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Abstract

In this paper, we find a power series expansion of the invariant differential ωE of an elliptic curve E
defined over Q, where E is described by certain families of Weierstrass equations. In addition, we derive
several congruence relations satisfied by the trace of the Frobenius endomorphism of E.
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1. Introduction

Let E be an elliptic curve defined over Q described by the Weierstrass equation

y2 + a1xy + a3y = x3 + a2x2 + a4x + a6, ai ∈ Z.

Choosing a local parameter z = −x/y for E at its origin OE , one can associate to
E a power series w(z) =

∑∞
n=0 sizi ∈ Z[a1, a2, a3, a4, a6]~z�. Consequently, there are

Laurent series expansions for the coordinates x(z) and y(z) from which one obtains
power series expansions for several arithmetic objects attached to E, including the
invariant differential ωE , the formal logarithm logE(z) =

∫
ωE(z) and the formal group

law associated to E over Z given by F(X,Y) = log−1
E (logE(X) + logE(Y)).

Honda [5] found an interesting link between the L-series L(s) =
∑∞

n=1 cnn−s of an
elliptic curve E and the formal group associated to E. If one sets g(x) =

∑∞
n=1 n−1cnxn,

then G(X, Y) = g−1(g(X) + g(Y)) is a formal group over Z; moreover, G(X, Y) is
isomorphic to the formal group law F(X, Y) associated to E over Z. The isomorphism
between these formal groups is made explicit to produce Atkin–Swinnerton-Dyer
congruence relations. These congruence relations connect the coefficients of the L-
series and the coefficients of the power series expansion of the invariant differential
ωE . The modularity of elliptic curves E defined over Q implies the existence of a set
of congruence relations between the coefficients of the modular form attached to E
and the coefficients of the power series expansion of ωE .
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The above discussion indicates that explicit formulas for the coefficients of the
power series of ωE will provide us with information about formal groups, L-series
and modular forms associated to elliptic curves. There are few explicit descriptions
for the power series expansion of ωE of a certain elliptic curve E. To give one
example, the expansion of ωE can be found in [3] when E has a rational 2-torsion
point, that is, E is described by a Weierstrass equation of the form y2 = x3 + a2x2 +

a4x. There, it is shown that ωE =
∑∞

n=0 Pn(a2/
√

∆)(
√

∆)nz2n dz, where Pn is the nth
Legendre polynomial and ∆ is the discriminant ∆ = a2

2 − a4. This enables the authors
to find explicit congruence relations satisfied by Legendre polynomials using Atkin–
Swinnerton-Dyer congruences and sharper congruences using other techniques when
E has complex multiplication. Recently, Yasuda [11] found an explicit t-expansion of
ωE for the elliptic curve E : y2 = 4(x3 + Ax + B), where t = −2x/y.

Further combinatorial quantities appear as coefficients of invariant differentials.
For example, in [8], the integers (−1)m ∑

k
(m

k
)3 turn out to be the coefficients of the

holomorphic differential form of a model of a K3-surface. Again, in [9], the Apéry
numbers,

∑
k
(n

k
)2(n+k

k
)
, which were used in Apéry’s proof of the irrationality of ζ(2) and

ζ(3), also appear as the coefficients of the holomorphic differential form of a model of
a K3-surface.

In this paper, we derive explicit formulas for the z-power series expansions of
the invariant differentials of elliptic curves described by the two special Weierstrass
equations y2 + a1xy + a3y = x3 + a2x2 + a4x and y2 + a3y = x3 + a6. We find a power
series solution to the functional equation satisfied by w(z) and use this to write a
z-power series expansion for ωE . Several combinatorial numbers appear as coefficients
of these power series. These numbers include the sums

n∑
m=bn/2c

bm/2c∑
k=0

n−m−k∑
r=0

(m
k

)(m − k
k

)(m − 2k
r

)( k
n − m − k − r

)
and

n−1∑
k=b(n−1)/2c

(n + k − 1
k

)( k
n − k − 1

)
.

Thus, we have families of congruence relations satisfied by the coefficients of the
modular forms of these elliptic curves and an explicit description of the formal
logarithms of the formal groups associated to them.

