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Abstract. We develop a theory of group actions and coverings on Brauer graphs
that parallels the theory of group actions and coverings of algebras. In particular, we
show that any Brauer graph can be covered by a tower of coverings of Brauer graphs
such that the topmost covering has multiplicity function identically one, no loops, and
no multiple edges. Furthermore, we classify the coverings of Brauer graph algebras
that are again Brauer graph algebras.
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1. Introduction. In this paper, we introduce the theory of group actions and
coverings on Brauer graphs that parallels the theory of group actions and coverings
of algebras. In particular, we show that any Brauer graph can be covered by a tower
of coverings, the topmost of which is a Brauer graph with no exceptional vertices, no
loops, and no multiple edges (Theorem 7.7). This allows many homological questions
related to Brauer graph algebras to be simplified by considering Brauer graphs with
no exceptional vertices, no loops and no multiple edges. Specifically, we know from
covering theory that, for a finite group G, the category of G-graded modules over a
Brauer graph algebra is equivalent to the module category of the covering algebra
associated with the group G. In a subsequent paper ([10]), we use this fact and
Theorem 7.7 to compute a minimal set of generators for the Ext algebra of any Brauer
graph algebra. In this current paper, we also classify the coverings of Brauer graph
algebras that are again Brauer graph algebras (Theorem 7.1). One reason this result
is of interest is that it is difficult, in general, to determine if a covering comes from a
Brauer graph simply from knowledge of the quiver and relations.

Since their introduction by Riedtmann in [19], coverings of algebras have been
extensively studied and they have rapidly proven to be of interest in the representation
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theory of algebras (see, for example, [4, 7, 8, 9, 22] and references therein). In the
case of self-injective algebras of finite or tame type — including Brauer graph algebras
— this is also well demonstrated in the survey article [21]. The results in [8] and [9],
relating the coverings of algebras given by quivers with relations on the one hand,
and the group-gradings of algebras on the other hand, lead to an equivalence of
categories; namely given a G-grading of a quiver with relations, then the category of
finite-dimensional modules of the covering of the algebra is equivalent to the category
of finite-dimensional G-graded modules.

Brauer graphs are a generalization of Brauer trees. A Brauer tree is a finite tree,
with a cyclic ordering of the edges at each vertex and a multiplicity assigned to exactly
one of its vertices, which is called the exceptional vertex. These trees were defined by
Brauer in [5]in the study of block algebras of finite groups with cyclic defect groups. The
entire algebra structure of a block with cyclic defect groups can be read directly from
its Brauer tree. For example, in [12], Janusz gives a description of the non-projective,
non-simple indecomposable modules of a block with cyclic defect groups in terms of
paths in its Brauer tree, and in [11], Green defined ‘walking around the Brauer tree’,
giving projective resolutions of certain modules of a block with cyclic defect groups.

It is well known (see for example [1] or [3]) that Brauer graph algebras are tame
special biserial self-injective algebras and that those of finite representation type are
the Brauer tree algebras. Furthermore, the derived equivalence classes of Brauer
graph algebras have been extensively studied, beginning with Brauer tree algebras
(for example, [18], and, for stable equivalence classes, see [17]), generalized Brauer tree
algebras (see [16]) and finally Brauer graph algebras (see [13, 14, 15, 20] and [21] and
the references therein).

We briefly summarize the results of the paper. In Section 2, we begin by recalling
the definitions of a Brauer graph and a Brauer graph algebra together with some
essential notation. In Section 3, we define a free Brauer action of a finite abelian group
on a Brauer graph and construct the Brauer orbit graph. A free Brauer action of a
finite abelian group G on a Brauer graph I' induces a free action of G on the quiver
of the associated Brauer graph algebra and the section culminates with Theorem 3.12,
which relates the Brauer graph algebras of I' and its orbit graph T.

Section 4 introduces a Brauer weighting on a Brauer graph which is analogous
to a weight function on a quiver. Given a Brauer weighting W to a finite abelian
group G on a Brauer graph A, we define the Brauer covering graph Ay, and show that
there is a canonical action of G on Ay . Theorem 4.9 proves that this action is a free
Brauer action and that A = Ay, as Brauer graphs. We apply the results of Section 4 in
Section 5 to Brauer graph algebras. If A, (respectively, Ax, , Az,,) is the Brauer graph
algebra of A (respectively, Ay, Ay/), then Theorem 5.6 shows that there are K-algebra
isomorphisms

~ ’\1_
An = A, = Asys

where Ay, denotes the orbit algebra of Ay, .

The main result of Section 6 is Theorem 6.3, which shows that if G is a finite
abelian group with free Brauer action on I', then there is a Brauer weighting W on
T such that the Brauer graphs I' and Ty are isomorphic, as are their corresponding
Brauer graph algebras.

Applications of the theory presented are given in Section 7. The Appendix provides
a brief survey of covering theory for path algebras and their quotients.
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2. Notation. Let I' be a finite connected graph with at least one edge. We
denote by I’y the set of vertices of I' and by I'} the set of edges of I'. We equip
I' with a multiplicity function m: T'y — N\ {0} and, for each vertex in I', we fix
a cyclic ordering of the edges incident with this vertex. We call such a graph a
Brauer graph. Thus, a Brauer graph is a triple (T, 0, m) where o denotes the cyclic
ordering and m the multiplicity function. Note that in the Brauer tree case, the
multiplicity function has value 1 at all but possibly one vertex, called the exceptional
vertex. Although the convention in the literature is to denote a Brauer graph by
I', where the choice of cyclic ordering and multiplicity function are suppressed, we
usually write (T, 0, m). In all examples a planar embedding of I' is given and we
choose the cyclic ordering to be the clockwise ordering of the edges around each
vertex.

We say that an edge j in T is the successor of the edge i at the vertex u if both
i and j are incident with u and edge j directly follows edge i in the cyclic ordering
around p. For each u € Ty, let val(u) denote the valency of w, that is, the number of
edges incident with u where we count each loop as two edges. If val(u) = 1 with edge
i incident with the vertex p then we say that i is a successor of itself. If u is a vertex
with val(x) = 1 and m(n) = 1 so that i is the only edge incident with x then we call i a
truncated edge at the vertex u.

Following [3] and [14], we let K be a field and introduce the Brauer graph algebra
of a Brauer graph I'. We associate to I' a quiver Qr and a set of relations pr in the
path algebra K Qr, which we call the Brauer graph relations. Let I be the ideal of KQr
which is generated by the set pr. We define the Brauer graph algebra Ar of T to be the
quotient Ar = KOr/Ir.

If the Brauer graph I' is 1 v with m(u) =m(v) =1, then Qr is e 3 x
and pr = {x?} so the Brauer graph algebra is K[x]/(x?).

We now define Or for a general Brauer graph (excluding the above case, so if edge
i is truncated at vertex u and the endpoints of i are « and v then m(v) val(v) > 2). The
vertices of Qr correspond to the edges of I', that is, for every edge i € I'; there is a
corresponding vertex v; in Qr. If edge j is the successor of edge i at the vertex u and
edge 7 is not a truncated edge at u then there is an arrow from v; to v; in Qr. For each
vertex u and edge i incident with p, let i =iy, i, . . ., fvai(w) be the edges incident with
w listed in the cyclic ordering, where the loops are listed twice and the other edges
precisely once. We call this the successor sequence of i at . We set iyqj)+1 = i, noting
that 7 is the successor of iy,y(y,)-

In case I" has at least one loop, care must be taken. In such circumstances, for
each vertex u, we choose a distinguished edge, i,, incident with w. If £ is a loop at
i, £ occurs twice in the successor sequence of i,. We distinguish the first and second
occurrences of ¢ in this sequence and view the two occurrences as two edges in I'y.
Thus, I'; is the set of all edges with the proviso that loops are listed twice and have
different successors. In particular, if " is ,u:)i then, since i is viewed as two edges,
say i and 7, the successor sequence of i at vertex u is 7, 7 and the successor sequence of
7at u is 7, i. These sequences imply that there are two arrows in the quiver Or, and
Or = C' .

In order to define the Brauer graph relations pr we need a quantizing
function q. Let Xr ={(i, n) | i € I'y is incident with p € 'y and i is not truncated at
either of its endpoints} and let g: X1 — K \ {0} be a set function. We denote ¢((i, 1))
by g;,. With these additional data we call (I, o, m, q) a quantized Brauer graph. We
remark that if the Brauer graph I' is & v then X = . Furthermore, if the
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Brauer graph algebra is assumed to be symmetric and if the field is algebraically
closed, then we can set ¢ = 1 (see [3]).

There are three types of relations for (T, 0, m, ¢). Note that we write our paths
from left to right.

Relations of type one. For each vertex u and edge i incident with , which is not
truncated at the vertex u, let i =iy, s, ..., Ivai(u) be the successor sequence of 7 at .
From this we obtain a cycle C;,, = a1a; - - - @yai(u) in Qr, where the arrow a, corresponds
to the edge i.,; being the successor of the edge i, at the vertex w. With this notation,
for each edge i € " with endpoints 1 and v so that i is not truncated at either u or v,
pr contains either g;, C/ — i, CI” or q;, CI” — g;, Cr. We call this a type one
relation. Note that since one of these relations is the negative of the other, the ideal I
does not depend on this choice.

