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Multi-Sided Braid Type Subfactors

Juliana Erlijman

Abstract. 'We generalise the two-sided construction of examples of pairs of subfactors of the hyper-
finite II; factor R in [El]—which arise by considering unitary braid representations with certain
properties—to multi-sided pairs. We show that the index for the multi-sided pair can be expressed as a
power of that for the two-sided pair. This construction can be applied to the natural examples—where
the braid representations are obtained in connection with the representation theory of Lie algebras of
types A, B, C, D. We also compute the (first) relative commutants.

1 Introduction

In this paper we construct examples of braid type subfactors of the hyperfinite II;
factor R by generalising the two-sided construction by the author in [E1].

The method used for constructing these examples consists of generating the inclu-
sions of factors from pairs of ascending sequences of finite dimensional C* algebras
(A,)n C (By), satistying properties related to their inclusion maps and the existence
of a unique positive trace on their union (the commuting square property—a notion
introduced by S. Popa, see [P]—and the periodicity property of inclusion matrices).
Under these assumptions, H. Wenzl, [W1], showed that the index for the resulting
pair can be expressed in terms of the weight vectors for the trace on A, and on B,.
He applied this construction to obtain natural examples, in which the ascending se-
quences are given by special semisimple quotients of braid groups B, arising from
Lie theory (see also [W2]).

In the terminology of [E1], Wenzl’s examples are called one-sided braid subfac-
tors since, if the generators of B, are given by o1, ...,0,_1, then the the inclusion
of factors is given by ($0, €1, -+ &n,--- )" C (80,&15+ -+ &n,- .- )", where the g’s are
the images of the o,’s under the representation considered. In this paper we denote
this inclusion by R(1) C R. The two-sided inclusions defined in [E1], and originally
in [Ch], are of the form (..., g_1,%0,81,---)" C {...,8-1,80,81,--.)" (denoted
here by R(2) C R), where the braid representation is extended to braid generators
labeled by all integers. The latter can be obtained as approximations by inclusions
conjugate to A, ® A, C A,,, which satisfy periodicity and commuting square prop-
erties, and where A, is the finite dimensional C* algebra given by the n-braid quo-
tient (go, . ..,&s—2). The unitary braid representations considered have to satisfy a
list of conditions which are satisfied in the natural examples related to Lie theory
mentioned above.

In this paper we use the same requirements on the unitary braid representations
to construct the multi-sided inclusions. For a fixed integer s > 2, we define s-sided
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inclusions which shall be denoted by R(s) C R. If we considered the pair of ascending
sequences (A%%), C (Ay,)n, where A, is the n-braid quotient, the problem would be
that the natural inclusions would not even form commuting diagrams. In order to
correct this, we consider instead pairs of ascending sequences (u,AZ*u*), C (Ag)n>
where u, = u,(s) is a special unitary in Ag,. The embeddings u,A%®*u* C A;, can
be defined from embeddings at the level of the braid groups B,,, and can be viewed
intuitively by geometrical diagrams. For example, if s = 3, the embedding B,** —
Bs,, maps in the following way: For 0 <i <n — 2,

3 3 3(i+1) 3n

oiRX1IRQ1+— | |
3(i—1)+1 3i+1

3 3 3(i+1) 3n

1®0; @1 IX
3i—1  |3i+2
3 3 3(i+1) 3n
X

11Qo0; — // \

This map is implemented via conjugation by a braid vy, € Bs,,, that is, x — y,xv, '
The algebra u,A®*u* is the representation image of 7,(CB,®*)y;!. The inclusion
R(s) C R arising this way has an index related to that for the inclusion of the two-
sided pair R(2) C R, given by [R : R(s)] = [R : R(2)]*"!. Also, as is noted at the
end of this article, the two-sided pair R(2) C R coincides with the asymptotic in-
clusion for the one-sided pair R(1) C R when the braid representations arise from

Lie algebras of types A, B, C, D, see [E2]. As an interesting observation, these in-
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dex values coincide with those for the multiple interval subfactors, as announced by
A. Wassermann, [Wa], and computed in [X].