It is worth mentioning that although one can find the power series w(z) for any
Weierstrass equation, it is not usually easy to use it to obtain simple formulas for the
invariant differential when ai , 0 for every i. The two families of Weierstrass equations
that we treat are broad enough to include many interesting examples, such as elliptic
curves with nontrivial rational points.
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2. Formal groups of elliptic curves

Let E be an elliptic curve defined over the rational field Q. Assume that E is
described by the following Weierstrass equation:

y2 + a1xy + a3y = x3 + a2x2 + a4x + a6, ai ∈ Z.

We furthermore assume that the Weierstrass equation is globally minimal. Let A be
the local ring of functions defined at the origin OE and Â the completion of A at
its maximal ideal. Then Â is isomorphic to the power series ring Q~z�, where z
is a parameter at the origin. This parameter can be used to express the Weierstrass
coordinates as formal power series in z. More explicitly, we set

z = −
x
y

and w = −
1
y
.

Now z is a parameter at the origin (z,w) = (0, 0). The Weierstrass equation for E
becomes

w = z3 + a1zw + a2z2w + a3w2 + a4zw2 + a6w3.

By substituting the equation into itself recursively, we can write w as a power series
in z:

w(z) =
∑
i≥0

sizi ∈ Z[a1, . . . , a6]~z�,

where s0 = s1 = s2 = 0, s3 = 1 and, for n ≥ 4,

sn = a1sn−1 + a2sn−2 + a3

∑
k+l=n

sk sl + a4

∑
k+l=n−1

sk sl + a6

∑
k+l+m=n

sk slsm. (2.1)

For details, the reader can consult [1] and [7, Ch. IV]. Formal series expressions for x
and y can then be deduced from x(z) = z/w(z) and y(z) = −1/w(z). Therefore, the pair
(x(z), y(z)) is a formal solution to the Weierstrass equation of E.

The invariant differential ωE of E can be expressed as a formal power series in z:

ωE =
dy

3x2 + 2a2x + a4 − a1y
=

∞∑
n=1

b(n)zn−1 dz, b(n) ∈ Z, b(1) = 1.

Let p be a prime of good reduction for E. The trace of the Frobenius endomorphism
modulo p is tp = 1 + p − #E(Fp). The following congruences are the Atkin–
Swinnerton-Dyer congruences modulo a prime of good reduction (see [4]).

Corollary 2.1. If E has good reduction modulo p, then:

(a) b(p) ≡ tp (mod p);
(b) b(np) ≡ b(n) b(p) (mod p) if p - n;
(c) b(np) − tp b(n) + p b(n/p) ≡ 0 (mod ps) if n ≡ 0 (mod ps−1), s ≥ 1.
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3. The elliptic curve y2 + a1xy + a3y = x3 + a2x2 + a4x

In this section, we consider elliptic curves over Q given by the Weierstrass equation
y2 + a1xy + a3y = x3 + a2x2 + a4x, where ai ∈ Z. Any elliptic curve with a nontrivial
torsion point can be described by such a Weierstrass equation.

Let z = −x/y to be a parameter at the origin and w = −1/y. According to (2.1),
w(z) =

∑∞
n=0 snzn, where s0 = s1 = s2 = 0, s3 = 1 and

sn = a1sn−1 + a2sn−2 + a3

∑
k+l=n

sk sl + a4

∑
k+l=n−1

sk sl.

The generating function w(z) of the sequence (sn)∞n=0 satisfies the following functional
equation:

w(z) = z3 + a1zw(z) + a2z2w(z) + a3w(z)2 + a4zw(z)2.

The above equation is quadratic in w(z). As a consequence,

w(z) =
1 − a1z − a2z2 −

√
(1 − a1z − a2z2)2 − 4z3(a3 + a4z)
2(a3 + a4z)

. (3.1)

We chose the negative sign because the positive sign would force w(z) to have a pole
at z = 0. Recall that x(z) = z/w(z) and y(z) = −1/w(z). The invariant differential ωE of
E is given by

ωE =
dy

3x2 + 2a2x + a4 − a1y
=

dw
dz

3z2 + 2a2zw + a4w2 + a1w
dz. (3.2)

We use Mathematica [10] to substitute (3.1) in the formula for ωE to obtain

ωE =
1√

1 − 2(a1 + a2z)z + [(a1 + a2z)2 − 4(a3 + a4z)z]z2
dz. (3.3)

If φ(x) is a power series, we write [xn]φ(x) for the coefficient of xn in φ(x). Before
we proceed to the main result of this section, we recall that the generalised central
trinomial polynomials Tn(x, y) are defined by

Tn(x, y) = [tn](t2 + xt + y)n =

bn/2c∑
k=0

(n
k

)(n − k
k

)
xn−2kyk

and have the generating function

1√
1 − 2xt + (x2 − 4y)t2

=

∞∑
n=0

Tn(x, y)tn.