Relations of type two. The second type of relations occurs if i is a truncated edge at
the vertex n and the endpoints of i are p and v. Let C;,, = b1b; - - - byai) be the cycle
associated with edge 7 incident with vertex v. In this case, we have a relation Cﬁ(”)bl.

Relations of type three. The third type of relations are quadratic monomial relations
of the form ab in KQr where ab is not a subpath of any C; ,.

ExAMPLE 2.1.
(1) The graph (T, 0, m)

7

N

p;

3
with m(1) = m(u) = m(v) = 1 and m(&) = 2 has edge 1 truncated at vertex
w and edge 2 truncated at vertex v. Then X+ = {(3, 1), (3, &)}. Let¢: X1 —
K\ {0} be a quantizing function. The Brauer graph algebra associated with
the quantized Brauer graph (T', 0, m, ¢) has quiver

v

and pr = {g3£8° — q3,,.vaB, aBya, ByaB, BS, Sy }.

(2) The graph (T, 0, m)
m
/N
§ > v
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with m(u) =3 and m(v) =m(§) =1 has Xr={(1, p), (1, v),(2,58),
(2,v),(3,¢),(3, n)}. Let g: Xr — K\ {0}. The Brauer graph algebra of
(T, 0, m, g) has quiver

- 3 - - - - ~\3
and pr={q1 ,(a3a3)°—q1va1a1, g2 28— q> va1a1, @3 £Grar—q3 . (a3a3)’,
a\ay, a)az, azai, aas, axay, drai }.

3. Group actions on Brauer graphs and Brauer graph algebras. We assume
throughout this paper that G is a finite abelian group. We note here that G being
abelian is a necessary condition for the main results of this paper, though is not
explicitly required in the current section. However, since we require G to be abelian in
Section 4 onwards, we keep this assumption throughout the paper.

Suppose that G is a finite abelian group which acts on a finite connected graph
Y. Let ¥ = X/G be the orbit graph of ¥ under G, and let i = {uf | g € G} and
71={i#| g€ G} where u € ¥y and i € X;. If the action of G on X is not faithful, then
let N be the normal subgroup of G consisting of those elements that fix every vertex
and every edge of X. Then G/N acts faithfully on X. Without loss of generality, we
assume throughout this paper that our group actions are faithful.

Since a Brauer graph comes equipped with a cyclic ordering and multiplicity
function we now define a Brauer action of a finite abelian group on a Brauer graph as
follows.

DEFINITION 3.1. Let G be a finite abelian group and let (T, 0, m) be a Brauer graph.
We say that there is a Brauer action of G on (', 0, m) if

(1) G acts (faithfully) on the graph T,

(2) the action of G on I' is orientation preserving, that is, if j is the successor of
i at the vertex u, then, for all g € G, j is the successor of # at the vertex u?,
and

(3) m(u) =m(uf) forallg € G, u € Ty.

If there is a Brauer action of a finite abelian group G on a Brauer graph (T, o, m)
then val(u) = val(u®) for all g € G and u € Iy, since successors are preserved by the
G-action. In particular, by property (3), val(u)m(u) = val(us)m(u?) for all g € G and
n e Ty.

We now define a free Brauer action.

DEFINITION 3.2. Let G be a finite abelian group and let (T, o, m) be a Brauer graph.
A Brauer action of G on (T, 0, m) is a free Brauer action if G acts freely on the edge set
') of T, that is, if / € I} and ## = i then g = idg, the identity in G.

We remark that if there is a Brauer action of G on (T, 0, m) and if there exists g € G
such that # =i for some i € I'; then, since the action of G is orientation preserving
and T is connected, it follows that j¢ = j for all j € I';. Moreover, if there is a Brauer
action of a non-trivial finite abelian group G on (T, 0, m) and if |[T'y| > 3, then there
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is a free Brauer action of G on (T, 0, m) if and only if whenever i € I'; then there is
some g € G with # # i. We emphasize that the group G need not act freely on the set
of vertices of I' for the Brauer action of G on (I, 0, m) to be a free Brauer action.

The next results show that if there is a free Brauer action of G on the Brauer graph
(T, 0, m), then there is a multiplicity function 77 on T which is compatible with . and
an induced cyclic ordering o which makes (T, o, 777) a Brauer graph.

LEMMA 3.3. Suppose there is a free Brauer action of G on (I, 0, m). Then val(jix) |
val(u) for all uw € Ty. Moreover, if i € T'y is incident with u, then there exist 1 < k <
val(u), s > 0 and g € G such that

(1) val() = k;
(2) the successor sequence of i at u is

. .. .og g .g g g .g* . .
l=l],lz,...,lk,ll,lz,...,lk,...,ll,12,...,lk = Lval(u)»

(3) val(u) = val(ix)(s + 1).

Proof. Let u € T'yand i € T’y beincident with w. If val() = 1 then clearly val(iz) =
1 and we are done. So assume that val(i) > 1. Consider the successor sequence of i at
W, i =101, 0, ..., il Recall that iyy)+1 = 7 since i is the successor of iy,y(,). There
is k minimal with 1 < k£ < val(u) and i, = forsome g € G. If ]| <« < B < k and
iy = iy, for some /i € G then & = 1 and = k. To see this, if « = 1 then = k from
the choice of k. On the other hand, if & > 1 and there exists /& with i, = ig 41> using
Definition 3.1(2) we see that i; = ig_a 4o+ Therefore, B — a + 2 = k + 1 by definition of
k and hence 8 — a = k — 1. But this contradicts « > 2 and 8 < k. From this it follows
that val(ix) = k.

Repeating this argument shows that the successor sequence of i at « can be written

as
i=il,iz,...,ik,if,ig,..., i,..., 'fl,i‘g,...,if = lyal(u)
for some s > 0. Hence, val(t)(s + 1) = val(u) and we are done. O
PROPOSITION 3.4. Suppose there is a free Brauer action of G on (I', o, m). Let m be
the function

m: To— N\ {0}, > val(u)m(u)/ val(i).
Then there is a cyclic ordering o induced by o such that (T, 0, m) is a Brauer graph.

Proof. We begin by showing that the cyclic ordering o induces a cyclic ordering o.
Let © € Ty and i € I'y be incident with w. If val(u) = 1 so that val(z) = 1, then the
cyclic ordering on T is the only one possible. So assume that val(u) > 1. Consider
the successor sequence of i at u, i =iy, i, ..., Iyau)- Let k be as in Lemma 3.3. We
take the successor sequence for 7 at it to be 71,1, . .., i. This gives the desired cyclic
ordering o. In particular, if  is the successor of i at vertex u then j is the successor of 7
at vertex [t.

The set function i is well defined by Definition 3.1(3) and Lemma 3.3. O

We call the Brauer graph (T, 0, ) in Proposition 3.4 the Brauer orbit graph of
(T, 0, m) associated with the action of G.
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PROPOSITION 3.5. Suppose there is a free Brauer action of G on (I, 0, m). Then the
following properties hold.

(1) m(ip) val(in) = m(u) val(un) = m(uf) val(u®) for all n € T'o and g € G.

(2) Edgei € 'y is truncated at vertex w if and only if 7 € Ty is truncated at vertex
i.

(3) Edgei € T'yis truncated at vertex | if and only if i8 € T'y is truncated at vertex
ué forallg € G.

Proof. (1) is immediate from the definition of 7. For the proof of (2) we recall that
the edge i € I'; is truncated at vertex u if and only if m(u) val(u) = 1. Now, from (1),
this holds if and only if 772(jz) val(jz) = 1, which is precisely the condition that7 € T'; is
truncated at vertex jt. Hence, property (2) holds. The proof of (3) is similar to that of

(2), since m(u)val() = 1 if and only if m(u8) val(ué) = 1 from Definition 3.1(3) and
the subsequent remark. ]

EXAMPLE 3.6. Let (T, 0, m) be the Brauer graph

L) [ ]
is " i3
[ ] [ ]

where each vertex has multiplicity 1. Let G be the cyclic group G = Z, = (g | g*> = id)
so that Gacts on T with i = iy, 5 = is, i = is. Thennecessarily i§ = i1, if = i, i = is.
This is a free Brauer action of G on I" and T is the Brauer graph

where i has multiplicity 2 and the other vertices have multiplicity 1.

We now extend the concept of a Brauer action by defining a Brauer action on a
quantized Brauer graph (T, o, m, q).

DEFINITION 3.7. A Brauer action of a finite abelian group G on the Brauer graph
(T, 0, m) is a Brauer action of G on the quantized Brauer graph (T, o, m, ¢) if

Qip _ qiz,ps

- 3

Qi,u qig,vg

i

forallg € Gand u v in I" such that 7 is not truncated at either of its endpoints.

