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Abstract

A new sharp general Ostrowski type inequality in Lo, norm is established. Some special cases are
discussed.
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1. Introduction
In 1998, Cerone et al. [ 1] proved the following Ostrowski type inequality in L, norm.

THEOREM 1.1. Let f:[a,b] - R be such that "V =>1) is absolutely
continuous on [a, b] and f(”) € Lola, b]. Then for all x € [a, b],

b n—1 b — k+l+_1k _ k1
fafmdt—l;[( *) (k(+1;!(x ) ]f(k)(x)

(1.1)
(n)

= +1)![(x—a)"“+(b—x>"+1],

where
I £l oo := ess sup | £ (x)]

x€la,b]

is the usual Lebesgue norm on Lyla, b].

In 2008, the author [3] proved the following Ostrowski type inequality in L, norm.
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THEOREM 1.2. Let f : [a, b] — R be such that f’ is absolutely continuous on [a, b)
and f" € Lyla, b). Then for all x € [a, b],

b
b 1.2
a-o(x- 3w (12)
< f oo I (®, 1),
where
a+b 1 a+b\2 1 e .
(#3422 (- o]
3(h — a)3
w, fora<x<a+06(b—a),
lj<b_a>(x_m)2+<f_g+i>
o=y ’ o8 (1.3)

x (b —a)?, fora+6(b—a)<x<b—0(0b—a),

a+b\[1 a+b\* (1 6 5
(=)0 + (G2
03(b — a)’

+T’ forb—0((b —a)<x<b,

for0 <6 < %, and

(5 L3+ (58]

03(b — a)?

+—6 , fora<x<b-—0(0b-—a),
o 1 , 1-0
<§_ﬁ)(l’_”) Ty 0T
10, x) = N (1.4)
x(x—a; ), forb—0(b—a)<x <a+0(b—a),
a+b\[1 a+b\> (1 6 5
(= )50-57) +(G-3)e -]
3 N3
+«9(b—a) fora+60(b —a) <x<bh,

6 ’
for % <0 < 1. The inequality (1.2) with (1.3) and (1.4) is sharp.
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The purpose of this paper is to derive further generalizations of the above
inequalities which will also lead to some interesting special cases. We need the
following result given by Pearce ef al. in [4].

LEMMA 1.3. Let { Py} eNn and {Qn}neN be two sequences of harmonic polynomials,

that is,

P ()= P,_1(t), Po(t)=1, teR,
and

0,)=0n1(), Qo(t)=1, teR.
Set

P,(t), tela,x],

Su(t, x) = {
0., telx,b]

Then we have the identity

b n
/ f@ydr = (=DFQu®) f4DB) + (i) = Q) f 47D ()
’ = (1.5)

b
— Pe(@) f% D (@) + (=1 / Sult, ) F0 1) d,

a

provided that f : [a, b] — R is such that f (n=1) jg absolutely continuous on [a, b].

2. The results
LEMMA 2.1. Let f :[a, b] = R be such that f(”_l)(n > 1) is absolutely continuous

on |a, b] and f(”) € Loola, b]. Then for all x € [a, b] and any 0 € [0, 1] we have the
identity

b b—
/ f@)dt = Ta[ef(a) +2(1=0)f(x) +0f(b)]

n—1 k k+1 k+1
(=D"(x —a)"™ 4+ (b —x)

2.1
0(b — a)[(=1)(x —a)k + (b — x)F]
B 2k!

}f(’"(x)

b
+ (=1)" / Ka(t, x,0) £ (1) dt,
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where
t—a) 6k —a)t—a)!
w T 2m—n 0 sl
Bl O2 o 6 — e — by
(t — b)" —a)(t —b)"~
nl 1y [ebl

PROOF. The proof is immediate from identity (1.5) in Lemma 1.3.

(4]

(2.2)

THEOREM 2.2. Let f :[a,b]— R be such that f®V(n=>1) is absolutely
continuous on [a, b] and f(") € Lola, b]. Then for all x € [a, b] and any 6 € [0, 1],

b b—
/ f@)dr — Ta[ef(a) +2(1=0)f(x)+6f ()]

k=1

B ﬂil{ (—l)k(x _ a)k+l + (- x)k+l
(k + 1)!

00— )l D — a)f + (b — 1) }f(k)(x)'

< L0, )N f oo,

b= = —a) 60— )l —x)" — (x—a)]

2n!

no
, forasxsaJr?(b—a),

=)'+ G- 60 —a)lx—a)" + (b —x)"]

where
(n+ 1!
nn9n+l (b _ a)nJrl
(n+ 1127
(n+ 1)
non+lc, _ \n+l1
1,0, x) = | n"9" (b —a)

(n+ 1)12n—1

2n!

k]

6 0
fora+%(b—a)<x<b—n7(b—a),

@ =)t — G- 6k —a)lx —a) = (b—x)']

(n+ 1)

nnen-‘rl (b _ a)n-‘rl

2n!

(n+ Di2n

0
. forb—Z(b—a)=x=bh.
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for0<nb <1, and
b—0" — (=™ 00— )b —x)" — (x —a)]

(n+ 1! 2n!
ngn+l1l.p, _ \n+1
n’6™ (b—a) , forafxfb—@(b—a),
(n+ 12 2
a4 =0t L0l —a) + B ="
(n+ 1! 2n! ’ 25)

1,0, x) =
nf no
forb — ?(b—a) <X <a+7(b—a),

x—a)"T =B -—x)"" 00 —-a)x —a)" — (b—x)"]
(n+ 1)! B 2n!
nn0n+l(b _ a)n+l
(n + 1)12n

0
, fora-l-%(b—a)SXSb,

for1 <nf <2, and
(x —a)"t 4 (b — x)"t! n (b —a)[(x —a)" + (b —x)"]

1,00, x)=— (2.6)
(n+ 1)! 2n!
for n@ > 2. Inequality (2.3) with (2.4), (2.5) and (2.6) is sharp.
PROOF. Using identity (2.1) in Lemma 2.1, we get
b b—
f F (&) di = Z5210f (@) +2(1 = 0) f () + 0£ ()]
B n—l{ (—l)k(x . a)k+l + - x)k+l
P (k+ D! (2.7)
_ _1\k Nk _ kK
00— (=D — @)f + (b —x) ]}f(k)(x)‘
2k!
< 10, O f ™ oo,
where )
1,00, x) =f |K,(t, x, 0)| dt.
Then by (2.2),
* n nt n—1
n!In(G,x):/ (t —a) —T(b—a)(t—a) dt
¢ (2.8)
b n nt n—1
+ / (t—>b) +7(b—a)(t—b) dt.
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The last two integrals in (2.8) can be calculated as follows. For brevity, we put
n—1 nt
P(it)=(t—a) t—a—;(b—a), t €la, b],
1 né
Q@):=(t—-D>) t—b—f—?(b—a), t €la, b],

where 0 € [0, 1]. It is clear that both P(¢) and Q(t) have only one zero in (a, b) for
O<nb <2.Letty =a+nb(b—a)/2andtp =b —nb(b — a)/2. Itis easy to see that
a<ti<(a+b)/2<ty<bifandonlyif0<nf <laswellasa <t <(a+b)/2 <
t1 < bif and only if 1 <n6 < 2. Thus we have: for an odd n with 0 <n6 < 1,

| ! n no n—1
n.In(O,x)z—/ |:(t—a) —T(b—a)(t—a) ]dt

B no
— / [(r —b)" + 7(19 —a)t — b)"—l] dt

b n9 -1
+ / |:(t—b)" +7(b—a)(t—b)" ] dt 2.9)
15}
0" —x—a)" 6b—a)[(b—x)" — (x —a)"]
- n+1 B 2
nn9n+l (b _ a)n-H

(n+1)2"

whena <x <a+nf(b—a)/2,
3|
nll, (0, x) = —/ |:(t —a)" — %(b —a)(t — a)”_l] dt

x|: n nt n—1:|
+ / (t—a) —T(b—a)(t—a) dt
1

[5)
— / [(r —b)" + ?(b —a)t — b)”_l] dt

(2.10)
b no _1
+/ [(t —-b)"+—b—a)t —b)" ] dt
15 2

="'+ -0 60 —a)lx—a)"+ (b —x)"]

n+1 2
nn9n+l (b _ a)n+1
(n + 1)2n-1
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whena +nf(b —a)/2 <x <b—nbb —a)/2,

t
n!n(9, x) = —f 1[0 —a)' - %(b —a) —a)"_l} dt
. ., ho ne1
+/ |:(t_a) —T(b—a)(t—a) :|dt
3|

b n nt n—1
+/[(t—b) +7(b—a)(t—b) }dt

G = =" 80— a)l(x —a)" — (b —x)"]

n—+1 2
nn9n+1(b _ a)n-H
(n+1)2n
when b — nf(b —a)/2 < x < b; foranevenn with0 <nf < 1,

| ! n no n—1
n.I,,(G,x):—/ [(t—a) —T(b—a)(t—a) :|dt
t
+ /T(r—b)"#—%(b—a)(t—b)"l} dt

n

b 0
— / [(z —b)"+ —(b—a)(t — b)”‘l} dt
1% 2

G- - =t - o)l —x)" — (x —a)']

n—+1 2
nn9n+1(b _ a)n-‘rl
(n+ 127
whena <x <a+né(b —a)/2,

| 1 n no n—1
n.In(G,x)z—/ |:(t—a) —j(b—a)(t—a) :|dt
+ /x[(t —a)' — ﬁ(b —a)(t — a)"_1:| dt
131 2
2 no
+/ |:(t—b)n+T(b—a)(t—b)n_l:|dt

b
— / |:(t —b)" + ﬁ(b —a)(t — b)"—l] dt
15 2

@ =) + b0 6k —a)lx —a) + (b —x)']

n+1 2
nnen—l—l(b _ a)n—H
(n + 1)2n-1
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whena +nf(b—a)/2 <x <b—nbb —a)/2,
g né
(9, x) = —f [(r —a)" = (b - a)”“] dt

+ /X[(t —a)t — ﬁ(b —a)(t — a)"_1:| dt
151 2

b no _1
— / |:(t - b)"+ 7(19 —a)(it —b)" ] dt (2.14)
G 0" 00—l @) — (b —x)"]
B n—+1 2
nn9n+1 (b — a)nJrl
(n+ 1)2n

when b — nf(b —a)/2 < x < b; for an odd n with 1 <nf < 2,
* n nb n—1
n'l,0, x) = — (t —a) —j(b—a)(t—a) dt
a

) no
- f [(t —b)"+ 7(b —a)( — b)”_l} dt

n

b
+ / [(t —b)" + 79(19 —a)(t — b)”l} dt (2.15)
15}

b - O — (x —a)"tt b — )b —x)" — (x —a)"]
- n+1 B 2

nn9n+1(b o a)n-H
(n+1)2n

whena <x <b—nb(b —a)/2,
| * n nt n—1
n'l, (6, x):—/ (t—a)" — T(b—a)(t—a) dt

b . . ho a1
+/ [(t—b) +7(b—a)(t—b) ]dt (2.16)

x—a)" M+ b - 00 —a)(x —a)" + (b —x)"]
— +
n—+1 2
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whenb —nf(b —a)/2 <x <a+nbb —a)/2,
i n nt n—1
n!In(G,x)z—/ [(t—a) —T(b—a)(t—a) i|dt
x|: n nt n—l]
—1—/ t—a)'——b—a)(it —a) dt
151 2

b né 4
+/[(z—b)"+7<b—a)(r—b>" ]dr

_ ™ -0 9ol —a) = (b —x)"]

n+1 2

nn9n+1(b _ a)nJrl
(n+ D2n

whena +n8(b —a)/2 < x < b; for aneven n with 1 <né <2,
x 0
', (6, x) = —/ [(z —a) — %(b — o)t — a)"—l] dt
a
1% 9
+ / [(z —b)" 4+ "7(17 —a)t — b)”_l} dt
X

b
— / [(r —b)"+ @(b —a)r — b)"l} dt
1% 2

_b- @ b -l - 0"~ (x —a)"]

n—+1 2

nn9n+l (b o a)n-H
(n+1)2n

whena <x <a+nfb —a)/2,
| * n nb n—1
n.In(G,x):—/ (t —a) —?(b—a)(t—a) dt

b
— / [(t —b)" + %(b —a)(t — b)”‘l} dt

197

2.17)

(2.18)

(2.19)

n—+1 2
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whena +nf(b —a)/2 <x <b—nb(b—a)/2,
I
nll, (0, x) = —/ |:(t —a)" — %(b —a)(t — a)"_l] dt

+ /x|:(t —a)" — ﬁ(b —a)t — a)"l:| dt
151 2

b n nt n—1
- / |:(t—b) -f-?(b—a)(t —b) ] dt (2.20)
x—a)y—b-0)"" 00 -a)x—a)" — (b —x)"]
B n+1 Bl 2
nnen-‘rl (b _ a)n+1
(n+ 1)2n

when b — nf(b — a)/2 < x < b; for an odd n with né > 2,

x|: n nt n—l]
n!l, 0, x):—/ (t —a) —T(b—a)(t—a) dt

n

b
+ / [(r —b)"+ 79(19 —a)t — b)"l] dt (2.21)

x—a)""'+ B -—x)""" b —a)[(x —a)" + (b—x)"]
_|_
n—+1 2

when a < x < b; and for an even n with n6 > 2,

ny (9, x) = —fx[(t —a)" - ?(b —a)(t - a)"_l] dt

b no
— f [(r —b)" + 7(b —a)t — b)"—‘] dt (2.22)
x—a)t+ B -—x)"T" 0 —a)lx —a)"+ (b —x)"]
=— +
n—+1 2

when a <x <b. Consequently, inequality (2.3) with (2.4), (2.5) and (2.6) follows
from (2.7) and (2.9)—(2.22).

We now prove that inequality (2.3) with (2.4), (2.5) and (2.6) is sharp. Indeed, we
can choose f to attain equality in (2.3) with (2.4), (2.5) and (2.6). If n is odd, we may
construct f such that:

f(”fl)([) _ _t, a S < t2,

t—2t, th<t<b,
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whena <x <t,

—1, a<t<Hh,
f(”_l)(t) _ t— 2t1, tl S t <X,
—t4+2(x — 1), x<t<ht,

t+2x —t1 — 1), BH=<t=<bh,
when t; < x < tp, and

—t, a<t<t,

(=1 () —
/ ® t—=2t, H<t=<bh,

whenth <x <bfor0<nb < 1;

FO=D gy = =, a=<t<t,
t—2t, tHh<t<bh,

whena <x <t,
PNy = —t, a<t<zx,
t—2x, x<t<b,

when ) < x < 1y,
FO=D () = -, ast<t,

t—24, t <t=bh,
when t; <x <bforl <nb <2;and

—t, a<t<x,

t—2x, x<t<b,

Vw0 =

when a < x < b forng > 2.
If n is even, we may construct f such that:

—t, a<t<x,
FO D@y =1t - 2x, x<t<t,
—t+2(tr)—x), tH<t<bh,

whena <x <1,

—t, a<t<t,
Fo V@) =3t =21, n<t<t,
—t+2(t—t), =<t=<bh,
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when #] < x < tp, and

—t, a<t<t,
Fe V@) =3t =21, n<t<x,
—t+2(x—1), x<t<b,

when th <x <bfor0<nb < 1;

—t, a<t<ux,
FO D@y =1 —2x, x<t<t,
— 142t —x), 0h<t<b,

whena <x <1,
O V@0 =—~t, a<t<b,

when 1, < x < t1, and

—1, a<t<t,
fO V@ =11 —21, n<t<nx,
—t+2(x—1), x<t<b,

whent; <x <bforl <nb <?2;
O V@y=~t, a<rt<b,

when a < x < b for nf > 2.
Clearly, all the above f (=1 are absolutely continuous on [a, b], and then, if n is

odd,
-1, a<t<nt,
f0@ = .
1, h<t<b,
whena <x <1,
-1, a<t<t,
1, HH<t<x,
F 0 = 1
-1, x<t<hb,
1, th<t<b,
when f] < x < tp, and
-1, a<t<t
(n)[ — ) 1s
o 1, L <t<b,
whent, <x <bfor0<nb < 1;
-1, a<t<n,
f@ = :
1, th<t<b,
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whena <x <,

1’
P =
1’
when 1 < x < 11, and
) L,
S =
when t; <x <b, for 1 <nf < 2;and
) -1
S =
1’
whena < x < b fornd > 2. If nis even:
-1,
fPm =11,
-1,
whena <x <1y,
-1,
fPo=11,
1,
when f; < x < £, and
—1,
fPo=11
-1,
whent, <x <b,for0<nb < 1;
-1,
fPm =11,
-1,
whena <x <1,
P =-1,
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a<t<ux,

x<t<b,

a<t<t,

1 <t<b,

a<t<ux,

x<t<b,

a<t<zx,
xX<t<ty,

h<t<b,

a<t<t,
n<t<t,
h<t<b,

a<t<t,
n<t<x,

x<t<b,

a<t<zx,
xX<t<ty,

h<t<b,

a<t<b,
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when th < x < 1y,

-1, a<t<n,
Mo =11, n<t<x,
-1, x<t<b

whent; <x <b, for 1 <nb <2;
fM@y=-1, a<t<b,

when a <x <b, for nf > 2, which satisfy the condition of Theorem 2.2 with
|| % |loo = 1. The proof is complete. O

REMARK 2.3. It is clear that Theorem 1.1 is just the special case 8 =0 of
Theorem 2.2 without a proof on sharpness of inequality (1.1), and Theorem 1.2 is
just the special case n = 2 of Theorem 2.2.

COROLLARY 2.4. Let the assumptions of Theorem 2.2 hold. Then for n =1,2 we
have sharp trapezoid inequalities

b b—a (b—a)?
/ fOdt — ——=[f@+ fB] = —7— Il (2.23)
and
b b—a (b—a)?
f S dt = ——[f@+ fB]| = =71/ e, (2.24)

and for n > 3 we have sharp trapezoid type inequalities

b b—
/ £ dt — Ta[f(a) o)

-5 { (—DH(x — @y 4 (b — k!

P k (k+ 12! ) (2.25)
0 —a)l(-1) (zk—' a)* + (b — x)] }f@(x)'
(x—a)"+ b —x)" (x —a)y"t + (b — x)"t!
(n) _ _
<I|f |Ioo[ 7] b —a) TR }

PROOF. Letting 6 =1 in (2.3) with (2.4), (2.5) and (2.6) readily produces the
results (2.23)—(2.25). O
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COROLLARY 2.5. Let the assumptions of Theorem 2.2 hold. Then for n =1, 2, 3,
4,5, we have sharp Simpson type inequalities

b b—a
f faydi =2 p@) +af e + f(b)]‘

2 a+b (b — a)?
5(b—a)< > —x)+ 6

S5a+b
6 9
a +b)2 5(b — a)?
— +

<x ,

< 1f o0 % . 30

Sa+b a+5b
<X <

fora<x<a+

(2.26)

for

’

2 a+b (b — a)?
g(b-—a)(x-— 5 )-+ 6

a—+5b
<

for 5 <x<b,

b b— 2(b — b
f F@Odt = 2@ + 40 + FO) + %(x - %)f’(x)'

l/a+b S b—a)?fa+b (b—a)’

§( 2 _x>+ 12 (2 _x)+ 162

2a + b

T

b—a( a+b>2 b —a)
X — +

<1 leex{ 3 2 81

2a +b a+2b
or <x< 3

1 a+b\> b-a)? a+b\ (b-a)d
S|lx— + X — + )
3 2 12 2 162

a+2b

fora<x<a+

(2.27)

<x<b,
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b b—a
f@)dt — T[f(a)+4f(x)+f(b)]
—|—2(b_a)<x—a—;b)f’(x)—b;a<x a—i—b) P )'

3
b—afa+b 3+}b—@ fora < _atb
_ w=ay . .
2 576 0 ==

< 1" Mloo x

b— b\ b-a)t b
a x—a+ +( a)’ fora+ <x<b,
9 2 576 2

b b— 2(b — b
/ FOdr =2 @+ 45 @) + FO)+ (3 “)(x at )f()

3
(-5 e S (25
(a+b >5 w—aﬂ(a+b y
X + X
60\ 2 72 2

b-—a)(a+b +2w—af
576 2 3645

2a +b
fora<x<a+ 3

(2.29)

(b —a)® b—a( a+b>4
_ x — ,
< ||f(4)||oo % 2880 36 2
2a+b a—+2b
for <x<

3 3 7

1 a+b\’ (b —a)? a+b\*
— | x — + X —
60 2 72 2

b —a)* a+b +2w—af
2Ty ,
576 2 3645

a—+2b

or <x<b,
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and
b—a
(t)dr — T[f(a) +4f(x)+ f(D)]

2
+2(b—a)(x_a+b>f,(x)_b—a(x_a+b> 00

3 2 3 2
+b—a<x a+ ) £
9
b—a® b—a( a+b\"], 4
+ [ 2880 36 <x 2 ) S
b—afa+b > (b-a)fa+b
80\ 2 ) T80 L2 7
6
625(b — a) fora<x < 5a+b (2.30)
3359232 - - ’
1 a+b\® (b-a)? a+b\*
360\" T 2 288 ' 2
_ N4 2 _ 6
S”.f(s)”OOX +(b (1) x_a+b +(b a) ’
1152 2 23040
Sa+b a+5b
for <x< ,
6
b—a a+b\’ (b —a)’ a+b
180 \" " 2 2880 " 2
625(b — a)® a+tsb _ _,
—,  for <x <b,
3359232 6
and for n > 6 we have the sharp Simpson type inequality
b b—a
f@)de — T[f(a) +47(x)+ f(D)]
a
nil { (—l)k(x . a)k'H + b - x)k+l
!
= (k+ 1)! 231)
00—l —a)* + (b — 0] FO )
6k!
AN b — x)n (x — a)n-i-l + (b _ x)n-i-l
1 (x—a)" +( b—a) — .
<If ||OO|: onl (b—a) RN
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PROOF. Putting 6 :% in (2.3) with (2.4), (2.5) and (2.6) readily produces the

results (2.26)—(2.31).

