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Abstract. If (L;f) is an Ockham algebra with dual space (X;g), then it is known
that the semigroup of Ockham endomorphisms on L is (anti-)isomorphic to the
semigroup A(X;g) of continuous order-preserving mappings on X that commute with g.
Here we consider the case where L is a finite boolean lattice and fis a bijection. We begin
by determining the size of A(X;g), and obtain necessary and sufficient conditions for this
semigroup to be regular or orthodox. We also describe its structure when it is a group, or
an inverse semigroup that is not a group. In the former case it is a cartesian product of
cyclic groups and in the latter a cartesian product of cyclic groups each with a zero
adjoined.

An Ockham algebra (L;f) is a bounded distributive lattice L on which there is
defined a dual endomorphism f. For the basic properties of Ockham algebras we refer the
reader to [1]. The most obvious example of an Ockham algebra is, of course, a boolean
algebra (B;'). In general, a boolean lattice can be made into an Ockham algebra in many
different ways. Throughout what follows we shall assume that the Ockham algebra (L; f)
is of finite boolean type, in the sense that L is a finite boolean lattice and f is a dual
automorphism. Then (L;f) necessarily belongs to the Berman class K, , for some p. If
L =2* then, by [1, Chapter 4], the dual space (X;g) is such that X is discretely ordered
with |X| =k, and g is a permutation on X such that g% =idy. We shall denote by
Xy,...,X,, the orbits of g. For each i we choose and fix a representative x; € X,. Defining
¢; = |Xij|, for each i, we therefore have

X; = {x;, g(x:), 8*(x)), . .., 87" (x)}:
Consider the set A(X; g) consisting of those mappings ¥:X — X that commute with
g By duality [2] we know that (A(X; g), °) is a semigroup that is (anti-)isomorphic to the
semigroup End((L;f), ) of Ockham endomorphisms on L. By considering A(X;g) we
can therefore obtain properties of End(L;f). Our principal objective is to determine
precisely when this semigroup is regular. For this purpose, we begin by observing the
following results.

TheoReM 1. If & € A(X; g), then for every X, there exists an X such that (X;) = X;.

Proof. Given x;, let j be such that 9(x;) € X;. Observe first that every y € #(X;) is of
the form y = 9(g"(x;)), where 0<r, <c;. Since 9, g commute, we have y = g"(3(x;)) € X;.
It follows that ¥(X;) € X;. On the other hand, since ¥(x;) € X; we have 9(x;) = g"(x),
where 0<s, <c;. It follows that, since g% = idy,

x; = g7 (I (x;)) = 9(g”*(x))) € H(X)),
whence X; c 9(X;). Combining these observations, we obtain #(X;) = X,. <

THEOREM 2. If by,...,b, € X, with b; € X, for each i, then the following statements
are equivalent:
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(1) there exists a (necessarily unique) & € A(X; g) such that 8(x;) = b, for each i,
(2) ¢, | c; for each i.

Proof. (1)= (2). From g%(x;) = x; we obtain g“(3(x;)) = 9(x;). If (1) holds, then
g“(b;) = b;. Since b; € X, we deduce that ¢, |c;.

(2)=>(1). Every y € X belongs to a unique X; and so is of the form y = g"(x;) with
0=r<c; We can therefore define mapping 4:X — X by

Hy) = 9(g"(x)) = 8" (by).

Clearly, 9(x,) = 9(g%x;)) = g"(b;) = b;.

To see that 4 e A(X; g), we shall make use of the observation that

g°(b;) = b:. (A)

In fact, by (2) we can write ¢; =d;c, whence, using the fact that g(b;) = b;, we have
g (b;) = gd'c“(bi) =b;. ' ‘

There are two cases to consider. Suppose that y = g"(x;) is an arbitrary element of X.

(a) If r<c¢;—1, then

go(y) =g(g' (b)) =g (b);
g (y) = 9" (x)) =g "' (b).
(b) If r=¢;—1, then

g9(y) =g (g% (b)) = g%(b:) = b; [by (4));
dg(y) = 98(8%'(x;)) = ¥(x;) = b
In each case we have gd(y) = 9g(y) and so ¥ € A(X;g).

