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Abstract

In this paper, we consider the life distribution H(t) of a device subject to
shocks governed by a finite mixture of homogeneous Poisson processes. It
will be shown that if (Pk), the probabilities that the device fails on the kth
shock, has a discrete phase-type (DPH) distribution, then H(t) is con
tinuous phase-type (CPH). The relationship between the mean values of
(Pk) and H(t) is established.
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1. Introduction

Suppose that a device is subjected to shocks occurring randomly over time according to a
counting pro_cess .N = {N(t): t ~ O}. Let P« be the probability that the device fails on the kth
shock and P, = E:=k+l P» be the probability that the device survives k shocks, k = 0, 1,
2, ... , where 1 = Po ~ PI ~ .... Then it follows that the survival function H(t) of the device
is given by

(1.1) H(t) = ~ P{N(t) = k}Pk •

k=O

Shock models of this kind have been studied for instance by Esary et al. (1973) when .K is a
homogeneous Poisson process, by A-Hameed and Prosch an (1973), (1975) when .K is a
non-homogeneous Poisson process or a birth process and by Block and Savits (1978) when .K
is a more general counting process. In all these cases the authors prove that H(t) is increasing
failure rate (IFR) , increasing failure rate average (IFRA), decreasing mean residual life
(DMRL), new better than used (N!JU) or new better than used in expectation (NBUE)
under suitable conditions on .N if (Pk);=o has the corresponding discrete property. Klefsjo
(1981) proves that H(t) is harmonic new better than used in expectation (HNBUE) if Pk has
the discrete HNBUE property.

The aim of this paper is to prove the corresponding theorem for the phase-type distribution
(see Neuts (1981)) under finite mixture of Poisson processes. In particular, it will be shown
that phase-type distribution is preserved under the transformation described by (1.1) when .K
is a finite mixture of homogeneous Poisson processes. Also, the relationship between the
mean values of (Pk) and H(t) is established.

2. Phase-type distributions

There are two parallel discussions of phase-type distributions; one corresponding to
distributions on [0, (0) obtained from absorption times in continuous-parameter Markov
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(3.1)

chains, the other to distributions on the non-negative integers obtained from discrete
parameter Markov chains. For details of this highly versatile class of probability distributions
the reader is referred to Neuts (1981). Only relevant definitions and properties are mentioned
here.

Definition 2.1. A distribution F(.) on [0, (0) is a continuous phase-type (CPH) distribution
if it is that of the time until absorption in a finite-state Markov process with generator

Q=[~ ~]
and initial probability vector (a, ll'm+l). T = [1;j] is a non-singular matrix of order m and
satisfies 1;;~ 0 for 1~ i ~ m, 1;j~ 0 for i =1= j. Also Te; + TO = 0 and aem+ ll'm+l = 1, where em
denotes an m-column vector with all components equal to 1. The distribution F(.) is given by

F(x) = 1- a exp (Tx)em for x ~ 0

and we say F has the representation (a, T). The distribution has a jump of magnitude ll'm+l at
the origin and the mean of the distribution is J-l = -aT-lem.

The analogous definition for the density (Pk) on the non-negative integers is as follows. If
(Pk) is the density of the time until absorption in a finite-state Markov chain with stationary
transition probability matrix given by

and initial probability vector (a, ll'm+l), the density (Pk) is of discrete phase type (DPH).
Here T is an m x n substochastic matrix such that Te; + TO = em and (1 - T) is non-singular,
where 1 denotes the identity matrix. The density of the time until absorption is given by

PO= ll'm+l

P«= aTk-lTo for k ~ 1.

The mean of the distribution is J-lp =a(l- T)-l em.

3. Preservation of phase-type distribution under mixed homogeneous Poisson shock model

Let .H be a mixture of homogeneous Poisson processes. Then H(t) is given by

H(t) = rto e-}.i~tt Pk dG(A),

where Ais a random variable with cumulative distribution function (c.d.f.) G(.).

Theorem 3.1. The phase-type distribution is preserved by the transformation (3.1) when
G(.) is a distribution with finite support.

Proof. Supposing {Pk} has DPH distribution with representation (a, T), the survival
probabilities Pk are given by

00

Pk = L aTn-1TO
n=k+l

Since T is finite, T"~ 0 elementwise as n~ 00 and Te.; + TO = em, it is easily verified that

(3.2) Pk = «r»;
From (3.1) and (3.2), it follows immediately that

H(t) =ra exp [A(T -l)t]em dG(A).
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Since the mixing density G(.) has finite support, say, {AI' A2' ... , Ak} with mixing density
{ql' q2' ... ,qk}, the right-hand side of (3.2) being a finite mixture of phase-type survival
functions with representations (a, A;(T-1)), i = 1, 2, ... , k, is again the survival function of
a phase-type distribution (see Neuts (1981)). Also the representation of H(t) is (u", T*),
where a* = (q1a, q2a, ... ,qka) is a row vector with km components and T* =
diag (A1(T -1), .. · , Ak(T -1)) is a km x km block-diagonal matrix.

Remark 3.1. The mean of the distribution H(t) is given by JlH = -a*(T*)-lemk. After some
simple algebra, JlH = E~=l (q;1 A;)Jlp where Jlp = a(l - rv:«; denotes the mean of {Pk}. In
particular, if the shocks arrive according to a homogeneous Poisson process with parameter A
and the shock probabilities {Pk} have DPH distribution with mean Jlp, then the life
distribution of the device H(t) is CPH with mean JlH = (II A)Jlp.
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