We also consider the following variation, as in [Ch] and [E1]. For a fixed integer
m > 0, we can define new versions of the multi-sided pairs by “excluding” m + 1
generators. In the context of the one-sided pairs this means the inclusion

<gm+17~~~7gm~~~>” - <g07g1a' "7gn7"'>/la

denoted by R(1)™ C R. In the context of the two-sided pairs it means the inclusion

<"'ag*m71;gm+l;- -->N C < --7g717g07g17"'>”7

denoted by R(2)" C R. We define an analogous version for the multi-sided pairs,
R(s)™ C R, by fixing a nonnegative vector 77 € 7° and by considering the pair
generated by the ascending sequence

(Mn(An,ml K& Anfms)u:) n C (Asn)n~

As with the one- and two-sided cases, the inclusions of factors R(s)™ < R are no
longer irreducible (unless || := Y ! m; < 1), but we may reduce them by minimal
projections in the relative commutant, which is isomorphic to Az. The index for

R(s)"™ C R is given by
[R: R(s)™] = WIM[R: RQ2)),

where || = Y., m; and W = [R : R(1)]. Finally, we apply Wenzl’s formula
in [W1] for reduced pairs to obtain the index of pR(s)™p C pRp, where p is a
nonzero projection in the relative commutant R(s)(’?‘)/ N R. The paper is organised as
follows:

2. Preliminaries

2.1 Basic Definitions and Properties of Braid Groups

2.2 Assumptions On the Braid Group Representations

3. The Construction of Multi-Sided Braid Type Subfactors

3.1 The Definition of the Unitaries at the Braid Group Level

3.2 Lifting the Unitaries to the Braid Quotients. Periodicity Commuting Square
Properties

3.3 Definition of the Pairs R(s) C R. The Relative Commutant.
3.4 Definition of the Pairs R(s)™ C R. The Relative Commutant.

4. A Formula For the Index
5. References

Acknowledgements I am very grateful to George Elliott for suggesting the possi-

bility of constructing the multi-sided subfactors, and to Hans WenzI for very useful
discussions.
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2 Preliminaries
2.1 Basic Definitions and Properties of Braid Groups

Recall that the braid group B, on  strands is defined by generators o, . . ., 0,—; and
the braid relations

(Bl) O0i410i0iy1 =— 0i0j4+10i, fori = 1, ey, — 2,
(BZ) 0,‘0]‘ = O'jU,',fOI’ |l — ]‘ Z 2.

A geometric picture of the standard generator o; is given by the following diagram:

i 141

i i+1

and multiplication is given by concatenation of such diagrams (see [Bi] for more
details). B, is embedded into B, by adding one vertical strand at the end of each
generator of B,,. Denote | JB,, by B..

We state below some well known basic relations for elements in B,, that will be
needed in the next sections. If 1 < i, j < n — 1, we denote by

(0i---0))

the element of B, given by the increasing product o0, ---0j if i < j, or by the
decreasing product ojo;_ - - - 0jif i > j.

Lemma 1 Lett,r € N. Then the following relations hold:

(B3) (00 01)0i 1 (0pyy -+ 07 ) = (070041 - 07 1)07 (01 -+ O,
(B4) (o) 0ui)oys, (o 0000 ") = o).
(B5) (U;i"'afl)aiié?t"iat+r):10?:1 . o
(B6) (Otsre1--- Ut+l)0t (0}:1 e 'U;H]) = (0'; e 'U;r)O}HH(UHr c o).
(B7) (Orere1 -~-0t)afﬂj£af1 ) = ai
(BS) (O-t_l e U;l+1)at+7l‘ (Ut+r+1 e Ut) = O't+1+1-
The algebraic tensor product CB,, ® CB,, can be seen as a subalgebra of CB,;;,, via
the embedding defined by juxtaposition. For example, if n = 3, m = 4

01 RQ 03— 01 Q03 =
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In other words, the embedding CB,, ® CB,,, < CB,,;,, is defined by

B Ry B ®y= Fshift,,

where shift, 0; = 0i4,. Thus, the embedding CB®* — CB, is given by

(21) ﬂl K- Bs i ﬂl R Bg = ﬁl Shiftn(ﬁz) e Shiftn(sfl)(ﬁn)

2.2 Assumptions On the Braid Group Representations

We shall work with representations p of CB that satisfy the following properties as
in [E1]:

(i)  pislocally finite dimensional: For every n € N, p(CB,) is a finite dimensional
C*-algebra, so that we can write p(CB,,) ~ @/\eAn M,, (C), for some index set
A,. Set A, = p(CB,).

(ii) pis unitary: Thatis, g; = p(o;) is a unitary for all i.

(iii) The ascending sequence of finite dimensional C*-algebras (A,) = ( p((CBn)) is
periodic, in the sense of Wenzl, [W1, Lemma 1.4].

(iv) Any element x € A,;; can be written as a sum of elements agnﬂb + ¢ with
a,b,ceA,.

