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Introduction. If 0 -* A —* C -+ B —» 0 is an exact sequence of abelian 
groups, if / is a 2-cocyle for this extension, if a £ End A, and if fi G End J5, 
then a necessary and sufficient condition that a extend to an endomorphism 7 
of C which induces fi is that (M) af and ffi be cohomologous ; see Montgomery 
(2). We shall extend this result to the case where 1—> A —> G —> JB —> 1 is an 
exact sequence of groups and A is abelian. For a to extend to a 7 which induces 
fi and extends an endomorphism on the centralizer of A in G, it is (Theorem 2) 
necessary and sufficient (i) that, for each b G B, b and fib be carried onto the 
same element of G modulo the centralizer of A in G; (ii) that a commute with 
the automorphisms of A induced by B via the extension; and (iii) that con
dition (M) hold. If a is an endomorphism on ZnG, the nth member of the 
ascending central series of G, if each ZtG, 0 < i < n, is a-admissible, if fi is 
an endomorphism on G/ZnG, and if a can be extended to a 7 G End G which 
induces fi, then we shall show (Theorem 3) that the respective cohomology 
classes of the extensions 

1 -> Zi(G/Z,G) -* G/ZtG -> G/Zi+1G -> 1 (0 < i < n) 

lie in the kernels of suitable endomorphisms of the 2-cohomology groups 
§ (2 )(G/Zi+iG, Zi+\G/ZiG), the endomorphisms generated in each case from 
a and fi. Conversely, if essentially the cohomology classes lie in such kernels, 
then (Theorem 4) it is possible to modify a slightly so that the modification 
will extend to an endomorphism 7 on G which induces fi. 

The principal device is that of an extended centrally compatible family of 
endomorphisms for a G End ZnG, the family of endomorphisms induced on 
the various Zt(G/ZjG), 0 < i + j < n, by a. Theorem 1 provides us with 
such a family whenever all the ZXG, 0 < i < n, are a-admissible. 

If A and B are groups or rings where B contains A, then C(A, B) is to be 
the centralizer of A in B, a normal subgroup of B whenever A is a normal 
subgroup of B. If B is a group which operates on the abelian group A via some 
6 G Horn(5, Aut^4), we sometimes write &2)(B, A; 6) for é(2)(B, A) in 
order to emphasize the map 6. For a function <j> from X to F, <j>\ U means <j> 
with its domain cut down to the subset £7 of X. The symbol 8 denotes the usual 
coboundary operator. The symbol 1 is reserved for the identity map of any set 
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under consideration. If g is an element of the group G, then (g) is to be the inner 
automorphism on G given by (g)x = gxg~l for each x £ G. If 71 and y2 are 
functions from a group G to a group if, 71 + 72 is to be that function 7 from 
G to H which is given by 7(g) = 71(g)72(g) for each g Ç G. Note that the 
order of summation is important. The function —7 has its values given by 
( — 7)0*0 = OYOXO)"1- All maps are written to the left: if a product of maps 
nÇ = 1 fij is given, it is to be understood that the first map to be applied is f$n 

and the last is fii. Frequently, an inverse <t>~1 will appear in a product of homo-
morphisms even though <j> is not single valued. In each instance it will be found 
that ker<£ is such that the ambiguities disappear. In general, 4>~l(x) means 
the complete inverse image of x under <j>. 

1. Preliminaries, (a) Let A be an abelian group, let B be a group, and let 
0 be any member of Horn(B, Aut ^4). Observe that C(Im 0, End A) is a sub-
ring of End A. Let Ende B be the set of all 0 £ End B for which 0/3 = 0, a set 
which is closed under multiplication. If a 6 C(Im 0, End A) and if jS € End# B, 
then, each in a standard way (1), a induces a* and /3 induces /3#, both in End 
§ ( 2 ) (5 , ^4; 0). The map ( )* is a ring homomorphism while ( )# preserves 
multiplication. 

$ 
(b) Let 1—>̂ 4—> G —>JB—» 1 be any extension of A by B. Then there exist 

homomorphisms X and /x such that the following diagram is commutative with 
exact rows and columns: 

1 1 

1 -> A > A > 1 

1 I x l 
(C) 1 -> C(i4, G) > G • G/CC4, G) -> 1 

I I * I' 
1 -> C(i4, G)/A -» 5 — -> G/GG4, G) -> 1 

I l I 
1 1 1 

Let EndM B be the set of all /3 Ç End B for which ju/3 = /*, a set which is closed 
under multiplication. 