That 9 is unique follows from the fact that if ¢ € A(X; g) is also such that ¢(x;) = b;
then, since the x; form a set of representatives of the orbits of g, we have p=9. <

CoROLLARY. For each i, define J;={j; c;|c;}. Then

n

Axii=11(3 o).

i=1 Vel

Proof. Let B;= U X;. Then we can define a mapping ¢:A(X;g)— ¥ B; by the

jel; i=1
prescription (¥) = (9(x;),. .., ¥(x,,)). It follows immediately from Theorem 2 that ¢ is
a bijection. Consequently,

wocoi=[si=[1(Sq). ©

i=1 VjelJ,
In order to investigate the regularity of A(X; g) we require the following concepts.

Derinimion. With g, m, ¢; as above, consider the set P, ={c;;i =1,...,m} ordered by
divisibility. The length of (F,; ) will be called the dimension of g and denoted by dimg.

Derintion. For i, j, k €{1,...,m} we shall say that (i,j, k) is a pathological triple
associated with g if i, j, k are distinct with ¢, =¢; | ¢; and ¢; # c;.
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THEOREM 3. The semigroup A(X; g) is regular if and only if dim g <2 and there is no
pathological triple associated with g.

Proof. = . Suppose, by way of obtaining a contradiction, that dimg =2 or that
there is a pathological triple associated with g. Then there exist distinct i, j, k such that
¢k Icjl ¢; and ¢; <¢;. By Theorem 2, we can define &4 € A(X; g) by setting

Fx) =) =x, Fx)=x;  Fx)=x(¢{i,), kD)
Then, by Theorem 1, we have
HXe) = 0(X) =X, O X)=X;, IX)=X( el k).

Since, by hypothesis, A(X;g) is regular, there exists ¢ € A(X;g) such that d¢d = 3.
Applying each side to x; we obtain d¢(x;)=x; It follows from this that ¢(x;) € X,
Theorem 2 now gives the contradiction ¢ | c;.

&. Conversely, suppose that dim g <2 and there is no pathological triple associated
with g. Observe first that if 4 € A(X; g) then, for every i,

(X)) # | X| = 132(/\,:‘) = (X)) (1)

In fact, given 9 e A(X; g) let i be such that |9(X,)| # |X;]. By Theorem 1 there exist j, k
such that 3(X;) = X; and 9°(X,) = 9(X;) = X,; also by Theorem 2, we have ¢, |¢;| c;. Note
that j#i since, by hypothesis, ¢;#c; and consequently, since dimg <2, we have
¢ =¢; <c;. It follows that k #i. In fact, we have k =j, for otherwise (i, ], k) would be a
pathological triple, contradicting the hypothesis. Consequently, 3*(X;) = 3(X;) = X, = X
and therefore 9%(X;) = 9(X,).

Now let & € A(X; g) and consider the set

A={j;x; e 3(X)}
Let 1:A—{1,...,m} be given by
n(j) = minf{i; x; € 3(X,)}.

Since x; € ¥(X () it follows from Theorem 1 that $(X,;) = X;. Consequently, for every
J € A, there is a unique s; € {0,. .., ¢; — 1} such that

ﬂ(xn(j)) = gx"(xj)-
Define
[ = {0, if s;,=0;

! ¢ —5;, otherwise.
Then from the above we have
X; = B8N (Xn(p))- @)
Consider next the sets

A]={]EA, Cj=C”(j)}, A2=A\A1.
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Note that for every j € A, there is a unique v; € {0,...,¢; — 1} such that
F(x;) = g¥(x;). (3)

In fact, we have [3(X,;))=IX;l=¢;#cqy=|Xzl and so, by (1), we deduce that
(X)) = (X n(jy); that is 3(X;) = X, whence (3) follows.
Using Theorem 2 we can now define ¢ € A(X; g) by setting

x; ifjeA,
‘P(xj) = glj(xrr(j))’ lf] € Al;
gv’(cl_l)(x]‘), lf] € Az.