(v) The unique positive faithful normalised trace tr on | J A, has the Markov prop-
erty:

tr(gnilx) =nFtr(x) forallx € A,, foralln,

where n™, (=) are fixed complex numbers. Given condition (iv), the Markov
condition implies the multiplicativity property for the trace:

tr(xy) = tr(x) tr(y),

if x and y are in subalgebras generated by disjoint subsets of generators giil.
(vi) Existence of a projection p with the contraction property: p € Ay has the con-
traction property if forall n € N,

PAwkD = PAkt ntk = Akt1,ntks

where A, is the algebra generated by {1,¢*',..., g }. Note that since we
already have the multiplicative property of the trace by (iv) and (v), the second
isomorphism above is always true.

Given a locally finite representation p of the braid group, there is an associative,
commutative, graded product on €D, K¢(A,) defined as follows (see [GW] for de-
tails). For projections x € A, and y € A,, define x ® y = xshift,(y) € Apsm, where
shift,,: CB,, — CB,;,, is determined by o; — 0;4,,. Then [x] ® [y] = [x® y] defines
the multiplication in @, Ko(A,). Denote the structure constants of this multiplica-
tion by c§ . That is, if p) and p;, are minimal projections in the classes labelled by
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A€ A, and u € A, then

@l = D Sulpol.

VEAm

The following conditions are equivalent to the existence of a projection with the
contraction property (see [W3] or [E1]).

Lemma 2 With the same notation as throughout this section, the following are equiva-
lent:

(a) There exists a projection p € Ay with the contraction property, i.e., for alln € N,

PALkD 2 PArrintk X Apsiark Where A, is the algebra generated by
+1 +1

{Lgs et St—14¢

(b) There exists a projection p € Ay such that for every minimal projection p) € A,
and for all n € N, the projection p ® py remains minimal in Apr. Moreover, if
A # N then p @ py and p ® py: are not equivalent.

(c) Forall n € Ny there exists an injective map j: A, — N,k that preserves the
structure coefficients for the multiplication in €, Ko(A,), that is, such that c§, =

C;E:;M = i%;) forall A € Ay, p € Ay, v € Ny, and also such that Sjgn =0 if

€ & j(Apim). (Here, Ay := {[@]}, “the empty diagram’, and p|g) := id, so that
C{IQ])\ = 5/\,;4: for )\, 1% (S An)

Remarks Assume that (A,) has periodicity k and that there exists a projection p €
Ay, with the contraction property.

(1) The periodicity condition on the ascending sequence (A,) forces the injective
map j: A, — Apsp (from the contraction property) to be a bijection for large
n € N.

(2) The sequence (A,) is also k’-periodic, so one can assume without loss of gener-
ality that k = k’.

(3) LetI be given by the set {k € N such that (A,) is k-periodic}. Let ko be given by
min I. Then I = {nk, such that n € N}.

(4) p®s € Ay has the contraction property for all s € N.

3 The Construction of Multi-Sided Braid Type Subfactors

The goal is to build for each integer s € N>, a pair of ascending sequences of finite
dimensional C* algebras (A},),, C (As), such that

(i) A, isan n-braid quotient as in [E1],
(i) A5 = u,(A%")u” for a unitary 5, € Ay,
(iii) (A3), C (Asn)n is periodic and has the commuting square property.

The task is to find a sequence of unitaries (u,), for which (iii) above holds. We
shall proceed by defining these elements in the braid groups By, in Section 3.1. In
Section 3.2 we shall lift them to the quotients Ay, and show that (iii) holds.
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3.1 The Definition of the Unitaries at the Braid Group Level

Fix s € N>,. Define for n € N>, the following elements in By,:

Yo = Yu(s) = (bl_l(bz_l e '(b;—llv
where @, = (o(—1)¢+1) " - Tsr1)=2) (O (s=2)+1) - * Tser1)=3) = - - (0441 - - - 0 ). Notice
that v,41 = 7,®, ! for every n. To illustrate the ~,’s pictorially, below we draw the
diagrams for v, y3, and 74 corresponding to s = 4:

SR IAVAVAN
[EVANNAN

7 =7nd;"

=P =

Proposition 3 Define ¥,: B®* — B, by V,(3) = V.37, (where 3 + [ is the
juxtaposition embedding described in (2.1)). Then the diagram below is a commuting
diagram for every n € N>,

¥y
B —— B,

B&*

m1 —— B(ur1)s

n+l

where 1, and 3, are given by 1,(31 ®@- - - ® ;) = 1(B1) @ - ®@1(Bs) and 1,(8) = 9 (),
and where v: B,, — B4 is the canonical embedding.
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Proof
]n(q]n(ﬂ)) =V, (Ln(ﬁ)) <~ ]n(’YnB’Y;l) = %HW’YLE
= Wb = Tenta(B)
<~ B = %TIWHM%HW
(&) = B=2,"1,(3)P,.