To understand the importance of the quotients above, we note that the relation

of type one g, C/" — ¢;, C/"”) may be replaced by either Cyi" — LeCi) or

Gip b
cn — Z’—“C,";E“ ) without altering the ideal Ir-. These last two relations distinguish
between the endpoints of the edge i. We formalize this as follows. Let Y = {i € '} |
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i is not truncated at either of its endpoints}. Let £1: )V — Iy be a set function such
that £,(i) is an endpoint of i. Let £,: ) — I’y be the set function with the property
that £,(i) and &,(i) are the two endpoints of i. We note that i is a loop if and only if
£1(i) = &,(i). From the above remarks, we see that, for each i € ), the relation of type
one may be replaced by

mED) _ 4.6, C(n(le(i))
i,E1(i) qi,é'l(i) i,E2(i)

LEMMA 3.8. Suppose there is a free Brauer action of G on (T, 0, m, q). Then there is
a choice of set functions £, and &, such that

(&) = &;(i®)
forallie Y, geG,j=1,2

Proof. It suffices to prove this for j = 1. Proposition 3.5(3) implies that ) is a
disjoint union of orbits. For each orbit, choose some edge i in the orbit and arbitrarily
select an endpoint; define £,(i) to be this endpoint. For all other # in the orbit of i,
define £1(i#) = (£1(i)). This yields a choice of £ that satisfies the desired property. [

If there is a free Brauer action of G on a quantized Brauer graph (T, o, m, ¢), then
we henceforth assume that the functions £, and &, satisfy (€,(i))¢ = £;(i®), for all i €
YV,g € G,andj = 1, 2. We are now in a position to define a quantizing function ¢ for the
Brauer orbit graph (T, 0, 777) and thus extend Proposition 3.4. Recall that X' = {(, j1) |
7 e Ty is incident with & € Ty and 7 is not truncated at either of its endpoints}. Define
g: Xr— K\ {0} by

qi,u
qi£13)

q(@. ) =

We denote g((7, i) by ¢; ; and note that, by the above discussion, g is well defined.
Summarizing, we have the following result.

PROPOSITION 3.9. Suppose there is a free Brauer action of G on (T, 0, m, q). Then
there is a quantizing function q so that (I, 0, m, q) is a quantized Brauer graph satisfying
the property that if i € Y with endpoints p and v, then

in _ i

qiyv q

v

We call the quantized Brauer graph (T, 0, 1, §) in Proposition 3.9 the quantized
Brauer orbit graph of (T, 0, m, q) associated with the action of G.

Now we turn our attention to the Brauer graph algebra associated with a Brauer
graph on which there is a free Brauer action.

LEMMA 3.10. Suppose there is a free Brauer action of G on the Brauer graph (T, o, m).
Then there is an induced free group action of G on the quiver Qr. Moreover, if (T', 0, m, q)
is a quantized Brauer graph then the induced G-action satisfies

x elrifandonly if x* € Ir forall g € G.
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Proof. Let v; be a vertex in the quiver Qr so that v; corresponds to the edge i in
I". We define the action of G on the vertices of Qr by (v;)® = v for g € G. Let a be
an arrow from v; to v; in the quiver Or; then i/ and j are two edges in I" incident with
the same vertex and such that j is the successor of i. By Definition 3.1(2), the edge
J¢ 1s the successor of the edge ¢ for all g € G. So, for g € G, we define ¢f to be the
arrow from vz to vi in Qr. It is now straightforward to show, for all g, 4 € G, that
(V)Y = (Vie)" = v(gey = vy = (v)®" and, similarly, that (a8)" = a@.

To show that this is a free action on Qr, suppose that, for a vertex v; in Qr
(which corresponds to an edge i in I') and g in G, we have (v;)® = v;. Then v = v; so
by definition of Qr we have that ¢ = i. Hence, by Definition 3.2 we have g = idg. It
follows that G acts freely on Or.

Now suppose that we have a type one relation

m(E1(D) _ Gi&ar(i) ~m(Ea(i))
i,€1(7) qig\) 1,E5(i)

From Definition 3.7 and Lemma 3.8 we have that

g

i qi,E2(i) ~m(Ea(i)) m(E1(2)  qi8,E2(8) m(E(i®))
D) _ 1hEaD) om(Ex = C"EE) _ cméa
< i,€1() qi£\6) i,E(i) £,E1(i%) i £, (%) 8,E,(i%)

which is in 1. It is easy to see that if x is a relation of type 2 or type 3, then x¥ is also
a relation of type 2 or type 3, respectively, for all g € G. This completes the proof. []

We remark that there is a concept of a free group action on a category, see [2, 6],
which specializes to a free group action on a quiver, as is given in the previous lemma.

Suppose there is a free Brauer action of G on (I', 0, m). The induced action of G on
Or given in Lemma 3.10, allows us to consider the orbit quiver Qr, which is defined
in the Appendix.

___ PropoSITION 3.11. Suppose there is a free Brauer action of G on (', 0, m). Then
Or = Or as quivers.

Proof. We prove that (Qr)o = (Qr)o and (Qr)1 = (1.

The set (Qr)o corresponds to the orbits of vertices of Qr under the action of G.
The set (Qr)o is the set of vertices of Or and so corresponds to the set of edges of
T, that is, to the orbits of edges of I under the action of G. By definition of Qr, the
vertices of Qr correspond to the edges of I'. From the definition of the action of G on
Qr in Lemma 3.10, the two sets of orbits are in bijection. Thus, (Qr )y = (9r)o-

The set (Qr); is the set of arrows of O, and so corresponds to the orbits under the
action of G of a vertex u € I" with two incident edges i and j, where j is the successor
of i. By Definition 3.1(2), the edges ## and ;¢ are incident with the vertex u¢ and j8
is the successor of #. Thus, the orbit of this action on an arrow Vi —— Vj in Qr
corresponds to an arrow v; ——= U in (Qr);. On the other hand, an element of (Or)

corresponds to an orbit V; —2 5 v; under the action of G of an arrow v; —~> V;
in Qr. It is now easy to see that there is a bijection between elements v; —— Vj of

(9r)1 and elements v; —=V; of (Qr). O

https://doi.org/10.1017/50017089513000372 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089513000372

448 EDWARD L. GREEN, SIBYLLE SCHROLL AND NICOLE SNASHALL

Suppose there is a free Brauer action of G on the quantized Brauer graph
(I', 0,m, g). Then, from the Appendix and Lemma 3.10, we have that G acts freely
on Qr and Ar = KQr/Ir.

THEOREM 3.12. Let G be a finite abelian group with a free Brauer action on the
quantized Brauer graph (T, 0, m, q). Let (T, 0, m, q) be the associated quantized Brauer
orbit graph. Let Ar be the Brauer graph algebra associated with (T, 0, m, q) and Ag the
Brauer graph algebra associated with (T, o, m, q). Then

Ar = Ar.

Proof. From the discussion above and Proposition 3.11, it suffices to show that
I = I. Given our choice of £; and & as in Lemma 3.8, we see that £; and & induce
set functions &; and &, for T.

First, we consider a relation x of type one in /. For this, suppose i is an edge in
'} which is not truncated at either of its endpoints and let £;(i) = x and £,(i) = v.
Leti=1iy, i, ..., il (respectively i = ji, ja, . .., jval(v)) be the successor sequence for
i at vertex u (respectively i at vertex v) with associated cycle C;, = aiaz - - - ayai()
(respectively C;, = b1by -+ - byaiv)) in Qr. Thus, x = Cm(” ) ‘1’; ") By Lemma 3.3,
there exist 1 < k < val(u), 1 </ <val(v),g,h € Gands, ¢t > 0 such that the successor
sequence for i at p is

5 5

.. .og g g g g .g°
11,12,...,lk,ll,lz,...,lk,...,ll,12,...,lk

and the successor sequence for i at v is
.. .k A St t
JUJ2s o I J s d2s - oo dis o5 J1 s Ja s el

It now follows that X € I is given by

D0 1By - By,

Gip

% = (@ - - - )" PO —

From Lemma 3.3 we have val(u) = val(z)(s + 1) and val(v) = val(v)(t + 1), and, from
Proposition 3.5(1), we have m(jx) val(ir) = m(w) val(r). Thus, m(u)(s + 1) = mi(i) and
m(v)(t + 1) = m(v). Finally by Proposition 3.9,

- — - PN Gip 7 NP
X = (may---a)" " — _(blb2 b)),

1,1

which is the relation of type one in K O corresponding to 7 under the isomorphism of
Proposition 3.11.

The remaining relations of types two and three are monomial and a similar
argument holds for these cases. O

4. Weightings on Brauer graphs. Throughout this section, (A, o, m) will denote
a Brauer graph and G will continue to be a finite abelian group. For each p € Ay, we
define Z,, to be the set Z, = {(i,j) | i,j € A1, is the successor of i at vertex u}. Let
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Z A be the disjoint union

Za= 2.

HEAg

DEFINITION 4.1. A set function W: Z, — Gis called a successor weighting of the
Brauer graph (A, o, m). For u € Ay we define the order of i, denoted ord(u), to be the
order in G of the element

ou= [T wap.

(i)eZ,

Let W: ZA — G be a successor weighting of (A, o, m). The aim of this section
is to construct a new Brauer graph (A, oy, my/) and a free Brauer action of G on
(Aw, oy, my) such that the Brauer orbit graph (A, oy, ) associated with W is
isomorphic to (A, o, m). We begin with the construction of Ay .

Suppose u is a vertex in A. Let H,, denote the subgroup of G generated by the
element w,, and H, \ G the set of cosets of H,, in G. We define an equivalence relation
ontheset {(i, L) | i € A is incident with u, L € H, \ G} to be the equivalence relation
generated by

(i, L) ~ (j, L) if j is the successor of i at vertex u and L'=LW(i, j), for L, L' € H,\G.

Let D, be the set of equivalence classes under this equivalence relation; we denote the
equivalence class of (i, L) by [i, L].

We recall that if an edge i is a loop at the vertex u, then, by the remarks in Section 2,
i is viewed as two edges, say 7 and 7, having different successors. It can easily occur that
(i, L) is not equivalent to (7, L), for all cosets L € H,, \ G.

