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ON AN AFFINE CONNECTION WHICH ADMITS 
A VOLUME-LIKE FORM 

BY 

D. P. CHI AND Y. D. YOON 

ABSTRACT. A necessary and sufficient condition to obtain a volume­
like form from an affine connection is given in terms of the Cech cohomol-
ogy, after the volume-like form is naturally defined without a Riemannian 
metric. A necessary condition for an affine connection to be a Riemannian 
connection for some metric is also given. 

1. Introduction. When the base manifold M is endowed with a Riemannian metric 
ds2 = Y,gij dxl <g) dxJ, we get an affine connection D, called a Riemannian connection, 
which is locally expressed by the Christoffel symbols 

r = I v oia f^L + ^ L _ ^ 1 
jk 2 V [dxk dxJ 3JC«J ' 

and a volume form 
dV = ^det(gij)dxl A • • • A dxn. 

A simple computation leads us to the following formula [1, p. 294] 

(1) ^ l o g v / d e t ( £ y ) = Ç r ^ . 

The equation ( 1 ) shows the relation between a volume form and a Riemannian connec­
tion. Furthermore, the equation (1) is almost independent of the given metric ds2 and 
therefore we could obtain a volume form from an affine connection without a metric. 

From now on, the affine connection will be expressed by the matrix of connection 
1-forms i.e., locally 

D = d + u, 

where UJ is the matrix of connection 1-forms. 
Then the equation ( 1 ) can be locally rewritten as 

(*) dG = tr UJ, 

where the volume form is dV — exp(G) dxx A • • • A dx". 
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Note that the equation (*) is not global. Actually, if we have 

dV — exp(Ga)dxl
a A • • • A dbPa on (Ua,xa) 

— exp(Gp)dxp A • • • A dx^ on (Up,xp), 

then 
\dx0 

exp(Ga) = exp(G^) ' 
dxa 

on UaCi Up. 

Therefore we should regard the global solution of the equation (*) as the /i-form dV. 
In this paper we found a local and a global obstructions which seem to be new ones in 
affine differential geometry. 

Also note that, if G is a local solution of (*), so is G + c for any constant c. Hence the 
volume form is well defined up to a scalar multiple. 

DEFINITION. A nowhere vanishing n-îorm dV defined on a smooth orientable manifold 
M of dimension n is said to be the affine volume form with respect to an affine connection 
D, if, when dV is locally expressed by ± exp(G) dxx A • • • A dx", the equation dG = tr UJ 
is satisfied. 

REMARK. When the connection arises from a Riemannian metric on a path connected 
manifold the Riemannian volume form is just a costant multiple of the affine volume 
form of the connection because of the equation (*). 

2. Local solvability of dG = tr UJ. If M is orientable, which we now assume, then 
we may obtain a locally finite collection O of local charts (Ua,xa) which satisfy 

(1) the open sets cover M, 
(2) each Ua is simply connected, and 
(3) for each two (Ua,xa),(Up,xp) G O, the transition matrix Aap = (fj^) has posi­
tive determinant. 
We choose such a collection O Let £1 be the curvature matrix of an affine connection 

D i.e., Q, = duo + u A UJ. 

THEOREM 1. Let D be an affine connection with the curvature matrix £1. Then the 
equation (*) has a local solution Ga on each (Ua,xa) G Q>if, and only if, tr £1 = 0. 

PROOF. (<=) 

0 = tr £1 = tr (duo + UJ A a;) 

= n(du) 
= d(iruj). 

Thus tx UJ is a closed 1-form on each simply connected Ua. Since H^eRham(t/a) = 0 
because Ua is simply connected, tr UJ is exact on Ua. That is, there is a smooth function 
Ga on Ua such that dGa = tr uja. 

Conversely, if (*) has a local solution Ga on each ( ( / a , i a ) G O, 

0 = ddGa =d(truj) = tr Q. 
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Since Ua 's cover M, tr Q = 0 on M. | 

Theorem 1 shows the local solvability of the equation (*) . 
Now we pass from the local solutions to a global solution dV which will be a special 

affine volume form. 
Let A be an n x n non-singular matrix of smooth functions. 
Then the following identity is well known. 

tr (A~ldA) = \A\~ld\A\. 

And, if |A\ > 0, \A\~xdA = d(\og \A\). 
Using this identity, we obtain 

trojp = tr(A~luaAap + A~lpdAap) 

= tr(Lja) + tr(A~l
pdAap) 

= tr(va) + \Aap\~ld\Aap\ 

= tr (uja) + d(\og \Aap | ), if \Aap \ > 0. 