We want to show the above equality for every generator 3 of BY*, that is, for elements

oftheformf =1,® - ® o0 & ---®1l,withi=1,...,.n—1andj =
j-th pos.

1,...,s. (Remark: By looking at the geometric pictures in last page, we could omit

the algebraic proof that follows below by just observing that conjugating by @, ! pulls

the n + 1-st strand of each tensor factorin 1,,;; ® - ® 0, @ - ® 1,41 = 1,(8) to

the last s strands of B(,11);, and so (é) would follow.)

B = (bn_an(B)cI)n — Shiftn(jfl)(ai) = (I);1 Shift(n+l)(j71)(ai)q)n
= Oujmnri = Py O (j—1)+iPa

(%) <~ ®n0-n(j—1)+i®;1 = O(n+1)(j—1)+i-
We shall prove (x) by induction on s > 2.

Case s = 2 In this case, ®, = (0y41---0a),and j = lorj = 2. If j = 1

then foranyi = 1,...,n — 1 ®,0;®,! = 0; by the defining braid relation (B2).
If j = 2, then ©,0,4i®; ! = (Gust ** Tusis1)Tnsi(Opiipy - Toy) = Tins1 DY the

" Yn+1
braid relations (B2), (B4) (Lemma 1).
Inductive step, s = s+ 1 In this case,

DY = (01 - O(sr)mr1)—2) (OG- 1)(ns1) -+ Oty mr1)—3) = (Tua1 =~ T(saiyn)s
Q)Sf"'l) = (O'(s—l)(nﬂ) s Us(n+l)—2)(0'(s—2)(n+1) cee Us(n+1)—3) o (Ol O
It is not difficult to see that

(3.1) U = shiftys1 (B (01 - - Tss1yn)-
By the inductive hypothesis, foranyn € N, j=1,...,sandi=1,...,n— 1,
—1
(3.2) Tirmenyi-1) = PV i@,

and we must show that this implies

.
Cistmeny(j—1) = P Vo@D
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forj=1,...,s+l,andi=1,...,n— 1. By (3.1),
O gy o DG
= (0t Onet) shifty 1 (@) 7 0 (nen)(j—1) shiftns1 (B (01 - - Oer1n)

— . —1
= (00 Opiy) shifty1 (B i (i) (-2 @) (Ot -+ O(sriyn)-

By inductive hypothesis, (3.2),if j=1,...,s+ 1,then j — 1 =0,...,sand so

-1 (o1 i—2) lf] >2
&0 4. e — )i
n i+(n+1)(j—2)*n o; lf] -1
(Note that if j = 1, then 0; commutes with (IDEISH) by (B2)). Thus,

-1
O o ey RS

(3.3) - {Ji ifj=1,

(G(Sﬂ) O )iy (j—2) (Ot - Osryn) i f > 2.

If j >2,theni+n(j—1)+1>i+n+12> n+1,so that by braid relations (B2),
(B5),

(0(;11),, O ) i) (=2 (Onet * O(sityn)

-1

(05+1)n : Ul+n] 1)01+(n+1)(] 2)(Uz+n(] 1) ° '0(5+1)n)

(3.4) = Oitn(j—1)
Therefore, by (3.3) and (3.4), forall j =1,...,s+ 1,

‘I)ffﬂ) Cirtns) (-1 P = Gin(io)- u

Remark 4 One could show by induction that, pictorially, ¥, maps generators of B&*
into By, in the followingway: For1 <i<n—1land1 < j <y,