Suppose i € A is incident with vertex u in A and let i =iy, iy, .. ., #yal) be the
successor sequence of i at vertex p with our usual convention that iyy+1 = ii.
Define w(iy, i) = W (i, )W (i, i3)--- W(i,—1, i) for 1 <r < val(u)+ 1. Then W, =
(i1, ivaluy+1)- In the rest of the paper and in order to emphasize the vertex w, we
denote a coset of H, in G by H, ; (for some 1 < s < |G|/ ord(uw)).

LEMMA 4.2. Let W: Zn — G be a successor weighting of (A, 0,m), i € Ay be
incident with w € Ag and i =iy, s, . .., Ivaiu) be the successor sequence of i at . Let
H, s be a coset of H, in G and j an edge in A. Then, [i, H, ] = [j, H, ] if and only if
v=p,j=i,and H,, = H, ;o(i, i,)wz for some 1 <r < val(u) and 0 < 6 < ord(u).

Proof. Suppose first that [i, H, ] = [J, H,,.]. By the definition of the equivalence
relation, u = v, so that j is incident with u in A. Hence, j = i, for some 1 < r < val(w).
Now (i1, H, ) is equivalent to (i», H,, W (i1, i2)), so inductively (i1, H, ;) is equivalent
to (i, H}J,,S Wi, i) W(ir—1, i) = (ih H/I.,Sw(il ,ir)). However, H}l. = <a)/l.> SO H/L,S =
H, o) forall0 <6 < ord(u). Thus, H, ; = H, sw(i), i;)of, for some 0 < 6 < ord(u).

Conversely, suppose that j =i, and H,, = H, ;o(i, i,)a)i for some 1 <r<
val(u),0 <6 < ord(u). A similar argument to that given above shows that (i, H, )
is equivalent to (i, H, /) and hence [i|, H,, ;] = [ir, H,.]. ]

DEFINITION 4.3. We define Ay to be the graph with vertex set {uy | u € Ag,d €
D, } and edge set {i; | g € G,i € A}. If i is an edge in A with endpoints p and v in
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A then the edge i, in (A ) has endpoints wy; g, ) and vj; g, ), where H,, s (respectively

H, ;) is the unique coset of H,, in G (respectively H, in G) containing g.

If i is a loop in A incident with vertex w, then consider i as two edges i and 7. Let
g € G. The edge i; has endpoints up; g, ) and up p,,), and the edge 7, has endpoints
M. H,.) and wi m, ), where H,, s is the unique coset of H,, in G containing g.

Suppose that j is the successor of i at the vertex v in A, let g € G, and let H,  be
the coset of H,, in G containing g. Then, both i, and jg() are incident with vertex
Ii.H, ) I Ay

PROPOSITION 4.4. Let W: ZA — G be a successor weighting of (A, o, m). For each
w € Ay and d € D,, we have val(ug) = ord(u) val(w).

Proof. Let u € Ag and d =[i, H, ;] € D,,. Suppose that & € G and jj, is incident
with wy in Ay. Since one endpoint of j, is uy it follows from Definition 4.3 that
Wii.H,.] = M.H,)> Where h € H, ;. Thus, [i, H, ] =[j, H, ] and, by Lemma 4.2, ;j is
in the successor sequence i = iy, i, ..., ivalw) Of i at vertex p in A. For g’ € G we
have hg' € H, ,if and only if g’ = a)ﬁ for some 0 < 6 < ord(u). Thus, there are val(u)
choices for j and ord(u) choices for 4. Hence, val(uy) = ord(w) val(w). O

In order to construct a multiplicity function my for Ay, we need to place an
additional condition on our successor weightings.

DEFINITION 4.5.

(1) A successor weighting W: Z, — G of the Brauer graph (A, o, m) is called
a Brauer weighting if ord(n) | m(w) for all u € Ay.
(2) If W: ZA — G is a Brauer weighting, we define the function my by

my: (Aw)o — N\ {0}, g+ m(u)/ ord(u).

We remark that ord(u) | m(w) if and only if a):'f(” ) = idg.

PROPOSITION 4.6. Let W: Zp — G be a Brauer weighting of (A, o, m). Suppose
that j is the successor of i at the vertex p in A, let g € G, and let H,, ; be the coset of
H, in G containing g. Defining jow . to be the successor of iy at vertex juj; p, ) induces
a cyclic ordering oy so that (Aw, ow, mwy) is a Brauer graph.

Proof. Let i =iy,j = i», s, . .., lvai(w) b€ the successor sequence of i at the vertex
win A. From Lemma 4.2 and Proposition 4.4, the successor sequence of i, at vertex

Wi H,, ] 18

(il)gv (iz)ga)(i],iz)v (i3)ga)(i1,i3)v ceey (ival(u))gw(il,ivalw),
(1)gw, » (12)geo(ininw » - - - » (val(w)gwlin v s - - - »

ord(u)—1 .

(1) gt (12 g iyt - -+ (Bal) gy

This explicitly describes the cyclic ordering oy . U

LEMMA 4.7. There is a canonical group action of G on Ay given by

h A .
(upim, 1)" = mpim, m and (i)" = igy

forallh e G.
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Proof. We prove first that the action of G on a vertex of Ay is well defined.
Suppose [i, H, ;] = [j, H,,] and that j is the successor of i at the vertex p. By definition,
H,W(ij) =H,, so that H, W(i, j)h = H, :h for all h € G. Since G is abelian, it
follows that H,  h - W(i,j) = H, ;h and hence [i, H, ;h] = [j, H, h]. Thus, the action
of G respects the generators of the equivalence relation and hence the action of G on
(Aw)o 1s well defined.

We leave it to the reader to show that if i, has endpoints uj; #,,) and vj; g, ,) then
(iy)" has endpoints (ug;p, )" and (v x4, 1)", where h € G. O

DEFINITION 4.8. A map ¢: ([, 0, m) — (I'’, o', n') is an isomorphism of Brauer
graphs if ¢: T' — I" is a graph isomorphism such that

(1) if j is the successor of 7 at vertex u in I', then ¢(j) is the successor of ¢(i) at
vertex ¢(u) in IV, and
(2) m(w) = m'(p(w)) for all 4 € Ty.
In this case, we say that (T, 0, m) and (I'/, o/, m') are isomorphic as Brauer graphs.

It is easy to see that if ¢: (", 0, m) — (I'’, o/, m’) is an isomorphism of Brauer
graphs, then ¢ induces an isomorphism of the associated quivers Qr and Qr+, and
hence induces a K-algebra isomorphism of the path algebras KQr and KQr.

THEOREM 4.9. Let (A, 0,m) be a Brauer graph, G be a finite abelian group,
W: Za — G be a Brauer weighting and (A, oy, my) be the Brauer graph associated
with W. Then the canonical action of G on (Aw,ow,my) is a free Brauer action.
Moreover, if (Aw, 0w, my) is the Brauer orbit graph under this action, then (A, o, m)
and (A, oy, nyy) are isomorphic as Brauer graphs.

Proof. We first show that the action is a free Brauer action on (A, oy, myy). Leti €
Ajandg, h € G. Since (ig)h = Ig), the action of G on Ay is free on the edge set (Ay);. If
Jis the successor of 7 at the vertex win A and g € H), i, then jo ;) is the successor of i, at
the vertex u; g7, .1 in Ay and jgnmw i, is the successor of iy, at the vertex uy; g, ). Since G
is abelian, gh W (i, j) = gW (i, j)h, and we see that (e (:,)" is the successor of (i;)". Now
we show that my(ug) = my(u$) for all g € G, where g € (Aw)o. By Definition 4.5,
mw(wa) = m(w)/ ord(w). However, u$§ = wy for some d' € 2, since H, ;g = H,, for
some 1 <7 < |G|/ ord(w). Hence, my (ug) = m(u)/ ord(u) and my(una) = mw(1g).
Thus, the canonical action of G on (A, oy, my) is a free Brauer action.

We form the Brauer orbit graph (A, oy, 7y7) under this free Brauer action. The
next step is to show that Ay = A as graphs. Suppose u is a vertex in A and d € D,,.
If wy = v, for some v € Ag and e € D, then, from Lemma 4.2, we have that © = v,
so the orbit of the vertex uy € (Aw)o is contained in the set {us | d' € D,}. Now
let d € D,, and suppose d = [i, H, ], d’' = |j, H,,;] for some i, j € A incident with p.
Leti =i, i, ..., iyau) be the successor sequence of i/ at u. By Lemma 4.2, j = i, and
H, = H, so(i, i)of, for some 1 < r < val(u), 0 < 6 < ord(u). Thus, ()i =

( M[il’Hulx])w(lll,i,.)wZ = Wiy, Hy soolin i) = M H,] = Ha- Henee, pg is in the orbit of g,
and so the orbit of 14 is {a | d € D,}. Thus, the vertices fi7 in (Ay)o are in one-to-
one correspondence with the vertices w in A.

Now, suppose that i is an edge in A and g € G. We show that the orbit of the
edge i, in (Ayy); is the set {i; | 1 € G}. Letj be an edge in A and & € G such that jj, is
in the orbit of i,. Then there is some g’ € G with ji, = (ig)¢ = igy so that j = i. Since
(ig)gflh = iy, it follows that the orbit of i, is precisely the set {i; | # € G}. Hence, the
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edges 7, in (Aw); are in one-to-one correspondence with the edges i in A;. It is now
straightforward to show that there is an isomorphism of graphs ¢: Ay — A given by
p(itg) = v and p(iy) = i.