From now on, we assume that tr Q, = 0 i.e., the equation (*) is locally solvable. 
Choose a solution Ga on each (Ua,xa) G O, and consider a set { Ga} of such solu­

tions. 
On the intersection UaH Up, 

dGa — tr uja 

dGp = tr up 

= tr uja +d(\og\Aap\) 

= dGa +d(\og\Aap\) 

Hence we get, on Ua Pi Up, 

Op — Ga — log |Aap | = constant on Ua D Up. 

We denote this constant cap, i.e., 

Cap =Gp —Ga - log \Aap | . 

LEMMA 1. The set { cap } is a 1-cocycle whose coefficients are in the constant sheaf 

M x R in the Cech cohomology sense. 

PROOF, (i) 

Cpa = Ga ~Gp - log \Apa\ 

= -Gp +Ga + log |A a / 3 | 

= -Ca8 

Therefore { cap } is a 1-cochain in the Cech sense. 
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(ii)On*7an Up H Ul9 

Cap = Gp -Ga - log \Aap | 

C/37 = G«, —Gp — log IAp1 | 

Cla =Ga—G<y— lOg | A y a | 

Cad +CÇ7 +Cla = -\og\AapAp1Ala\ 

= 0. 

Therefore 5 { cap } = 0 i.e., { ca£ } is a 1-cocycle in the Cech sense. g 

Lemma 1 means that : {cap} | G H ' ( 0 , M x R). 
Since H 1 ^ ) ^ * ) for all a, 

Hl(®,M x R) *É Hl(M,R). 

def - , 

Thus we obtain an obstruction 0 = [cap] G H1 (M,R). 

LEMMA 2. The obstruction 6 is independent of the choice of the solutions Ga 's. 

PROOF. Let Ga be another choice of the local solutions and let cap = Gp — Ga — 
log|Aa/3j. 

Then Ga = Ga + ca for some constant ca on Ua because dGa — tr UJ = dGa, and 

Caf3 - Gp -Ga - lOg | Aap | + Cp - Ca 

— cap + cp — ca 

i.e., 

Hence [{ cap } ] = [{ cap } ] in Ùl(&,M x /?). 
Therefore they give the same 0 G H1 (M,R). | 

LEMMA 3. 0 is a/so independent of the choice of the locally finite collection O. 

PROOF. Step 1: Let O = {(UJ9Xj) \ j G /},<& = {(Va,jca) | a G A} be two 
collections as above, and let/ : A —• J be a map such that 

V« C £//(«), xa = x/(a) |va. 

Then, taking Ga = G/(a) on Va, we easily find that the two [{c//}], [{£«#}], which 
are computed from O, Ô respectively are the same in the cohomology group H!(M, R). 

Step 2: Let *Zi = { Ua \ a G A} be a locally finite open covering of M, and O, Ô two 
collections of local charts as above such that 

&={(Ua,xa)\ a G A} 

é={(Ua9xa)\aeA}. 
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On Ua, take Ga and Ga such that 

dGa — tr uja w.r.t. (Ua,xa) 

dGa = tr uja w.r.t. (Ua,xa). 

And define two 1-cocyles { cap } , and { cap }, respectively. Here, 

Qa =p-lcjaPa+p-]dPa, 

where Pa = (^-^-) on £/a. Hence we get Ga = Ga + log \Pa I + ca for some constant 

ca on Ua. Then 

£a0 = Gp —Ga - log \Âap | 

= G^ + log \PP | + c^ - Ga - \og\Pa \ - c a - log \Aa/31 

= Gp -Ga- \og\PplÂapPa\ +cp -ca 

where Âa(3 = ( 3 ^ ) . 
d ^ 

Thus[{ca^}] = [{c a / 3 } ]GH 1 (UMx/? ) . 
Step 3: For two coverings 

O, = {(*/,,*,•)! 1 G / } , 

we can construct two <î>i, <ï>2 as follows; 

Ô, = {(£/, H V,-,̂ - It/.nv;. I (/J) G / x J} 

*2 = {(Ut H Vy-,*,- Icn^. I (ij) elxJ} 

Then both Ôi and Ô2 satisfy the above conditions. 
Let #i, #2, #i, #2 be the cohomology elements with respect to Oi, O2, Ôi, O2 respec­

tively. Then they are all the same by Step 1 and Step 2. This proves our Lemma. | 

Note that the above Lemmas show that the obstruction 6 depends only on the affine 
connection D and the base manifold M. 

We are now ready to prove the global solvability of the equation dG = tr UJ . 

3. Global solvability of dG = tr u. 

THEOREM 2. Any collection of local solutions, { Ga } , gives a globally well defined 
solution dV an affine volume form if and only if the obstruction 6 — 0 in Hl(M,R). 

PROOF. (<=) 
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If fl = 0inHl(M,R)A{cap}] = 0 in H](®,M x R). That is, {ca(i} = 6{ca} for 
some 0-cochain {ca} ,i.e., 

Cap = