 1and ||Tx||, > ||x||2/2k for every x € E; }

and

i‘:1;]52 = {w € Qg PEan,w} >

card{i <m ‘ Tg,; € %

c
24/nlogn

for some T € TEI,EZ}-

ThenP(Af, g,) < 2™(C10)k/2(100m3) 2™ for every 0 < ¢ < C; " and sufficiently largen € N,
where C, is the numerical constant from the previous Lemma.
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Proof Fix any ¢ > 0 satisfying the requirement of the previous lemma and let Ng, 5, be
a 1/16n*-net in T, g, with respect to the operator norm in (R", || - ||;) with the mini-
mal cardinality, and let Ng» and Ng, be 1/ 32n3-nets in the unit balls of R” and E, with
card Ny < (1007%)" and card Ng, < (100m3)* respectively. Obviously, the set of operators
of the form

k
T=> (x,)y]

j=1

with x; € Np» and y; € Ng, for j = 1,2,...,kis a k/16n’-net for T, p, with cardinality
not greater than (1007°)"™*% < (1001)*". By a well known argument, this yields that

(4.4) card Ng, g, < (100n3)2”k.
Now, let
(4.5) A%I,Ez = U A B BT
TENE, k,

where Aj p p r for T € N, p, are the sets defined in the lemma above. Assume that for
some w € Qg, ip < mand some T € T, g, we have

c

1 T8n,io llPe, B, < Wa

where || - ||p, 5,,, the norm on E; induced by Pg, B,,,. Choose Ty € N, g, with [T — T ||, <
1/16n?. Since (/logn /n /4)B: C B, for w € QF, we infer that

[ T1&n,io W) lpg, B, < (T — T)gnio (W, B, + 1 T80 (W) Iy, B,

n
<4,/ Togn (T = T2 [|gnio W)|2 + | Tgnis (W) ]|y, 5.,
1 c

4

< + < ,
= 2ny/nlogn  2ny/nlogn  y/nlogn

for n large enough. This implies that Ay, p C ACEL’ i, for sufficiently large n and the proof
is completed by combining (4.4), (4.5) and Lemma 4.1. [ |

Lemma 4.3 Foreveryk < n/2andc > 0 set

Tue ={T € LR") | |T||2 < lrank T = k and there is
a k-dimensional subspace E, C R" orthogonal to T(R") with
ITx||> > ||x||l2/k for every x € E; },
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and let

fl,k: {UJEQE

card{i <m ’ Tgni €

m
PT(]R{”)Bn,w} > >

c
4,/nlogn

forsome T € Tn,k}-

Then there is a constant Cy > 0 such that
P(AS L) < (C20)™2(1600m°)"
for ¢ > 0 small enough and sufficiently large n.

Proof For k < n, denote by G, the Grassmann manifold of k-dimensional subspaces of
R" with the metric d(E;, E;) = ||Pg, — Pg, || and let N, be the 1/16n*-net in Gy, with

(4.6) card N, < Cy(16n2)Kn=0,

where Cj; is an universal constant, cf. [S1]. For every F € N, i by Gk, r denote the Grass-
mann manifold of k-dimensional subspaces of F* and let N, k. be the 1/16n*-net in Ginr
with

(4.7) card N, i r < CP(16n%)K =20,

Claim Forevery T € T, thereare F, € N,y and F; € N, x5, such that P, T € Tp, f, and
|Pe, — Pr|l» < (16n%)~!, where E;, = T(R").

Proof of the Claim Fix T € T, and set E, = T(R"). Let E; be a k-dimensional subspace
orthogonal to E, such that | Tx||, > ||x||2/k for every x € E;. Choose F, € N, with
[P, — Pr,[|l2 < (16n°) " and let E = Py Ey. Clearly, Py |E; is a one-to-one mapping and
|(Pps|ED) ™ yll2 > |||z for every y € E. On the other hand, setting x = (Pg [E1) ™'y for
y € E we have

(4.8) llx = yll2 = IPegx = Prpxll2 < |lxll2/16n" < |ly[l2/15n".

Now, choose F; € N, xr, with [P, — Pgll, < (16n*)~'. Letz € F;, y = Pyz and
x = (Pps|E))""y. Since P, T = T and [[z[|> > [|y|> then, by (4.8),
IPe, Tzll2 > (| T2ll2 — [|(Pe, — Pr) Tzl > || T2|l> — [|2[|2/16%°
(49) > | Tylla = [ T(Pg — Pr)z|lx — |lzll2/16n > [|Ty|l2 — ||2]|./8n?
> | Txllz = | T(r = 0)ll2 = ll2ll2/80% = | Txll2 — [[yll2/150* — ||2]|/8n°

> I Txll2 — |lzll2/4n*.
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On the other hand, since x € E; and also ||y, > 12||z[|> we have

15
(4.10) ITxllz = llxllz/k 2 lIyllz/k 2 T llella.

Combining (4.9) and (4.10) we get

15
P, T2z > ﬁ”zﬂz — ||z]l2/4n* > ||zl2/ 2k,

which completes the proof of the Claim.
Returning to the proof of the lemma, pick T € T,k and let E,, F, and F, be as in the
Claim. Assume that for some w € Q9 and some iy < m we have

PEan,u

c
Tgniy € —F—=——
S 4, /nlogn

and observe that since Pr, B, ,, = absconv{Pr,g,; | i < m} and

1
|Pr,&n,i — Pr,PE,gn.ill2 = ||PF,(Pr, — Pg,)gn.ill2 < 32’
fori =1,2,...,m then, by the definition of the set %, we have
1 2
PFzPEzBﬂyw C PFzBfl-,w + @PFZBH C ZPFZBW,J.

Therefore

sz Tgn-,io S PFZPEan,w C PFan,w'

c c
4,/nlogn 2y/nlogn

By the Claim, this implies that

wk C U U Af, r,-

F2 €Nk FIEN  kF,

The proof is completed by combining Lemma 4.2 with (4.6) and (4.7) and setting C, =
(max {2,Cy,C5})°. ]

Proof of Proposition 3.6 Let T € Mix,(k, 1 /k) for some n, k € N. By the definition, there
is a k-dimensional subspace E; with the property ||Pp. Tx|[> > ||x[|2/k for every x € E;.
Set E; = P TE;. Clearly, T = P, T € T, Therefore, for ¢y = ¢/4 and sufficiently large
n we have B, C Aj ;. Therefore, by Lemma 4.3, for sufficiently large n and ¢ > 0 small
enough we have

n/2 n/2 n/2
P(UBg) < P(UA) < Yo (Co 2600w
k=1 k=1 k=1
which yields the required estimate. ]
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