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TWO OSTROWSKI TYPE INEQUALITIES FOR THE STIELTJES
INTEGRAL OF MONOTONIC FUNCTIONS

W.-S. CHEUNG AND S.S. DRAGOMIR

Two integral inequalities of Ostrowski type for the Stieltjes integral are given. The
first is for monotonic integrators and Hélder continuous integrands while the second
considers the dual case, that is, for monotonic integrands and Holder continuous
integrators. Applications for the mid-point inequality that are useful in the numerical
analysis of Stieltjes integrals are exhibited. Some connections with the generalised
trapezoidal rule are also presented.

1. INTRODUCTION
b
In order to approximate the Stieltjes integral / p(z)dv(z), where p,v : [a,b] - R
are functions for which the above integral exists, Dragomir established in [9] the following
integral identity:

b
(L1) [u(®) - u(@)] f() - / £ (t)du(t)
= /z [u(t) - u(a)]df (t) +/ [u(t) — u(d)]df(t), =z €[a,b]

provided that the involved Stieltjes integrals exist. Earlier versions of (1.1) have been
obtained in [16, 17, 18]. In the case u(t) = t, t € [a, b}, the above identity reduces to the
celebrated Montgomery identity (see [14, p. 565]) that has been extensively used by many
authors in obtaining various inequalities of Ostrowski type. For a comprehensive recent
collection of works, see the book {12] and the papers [1, 2, 3, 4, 5, 13, 15, 19, 20).

It has been shown in [9] that, if f : [a,b] — R is a function of bounded variation and
u: [a,b] = R is of r-H-Holder type, that is,

(1.2) |u(@) - u(v)| < Hlz - yl” forany z,y€ [a,8],
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300 W.-S. Cheung and S.S. Dragomir 2]
where 7 € (0,1} and H > 0 are given, then

b
(1.3) |[u(®) - u(@)] f(2) - / F(H)du(t)

b

H[x—a'\:/ +(b——x)'V(f)]

z
( b

H(z —a)y + (b—z)] [ f)+2\V V ”

z

H[(z-a)" + (b- )7 1/4[(\/(”) + (\b/(f))p] 1/p

]r\b/(f)

d
for any = € [a, b], where \/(f) denotes the total variation of f on [c,d]. Out of (1.3) we

N

a+b

H[%(b—a)%—lz—

c
obtain the following mid-point inequality

) —u@]/ (232) - [ rtatn] < 202 Vi)

The dual result, that can be obtained on utilising a direct approach (see [10]), can
be stated as follows:

If u: [a,b] = R is of bounded variation on {a,b] and f : [a,b] — R is of r- H-Hélder
type, then

(1.4)

a+b
2

b
15 |[u) - w(@]f(z) - / £(8) du(t) <

H[%(b—a)+lx— ]r\:/(u)

for any z € [a, b]. In particular, for z = (a + b)/2, we get the mid-point inequality
Hb—a)y |’
<=5 Ve

The main aim of this paper is to continue the study that was begun in [9, 10] by
considering other classes of functions for which the error bound in approximating the
b

(1.6)

) - @) (252) - [ 1@ duty

Stieltjes integral / f(t)du(t) by the quantity [u(b) —u(a)] f(z) with z € [a, b] can easily
be computed a prgon'. Applications for the mid-point and generalised trapezoidal rules
are also given.

https://doi.org/10.1017/50004972700039228 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700039228

3] Two Ostrowski type inequalities 301

2. THE CASE OF MONOTONIC INTEGRATORS
The following result may be stated.

THEOREM 1. Let f:[a,b] > R be a function of r-H-Hélder type with r € (0, 1]
and H >0, and u : [a,b] > R be a monotonic nondecreasing function on [a,b]. Then

(2.1)

b
) ~ @) @) - [ 10 du(t)|
< H|(b=2)ut) - @ - ")

“{ I(xﬁ(g“ /(t—x)“ }]

H{(b z)" [u(b) - u(x)] + (z —a) [u(:r - u(a)]}

<H[30-a)+ |o- ] o) - uio)]

for any z € [a, b].
PRroOF: First of all we remark that if p : [a,b] — R is continuous and v : [e,b] = R

is monotonic nondecreasing, then the Stieltjes integral / p(t)dv(t) exists and:
a

[ sew| < [ ol

Making use of this property and the fact that f is of r-H-Ho6lder type, we can state that
[ 5@ - s@)aute)
< [11@ - 10lduto
< H/b |z — t|"du(t).