We show as follows that 9¢9 = 9, whence A(X;g) is regular. For this purpose, observe
that ¢ satisfies the property

(Vi e A) Beo(x)) = x;. 4)
In fact, if j € A, then, by (2), we have
Fo(x;) = 9(gh(x () = X3
also if j € A, then, by (3),
Fe(x;) = 9(g"97V(x))) = gV~ V(3 (x;))
= "9 (g"(x,))
= gvlcl(x])

=g%...g%x;) = x;.
——

Y

Now let x € X with #(x) € X;. Then ¥(x)=g"(x;) for some r with O0<r=<c; -1,
whence g% ~"(9(x)) = 3(g” "(x)) = x;. It follows that j € A. Applying d¢, we deduce by
(4) that

g7 0B(x) = Do(x) = x, = ¥ TI(X),
whence, g being a bijection, 3¢9(x) = 3(x) and so J¢& = 3, as required. <

ExamrLE 1. By Theorem 3, the smallest X such that A(X;g) is not regular arises
when m =3 and

Xy ={x}, Xo={xz}, X3 ={x3,8(x3)}

Hence {X|=4 with ¢c; =1, ¢; =1, and ¢;=2. By the Corollary of Theorem 2, |A(X;g)|=
2.2.4=16.

We now proceed to consider the question of when, as a regular semigroup, A(X; g)
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is orthodox, inverse, or a group. We begin with the orthodox case, and for this purpose
we shall use the following results.

THEOREM 4. If ¢;=¢;>1 for some i, j with i #, then A(X g) is not orthodox.

Proof. Without loss of generality, we may suppose that ¢, = ¢, > 1. Using Theorem 2,
we can define a, B € A(X; g) as follows:

a(x)) = xy, alx;) =x(i =2),
Bxi)=x,,  Bx)=gx), Bkx)=x(i=3)
Clearly, a and B are idempotent, but af is not. To see this, observe that
aB(xz) = ag(x,) = ga(x,) = g(xy);
aBaP(xs) = afg(xz) = gaB(x;) = g2(x2).
Since ¢, > 1 we have g*(x,) # g(x,) and therefore af is not idempotent. <

THEOREM 5. If |X|>2 and c;=c;=1 for some i,j with i #], then A(X;g) is not
orthodox.

Proof. Since |X|>2 there are at least three distinct orbits. Without loss of generality
we may assume that ¢, =c,=1. Using Theorem 2, we can define a, B € A(X;g) as
follows:

a(x)) =x,, a(x;) = xs, a(xs) = x,, a(x;)=x;, (i=4);
B(xy) = xa, B(x)) =x;, (i=2).

Clearly, a and B are idempotent. However

aB(xs) = a(x;) =x,,
afaf(xs) = af(x,) = alxz) = x3,

and so apf is not idempotent. <
If M, denotes the set of minimal elements of the ordered set (P, |), let

A, ={i;cie M}
For each ¢ € A(X; g) define also
Iy ={i; 9(X)) = Xi}.

THEOREM 6. If the c; are distinct, then
Ag = m 119.
8

Proof. Let i e A, and 9 € A(X;g). By Theorem 1, we have #(X,) = X; for some j;
also, by Theorem 2, we have ¢; | ¢;. Since c; is minimal in Py, it follows that ¢; = ¢;, whence
j =i Thus 9(X;) = X; and consequently i e I;,. Hence we see that A, = QI‘,.

https://doi.org/10.1017/50017089500031967 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500031967

104 T. S. BLYTH AND H. J. SILVA

To obtain the reverse inclusion, let A, denote the complement of A, in {1,...,m} and
observe from the definitions that

(Vie A)Fj e 5) e

There therefore exists a mapping 7:A,— A, with the property that ¢, | ¢;, Consequently,
by Theorem 2, we can define ¢ € A(X; g) by setting

X;, ified,
X n(i)s if i [ Ag.

o) = {

It suffices to prove that I, < A,. Suppose, by way of obtaining a contradiction, that i € I,
and i ¢ A,. Then since i € I, we have ¢(X;) = X; also, since i ¢ A;, we have @(x;) = X
whence, by Theorem 1, ¢(X;) = X ;. We conclude that X; = X,;,, whence i = z(i), which
is absurd since by hypothesis i ¢ A, and 7(i) e 4,. <

THEOREM 7. Suppose that dimg <2 and the c; are distinct. If $(X;)# X;, then
HX;) = X, for some j € A,.

Proof. By Theorem 1, there exists j such that 3(X;) = X; with clearly, j #i. Also, by
Theorem 2, we have ¢;|c¢; with ¢; <c;. The hypothesis that dimg <2 now gives ¢; e M,
and therefore j e A,. <

THEOREM 8. If dim g <2 and the c; are distinct, then
IsNI, =1, V3, o e A(X;g))

Proof. 1f i e I, N1, then d¢(X;) = H(X,) = X, gives i € I,,. Conversely, if i e Iy,
then we have

do(X;) = X, (B)

Suppose, by way of obtaining a contradiction that i ¢ /,. Then ¢(X;)# X; and so, by
Theorem 7, there exists j € A, such that ¢(X;) = X;. By Theorem 6, we have j € I and so
#(X)) = X). Consequently, d¢(X;) = 3(X;) = X;, which contradicts (B) since i #j. Hence
i el,and so ¢(X;) =X, It now follows from (B) that 3(X;)= X, and so i € I5. Hence
ielyNl, <

In order to determine when A(X;g) is orthodox we must consider separately the
cases |X| =2 and |X|>2. In the former case, A(X; g) is always orthodox. In fact, A(X;g)
reduces to the trivial group when |X|=1, and when |X| =2 there are two possibilities.

(1) g has a single orbit (that is, m = 1).
In this case A(X; g) is isomorphic to the group Z,.

(2) g has two orbits (that is, m = 2).
In this case, g is the identity map on X and A(X;g) is the full transformation semigroup
on X, and for |X| =2 this is orthodox.

The situation when |X|> 2 is as follows.

THEOREM 9. If | X| > 2, then the semigroup A(X; g) is orthodox if and only if dim g <2
and the c; are distinct.

Proof. =. Suppose that A(X;g) is orthodox. Then, by Theorem 3, dimg <2 and,
by Theorems 4 and 5, the ¢; are distinct.
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& . Conversely, suppose that the conditions hold. Since the ¢; are distinct, there can
be no pathological triple associated with g and therefore, by Theorem 3, A(X;g) is
regular. To see that it is orthodox, let ¥, ¢ be idempotents of A(X; g). Then we have

Fo(X) € ¢(X). ©)

To see this, observe that

(1) if i e Is,, then J¢(X;) = X; and so, by Theorem 8, #(X;) = X; and o(X,) = X,
whence 9o(X,) = ¢(X;) € o(X);

(2) 1f i ¢ Iy, then by Theorem 7 there exists j € A, such that 9¢(X;) = X;. But, by
Theorem 6, (X)) = X;. Hence we have 9¢(X;) = (X)) € o(X).

Thus, in all cases, ¢(X;) € ¢(X) and therefore Jo(X) S ¢(X).

Using (C) we now have, for every x € X, d¢(x) € ¢(X) and so there exists 1 € X
such that 9¢(x) = ¢(¢). Consequently,

ede(x) = ¢*(1) = ¢(1) = Fo(x)

and so ¢3¢ =19¢. It follows from this that J¢ is idempotent, whence A(X;g) is
orthodox. <

ExampLE 2. The smallest X such that A(X’; g) is regular but not orthodox arises when
m =3 and ¢; =¢;=c3=1. In this case we have |X|=3 and |A(X;g)|=3.3.3=27.

We now proceed to consider the question of when A(X;g) is a group and, more
generally, an inverse semigroup. As we shall see, in each of these cases it is commutative.
For this purpose we shall use the following results.

Tueorem 10. If ¢;=c;, for some i,j with i#j, then A(X;g) contains a pair of
idempotents that do not commute.

Proof. Suppose, without loss of generality, that ¢; =c,. Using Theorem 2 we can
define a, B € A(X; g) as follows:

a(x) = a(xy) =xy, a(x)=x; (i=3);
B(x) = B(x3) = xy, B(x;)=x; (i =3).

Clearly, o and B are idempotent. Moreover, af(x;)=x, and Ba(x;)=x,, so that
af # Ba. ©

Theorem 11. If 1#¢;|¢;, for some i,j with i#j, then A(X;g) contains a pair of
idempotents that do not commute.

Proof. Suppose, without loss of generality, that 1+ ¢, |c,. Using Theorem 2 we can
define a, B € A(X; g) as follows;

a(x)=alx)=x;, alx)=x(@=3)
B(x)) =xy, B(x2) = g(x1), B(x;) =x; (i =3).

Clearly, a and B are idempotent. Moreover, aB(x;) = g(x,) and Ba(x,) =x,. Since ¢; #1
it follows that ¢B # Ba. <

THEOREM 12. The following statements are equivalent:
(1) A(X;g) is a group;
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(2) dim g =0 and the c; are distinct.

Moreover, as a group, A(X;8)= X Z..
i=1

Proof. (1) (2). Suppose that A(X;g) is a group. If m =1, then X = X, and so
dimg=0. Also, by Theorem 2, every ¢ e (X;g) is given by 9(x,)=g"(x,), where
0=r<|X|. Since g has a single orbit it follows that 3 = g" and therefore A(X;g) =2y,

If now m >1 then, by Theorem 10, the ¢; are distinct. Moreover, ¢; # 1 for every i. To
see this, suppose that (say) ¢; = 1. Then, applying Theorem 2 with b, = b, = x, and b, = x;
for i = 3, we obtain ¥ € A(X; g) such that

B(x;) = 9(x2) = xy, B(x;) =x; (i =3).

This is not possible since by hypothesis A(X; g) is a group and ¥ is not a bijection.
Suppose now, by way of obtaining a contradiction, that dim g = 1. Then there exist ¢;,
¢; with ¢;|¢; and ¢; <c;. Since ¢;#1 we can apply Theorem 11 to produce a pair of
non-commuting idempotents in A(X; g). This contradicts the hypothesis that A(X;g) is a
group, and so we conclude that dimg = (.
(2)=> (1). Conversely, suppose that dimg =0 and that the c¢; are distinct. Then for
every ¢ € A(X;g) we have, for all i,

F(X) = X (D)

In fact, by Theorem 1, for each i there exists j such that 3(X;)=X,. If j#i, then by
Theorem 2 we have ¢; |c;, whence the contradiction dimg =1. Thus we must have j =i
and so 9(X;) = X,.

It follows from (D) that 9 is surjective, and therefore bijective, since X is finite.
Hence A(X; g) is a group.

As for the final statement, observe by (D) that every 4 € A(X; g) induces a mapping
3;: X;— X, given by 9;(x) = 9(x). Let g; be the bijection induced on X; by g and consider
the mapping

YAX;8)— X AXiig)

given by the prescription (3) = (3,. .., I,).

To see that i is surjective observe that if we choose ¢,,. .., ¢, with ¢, € A(X}; g;) for
each i, then we can define ¢ € A(X;g) by setting ¢(x) = ¢:(x) when x € X;, thereby
obtaining (@) = (¢1,-. .., @,). That ¢ is injective is immediate from the fact that if &,¢
induce the same mapping on the orbits then they are equal. Thus ¢ is a bijection. Since
clearly (9¢); = 9;¢;, it follows that ¢ is an isomorphism.

Finally, since in the Ockham space (X;; g;) the bijection g; has only one orbit we have,

from the above, A(X}; 8;) =Z,x,=Z,. We conclude that A(X;g)= X z,. <
i=1

CoroLLARY 1. If A(X;g) is a group, then

AX:g)l=[lc. ©
i=1
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COROLLARY 2. For every integer k =2 there exists an Ockham algebra (L;f) of finite
boolean type such that (L;f) € P, and End(L; f) is a group isomorphic to Z,.

n
Proof. Consider the prime factorisation k=[] pf. For i=1,...,m let X;=
=1
{xi1,. .., x;.} be a set of cardinality ¢; = p{ and choose the X; to be pairwise disjoint. Let

X= CJ X; and define g: X — X by
i=1

g(xi.j) =Xij+1 (mod ¢;).

Then clearly g is a permutation on X with orbits X,,..., X,,. Now since k =lcm {c;;i =
1,...,m} we have g* =idy and therefore the Ockham space (X;g) is such that its dual
algebra (L;f) is of finite boolean type and belongs to the class P,  Since clearly
dim g =0 and the ¢; are distinct, it follows from Theorem 12 that A(X;g) is a group, of
the same cardinality as the group of Ockham automorphisms on L. For each i we have

Ji={sgley={ipfIpit =ik
Consequently, by the Corollary of Theorem 2,

m

A =T c,=1_11ci=1j1p:*f=k,

i=1jel;
and, by Theorem 12, A(X;8)=2Z,. <

THEOREM 13. The following statements are equivalent:
(1) A(X; g) is an inverse semigroup that is not a group;
(2)dim g = 1, the c; are distinct, and g has a (necessarily unique) fixed point.

Proof. (1) (2). If (1) holds then, by Theorem 3, dim g <2 and, by Theorem 10, the

c; are distinct. Since A(X; g) is not a group, it follows by Theorem 12 that dimg = 1.

To prove that g has a fixed point, we show that at least one ¢; =1 (whence only one
¢; =1). Suppose, to the contrary, that every c; # 1. Since dimg =1 there exist ¢;, ¢; with
¢ilc. It follows from Theorem 11 that A(X;g) is not an inverse semigroup, a
contradiction. Hence g has a fixed point.

(2)=(1). If (2) holds then, by Theorem 3, A(X; g) is regular and, by Theorem 12, it

is not a group. Let x, be the fixed point of g. Then for every ¥ € A(X;g) we have
HX) =X, or HX)=X,={x} (E)

In fact, by Theorem 1 we have #(X;)=X; for some j. Suppose that j>i. Then, by
Theorem 2, ¢;|c;, We must then have ¢;=1 since otherwise dimg =2, a contradiction.
Hence X; = X, and consequently we have that 4(X;) = X.

We now use (E) to prove that A(X;g) is inverse. For this purpose, let a, B e
A(X; g). We shall show that a, 8 commute, and for this it suffices to prove that a8 and
Ba coincide on every X.

Since x; is the only fixed point of g, it is clear that @8 and Be agree on X; = {x;}. To
show that they agree on X; with i # 1, we must consider several cases.

(a) B(X;)=X.
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In this case B(x;)=g"(x;), where 0sr<c; and aB(x;)=g"(a(x;)). Two sub-cases,
according to (E), arise:

(@) a(Xy) =X
Here a(x;) = g°(x,) where 0 <s <c;, and we have

aB(x;) =g (x:);
Ba(x;) = B(g(x;)) = g°(B(x;)) =g "*(x.).

(a2) a(X)=X,.

Here we have
aB(x;) =g (a(x;)) =g (x:1) =x;;
Ba(x;) = B(xy) = x;.

(b) B(X)=X,.
In this case similar calculations to the above reveal that aB(x;) = Ba(x;).

It follows from the above that af = Ba. Hence A(X;g) is a commutative regular
semigroup and therefore is inverse. <

CoroLLarY. If A(X; g) is inverse, then it is commutative.
Proof. This follows from the above and Theorem 12. <

ExampLE 3. By Theorem 13, the smallest X such that A(X;g) is inverse but not a
group arises when m =2 and ¢, =1, ¢, =2. Here |X|=3 and |A(X; g)| = 3. The smallest
corresponding algebra is such that L =2,

ExampLE 4. The smallest X such that A(X; g) is orthodox but not inverse arises when
m=2and ¢; =2, ¢c;=4. Here [X|=6 and |A(X;g)|=2(2+4)=12

When A(X; g) is inverse but not a group, we can describe its structure in terms of a
cartesian product of cyclic groups each with a zero adjoined.

THEOREM 14. If A(X; g) is inverse but not a group, then
AX:g)= X 72,
i=2
Proof. As before, let x; be the fixed point of g. For each i =2 define Y; = X; U {x,}.
Define g;:Y;— Y; by gi(y)=g(y) and let 5;:Y,—> Y, be the constant mapping given by
1:(y) = x,. Then A(Y}; g;) is a group with zero. To see this, let a e A(Y;; g;). Then either

a(x;) =x, (in which case a =17;) or a(x;) € X; and so a(x;) = gi(x;) with 0<r<c; (in
which case a = g} and is therefore a bijection). It follows that A(Y;; g;) = Z2.