It is clear that the induced cyclic ordering oy is the cyclic ordering o
under this isomorphism ¢. Finally, from Propositions 3.5(1) and 4.4, we have
that my (g) val(ieg) = muy (ug) val(ug) = my (ug) ord(w) val(we). From Definition 4.5,
my (g) = m(w)/ ord(w) so it follows that iy (wyg) val(ug) = m(w) val(w). It remains to
show that val(7y) = val(w), for then we have that my (r;) = m(u) and hence niyy = mg
as required. To see this, let u € Ao, d =[i, H, ] and g € G, where i is incident with
u, g€ H,yand 1 <s <|G|/ord . If the element (i), is in the orbit of (i), for
some h, ' € G, then r =+, and so, from the successor sequence of i, at us given
in the proof of Proposition 4.6, we see that val(y) > val(). However, noting that
(i,.)gw(,-[_ir)wz = ((ir)gw(,‘i,,-,_))wZ is in the orbit of (i) 4w i), We conclude that val(is) < val(u)
and the proof is complete. O

DEeFINITION 4.10. Let W: Z, — G be a Brauer weighting of (A, 0, m) and let
(Aw, ow, my) be the Brauer graph associated with W. We call (Ay, oy, my) the
Brauer covering graph of (A, o, m) associated with .

EXAMPLE 4.11. Let G be the cyclic group G = 73 = (g | > = id) and let A be the

graph
[ )
7N
[ ] — [ ]

with weighting W given by
Wi(a,b) =id, W(b,a) = g, W(b, c¢) =id, W(c, b) = id, W(c, a) = id, W(a, ¢) = id.

Following the above construction, Ay is

C{I
e — o
x y
bia 4g2
° . °
NN
° °

Moreover, Ay = A.

In the next section, we investigate coverings of Brauer graph algebras associated
with a Brauer covering graph.

5. Brauer graph algebras arising from weightings on Brauer graphs. Let (A, o, m)
be a Brauer graph, (A, o, m, ¢) be a quantization of (A, o, m) and G be a finite abelian
group. Let W: Z, — G bea Brauer weighting and (A, oy, my/) be the Brauer graph
associated with W. The quantizing function ¢: X', — K \ {0} induces a quantizing
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function g : XA, — K\ {0} given by qw((ig, ta)) = qi - It is clear that this map is
well defined since if (iy, nq) € Xa, then (i, u) € Xo. We call (Aw, oy, mw, qw) the
quantized Brauer covering graph (associated with ).

Let W: Z, — Gbea Brauer weighting for (A, o, m, g) and let (Aw, o, mw, qw)
be the quantized Brauer covering graph associated with W. The weighting W
induces a weight function W*: (Qa); — G of the arrows of Qa as follows. If j is
the successor of i at the vertex u in A and v; — v; is the associated arrow in
(Qa)1, then we define W*(a) = W(i, j). For a path p = a1ay - - - a, in Qx, we define
W*(p) = W*(a))W*(az) - - - W*(a, ). Furthermore, W* induces a G-grading on KQx
by p = a1a; - - - a, being homogeneous of degree W*(p).

Recall that if i € A; is incident with pu € Ay with successor sequence i =
i, 0, ..., dval(u then Gy = ajas - - - avaiy) in Qa, where the arrow a,. corresponds to
the edge i.,1 being the successor of the edge i, and #yai()+1 = i1.

LEMMA 5.1. If i € A, is incident with p € Ao then W*(CI) = idg.

Proof. We have W*(C; ) = Wiy, )W (ia, i3) - - - W(ivai(u)—1 vale) W @vaio)» i1) =
w, and o)™ = idg. O

COROLLARY 5.2. The ideal In can be generated by elements of KQa which are
homogeneous in the G-grading induced by W*.

Proof. The relations of type one in I, are of the form q,;MC,'-,",ﬁ“) - qi,uCZ"V(“). By
Lemma 5.1, these are homogeneous of degree idg. The relations of types two and three
are homogeneous since they are paths. O

The weight function W* : (Qa); — G gives rise to a covering quiver Q+ with
vertex set (Qa)o X G ={v, | v € (Qa)o, g € G} and arrow set (Oa)1 X G={a, | a e

(Qa)1, g € G} such that if v—2>w is an arrow in Q, then vg*g>wgw»«(a) 1S an
arrow in Qy-. Define the map 7 : Qp+ — QOa by 7(v,) = v and 7 (a,) = a. We extend
7 to paths ajas - - - a, in KQp+ by setting w(ayaz - - - a,) = mw(a)mw(az) - - - w(ay ). Hence,
we may linearly extend 7 to a map KQy+ — KQa, which we also denote by . Define
Iy« = w~'(1,). Then KQyy- /Iy is the covering algebra of Ay = KQA/Ix and we
have the following theorem, whose proof is obtained from a careful analysis of the
definitions and is left to the reader.

THEOREM 5.3. Let (A, 0,m, q) be a quantized Brauer graph, G a finite abelian
group and W: Zx — G a Brauer weighting. Let (Aw, oy, my, qw) be the quantized

Brauer covering graph and W*: (Qa)1 — G the induced weight function. Then Ap,, =
KQuy [Ty

The next result extends Theorem 4.9 and shows that the canonical action of G on
(Aw, ow, my) is a free Brauer action on (Ay, ow, mw, qw).

PROPOSITION 5.4. Let (A, 0, m, q) be a quantized Brauer graphand W: Z5 — Ga
Brauer weighting. Then the canonical action of G on Ay is a free Brauer action on the
quantized Brauer covering graph (Aw, ow, mw, qw).

Proof. Suppose that i € A; has endpoints i and v, g € G, and the cosets H, ; and
H, , both contain g. Then the endpoints of i, are u, and v,, where d = [i, H, ;] and
e =i, H,,]. By Theorem 4.9 there is a free Brauer action of G on (A, oy, my). It
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remains to show that

qw (g, 1a) _ qw((ig. 1£0)")
qw((ig. ve)  qw((ig, ve)")

for all heG. Let he G. Then (i, na)" = ((i)", (a)") = (Gigh, ta), where d' =
lig, H,, sh] and (ig, veo)" = ((i)", (ve)") = (ign, ve'), Where €’ = [ig, H, ,h]. It follows from
the definition of ¢y that

qw(le: 1a) _ Gin _ qw(le. na)")
qW((igv Ve)) qiv QW((igs Ve)h) )

This completes the proof. O

DEFINITION 5.5. A map ¢: (I',0,m,q) — (I, 0/, n’, ¢') is an isomorphism of
quantized Brauer graphs if ¢: (T, 0, m) — (I'', o, m) is an isomorphism of Brauer
graphs, and the isomorphism from KQr to KQr induced by ¢, restricts to an
isomorphism from the ideal of relations /1 to Ir. In this case, we say that (T, 0, m, q)
and (I, o/, w', ¢') are isomorphic as quantized Brauer graphs.

We are now in a position to prove the main result of this section.

THEOREM 5.6. Let (A, 0, m, q) be a quantized Brauer graph, G be a finite abelian
group and W: Zx — G be a Brauer weighting. Let (Aw, oy, my, qw) be the quantized
Brauer covering graph with the canonical action of G and (Aw, 0w, My, qw) be the
associated quantized Brauer orbit graph. Then (A, 0, m, q) and (Ay, 0w, mw, qw) are
isomorphic as quantized Brauer graphs and there are algebra isomorphisms

A Z Ax = An,.

Proof. The second isomorphism holds by Theorem 3.12. By Theorem 4.9, (A, o, m)
and (A, oy, myy) are isomorphic as Brauer graphs. We need to show that the induced
isomorphism from K Qz..-to K Q4 restricts to an isomorphism from Iz to /5. First, we
consider relations of type one. Let i be an edge in A such that  is not truncated at either
of its endpoints  and v, and let g € G with g € H,, ; and g € H, ;. By Proposition 3.9
we have

aw((g, ) _ qw (g, 1ta))
gw (g ve)  qw((ig, ve))

and, by definition of the quantizing function gy, we have qw((iy, 1a)) = ¢, and
CIW((igv Ve)) = Qi.w Thusa

T (7. 710) _ i
(@) d

Hence, a relation of type one in I, restricts to a relation of type one in /5. We leave
it to the reader to verify the corresponding statement for relations of types two and
three. Hence, (A, 0, m, ¢) and (A, o0y, My, ) are isomorphic as quantized Brauer
graphs and Ay = Ax;. O
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6. From actions to orbits to coverings. Throughout this section, we assume that
G is a finite abelian group with free Brauer action on the quantized Brauer graph
(T, 0, m, q). We denote the quantized Brauer orbit graph associated with the action
of G by (T, 9,7, q). We show that there is a Brauer weighting W: Zr — G such
that the quantized Brauer covering graph ((T)w, (0)w, (M), ()w) is isomorphic to
(T', 0,m, g). In particular, the Brauer graph algebras Ar and A, are isomorphic
algebras.