1®-® o0 ©--®1)—

j-th pos.
s st s(i+1) sn
J
1 /
s.(.;fl)%»j '“si+j
———
1-st row i-th row 1+ 1-st row n-th row
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Note that we are arranging the sn strands in n rows with s strands each, so that ¥,,(1®
+® o0; ®---®1)canbe seen as a crossover between the j-th dots belonging to

j-th pos.
the i-th and i +1-st rows. One can see from this that ¥,,(1®---®@ o0; ®---Q1) €
j-th pos.
(O(i—1)stjs - - -+ Tisy j—1)»> which is a fact we shall need later on. More precisely,
(3.5) V(1@ --® o0 &---®1) :Vi,jo'iﬁj—lvi,jilv
j-th pos.
where v; j € (0(i—1)s+j, - - -, Tistj—1) Is given by
Shifts(,‘,l)((dj . -0'5,1)(0;1 . -U;}_z ) ifl < ] <s
vij = q shiftyi—1)( (o1~ 05-1)) ifj=1

shiftg_p) (01 - 03 ) ifj=s

3.2 Lifting the Unitaries to the Braid Quotients. Periodicity and Commuting Square
Properties

From now on we shall consider s to be a fixed integer not smaller than 2. We shall
lift the maps U, defined before to the braid quotients. If p is a fixed unitary braid
representation as in the preliminaries, define for every n € N the finite dimensional
C* algebras A, = p(CB,,). If we set the unitary u, = p(7y,) € Ay, where vy, € By,
implements ¥, as in Proposition 3, then

u A u,* = p(W,(CBY®)) C Ay

(Observe that by multiplicativity of the trace, property (v) in the preliminaries,
p(CB®*) ~ A%*). By Proposition 3 the diagram below is a commuting diagram:

CB®* — . (B, —2— A,

o »| [

CB®s

P (CB(n+l)s T) As(n+1)

n+l

In consequence, the following diagram is also a commuting diagram:

ﬁn
AS@S - Am

(+) 3 e

A®s

4l T As(n+1)7

Up+1

where #i,(x) := u,xu}; is the lifting of ¥,,, and where 7,, = pt,, and j, = pj, are the
liftings of the natural inclusions ¢,, and j, defined in Proposition 3.

Proposition 5 For every n € N, the commuting diagram (x) above has the commuting
square property.
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Proof We must show that if E,e: and E,,, are the trace preserving conditional ex-
pectations onto A®® and Ay, respectively, then the diagram below is a commuting
diagram (see e.g. [GH]J, Proposition 4.2.1.] for equivalent definitions of a commut-
ing square):

iy,
A;?S E— Asn
EA;I@S T T EAsn
AT —— A

n+1

For this we shall use the same technique as in [E1] for the 2-sided construction, where
we intercalate two intermediate algebras. Here we shall intercalate 2(s — 1) inter-
mediate algebras. This consists of decomposing the commuting diagram (x) as the
concatenation of s connected commuting diagrams in the following way, where for

j=1.. ., swesetTj=(1®---1® g ®Ll---®1):
j-th pos.

AP —— A

<A§S7 T1> frt ” Asn+1

!

(AP, T\, Ts)

l

(A% Ty, Ty, ...

|

A®S

n+1

) T571>

l

ﬁnﬂ A
? sn+2

ﬁnﬂ
Asn+sf 1

l

e As(n+1)7

U1

where g, = p(o,) as in the preliminaries. Let us observe that

A®s

n+l — <A§S7 T17 T27 ey Ts>;

by property (iv) in the preliminaries, and that
Unt1 <A7(1®S) Tl7 TZ; ey T]>u:;+1 C Asn+j
for j = 1,...,s, which is a consequence of Remark 4 (at the end of Section 3.1). It

follows that each of the subdiagrams above is a commuting diagram since so is the di-
agram (x). We shall proceed to show that each of these subdiagrams has the commut-
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ing square property: For j = 1,...,5s—1, let Epe 1y (A%, Ty, Tay ..., Tigr)
— (A¥", T\, T»,...,Tj) and Ea,.;: Asrjr1 — Agyj be the unique trace preserving
conditional expectations onto (A% Ty, T, . . ., T;) and onto Ay, j, respectively. We
should show that

(ﬁnJrl © E<A;®S7T1ﬁ72w7j>)()/) = (EAS,,H- o ﬁnﬂ)(}’)

for every y € (AY T\, Ts,...,Tj1). lfy € (AP, Ty, 1>, .., ]+1> by prop-
erty (iv) in the prehmlnanes, y is a sum of elements of the form aT b + ¢, with

a,b,c € (A", T\, Ts, ..., Tj). Thus, by linearity and the bimodule property of the
conditional expectations (that is, E: M — N = E(axb) = aE(x)bifa,b € N) itis

enough to consider y = Tﬁll By Remark 4, (3.5),

_ 71
Un+1 T j+1 un+1 vngr]

for some v € Ay, j. Therefore, if x € Ay, j, by property (v) in the preliminaries

lx)