Theorem 3.1. Let E : y2 + a1xy + a3y = x3 + a2x2 + a4x, ai ∈ Z, be an elliptic curve
over Q. Let z = −x/y be a local parameter at OE . The z-power series expansion of ωE
is given by

∑∞
n=0 b(n + 1)zn dz, where b(n + 1) is

n∑
m=bn/2c

bm/2c∑
k=0

n−m−k∑
r=0

(m
k

)(m − k
k

)(m − 2k
r

)( k
n − m − k − r

)
am−2k−r

1 ar
2a2k−n+m+r

3 an−m−k−r
4 .
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Proof. We compare the formula (3.3) for ωE with the generating function of the
generalised central trinomial polynomials. We conclude that

ωE =

∞∑
m=0

Tm(a1 + a2z, (a3 + a4z)z)zm dz.

Consequently,

Tm(a1 + a2z, (a3 + a4z)z)

=

bm/2c∑
k=0

(m
k

)(m − k
k

)
(a1 + a2z)m−2k(a3 + a4z)kzk

=

bm/2c∑
k=0

(m
k

)(m − k
k

)(m−2k∑
i=0

(m − 2k
i

)
am−2k−i

1 ai
2 zi

)( k∑
j=0

(k
j

)
ak− j

3 a j
4z j

)
zk

=

bm/2c∑
k=0

(m
k

)(m − k
k

) m−k∑
s=0

( s∑
r=0

(m − 2k
r

)( k
s − r

)
am−2k−r

1 ar
2ak−s+r

3 as−r
4

)
zs+k.

For the third equality, we applied the formula for multiplying polynomials. Now,

b(n + 1) = [zn]ωE = [zn]
∞∑

m=0

Tm(a1 + a2z, (a3 + a4z)z) zm

= [zn]
∞∑

m=0

bm/2c∑
k=0

m−k∑
s=0

s∑
r=0

(m
k

)(m − k
k

)(m − 2k
r

)( k
s − r

)
am−2k−r

1 ar
2ak−s+r

3 as−r
4 zs+k+m.

That is, b(n + 1) is the sum of the coefficients for which s + k + m = n. Since 0 ≤ s ≤
m − k, one has n ≤ 2m. Moreover, m cannot exceed n. It follows that b(n + 1) is

n∑
m=bn/2c

bm/2c∑
k=0

n−m−k∑
r=0

(m
k

)(m − k
k

)(m − 2k
r

)( k
n − m − k − r

)
am−2k−r

1 ar
2a2k−n+m+r

3 an−m−k−r
4 . �

Using Theorem 3.1, one has the following explicit description of the z-power series
expansion of ωE for any elliptic curve E/Q described by E : y2 + a3y = x3:

ωE =
1√

1 − 4a3z3
dz =

∞∑
n=0

(2n
n

)
an

3z(3n+1)−1 dz.

Observing that the discriminant of E is ∆E = −27a4
3, one uses Corollary 2.1 to obtain

the following congruences.

Corollary 3.2. Let E/Q be an elliptic curve defined by y2 + ay = x3 and p a prime
such that p - 3a and let tp = 1 + p − #E(Fp). Then tp = 0 for p ≡ 2 (mod 3) and, for
p ≡ 1 (mod 3):
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(a) tp ≡

2
( p−1

3
)

p−1
3

 a(p−1)/3 (mod p);

(b)
2
( np−1

3
)

np−1
3

 ≡ (
2
( n−1

3
)

n−1
3

) 2
( p−1

3
)

p−1
3

 (mod p) if n ≡ 1 (mod 3);

(c)
2
( np−1

3
)

np−1
3

 a(np−1)/3 − tp

(
2
( n−1

3
)

n−1
3

)
a(n−1)/3 + p

2
( n/p−1

3
)

n/p−1
3

 a(n/p−1)/3 ≡ 0 (mod ps)

if n ≡ 0 (mod ps−1), s ≥ 1.

As pointed out by the referee, the congruence in Corollary 3.2(b) holds modulo p2

(see for example [2], where p-adic techniques are used to produce such congruence
relations modulo higher powers of p). Investigating similar congruence relations
modulo higher powers of p will be the subject of future work.