We begin with the construction of W: Zr — G. If i (respectively w) is an edge
(respectively a vertex) in I" then, as before, we denote the orbit of i (respectively w)
under the action of G by 7 (respectively 1) and view 7 (respectively i) as both an edge
(respectively a vertex) in T and as an orbit set in I'. For each edge 7in T, we fix an edge
i, € ' in the orbit 7. Next, suppose that ji and b are the endpoints of 7in T'. Choose /i,
(respectively v,) in the orbit of ji (respectively V) so that i, is incident with u, and v,.
Note that there is a unique choice for u, and v, unless 7 is a loop and i, is not a loop.
Now let j be the successor of 7 at vertex ji in I'. Then there is an unique edge / € j such
that / is the successor of i, at vertex u, in I'. Hence [ = (j, )¢, for some g € G. We define
W (i, j) = g. We note that W is dependent on the choices of i, and .. We call W the
successor weighting associated with the action of G on (T, 0, m).

LEMMA 6.1. Let W: Zr — G be the successor weighting associated with the free
Brauer action of G on (T, o, m) Suppose that iis an edge of T incident with the vertex
wandthati =iy, i, ..., I, 11, .. zk, .. 11 S zk is the successor sequence of i at [,
where g € G. Then

(1) g=wp =W, )W(i2, ) - - - Wik, lis1), where Gy =11

(2) The order of wy = ord(t) = s+ 1.

(3) ord() | m(i).

(4) Ifh, I € Gthen " = " ifand only if h(W)~" € Hj,, where Hy, is the subgroup
of G generated by wy.

(5) The index of Hy in G equals the number of vertices in the orbit of .

Proof. From our hypothesis, we see that 7j, 73, . . . , 7 1s the successor sequence of 7
at vertex ji. From the definitions of the successor weight function W and (7, 7)), we
conclude that the successor sequence of i, = (i), at (i, is

(i), ()2TR) )T i)e7 o ) ()e o ()e”

Since the action of G is free on the edges of I', and since the smallest positive integer
[ such that ((i)),)! = (i1)x is a)- *+1we conclude that the order of wj 1s s + 1. Similarly,
since ((i1)+)f = ((i1)+)®", we see that g = wp and we have shown that (1) and (2) hold.

From Proposition 3.5, we have that m(ix) = m(u)val(n)/ val(z), and from
Lemma 3.3, we have that val(u) = val(it)(s + 1). So m(ix) = m(u)(s + 1), and (3) now
follows from (2).

Next, consider (1), for i € G. From the successor sequence of (i) at 1, we have
that (11,)" = . ifand only if h = a)g forsome 0 < 6 < ord(fi). Hence, if 1, /' € G, then
wh = p!if and only if A(h')~! € H; and (4) now follows after noting that u = (u,)"
for some /€ G.

That the index of Hj equals the number of vertices in the orbit of u follows from
(4), and the proof is complete. O

As an immediate consequence of 6.1(3), we have the following result.
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COROLLARY 6.2. The successor weighting associated with the free Brauer action of
G on (T, 0, m) is a Brauer weighting.

We call the successor weighting associated with a free Brauer action of G on
(T, 0, m), the Brauer weighting associated with the action of G on (T, 0, m).

THEOREM 6.3. Suppose that G is a finite abelian group with a free Brauer action on
the Brauer graph (T, 0, m). Let (T, 0, m) be the Brauer orbit graph and (T y, oy, M)
be the Brauer covering graph obtained from the Brauer weighting W associated with the
action of G on (T, 0, m). Then (T, 0, m) and (T y, oy, my) are isomorphic as Brauer
graphs. Moreover, if (T, 0, m, q) is a quantized Brauer graph with free Brauer action by
G, then (T, 0, m, q) and (FW, ow, Mw, Gy ) are isomorphic as quantized Brauer graphs.
In particular, the associated Brauer graph algebras Ar and Ay, are isomorphic.

Proof. We begin by defining an isomorphism ¢: I'yy — I' of graphs with cyclic
ordering on the edges. If 7, is an edge in Ty, we let ¢(7;) = (i,)¢. The action of G
is free on the edges of I" so ¢ is a bijection when restricted to the edge sets. For
d =i, Hy ] € Dy, we define ¢(iig) = (u+)", where /1 is an element of the coset Hj; . By
Lemma 6.1(3) and (4), ¢(ji,) is independent of the choice of /4, and so ¢ is a bijection
when restricted to the vertex sets.

Let 7 be an edge in T incident with & and let =17, 7, ..., ik be the successor

sequence of 7 at vertex . If i € 'y is in the orbit 7 and is incident with vertex u where
S S

w € ji, and i has successor sequence i =iy, ..., ik, iy, ..., 0, ..., 0} ,..., [} at vertex

w, then, since g = wp from Lemma 6.1(1), if 7, is in T j» then 7, has successor sequence

- — e o(E (TR O 0 (7T, 1) —\ 0r (01T
o= @ @, L@, @, @) @)t

@y, (01, Tx)

O —
@, @)y,

at vertex fiy, where d = [7, Hp ;] and h € H ;. Using Lemma 6.1(3), the action of G on
the edges of I, and the definition of ¢, we see that the successor sequence of 7, at vertex
ftq in Ty is sent, under ¢, to the successor sequence of i at vertex x” in I'. From this
we see that ¢ is a graph isomorphism that preserves the cyclic ordering on the edges at
each vertex.

It remains to show, identifying I and Ty via ¢, that m = my and that ¢ and gy,
generate the same ideal of relations in the associated Brauer graph algebras. From
Definition 4.5, we see that if p is a vertex in I' and jiy is a vertex in I'j, then
mw(g) = m(ix)/ ord(jx). By Proposition 3.4, m(jx) = val(u)m(u)/ val(ix). However,
from Lemmas 3.3 and 6.1(2), we have that % = 1. Hence, my (fig) = m(w).

If w € Ty and i € 'y is incident with u, then 7 is truncated at w if and only if
7 is truncated at p if and only if 7, is truncated at ji,, for all g € G and d € Dy,
since val(u)m(u) = val()m(jix) = val(iis)my(fig). Hence, (i, u) € X1 if and only if
(@, ) € Xrifand onlyif (7, fiq) € X7, ,forallg € Gand d € Dj. Recall from Section 3
that Y = {i € ' | i is not truncated at either of its endpoints}, and by Lemma 3.8, we
can choose a set function £;: Y — I'y so that £(i) is an endpoint of i € I'} and
(E1(0))* = &1(i%), for all g € G. Let i € T’y be incident with vertex u € I'y, g € G, and
d € Djy. From Section 5, gy, (7, fty) = q(7, it) and from Section 3, (7, 1) = qq;() Itis
now immediate that there is a correspondence between relations of type one in KQr
and relations of type one in KQr . The reader may check the correspondences for
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relations of types two and three. Thus, the associated Brauer graph algebras Ar and
Ag,, are isomorphic. g

7. Applications. In this section, we provide a number of applications of the
theory. These applications lead to two of the theorems announced in Section 1, namely
the classification of the coverings of Brauer graph algebras that are again Brauer graph
algebras (Theorem 7.1), and the fact that any Brauer graph can be covered by a tower
of coverings, the topmost of which is a Brauer graph with no loops, no multiple edges
and whose multiplicity function is identically one, that is, there are no exceptional
vertices (Theorem 7.7).

7.1. Coverings of Brauer graph algebras that are Brauer graph algebras. Our first
application classifies the coverings of Brauer graph algebras that are again Brauer
graph algebras.

Let (A, 0,m, g) be a quantized Brauer graph and W: Z, — G be a Brauer
weighting for some finite abelian group G. As in Section 5, we let W*: (Qa)1 —> G
be the weight function induced by W. Theorem 5.3 shows that the covering algebra
obtained from W* is a Brauer graph algebra. We now show the converse, that is, if
the covering algebra of A,, obtained from a weight function on the arrows of Qa, is
a Brauer graph algebra, then it is isomorphic to a covering algebra obtained from a
Brauer weighting of (A, o, m, q).

Let G be a finite abelian group and W*: (Qa); — G a weight function such that
I, is generated by weight homogeneous elements. Let i be an edge in A which is not
truncated at either of its endpoints, i and v. Let C;,, and C;, be the corresponding
cycles associated with the edge i. Then x = ¢;, C/") — g;,, C/+") is a relation of type
one in /5. We note, by the nature of the generating relations of 7, that x must be
homogeneous, that is, W*(C/") = W*(C/+"). We also note that W*(C;,) = w,. If
w,"f(“ ) is not idg, then, in the covering algebra, the liftings of x to KQy~ induce
relations which are differences of paths that are not cycles. These differences are
minimal relations for Iy+. It follows that the covering algebra associated with W*
has minimal generating relations that are not of types one, two, or three, and hence the
covering algebra associated with W* is not a Brauer graph algebra.

On the other hand, if ;™ = idg, we define the successor weighting W: Z, — G

as follows. If (i, /) € Z,, that is, if j is the successor of i at vertex u, then we define

W((i, j)) = W*(a), where a is the arrow in Q4 associated with (i, j). Since wji™ = idg,

we see that ord(u) | m(u), and hence W is the desired Brauer weighting.
Summarizing, we have the following result.

THEOREM 7.1. Let (A, 0, m, q) be a quantized Brauer graph with associated Brauer
graph algebra An = KQn /I and let G be a finite abelian group.