(c) For a group G, let Z0 G = 1, and let Z* G be the ith member of the ascend
ing central series of G, where i = 1, 2, . . . . Let J°G = G, let JXG = JG, the 
inner automorphism group on G, and let Ji+lG = J(JjG) for j = 1, 2, . . . . 
Let <£-,• be the homomorphism which makes the sequence 
(A j) 1 -> Zx r ' - 'G -» / ' - ' G - ^ / f e -* 1 
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exact, j = 1, 2, . . . . If we let <t>itj = <t>j\Zi+i Jj~lG, then 

(At.,) l Z i J3~lG • Zi+\ J G <K. ZtJ
3G^l 

is exact. 
For a positive integer n and for a Ç End (Zn G), we say t h a t a is centrally 

compatible on ZnG if lm(a\ZmG) < Zm G for each positive integer m < n. 
Given a centrally compatible a, write a^,0

 = ai am,o = a |Z m G ( l < w < w) 
and «o,o = 0, the trivial (and sole) endomorphism on 1. T h e finite set {am,0}^=o 
is called the centrally compatible family for (centrally compatible) a on Zn G. 
Each fi = aW(0 of such a family is centrally compatible on Zm G, and if k is an 
integer for which 0 < k < m, then ft,0 = akt0. Later , we shall need the fact 
t h a t the m a p 

i-i 

ct=U 
j=0 

>i-j 

(multiplication proceeding from the left to r ight with increasing j) for each 
positive integer i makes 

(A't) 
exact. 

l-»ZtG- J*G - * 1 

T H E O R E M 1. Let a be a centrally compatible endomorphism on Zn G where n 
is a positive integer. For each pair of non-negative integers i and j with 0 < i + 
j < n there exists an endomorphism aitj centrally compatible on Zt JjG such that 

(i) an,0 = a; 
(ii) aitj\Zm JjG = amtj whenever 0 < m < i; and 

(iii) the following diagrams are commutative with exact rows: 

-> Z x J^G • 

(Bt,,) 
->Zl+1JJ-iG—^ZiJiG- ->1 

1 

« i , y - i 

Zi J^G -

« t + l . y - i 

Zi+1 Jj~lG 
4>t,$ i 

ZiJjG- ^ l 

for each pair of integers i and j satisfying 1 < i + j < n, 0 < i, and 1 < j . 

Proof. Let {am,0}m=o be the centrally compatible family for a. Le t a0 , i be 
the trivial (and only) endomorphism of Z0JG = 1. For each integer m such 
t h a t 1 < m < n, let aOTfl = <£w,i am+ito 0W)i

_1- Even though (j>m,i~l need not 
be single valued, the fact t h a t Z\ G = ker <j>mtl makes the definition of 
am,i G End Zm JG unambiguous. One readily checks t h a t (ii) holds in t h a t 
am,\\ZkJG = ak,i for each integer k such t h a t 0 < k < m < n. Fur ther , the 
diagram (Bm,i) is commuta t ive with exact rows for each integer m wi th 
1 < m < n. Now suppose, inductively, t h a t (1) there exist 

an-i,i e End Zn_iJlG 
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for each integer I such that 1 < I < j < n\ (2) there exist ama Ç End Zm JlG 
for each integer m such that 0 < m < n — 1, where ama = av-hi\ZmJlG\ 
and (3) (Bm,i) is commutative with exact rows for all such m and /; or (4) 
j > n. Then, if (4) holds for j , it holds for j + 1. If j < n, let 

<*re—./—1,^+1 = <l>n—j—l,j+lan—j,j<l>n—j—l,j+l~1i 

unambiguously defined as a member of End Zn-^\ Jj+1G, since Zi JjG = 
ker 0w_;_i,;+i, and since the induction assumption gives an_jtj\ZiJjG = aitj. 
By construction and by the induction assumption, (J3n_y_i^+i) is commutative 
with exact rows. If m is an integer for which 0 < m < n — j — 1, let 

am,j+l — ^ J + l ^ + l . j ^ . j + r 1 , 

unambiguously defined as a member of End Zm Jj+1G, since Zi JjG = 
ker<j)mtj+ij and since am+ifJ\ZiJjG = aitj by the induction assumption. By 
construction and by the induction assumption, (Bmtj+i) is commutative with 
exact rows. Finally, upon further appeal to the induction assumption, we have 
that, for each integer m such that 0 < m < w — j — 1, 

an-j-i,j+i\Zm Jj+1G = 4>n-i-l,j+l^n-j,j <i>n-j-l,j^l\Zm Jj+1G 

= ^ m . i + l f f m + l . ^ m . i + r 1 = « w . y + l , 

and the proof is complete. 