Now define ¢:A(X;g8)— X A(Y; g) as in the proof of Theorem 12 to obtain an
i=2
isomorphism A(X; g) = X 7. ©
i=2
CoroLLARY 1. If A(X; g) is inverse but not a group, then

AX; g)] = f12(1 fe). ©
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CoROLLARY 2. For every integer k =2 there exists an Ockham algebra (L;f) of finite
boolean type such that (L; f) € P,o and End(L; f) is an inverse semigroup isomorphic to
z.

Proof. Let X; ={x;,} and X, = {x,,,...,X2,} be disjoint sets of cardinalities 1 and k.
Define a permutation g on X = X, U X, by setting

g(x1.1)=x1,1; g(xz,,-)=x2,,-+1 (mod k)

Clearly, X, X, are the orbits of g. By Theorems 13 and 14 we have that A(X;g) is an
inverse semigroup isomorphic to Z§. <

Finally, in view of the above results, it is natural to consider the situation that holds
when |A(X; g)| is a prime.

THeEOREM 15. If (L; f) is an endomorphism regular Ockham algebra of finite boolean
type and End(L;f) is of prime cardinality p then End(L;f) is isomorphic either to the
group Z, or to the inverse semigroup Zy_, (p =3).

Proof. As usual, let (X; g) be the dual space of (L; f). If A(X;g) is a group then, by
Theorem 12 and its Corollary 1, we have necessarily m =1 and ¢, =p, whence
AX;g) =12,

Suppose now that A(X; g) is not a group. Without loss of generality we may suppose
that ¢, <¢;=<...<¢,. Observe that

(@) p=3.

In fact, suppose that p =2. Then necessarily g #idy; for otherwise A(X;g) is the full
transformation semigroup on X, and this can never have cardinality 2. Since, by
hypothesis, |A(X; g)] =2 it follows that A(X; g) = {idy, g} = Z,, a contradiction.

b) m=2.

In fact, suppose that m = 1. Then, by the Corollary of Theorem 2, we have ¢, = p whence
A(X; g) is a group by Theorem 12, a contradiction.

(c) ¢, <ca.

In fact, if ¢; = ¢, then J; = {j; ¢; | c1} = {j; ¢; | ¢2} = J,, whence we have X ¢;= 3 ¢;=r say,
jeh jel

and clearly r =2. The Corollary of Theorem 2 now gives the contradiction r?| p.

) E, =1

Jen
In fact, if 3 ¢;#1 then by the Corollary of Theorem 2 and the fact that p is prime we
m Jeh

have [] (X ¢;)=1, whence ¢, <c;=...=c, =1 which is absurd.

i=2 jel;

It follows from these observations that J; = {1} and ¢, = 1. Then ﬁ (Z ¢;)=p gives
i=2 jel;
m=2 and X ¢;=p. It follows that J;={1,2} and therefore p=ci(c;+c;)=1+c;
jel,

whence ¢, = p — 1. It now follows by Theorems 13 and 14 that A(X;g)=2Z_,. <

ACKNOWLEDGMENT. The second-named author gratefully acknowledges a grant from
the Fundagdo Calouste Gulbenkian, Lisbon.

https://doi.org/10.1017/50017089500031967 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500031967

110 T. S. BLYTH AND H. J. SILVA

REFERENCES

1. T. S. Blyth and J. C. Varlet, Ockham algebras (Oxford Science Publications, Oxford
University Press, 1994).

2. H. A. Priestley, Ordered sets and duality for distributive lattices, Ann. Discrete Math. 23
(1984), 39-60.

MATHEMATICAL INSTITUTE
UNIVERSITY OF ST ANDREWS,
SCOTLAND

DEPARTAMENTO DE MATEMATICA,
F.C.T., UniversiDADE Nova DE LiSBOA,
PorTUGAL

https://doi.org/10.1017/50017089500031967 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500031967