(1) If W: Zn — G is a Brauer weighting of (A, o0,m,q) then there is an
associated weight function W* : (Qa)1 — G such that I is generated by
weight homogeneous elements and the covering algebra (Aa)w+ is isomorphic
to the Brauer covering algebra Ap, associated with W. Moreover, for each
edge i in A, which is not truncated at either of its endpoints u and v, we have
that W*(CI'W) = idg = W*(CI™).
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(2) Suppose that W* : (Qa)1 — G isaweight function such that I is generated by
weight homogeneous elements, and, for each edge i in A which is not truncated
at either of its endpoints i and v, we have that W*(C/v") = idg = W*(CI'™).
Then there is a Brauer weighting W of (A, 0, m, q) such that the covering
algebra (Ap)w~ is isomorphic to the Brauer covering algebra Ax,, associated
with W.

(3) If W*:(Qa)1 — G is a weight function such that I, is generated by weight
homogeneous elements and there is an edge i in A which is not truncated at
both endpoints u and v, such that W*(C,'-,",E“ )) # 1dg, then the covering algebra
(Ap)w+ is not isomorphic to a Brauer graph algebra.

7.2. Module categories and coverings. Our next application deals with module
categories.

Suppose that (A, 0, m, ¢) is a quantized Brauer graph, A, is the associated Brauer
graph algebra, and W: Z, — G is a Brauer weighting for some finite abelian group
G. Let A,,, be the covering algebra associated with W and let W*: (Qa); — G be the
weight function induced by W. By covering theory, W* induces a G-grading on Ax.
Then the following result holds; see the Appendix, Theorem A 4.

THEOREM 7.2. Keeping the above notation, the category of G-graded Ax-modules is
equivalent to the category of Aa,,-modules.

Furthermore, if S is a simple A, -module then S is gradable. If S is a graded simple
Aa-module which forgets to S, then a minimal graded projective A, -resolution of S
forgets to a minimal projective Ax-resolution of S. By the above theorem, the minimal
graded projective A -resolutions are precisely the minimal projective A, , -resolutions.
Consequently, some cohomological questions related to .A-modules can be translated
to cohomological questions concerning A, ,,-modules, for example, see [9, Theorem
3.2].

7.3. Towers of coverings. In this section, we consider a ‘tower’ of coverings.
More precisely, suppose that (A, 0,m, ¢) is a quantized Brauer graph and A, is
the associated Brauer graph algebra. Let Wi: Z, — G be a Brauer weighting for
some finite abelian group G and set (Ay, 01, my, q1) to be the associated quantized
Brauer covering graph associated with ;. Let n be some positive integer. We say that
(A, 0,m, q), (A1, 01,my, q1), -- -, (Ay, 0y, My, q,) 1S & tower of quantized Brauer covering
graphs if, for 1 < i < n, there are Brauer weightings W;: Z, , — G; for finite abelian
groups G;, where (A;, 0;, m;, ¢;) is the quantized Brauer covering graph associated with
W;. Applying Theorem 7.2 we have the following result.

THEOREM 7.3. Let n be a positive integer and (Ao, 0g, My, qo), (A1, 01, my, q1),
ooy (Ap, 0, My, qy) be a tower of quantized Brauer covering graphs associated with
Brauer weightings Wi: Za, , — G, for some finite abelian groups G;. Fori =0, ..., n,
let Aa, be the Brauer graph algebra associated with (A;, 0;, m;, g;) and let Mod(Ax,)
denote the category of Ax,-modules. Fori =1, ..., n, let F;: Mod(Aa,) > Mod(Aa,_,)
be the forgetful functor and set G = F1F>--- F,: Mod(Aa,) = Mod(Ap,). Then the
following properties hold.
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(i) If S is a simple Ap,-module then there is a simple Aa,-module T such that
G(T) = S. Moreover, if

Pie.>PP 5P 5P 5750

is a minimal projective A, -resolution of T then, applying the exact functor G
to P, gives a minimal projective An,-resolution of S.
(ii) If S" is a simple An,-module, then G(S') is a simple Ax,-module.

As an immediate consequence of Theorem 7.3, we have that if (A, 09, m19, qo),
(A1, 01,my, q1), - -, (Ay, 04, 11, q,) 1s @ tower of quantized Brauer covering graphs
associated with Brauer weightings W;: Z,, , — G; with associated quantized Brauer
graph algebras A,,, then some homological questions related to .Ax,-modules can
be translated to homological questions concerning A5, -modules. In particular, this is
applied in [10] to determine the Ext algebra of a Brauer graph algebra. The next three
applications show how to construct coverings of Brauer graphs with specific properties.
We begin by considering multiplicities.

7.4. Coverings and multiplicities. Suppose that (A, 0, m) is a Brauer graph for
which at least one vertex p has m(u) > 1. Let n = lem{m(u) | © € Ao} and Z,, = (g |
g" = id) be the cyclic group of order n. We define W: Z, — Z, as follows. For each
1 € Ay, choose one edge, i, incident with u. Let (7, j) € Z,,, and define

. gﬁ ifi=i,
W((i, = 1. .
(@ id otherwise.

We see that W is a Brauer weighting since w,, = gﬁ, and hence ord(u) = m(w).
If (Aw, ow, my) is the Brauer covering graph associated with W, then, for each vertex
g in Ay, my(ug) = m(u)/ ord(w) = 1. It follows that (Ay, oy, my ) has the desired
property.

Noting that if (A, 0, m, ¢) is a quantized Brauer graph, the above arguments can
be extended to the following result.

PROPOSITION 7.4. Let (A, 0,m, q) be a quantized Brauer graph. Then there is a
finite abelian group G and a Brauer weighting W: Zx — G of (A, 0, m, q) so that the
quantized Brauer covering graph (Aw, ow, my, qw) satisfies my () = 1, for all vertices
M in Aw.

7.5. Coverings and the removal of loops. Our next application is the removal of
loops.

Let (A, 0,m) be a Brauer graph with n loops, labelled ¢;,...,¢,. Let p be an
integer greater than 1 and let G = [];_, Z,, where Z,, is the cyclic group of order p with
generatorg. Fork=1,...,n,letz, = (d,...,id, g, id, ..., 1d) € G, where g occurs in
the kth component. For each vertex u in A, choose one edge, i, incident with p.

We now define a Brauer weighting W: Z, — G as follows. Suppose that (i, j) €
Z,.If iisnot aloop, then set W((i, j)) = id¢. If i is the loop £, and the edge i is the first
occurrence of i in the successor sequence of i,,, then set W((i, j)) = zi. If i is the second
occurrence of i in the successor sequence of i,,, then set W((i, j)) = z,:l. It is immediate
that w,, = idg, for each vertex u, and hence W is, in fact, a Brauer weighting.
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Let (A, o, my) be the Brauer covering graph with respect to W. For each
vertex u, since w, = idg and the order of G is p”, there are p” cosets of H, in G,
each of which contains a single element. Thus, for each vertex u in A, we have p”
vertices Wi m, J» - - - » K[i.H, »] 1N Ay, where i is an edge incident with . These vertices
are independent of the choice of i, see Section 4. To show there are no loops in Ay,
consider the loop £ at the vertex v in A. For ease of notation we set £ = £;. Leth € G
and consider £, and 2, where ¢ and ¢ are the first and second occurrences of ¢ in the
successor sequence of i,. We show that ¢, is not a loop in Ay . A similar argument
shows that ¢, is also not a loop.

From the remark after Definition 4.3, the edge ¢, has endpoints vy g, j and Vi b, >
where H, ; is the unique coset of H, in G containing 4. From Lemma 4.2, [¢, H, ;] =
[¢, H, ] if and only if H, ;= H, w(f, {)a’, for some 0 < 6 < ord(v). But w, = idg,
and, from the definition of W, w(¢, £) is not id. Since H, ; = {h}, we see that £, is not
aloopin Ay.

Note that we could have taken G to be any finite product of # non-trivial abelian
groups in the above construction and each z; to be an n-tuple with non-identity element
in the kth component and identity elements in all other components.

Summarizing, we have the following result.

PROPOSITION 7.5. Let (A, 0,m, q) be a quantized Brauer graph. Then there is a
finite abelian group G and a Brauer weighting W: Zx — G of (A, 0, m, q) so that the
quantized Brauer covering graph (Aw, oy, mw, qw) has the property that Ay contains
no loops.

7.6. Coverings and the removal of multiple edges. Our final application is the
removal of multiple edges. Let (Ay, 09, 719, qo) be a quantized Brauer graph. By
Proposition 7.5 there is a finite abelian group G and a Brauer weighting W;: Z,, —
G of (Ao, 09, mg, qo) so that the quantized Brauer covering graph (Aw,, ow,, Mw,, qw,)
has the property that Ay, contains no loops.

For simplicity of notation, let (A, 0,m, q) = (Aw,, ow,, mw,, qw,). Thus, A
contains no loops. We say the pair of vertices {u, v} is a-marked if « > 2 and there are
precisely « edges with endpoints x and v. List the a-marked pairs {1, vi}, ..., {tn, v},
where {ug, vi} is ap-marked. Note that a vertex in A can occur in more than one «-
marked pair. Let G be the product G = [];_, Z,,, where Z,, is the cyclic group of
order oy with generator gx. Fork=1,...,n,letzz = (id, ..., 1d, g, id, ..., id), where
gi occurs in the kth component. For each vertex u in A, choose one edge, i,,, incident
with w. For each a-marked pair {u, v} choose either u or v to be the distinguished
vertex of that pair.

We now define a successor weighting W: Z, — G as follows. Suppose that (i, j) €
Z,,. If the endpoints of i are the o-marked pair {u, v}, and p is the distinguished
vertex of this pair, then set W((i, j)) = z. In all other cases, set W ((i,)) = idg. The
reader may check that w, = z;* = idg, for each vertex p, and hence W is, in fact, a
Brauer weighting.