We call the set {aitj\, 0 < i + j < n, for non-negative integers i and 7, 
the extended centrally compatible family for (X On Zjn (jr. 

2. The basic extension theorem. 

THEOREM 2. Let A be an abelian group, B be a group, 6 6 Hom(B, Aut^4), 
and let 

1-*A->G^>B->1 

be any extension of B by A which belongs to some t Ç § (2)(i3, A; 0). Suppose 
that a Ç End A and that (3 £ End B. Then there exists 7 g End G such that 
Im(7|C(i4, G)) < C(A, G), and that both 

1 >4 
$ 

•S >1 
(£ ) 

and 
-^1 

(D') 
1 • C(A, G) » G > G/C(A, G) > 1 

y\C(A,G) 

i l l 
1 > C(4, G) • G > G/C(A, G) > 1 
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are commutative diagrams with exact rows, if and only if 
(i) j8 G End, B, 

(ii) a G C(Im 0, End 4 ) , and 
(iii) t G ker(a* - 0#). 

Proof. Suppose that C{A\G) is 7-admissible and that both (D) and (£>') 
are commutative with exact rows. From the commutativity of (C), X = /*<$ 
whence /x/8 = (ju^)^ - 1^ = X$_1/3. But, from the commutativity of (D), 
13 = $Y<£_ 1 ; and from the commutativity of (Df), X7 = X so that 

X$-i^ = ( X T ) ^ 1 = X^"1 = (/iS)*"1, 

and /x/3 = ju, or, equivalently, /3 G EndM5, establishing (i). Since X = /;$, 
and since JU = ju/S, 

\ $ - i = M = Mig = M$$-i/3 = x$-i/3 

so that OP = 0, and 0 G Ends 5 . 
Since $ Y $ - 1 = 0, since Y|^4 = a, and since 00 = 0, 

«(0(6)) = Y (*(&)) = (0P(b))a = 0(6)a 

for each b £ B, and (ii) holds. Because of (i) and (ii), a* and 0# are defined. 
Choose gb G <£-1fr for each b G £ ; and, for all x, 3/ G .£>, let £(x, ;y) = gxgygxy~1' 

Here, £ is a 2-cocycle which represents t. Since 0 = <ï>Y<i>-1, (ygb) (gpb)"1 = 
hb G A for every 6 G B. Then, 

at(x, y)hxy gPixv) = y(t(x,y)gxy) = y(gxgy) = hxg^xhyg0y 

= hx 6 (fix) (hy)gpx gpy = hx(6x) (hy)t(fix, Py)gp{xy) 

so that at differs from tfi by ôh, yielding (iii). 
Conversely, suppose that t G ker(a* — 0#) where (i) and (ii) hold for 

P and a. Choose a normalized transversal {gb} and form the representing, 
normalized, 2-cocycle t. Then at — t/3 = ôh where h is a normalized 1-cochain 
on £ with values hb G -4. Each member of G has a unique representation in 
the form agb where a £ A. Define 7 G GG via y(agb) — a(a)hb g$b. By its 
definition, 7 makes (D) commutative. As in the proof above, fi G Ende B. 
An easy consequence is that 

giT^pi, G kerX = C(A,G). 

From this one shows that Im(7|C(^4, G)) < C(A, G), so that (D') is com
mutative. A routine check, employing (a) 0/3 = 0, (b) at — t/3 = ôh, and (c) 
the values of tfi can be written in terms of the transversal elements, shows that 
7 G End G. 

COROLLARY, (a) If 1 —> A —•» G —» I? —> 1 is cm extension of A by B where 
A < Zi G, if a G End ^4, and if 0 G End £ , then a necessary and sufficient 
condition that there exist y G End G making (D) commutative is that the coho-
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mology class t of the extension lie in ker(a* — /3#). (b) Let a be an endomorphism 
of Z\ G. A necessary and sufficient condition that a possess an extension y which 
is a central endomorphism of G (Im y < Z\ G) is that to, the cohomology class of 
the extension 

1 - > Z I G - ^ G ^ 7 G - > 1 , 

be in ker a*. The set of all such a is a left ideal in End Z\ G. (c) Let a be an endo
morphism of Z\ G. A necessary and sufficient condition that a possess an extension 
which is a normal endomorphism of G (induces i on JG) is that a* (to) = to. 
(d) If P G End JG, then there exists an extension of the identity automorphism on 
Z\G to a y G End G which induces P G End JG if and only if P* (to) = to. 
(e) If p G End JG, then there exists an extension of the trivial endomorphism of 
Z\G to a y G End G which induces P G End J G if and only if to G ker /3#. 

3. Endomorphisms on the higher centres. 

THEOREM 3. Let nbea positive integer; let a G End Zn G be centrally compatible 
with extended family \aitj). For each integer i such that 0 < i < n, let 

be the cohomology class of the extension 

(A m ) 1 -H. Z1 J
lG -> fG - ^ j t + 1

G . l ; 

and let /3 be in End J"G. Suppose that there exist y £ End G such that 

(En) 
ZnG - ^JnG-

P 

JnG-

-+1 

1 1 >ZnG >G-

is commutative. Let y(n) = p, and let y{i) = a* TO-*"1 G End JlG be the map on 

JlG which is induced by y via (A't), 1 < i < n. Then tt G ker (ai,* — yV+u*), 
0 < i < n. 

Proof. Recall that <n = <j>i and that <rj+i = <^+i ajy j = 1 , 2 , . . . . By the 
definition of y(i), T ^ V * = ot y, i = 1, 2, . . . , n. Hence, for 1 < i < n, 

<(>m7 (^i = 0*+io-*Y = ffi+iT = Y(m)o-z+i = y{i+1)<j>i+i<Ti. 

But cri is an epimorphism with image JlG, so that 0M_I y{i) = y^i+1)<j)i+if 

i = 1, 2, . . . , n — 1. That is, the right rectangle of 

1 
(Ft) 

ZxJ
lG-

4>i+i 

^JlG >Ji+1G- ->1 
,«> ( î+i) 

1 >Z1J
iG- ->JlG >Ji+1G-
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is commutative for integers i such that 1 < i < n. I t is likewise commutative 
for i = 0 if we take 7(0) = y and recall the definitions of Y (1), <£I, and a\. 

Since a is centrally compatible and since (En) is commutative, y\Zi G = 
a\Z\ G = ai.o, making the left rectangle of (FQ) commutative. Suppose that 
1 < t < n. Then 

7 ( 1 ) 0M = y{1)<t>i\Zt+iG = <t>iy\Zt+iG = <j)iat+i)0 = at,i<l>t,i, 

since (Btti) is commutative. The fact that Im 0r>1 = ZtJG leads to 

y^\ZtJG = a l fi, 1 < t < n. 

Let (S&) be the statement that if i is an integer such that 0 < i < k, then 
(I) i > n, or (II) 7 ( i )!Zj/*G = c^,* whenever 1 < t < n — i. From the 
commutativity of (En), (Si) holds. If k = 2, then 7(1)|Z* JG = a« i b 1 < t < n, 
leads to (S2). Now suppose, inductively, that k > 2 and that (S;) holds for 
each integer j such that 1 < j < k. Then, if k < n, we have for 0 < t < n — k 
that 

= ^ T ^ ^ Z ^ J*-*G = ^ ^ _ i 7 ( f c - 2 ) | Z H 2 7 ^ - 2 G 

(by the induction assumption since 0 < k — 2 < n) 

(since (5<+i,fc_i) and ( B ^ ) are commutative diagrams for the values of t and 
k allowed). Moreover, <j>tfk 0f+i,^_i is onto Zt JkG, and we now have y(k)\Zt JkG 
= att]c for 0 < t < n — k and 2 < k < ?z. If k > n, then the induction assump
tion says that (Sn) holds, from which (S^+i) holds. In either case, the induction 
is complete. In particular, y(i)\Zi G = ai,^ for each integer i such that 1 < i < ny 

and the left rectangle of (F*) is commutative, 0 < i < n. By Theorem 2, 
Corollary (a), tt € ker(ai,** — 7^+D#), 0 < i < n, completing the proof. 