tr(u"“ T; +1un+1x) tI'(Vgsn+] a
= tr(g5n+jv_ xv) = tr(g; n+]) tr(vlxv)
Htr(x),
so that E4, +](uﬂHT Suk,,) = )1, On the other hand, if x = (x;®- - ®x,) € A®*
then by property (V) in the preliminaries
tr(T+1x)—tr((1 @ g @D ®- ®x))
j + 1-st pos.
= tr(x) - - tr(xg) tr(gy  xjen) tr(xjea) - - - tr(x)
= tr(x;) - - tr(x;) tr(Ea, (g5 )xje1) tr(xjsn) - - tr(x)
tr(x),
so that (7, o E<A§>S,ThT27 )(T +1) =n® . 1= (Ea,,; © thy (T +1)

Exactly the same argument as above can be used to show that the very top subdi-
agram has the commuting square property; that is, that

(y © Ego:)(y) = (Ea, © 1) (y) ¥y € (A%, Th).

Finally, since all the commuting concatenated diagrams have the commuting square
property, so does the diagram (). ]

Proposition 6 The ascending sequence (AS*),, Cy, (Asw), is k-periodic, where k is the
period of (A,)n C (Ant1)n-
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Proof The proof is analogous to that for the 2-sided case in [E1]. By assumption
on the braid quotients ((iii) in the preliminaries), the sequence (A,), is k-periodic.

Since the inclusion matrix for A%* C A%’ is given by G%*, where G, is the in-
clusion matrix for A, C A, then G®° = G?jk, so that (A%*), is k-periodic.

Similarly, the inclusion matrix for Ay, C Ays1) is given by G, Gene1 - - - Gops—1 =
GantskGsnask1 * - - Gsutskas—1, SO that (Ag,), 1s k-periodic. It remains to show that the
inclusion A®® C; A, is k-periodic, which is equivalent to showing that A®* C A,
is k-periodic with the natural inclusion from braid juxtaposition. The inclusion data
for AYS C A, are given in terms of the structure constants for the multiplication
Ko(A,)’ — Ko(As), that is, the coefficients for the inclusion matrix are given by

s—2
— v Hs—2 ) H1
EOw A = Z Z C)\l-,ﬂs—zc)\zylls—s C)\s—zylllc/\s—l,/\s'
i=1 i €A1

But for large n, the structure constants coincide with those for the multiplication

Ko(Ay+k)* — Ko(Asu+k))> by s applications of Lemma 2(c) and Remark (1) in the

preliminaries. Thus, the inclusion matrices for A®* C A, and A?fk C Ayn+k) agree,

and so A% C A, is k-periodic. [ ]

3.3 Definition of the Pairs R(s) C R. The Relative Commutant

It follows from periodicity that there is a unique positive faithful normalised trace on
Un(unA,‘?Suz) and J,, Asn. Define R(s) and R to be the weak closure of these unions
in the GNS representation with respect to the trace. We obtain a pair of hyperfinite
II; factors R(s) C R.

Proposition 7 The relative commutant R(s)’ N R is isomorphic to C.

Proof Because of the periodicity and commuting square properties we can apply
Wenzl’s estimate [W1, Theorem 1.6]: For n € N sulfficiently large, and for any pro-
jection p € u,ALu;;
dim R(s)’ N R < dim p( (u,AL uy)’ N Agy) -
By the assumptions on the braid representations we can find a projection with the
contraction property p € A,, for n large. Then, the projection p®* € A, also has the
contraction property (see Remarks in the preliminaries). In particular,
C ~ p®SA§sp®s ~ P®SAsnP®S,
so that p®s( (A%)' N Asn) ~ (C. Therefore,
dimR(s)’ N R < dim p ( (u,AZu))' N Ag) =~ C,

where p = i1,(p®*). [
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3.4 Definition of the Pairs R(s)™ c R

As mentioned in the introduction, we can introduce a variation in the construction
of the pairs. We assume again that s > 2 is a fixed integer, and we also fix a non-
negative vector m = (my,...,ms) € Z°. For n large, consider the finite dimensional
C* algebra

AT = Amain @ A1 @ - @ Amgr1n
~ An—m1 ®An_mz ® t ®An—m57

where A, is the algebra generated by {1, ¢!, ..., g% }.
Proposition 8 The pair of ascending sequences (A™), Cu. (Ag,), has the periodicity
and commuting square properties.