Let (Aw, oy, my ) be the Brauer covering graph associated with . An argument
similar to the one given in Section 2 shows that (A, oy, my) has the desired
properties.

PROPOSITION 7.6. Let (A, o, m, q) be a quantized Brauer graph such that A contains
no loops. Then there is a finite abelian group G and a Brauer weighting W: Zx — G
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of (A, 0,m, q) so that the quantized Brauer covering graph (Aw, oy, mw, qw) has the
property that Ay does not contain multiple edges between any two vertices.

7.7. Main theorem. We combine Propositions 7.4, 7.5 and 7.6 to obtain our final
result.

THEOREM 7.7. Let (Ag, 09, My, qo) be a quantized Brauer graph. Then there
is a tower of quantized Brauer covering graphs (Ay, 09, Mo, qo), (A1, 01, m1, q1),
(A3, 00, m2, q2), (A3, 03,m3, q3) such that the quantized Brauer covering graph
(A3, 03, m3, q3) has the following properties:

(1) the multiplicity function ms is identically one,
(2) the graph A5 has no loops, and
(3) the graph As has no multiple edges.

Proof. By Proposition 7.4, there is a finite abelian group G; and a Brauer
weighting W;: Z,, = G; such that the associated quantized Brauer covering
graph ((Ao)wy, (00)w,, (Mo)w,, (qo)w,) has (mo)w, identically 1. Set (Ay, 01, m1, q1) =
((Ao)wy, (00w, s (mo)wys (o) w,)-

By Proposition 7.5, there is a finite abelian group G, and a Brauer
weighting W5>: Z,, — G» such that the associated quantized Brauer covering graph
(ADw,, (00)w,, (M1)w,, (q1)w,) has the property that (A;)y, contains no loops. Set
(Az, 02, m2, q2) = (A1) wy, (01w, (M) w,, (q1)w,). Note that my is also identically 1,
for if g is a vertex in A, with u € Ay, then we have ord(i) = 1 so that my(uy) =
my(p) = 1.

Finally, by Proposition 7.6, there is a finite abelian group G; and a Brauer
weighting W3: Z,, — Gj3 such that the associated quantized Brauer covering graph
(A2)ws, (02)w,, (M2)w,, (q2)w,) has the property that (A,)w, contains no multiple
edges. Set (A3, 03, m3, ¢3) = (A)ws, (02)ws, (M2) w5 (q2)w). We then note that Aj
has no loops since A, has no loops, and that m; is identically 1 for reasons similar to
my being identically 1. This completes the proof. ]

Appendix. In this appendix, we review covering theory for path algebras and
their quotients. For further information and proofs see [4, 7—9]. We allow G to be any
finite group whereas we assumed that G is always a finite abelian group in the previous
sections.

Let K be a field and Q be a finite quiver. Let G be a finite, not necessarily abelian,
group. We begin by showing that if G acts freely on Q, then there is an orbit quiver Q
associated with this action. Let G act freely on Q. If x is either a vertex or an arrow in
Q, then we denote the action of g € G on x by x%, and denote the orbit of x under the
G-action by X. We now construct 0. The vertices of Q are the orbits of vertices of Q
and the arrows of Q are the orbits of arrows of Q, that is, if @: v — w is an arrow in
O, thena: v — @ is an arrow in 9.

Consider the path algebras KQ and KQ. The action of G on Q extends to an
action of G on the paths of Q and hence to the path algebra KQ. Let I be an ideal in
KQandset A = KQ/I. Assume that [ satisfies r € I if and only if ¥ € I, forallg € G.
Let 7 denote the set of orbits of elements of 7 under the action of G. It is immediate
that 7 is an ideal in KQ. Let A = KQ/T. We call A the orbit algebra associated with
the action of G on A.
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We now show that A is G-graded. We start by constructing a set function W: Q; —
G which we call the weight function on Q induced by the action of G. For each vertex
7 in Qy, choose a vertex v, in Qp such that v, € 0. Let @:  — @ be an arrow in
Q). Then, by the freeness of the action of G on Q, there is a unique g € Gand b € a
such that b: vi9%6 — wf is an arrow in Q;. We define W(a) = g and remark that W
is dependent on the choices of the v,. We see that W extends linearly to KQ by
setting W(v) = idg, for v € Qy, and, if p = @14 - - - @, is a path in Q with @; € Q, then
W(p) = W(a,)--- W(a»)W(a,). Note that in Section 5, the product for W (p) is written
in reverse order. However, the definitions coincide since G is assumed to be abelian in
that section. This choice of W induces a G-grading on KQ by setting (K@)g to be the
K-span of paths p such that W (p) = g. This G-grading on K Q induces a G-grading on
A = KQ/I if and only if T can be generated by weight homogeneous elements, that is,
by elements each of which is in (K@)g, for some g € G. It remains to show that 7 can
be generated by weight homogeneous elements.

For this, we recall that r € KQ is said to be uniform if there are vertices v and
w in Qp such that r = vrw. Since every non-zero element of KQ is uniquely a sum
of uniform elements, the ideal 7 can be generated by uniform elements. Let r € I and
v, w € Qpso that r = vrw. Then, since ¥ € I, forall g € G, there exists 4 € G such that
= (v,)9er(w,)¥, for some k € G. Hence, if p is a path occurring in r, then W (p) = k.
It follows that 7 € (K Q) is a homogeneous element, and hence, 7 can be generated by
weight homogeneous elements.

We summarize the above discussion in the following result.

PROPOSITION A.1. Let K be a field and let G be a finite group which acts freely on
a finite quiver Q. Assume that I is an ideal in KQ such that r € I if and only if 1 € I,
for all g € G. Let A = KQ/T be the orbit algebra associated with the action of G on
A = KQ/I. Then there is a weight function W: Q, — G induced by the action of G so
that T can be generated by weight homogeneous elements. This weight function induces a
G-grading on A.

We now start with a weight function and construct an associated covering algebra.
Let W: Q; — G be a weight function on Q. We begin by defining the quiver Q. Set
(Qw)o = Qo x Gand (Qw)1 = Q1 x G. We denote the vertices of Qy by vy if v € Qy
and g € G, and the arrows of Qy by a, if a € Q1 and g € G. The arrows in Qy are
defined as follows: if a: v — w is an arrow in Q; and g € G, then a;: v = Ww(ay-
There is a surjection 7: KQp — KQ induced by 7 (vg) = v and m(ag) = a, for all
g€ G,ve Qyanda € Q. If I is generated by a set p of weight homogeneous elements,
then let Iy be the ideal in KQy generated by w~!(p). We call Ay = KQy /Iy the
covering algebra associated with W .

The group G acts freely on Qyy in a canonical way; namely, if x is either a vertex
or an arrow in Q and g, h € G, we set (xg)” = Xg;. This action can be extended to an
action of G on KQy . From the definition of Iy, it is clear that r € Iy if and only
r¢ € Iy, for all g € G. It follows that the action of G on KQpy induces an action of G
on Ay =KQw/Iy.

The above discussion yields the following result.

PROPOSITION A.2. Let K be a field, G be a finite group, Q be a finite quiver, and
W: Q1 — G be a weight function on Q. Suppose that I is an ideal in KQ which is
generated by weight homogeneous elements. Then G acts freely on Qy and there is an
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induced G-action on Ay = KQy /1w, the covering algebra of A = KQ/I associated
with W.

The next result shows that the above constructions may be considered as inverse
to one another.

THEOREM A.3. Let K be a field, G a finite group, Q a finite quiver, and I an ideal in
KQ.

(1) Suppose G acts freely on Q andr € I if and only if ¥$ € I, for all g € G. Then,
by Propositions A.1 and A.2, G acts freely on Qyy. There is an isomorphism
of quivers from Q to Qy which induces a K-algebra isomorphism from A =
KQ/Ito Ay =KQw/Tw.

(2) Suppose A = KQ/I and W: Q1 — G is a weight function on Q such that I
can be generated by weight homogeneous elements. Then, by Propositions A.1
and A.2, there is an isomorphism of quivers from Q to Qu which induces a
K-algebra isomorphism from A = KQ/I to Ay = KQw /Tw.

We also have the following theorem, which we apply in Theorem 7.2. A proof may
be found in [9, Theorem 2.5].

THEOREM A.4. Let K be a field, G be a finite group, Q be a finite quiver and I
be an ideal in KQ. Suppose A = KQ/I and W: Q| — G is a weight function on Q
such that I can be generated by weight homogeneous elements. Give A the G-grading
induced from W. Then the category of G-graded A-modules is equivalent to the category
OfAW = KQW/IW—modules.

Finally, let A = KQ/I be a G-graded algebra and let P: KQ — A be the canonical
surjection. Suppose that the G-grading of A is induced from a weight function. It
follows that, if x is either a vertex or an arrow of Q, then P(x) is in some (K Q),, for
some g € G; that is, P(x) is a homogeneous element of degree g. Our final proposition
shows that the converse also holds. The proof is left to the reader.

PrOPOSITION A.5. Let A = KQ/I be a G-graded algebra and let P: KQ — A be
the canonical surjection. Suppose, for all x € Qy U Qy, there exists g € G such that P(x)
is a homogeneous element of degree g. Then the G-grading of A is induced by a weight
function on Q.
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