Suppose that a(1) and a(2) are both centrally compatible endomorphisms on 
Zn G. We say that a(1) and a(2) are equivalent centrally compatible endomorphisms 
onZnG (a™~aW) if 

Im(a^ ( l 0 -a ( 2 )*,o) < Z M G 

for each integer i such that 1 < i < n. That is, 

^ " i . o W ^ i . o W ] " 1 6 Z ^ i G 

whenever # G Z* G, 1 < i < w. If a(1) ~ e*(2), then a(1)i)0 = a(2)i,o. The relation 
~ is an equivalence, and all the automorphisms of G are equivalent. For g £ G 
and for a centrally compatible on Z^ G, 

a«g) |Zn G) ~ a ~ «g}|Zn G)a, 

all centrally compatible endomorphisms on Zn G. 
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Let p be any decreasing crossed endomorphism on Zn G related to a centrally 
compatible a £ End Zn G. That is, if x G Zt G, 0 < i < n, then p(x) G Z*_i G; 
p(lo) = 1G) and if Xi, x2 6 Zn G, then 

p(xix2) = ((a(x2)_1)p(xi))p(x2). 

We have a + p ~ a where, for every x £ ZnG, (a + p) (x) = a(x)p(x) ; and 
if a' ~ a, then there exists some decreasing crossed endomorphism p on Zn G 
related to a such that a = a + p. 

THEOREM 4. L ^ #, a, /3, awd to be as in the hypothesis of Theorem 3. Suppose 
that, for each integer i obeying 1 < i < n, one can find r ( i ) G End JlG with the 
properties 

(i) r<n> = /3, 
(ii) to G ker(ai,o* - r ^ # ) , and 

(iii) /fee diagrams 

(Kt) 
1 

1 Zi J ^ G -

J'-'G • J*G - ->1 

re*-» 

j * - ^ - J*G- -»1 

2 < i < w, are commutative with exact rows. Then there exist y € End G and a 
decreasing crossed endomorphism p on ZnG related to a such that the diagram 

(E'n) 
1 > Z n G -

\a + p 

1 ZnG -

On 
G >j rnG — — > 1 

7 £ 
4; an ^ 

G > j Ï*G — — » 1 

is commutative. 

Proof. From (ii) and from Theorem 2, Corollary (a), there exists r(0) = 
7 6 End G such that (Ki) is commutative. From the commutativity of the 
left rectangle in (Ki), 

7i = y\Zi G = ûJit0. 

Suppose, inductively, that, for a positive integer j , we have (I) j > n, or (II) 
jj = y\Zi G is a centrally compatible endomorphism on Zj G for which 
y j ^ ajtQ. If j + 1 < n, consider the diagram with exact rows 

(Ej) 
1 — -»2 

7; 

1 — -><z j ^ 

-iG—^J'G-

YU) 

-> J'G - ->1 
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the commuta t iv i ty of the left rectangle of which is immediate from the induc
tion hypothesis. Since the diagrams (Kt), 1 < i < n, are commuta t ive with 
exact rows, the right rectangle of (Ej) is commuta t ive . 

Consider the diagram with exact rows 

(Lj) 

where 

ZjG-

7j 

ZjG-

0<» 
-> Z m G > Zx J'G -

T;+l 

' i+1 ' 

hU) 
Zi JjG - -+1 

<j)J = <Tj\Zj+i G = 11 <j>ki j-k+h 

multiplication proceeding with increasing k from left to right. T h e commuta 
t ivi ty of (Ej) implies t h a t T^aj = ajj. Now r ^ ' V ; - | Z m G = r<»tf><». F rom 
the commuta t iv i ty of the left rectangle of (Kj+i), TU)4>U) = aitj<j)U) so t h a t 
Im(ajy\Zj+i G) < Z\ JjG. From the fact t h a t afl(ZiJjG) = Zj+iG, one 
obtains I m ( 7 | Z ; + i ) < Z i + i G, so t h a t Y ;-+I £ End Z J + i , and (Ly) is com
muta t ive . 

From the commuta t iv i ty of the diagrams (^ ,^_ A + i ) , 1 < k < j , the com
muta t iv i ty of the diagram 

1 -+ZtG-
(L'j) 

-> Z^+i G -
0' U) 

-> Zx />G > 1 

1 > Z , G > Zj+1 G > Zx J ' G > 1 

follows. From the commuta t iv i ty of the r ight rectangles of both (Lj) and (L'j), 

<j)U)aj+1,o = oild<j>U) = 0(J°Ym> 

so t h a t Im(aj+i,o — Yy+i) < ker cj)U) = Zj G, completing the proof. 
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