O

COROLLARY 2.6. Let the assumptions of Theorem 2.2 hold. Then forn =1, 2, 3 we
have sharp averaged midpoint-trapezoid type inequalities

b b—a
/ f@)dr — T[f(a)+2f(x)+f(b)]‘

1 a+b (b — a)?
E(b—a)< 3 _x)+ 16 5
forafxfa—l—sa:b,
<x _a+ b)z n (b — a)? (2.32)
<1/ o X 2 8
3a+b a+3b
for <x< ,
1 a+b (b — a)?
5(b—a)<x— 5 >+ T
foratﬁbfxsb,
b b—a b—a a+b\
Vf(t)dt—T[f(a)+2f(x)+f(b)]+ 3 (x— 5 )f(x)‘
3 33
%(a;b_x) +(b48a)’ f0ra<x<ﬂ, (2.33)
<o % 5
l<x—a+b) +(b—a)3 for—a+b<x<b
3 2 48 - =
and
b b—a
[ rwar =23 @+ 2700+ s
b—a a+b\ (b—a)® b-ua a+b\* .,
(e | ) e
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b—afa+b 3 bw—-a)lfa+b
—-x] - - X
12 2 48 2
9b —a)* 3a+b
+%, fora§x§d+ a:— ,
1( a+b>4 (b —a)*
N -x_— +—?
3a+b a-+3b
for <x< )
4
b—ua a+b\> b-a)d a+b
— | x - - X =
12 2 48 2
9b —a)*
( a)’ ora+3b§x§b,
1024 4

and for n > 4 we have the sharp averaged midpoint-trapezoid type inequality

b b—a
/ @) dt = = 21f @ +2f () + FB)]

B nzl{ (—l)k(x _ a)k-i-l + (b — x)k+1

= by k (2.35)
00— a)l(=1) (Zk_' ay + (b —x) ]}fac)(x)‘
n n n+1 n+1
Sllf(n>||00[(x_a) SOy B TR ]
0! (n+1)!

PROOF. Putting 6 =% in (2.3) with (2.4), (2.5) and (2.6) readily produces the
results (2.32)—(2.35). O

COROLLARY 2.7. Let the assumptions of Theorem 2.2 hold. Then for any 6 € [0, 1],

b b—a a+b
/ fx)dx — T[Gf(a) +2(1 - 9)f<T> + 9f(b)}

L2 — (0 4+ 1DOIb — )P o (“ * b)

192k
= 2k + 1)12 2 (2.36)
[1— (n+ 16 + 206" 10 — a)"F! 1/8
() (n+ 112" =l
=0 (s e = 1o
n - —da
(n+ D" ’ nz1/9,

where [(n — 1) /2] denotes the integer part of (n — 1)/2.
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PROOF. Putting x = %(a + b) in (2.3) with (2.4), (2.5) and (2.6) readily produces the
result (2.36). O

REMARK 2.8. If we take & = 0 in (2.36), we get the sharp midpoint type inequality

b a+b [(n—1)/2] (b_a)2k+l 20 a-+b
/a f(x)dx—(b—a)f( 5 )— k; o <—2 >‘

(b _ a)n-i-l
< m||f<">||oo

which appeared in [1] without a proof of sharpness.

If we take 6 = 1 in (2.36), we get the sharp trapezoid type inequality

b bh—ua [(n—1)/2] k(b _ a)2k+l ) a +b
/a f@de ==l @+ O+ Y G <_2 )‘

k=1

n(b — a)n+1

P T TR

If we take 6 = % in (2.36), we get the sharp Simpson type inequality

b b—a a+b
/ f(x)dx—T[f(a)+4f<T>+f(b)}

_l’_

[(n—1)/2] (k _ 1)(b _ a)2k+l (Zk)(a +b>‘

2o T30k + DT 2
5
%(b—a)z, n=1,
) 1 2

<o x g(b—a), n=2,

(n —2)(b — a)**!
9 > 3

30+ 1)12n "=

which appeared in [2] without a proof of sharpness.
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If we take 6 = % in (2.36), we get the sharp averaged midpoint-trapezoid type
inequality

b —
[ o= s v2r(U52) + 1o

) [(n—1)/2] Qk — 1 — a)2k+1 (2k) ﬂ
(2K + D%+ ?

k=1

1
~(b—a)*, n=1,

(n)
SU oo x 3

D 0 "
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