By the integration by parts formula for the Stieltjes integral we have

(2.9) /ab |z — t|" du(t)
=/G(z—t /(t—:r )" du(t)

(2.2)

(2.3)

b
[4(b) - u(a)] £ (z) - / f(t)du(t)‘ _

=@ty 20 g — oy —r [ 0

= (z — t)"u( a+r/a (x_t)l_rdt+(t z) (t)l,-, /:(t—x)l-fdt
T u b

=(b—r)’U(b)—(z—a)’u(a)+r[/ (I—_(:;l_—rdt_/; (;_th;r:dt],

https://doi.org/10.1017/50004972700039228 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700039228

302 W.-S. Cheung and S.S. Dragomir [4]

which together with (2.3) proves the first inequality in (2.1).
Now, by the monotonicity property of u we have

T u(t)dt Toodt _ (z —a)"u(x)
L <uto) [ e -

z —t)l-7 t)i-r T
and b u(t)dt b g (b — z)u(z)
u —ZI)ulr
[ @2 [ g =

giving that

4 T b u
e [ & - _(ti‘)if_r < 2z~ o)'u(@) ~ (b - 2)u(z)] .

This inequality implies that
T b
(b—z)u(d) - (z—a)ula)+r [/a (x—f(:))—l_—;dt - /I E%dt]
< (b—z)'ud) — (z — a)"u(a) + (z — a)"u(z) — (b — 2)"u(z)
(b-z) [u(b) - u(:L')] +(z—a) [u(x) — u(a)]

and the second part of inequality (2.1) is also proved.

The last part is obvious by the property of max function and we omit the details
here. 0

REMARK 1. If f is assumed to be L-Lipschitzian, that is,
(2.6) |f(z) = f()| < Liz—y| forany z,y€a,b],

where L > 0 is given, then for u : [a, b] — R being monotonic nondecreasing on [a, b] the
inequality (2.1) will produce the simple result:

b
@7 |[u®) - w@)]f@) - / £ (t)du(t)

b
<L [bu(b) + au(a) — z[u(a) + u(b)] + / sgn(z — t)u(t) dt]
< L[ - ) [ud) - u(®)] + (z - o) [u(z) - u(@)]]

< L[%(b —a)+ |z - “;’b” [u(b) — u(a)]

for any z € [a, b].

A particular case that may be useful in applications is the following mid-point type
inequality.
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COROLLARY 1. With the assumptions in Theorem 1, we have:
a+b b

[w(®) - @] (*5) - [ 1o dutt)

(b a)’

(2.8)

[u(b) - u(a)]

(a+b)/2 u(t)dt _ b u(t)dt
+r{/a ((a+d)/2—t)t-r /(‘a+b)/2 (t-— (a+b)/2)"’}]
H(b

——;—‘i [u(b) - u(a)].

In particular, if f is a L-Lipschitzian function, we have

<l

<

(2.9) [u() - u(a)] £ ‘”b / F(2) dult)
— - b
<L[(b a)[u(zb) u(a)] +/a sgn(a—;—b—t)u(t)dt]
L-(b-a)

<

[u(b) - u(a)].

REMARK 2. We observe that the first inequality in (2.9) is sharp. Indeed, if we choose
:{a,0] = R, f(t) = |t — (a+b)/2|, u(t) = t — (a+b)/2, we notice that f is L-
L1psch1tz1an with the constant L = 1 and u is monotonic nondecreasing on [a, b]. Also:

[u(8) - u(@]7 (*5) /f<t
(b—a)[U(?b)—U(a)] N / Sgn(“_;“b_t) () dt

_ (b_za)z —/ﬂb

which shows that in both sides of (2.9) we have the same quantity (b — a)%/4.

b

_a+b (b—a)?
B e

- 0)2

t—
4 ’

dt =

a+b|

REMARK 3. In terms of probability density functions, if w : [a, b] — [0, co) is such that
t

b
/ w(s)ds = 1, then writing out the inequality (2.1) for u(t) = W(t) := / w(s)ds, we
obtain: @

b
(2.10) f(z)—/ w(s)f(s)ds

<H :(b — 2y / " w(s)ds + (@ - a)f / " w(s) ds]

|
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for any z € [a, b], where, as above, f is of r-H-Holder type.

The Lipschitzian case provides the simpler inequality:
b
L[b -z+ / sgn(z — t)W(t) dt]
a
<t}6-o+s- 2]

b
(2.11) @) - / w(s)f(s)ds| <

for any z € [a, b].
Finally, the weighted trapezoidal inequality for Holder continuous functions reads as

(2.12)
b
,f (452) - [(wss)as |
(b—a)7 (a+b)/2 W(t) o W (t)dt
<A [ T {/ (ar bz —nir & /(a+b)/2 (t—(a+b>/2)1-f}]
< H{b-a)
~ 2’. b

while for Lipschitzian functions it will have the form

(5 - [wseas
<L [b—%—+/ab gn(“;’b—t)W(t)dt] s%L(b—a).

The uniform distribution w(s) = 1/(b—a), s € [a,b], will then provide the following

(2.13)

inequality:
e -5 [ 10 o
H[(b —a) 4 a{ / (z(t__t)al)_rdt
< bila[(b—z)'“ +(z-a)*] g H[%(b—a) + lx - a;b ]r
Since

i (t_a) _ * _ _ pr-1
/ﬂ———(z__t)l_rdt_/G(t a)(z — £)"'dt

=(z-a™ /l s(1-s)"'ds
0

(.’L' — a)r+l

=(z-a)*'B(2,r) = D)
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1
where B(p, q) := / sP~Y(1 — 5)*"1ds, p,q > 0 is the Euler’s Beta function, and
0

b b
(t—a) / t—b+b—a
N = Tt
z (t _x)l_rdt T (t_z)l—r d

“)f t- ) /:H‘dft'

=(b—a)- —"r—x)— - / (b—t)(t — z)""'dt
=(b-a)- (_b;rx_)' —(b—z)*! /01 s(1 —s)"'ds
=(b-a ® —Tx)' —(b—z)"'B(2,7)

(b~ a)b-g) _ (b =-2)*
r r(r+1)

b

hence T, defined above, has the form

T=(b—2) +— {(Z—a)r+l_(b-a)(b—l)'+ T+'1;‘}

b~al r(r+1) r
_ (I _ a)r+l + (b — a)r+1
- r+1 '

Therefore, from the first inequality in (2.14) we deduce

G G2 e

for any z € [a, b], which has been obtained before (see for instance (8, 12]).

(2.15)

i) ———/ 1) dt| <

3. THE CASE OF MONOTONIC INTEGRANDS

It is natural now to investigate the dual case, that is, where the integrand f is
assumed to be monotonic nondecreasing while the integrator u is Holder continuous.

THEOREM 2. Let f : [a,b] =& R be monotonic nondecreasing on [a,b] and u :
[a,b] = R of r-H-Hélder type. Then

(3.1) [u(b) - u(a)) f(z) -

b T
<H-[(z—a)r_(b—a)r]f(:z)+r{ ) (Tf_(t—g)dlt:—/a rti—(t—c)z%‘-'}]
sH{(b—x)'[ () - f(2)] + (& - o [f(2) - f(0)] }
22| v - s

<H —(b—a)+|z—
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ProoF: Utilising the integral identity (1.1) and the hypothesis, we have successively

02) |[u) - u@]s@ - [ r0auts

< /:lu(t) — u(a)| df (t) + /:Iu(s) — u(t)| df (t)
<HL/z(t—a'df(t +/b(b—-t’df(t)]

= H|(t-ay ) - / (tf(t -ty i t)|i+T/,b (bf_(t)dt
=H:<x—a) @) -2y o) [ 108 [ 108

(t —a)-r

proving the first inequality in (3.1).
Since f is monotonic nondecreasing on [, b], hence

b f(t)dt b dt  _ f)b-a)
/z(b—t)-fsf“f t-o— - r

T f(t)dt T dt _ fla)(z —a)”
/,. W’f()/a (t-a= ~ r

b ft)dt f(t)dt 1 .
[0 - | o <02 - (@) - o]

and

giving that

which obviously implies that
b z
(@ a fo)-- o @) +r| [ GO - [ O]
< (z - a) f(z) — (b— ) f(z) + f(B)(b — )" — fa)(z — a)"
= (b-2)" [f(6) - f(2)] + (z = @) [f(2) - f(a)],

which together with (3.2) provides the second inequality in (3.1).

The last inequality is obvious, since

(b—z)"[f(b) — f(2)] + (z — @) [f(z) — f(a)]
< max{(b-z), (z - a)"} [f(}) - f(a))]
= [max{b - z,z — a}]"[f(b) — f(a)]

- [36-a+[e- 2| vo - @)

for any z € [a, b)].
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REMARK 4. The particular case of L-Lipschitzian functions provides a much simpler
result:

b
(33)  |[u®) - u(@)] () - / £(t) dut)
<L -(29: —a-b)f(z)+ b sgn(t — z)f(t) dt]

a

<L{(b-2)[f®) - f@)] + =z - @) [f(@) - f(a)] }
22w - st

sL}(-@+|

for any z € [a, b).
A particular case that can be useful in applications is the following one.

COROLLARY 2. With the assumptions in Theorem 2 we have:
a+b b
[u) - w(@)]f(5=) ~ [ f(t)dutt)
a

b _ftydt [ f(t)at
S TH{/(a+b)/2 (b—ty-r /a (t- a)l"'}
HO -9V (14) - 5(a)].

In particular, for u a L-Lipschitizian function, we have

) ~ wi@) 1 (%42) - [ 10wty

<i [sgn(t-250) syde < 3210 - s

(3.4)

<

(3.5)

A much simpler result follows:

(3.6)

[u(b—u(a]f /f t)du(t ‘

<L (2z—a— b f (z)+/ sgn(t—z)f(t)dt]

a

<L{6-9)[f®) - f@)] + = - I [f(2) - f(@)] }

< L:%(b—a)+ |a:— a;b” [£(®) = f(a)]

for any z € [a, b).

REMARK 5. The inequalities (3.5) are sharp. Indeed, if we take u, f : [a,b] = R,
u(t) = |t —(a+ b)/2| and f(t) = sgn(t — (a + b)/2), then u is L-Lipschitzian with L = 1
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and f is monotonic nondecreasing on [a, b]. Also,

) - @l (%52) - [ r0dutt
_ _[/a(a+b)/2(_1) d(# - t) +/(:+b)/2(+1). dt(t _ a—;—b)]
=-(b-a),

and

/bsgn(t— a+b)f(t)dt-b—a

and then we get in all sides of the inequality (3.5) the same quantity (b — a).

REMARK 6. In the case when u(t) = ¢, t € [a, b], out of (3.6) we deduce the Ostrowski
type inequality:

_a/f dtI

[[21 (a+b)] + / ' sgn(t — z) f(t)dt]

< m{ (b~ [f() - /@) + (=~ ) [f(2) - f(@)] }

<[5+ B DR (1) fa)

that has been obtained in [11] (see also [12]).

4. SOME RESULTS FOR A GENERALISED TRAPEZOIDAL RULE

In [7], the authors have considered the following generalised trapezoidal formula:
[u(b) — u(z)] £(b) + [u(z) - u(a)] f(a), z € [a,b]

b
to approximate the Stieltjes integral / f(t)du(t). They proved the inequality
a

b
(4.1) /f@ww-h@-M@U@—hm—MMHﬂ

a+b
2

r b
<#50-a+]s- 2 Vi
a
for any = € [a, b], provided that f : [a,b] — R is of bounded variation on [a, b] and u is of

r-H-Holder type.
The best inequality one can obtain from (4.1) is the following:

" r0aut) - [u) — u(252)] 10 - [u(552) - w@)] 100

(4.2)
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We observe that if p,v : [a,b] — R are a pair of functions for which the Stieltjes integral

b
/ p(t)du(t) exists, then, on application of the integration by parts formula, we have
a

b
(4.3) [mm—wwhur1/mnmm
=@@‘WMNﬂ’P@NMﬂMN@—/UW@W]
= [ v(0dp(t) - @) p(a) - 5(0)] = 96) [p0) ~ p(2)].

Therefore, any inequality of Ostrowski type for the difference

b
hm—mmmm—/pmmm

would give a corresponding inequality for the generalised trapezoidal approximation of
the dual Stieltjes integral:

b
/ v(t)dp(t) - v(a) [p(z) — p(a)] — v(8) [p(b) - p(z)].

If v is of r-H-Holder type and p is of bounded variation, then by (1.3) and (4.3) we
recapture the result from [6]:

b
@) | [ o0do(t) - v@)pta) - p@)] - v(8) p(8) - p(a)]
H%—w0w+w—w0m]
(H[@—ay + [V@ JV@ V@ﬂ
Ve z P b 1/p
< Hlz—a)" +(b-z)7]" [[\a/(pl)] Jlr[\z/(p)] ]
if p>1,-4+-=1;
r b P q
H[%(b—a)+|z—9—g—b] Vo ;
for z € [a, b].

If we use (1.5) and the identity (4.3) above, then we can get the result in (4.1).
Now, if p is of r-H-Holder type and v is monotonic nondecreasing, then by Theorem
1 and (4.3) we have the inequality

b
(4) /'ww@uy-w@@u)—mwl—ww@w p(z)]
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H{(b —z)v(b) - (z — a) v(a)
A e [l

H{(b-2) [v(b) - v(2)] + (= - a)' [v(2) - v(a)] }
[ (b—a)+‘z——] [v(b) — v(a)]

for any z € [a, b)].

Finally, by employing Theorem 2 and the identity (4.3), we can state that for p

monotonic nondecreasing and v of r-H-Hdlder type, we have:

(4.6)

b
/ w(t)dp(t) — v(a) [p(z) ~ p(a)] - v(®) [p(t) - p(x)]

<H :[(x —a)" = (b—x)"]p(z) + ’{ / (b ,,I (tp—(tc)z;lf-' }]

<H|[(—2) [p) — p(@)] + (= - a) [p(x) - p(a)]]

1 a+b(]"
<t [50-a)+ o= 57| o) - (@)
for each z € [a,b].
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