Proof This is an easy consequence of Propositions 5 and 6. The commuting square
property follows from the fact that the two commuting subdiagrams below have the
commuting square property:

A A T A

L] |

Al AZS

n+1 n+1 > At

ﬁnﬂ

Periodicity follows from Proposition 6: The inclusion matrix for u,A™u* C A, is the
composition of the k-periodic inclusion matrices for A7 C A%* and for A®® C A,,

respectively. And the inclusion matrix for A7 C A™, is given by G, @ Gy, @
-+ - ® Gp_pm,, where G, is the inclusion matrix for A, C A,1. [ |

Thus, we can define R(s)"™ and R to be the hyperfinite II; factors obtained by tak-
ing the weak operator closure of | J, (u,A™u) and | J, A, in the GNS representation
with respect to the unique positive faithful trace.

Lemma 9 If0 € 8;is a permutation and if ins = (ms()y, ..., M) € 27, then the
pair R(s)"™ < Ris conjugate to R(s)) < R,

Proof We only sketch a proof. The two pairs are conjugate because for every n suffi-
ciently large there exists a unitary w,, € Ay, such that

() (AL 1= w, (AL s = A,
(ii) W, is compatible with the natural inclusions, that is, W, 07, = j, o W, and

Wit1 © Ly = 1y © Wi

The unitaries w,, € Ay, are defined in the following way. Take any braid 8 € B, such
that the permutation J can be obtained from (3 via the natural epimorphism B; — §;
(pictorially, one can regard this map as gluing the crossings in the diagram of a braid
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so as to not distinguish which string lies on top or under the others). Define for each
generator o; € B, the element Uf") € By, given by (pictorially)

+2n

If we write now (3 as a product of generators o;, 3 = 0j, - - - 0;, (not necessar-

ily in an increasing order) then set 3" := afln) S th"). It is easy to check that if
(a1 ® - ®a;) € B then (a1 @ -~ @ )" = (A1) ® - - ® ayy). Tt can
be shown that the unitary w, := p(B™) € Ay, has the properties (i) and (ii). [ |

Proposition 10 The relative commutant R(s)™ "NRis isomorphic to the algebra A,
where || := Y. m;.

Proof WEe split this proof in parts (i) and (i7). In (i) we show that dim R(s)%)l NR <
dim Az, and in (ii) we show that R(s)(”’)/ N R contains a subalgebra isomorphic to
AWF

(i) Note that the pair R(s)"™ C R can also be obtained via approximating by the
following finite dimensional inclusions (which satisfy the periodicity and the com-
muting square properties as well):

(3.6) A;T = Am1+1,n+m1—l ®Amz+l,n+m2—1 Q- ®Am5+1ﬁn+m5—l Ca, Asn+|7n\-

We can use Wenzl’s estimate [W1, Theorem 1.6] as in Proposition 7: For n € N
sufficiently large and for any non-zero projection p € u,A}} u},

dimR(s)™ AR < dim p( (u, AMu) N Aq) .
The inclusion (3.6) is conjugate (via a special unitary in A, that relabels the gen-

erator indices) to
AS@S C Asn+\r?1|~

For large n there exists a projection p € A, with the contraction property, so that p®*
has the contraction property in A, (see the remarks in the preliminaries). Thus

C =~ p®(AP)p®* C pP* Aguyin P = Aj
so that

(3.7) dimR()™ N R < dim A
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(ii) By construction, the algebra A,,, ® - - - ® A, is isomorphic to the subalgebra
of R(s)™' N R given byligl Ug(Ap, @ - @ Ay, )1y

Without loss of generality, by Lemma 9, one can assume that the vector m has
its coordinates ordered decreasingly, m; > m, > --- > m,, by considering the
appropriate permutation 6 € S;. Take I := max{i : m; # 0}, if it exists. If m; = 0 for
i=1,...,sorifl=1,then A, ® - ® A, ~ A}, and from (3.7) and the above
paragraph we obtain that R(s)"™ "NR ~ Ajin)- Thus, we may assume that / exists and
1>2.

We shall show first that the elements g;, with i = 1,...,] — 1, commute with
u, ATy for every n sufficiently large (and thus they will be contained in R(s)™ 'AR).
Afterwards we shall show that the algebra generated by these g;’s and by hg1 Up (A, @

-+ ® Ay, )uy; has a subalgebra isomorphic to Az, so that by (3.7) the proof of the
proposition shall be complete.