4. The elliptic curve y2 + a3y = x3 + a6

Finally, we consider the family of elliptic curves defined by y2 + a3y = x3 + a6,
ai ∈ Z. We set z = −x/y and w(z) = −1/y =

∑∞
n=0 snzn, where s0 = s1 = s2 = 0, s3 = 1

and
sn = a3

∑
k+l=n

sk sl + a6

∑
k+l+m=n

sk slsm, n ≥ 4.

Now, w(z) satisfies the functional equation w(z) = z3 + a3w(z)2 + a6w(z)3, which can
be rewritten as

v = z3 = w(z)(1 − a3w(z) − a6w(z)2) =
w(z)

1/(1 − a3w(z) − a6w(z)2)
. (4.1)

In order to find the power series expansion of ωE , we will need the following lemma.

Lemma 4.1 (Lagrange inversion theorem). Suppose that u = u(x) is a power series in x
satisfying x = u/φ(u), where φ(u) is a power series in u with a nonzero constant term.
Then

[xn]u(x) =
1
n

[un−1]φn(u).

Applying Lemma 4.1 to (4.1),

[vn]w(v) =
1
n

[wn−1]
( 1
1 − a3w − a6w2

)n
=

1
n

[wn−1]
∞∑

k=0

(−1)k
(
−n
k

)
(a3 + a6w)kwk

=
1
n

[wn−1]
∞∑

k=0

k∑
j=0

(n + k − 1
k

)(k
j

)
ak− j

3 a j
6w j+k

=
1
n

n−1∑
k=b(n−1)/2c

(n + k − 1
k

)( k
n − k − 1

)
a2k−n+1

3 an−1−k
6 .
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Theorem 4.2. Let E be an elliptic curve defined over Q by the Weierstrass equation
y2 + a3y = x3 + a6. Let z = −x/y. The z-power series expansion of the invariant
differential ωE of E is given by

ωE =

∞∑
n=1

( n−1∑
k=b(n−1)/2c

(n + k − 1
k

)( k
n − k − 1

)
a2k−n+1

3 an−k−1
6

)
z(3n−2)−1 dz.

Proof. By (3.2), the invariant differential of E is given by ωE = (dw/dz)/(3z2) dz. The
result now follows, as we have shown that

w(z) =

∞∑
n=1

(1
n

n−1∑
k=b(n−1)/2c

(n + k − 1
k

)( k
n − k − 1

)
a2k−n+1

3 an−k−1
6

)
z3n. �

Now apply the Atkin–Swinnerton-Dyer congruences to the elliptic curve E defined
over Q by the Weierstrass equation y2 + a3y = x3 + a6. If E has good reduction modulo
p and tp = 1 + p − #E(Fp), we can use Hasse’s bound, |tp| < 2

√
p, to see that tp = 0 if

p ≡ 2 (mod 3) and

tp ≡

(p−1)/3∑
k=b(p−1)/6c

( p−1
3 + k

k

)( k
p−1

3 − k

)
a2k−((p−1)/3)

3 a((p−1)/3)−k
6 (mod p) if p ≡ 1 (mod 3).

Remark 4.3. Given Theorems 3.1 and 4.2, the Atkin–Swinnerton-Dyer congruences
can be used to produce a large number of congruence relations relating combinatorial
objects to coefficients of modular forms, as well as congruences satisfied by the
combinatorial objects themselves.

To give an example, consider elliptic curves with n-torsion points which can be
parametrised by Tate’s normal form. Specifically, an elliptic curve En/Qwith a rational
n-torsion point (0, 0), where n ≥ 4, is described by the Weierstrass equation

y2 + (1 − c)xy − by = x3 − bx2, c, b ∈ Z.

These explicit parametrisations are due to Kubert (see [6]). According to Theorem 3.1,
the invariant differential of En is

ωEn =
dz√

1 − 2(1 − c − bz)z + [(1 − c − bz)2 + 4bz]z2
=

∞∑
n=1

b(n)zn−1 dz,

where

b(n) =

n−1∑
m=0

bm/2c∑
k=0

(m
k

)(m − k
k

)( m − 2k
n − m − k − 1

)
(1 − c)2m−n−k+1(−b)n−m−1,

and one obtains congruence relations satisfied by b(n) using Corollary 2.1.
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