By Remark 4 at the end of Section 3.1 and the braid relation (B2), it is immediate
thatifi =1,...,] — 1then

(3.8) g, u(1®---® g ®@---®@Du]=0
j-th pos.

for r > 2. So we only need to show (3.8) in the case that r = 1 and m; = 0 (for we
take (1@ ® g ®---®1)€ AT). If there exists j with m; = 0, then j > I
j-th pos.
by definition of . In this case, using the formula (3.5):
u,(1®---® & ®...®1)u:
j-th pos.
g )@ g )81 (2 g (& gy ) i<
(gs_l c 'gz_slz)gs+j—l(g25—2 t gs) lf] = S.

Thus, by the braid relation (B2), (3.8) is true if j = 5. Also by (B2), (3.8) holds if
j <s,since |i — j| > 2 (becausei < I!—1andj > I).

It remains to show that for large n, the algebra generated by u, (A, ® - - - @A, )
and by the elements g;, fori = 1,...,]—1, contains a subalgebra isomorphic to Az,
For this, let us define the map

F: A‘;ﬁl - <un(Am1 & - ®Ams>u:,g”l = 1, ey l - 1>,
in the following way: For j = 1,...,s,

T1@- 104, 0101 = dil0e-104,, 61-©1)-

Forr <1 — 1 and even,
F(gm1+~-~+m,) = &r-
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Forr <I—1and odd,
C(gmttm) = u,(1®@--- @1 ®g;rl,1 e -gfl ®1---® l)u,’igrun
—_——
r-th pos.

(1®-®1®g  gn,—1®1--® Du,.
N————’

r+1-st pos.

To check that this map is well defined, one should check that the braid relations are
preserved, which is straightforward but long and tedious, so we shall omit it this time.
The fact that the morphism is injective follows from the trace properties. ]

4 A Formula For the Index
Theorem 11 [R: R(s)™] = WI™I[R : R(2)]*"!, where W := [R : R(1)].
Proof By [W1, Theorem 1.5(iii)], the index for the pair R(s)™ C Ris

[R:R(s)"™] =

for large 1, where 5 and #" are the weight vectors for the trace restricted to u, A" u*
and to Ay, respectively. Because of the multiplicativity of the trace,

l(n) _ t(" m) . p=m) Ly — ?(sn)’

1502500051 1s

where 7 is the weight vector for the trace on A,. Also by [W1, Theorem 1.5(iii)],
n) |2

W = % for large n. Hence,

[l [

. () —
S O

n(s—1)+m;—1 H—»(n mi+j) ||2 s

7 i) (|2
H ||t(n m1+]+1)||2HH o H

j=0

N
W= D+m H H;(n—mi)”Z
i=2

_Wml(H—’(n)H Wy~ 11—[ H_’(n m;) |
[[£es
Wml(H—’(n)H Wn)s 11i["i_[ Ht” mi+j) ”2
2 o th m,+]+1)||2

—Wwm (H?(n)HZWn)s—l H W

i=2

— (”z’(n) |‘2Wn)571W‘ﬁ1‘ )
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On the other hand, by [E1, (3.3.2)], [R : R(2)] = |[{"||*W™", for large 1, and so the
desired formula follows. [ |

Corollary 12 If p € R(s)™' A R is a nonzero projection, the index for the pair of
reduced factors pR(s)™ p C pRp is

[pRp : pR(s)™ p] = [R: R(2)]*'[pRp : pR(1)I"Ip].

Proof By [W1, Theorem 1.5(iii)] and Theorem 11, [pRp : pR(s)™p] = [R :
R(s)™]-tr(p)* = [R : R(2)]*"'W 7l tr(p)2. Denote by R(1)"! C R the one-sided in-

clusion given by (g1, ---+&n,---)" C (g1, &, -.)"" (asin the introduction).
Because R(s)(’m/ﬂR >~ A > R(1)! 'AR (see [E1]), and by [W1, Theorem 1.5(iii)],
[pRp = pR()'™ p] = tr(p)* W17, m

Remarks When the braid representations considered are the ones associated with
classical Lie algebras (as described in [W1], [W2]), the two-sided inclusions R(2) C R
are conjugate to the asymptotic inclusions (see [O]) of the corresponding one-sided
inclusions, as it was shown in [E1], [E2], and also by Goto in [G]. Also, the family
of multi-sided subfactors forms a descending sequence of intermediate subfactors
-++R(n+1) C R(n) C -+ C R(2) C R, where for n > 2 the inclusions R(n + 1) C
R(n) are conjugate to R(2) C R (work in preparation). The two-sided inclusions have
finite depth, see for instance [EK]. We expect that all the multi-sided inclusions have
finite depth as well, and we shall look at whether there is any relation to asymptotic
inclusions when s > 2.
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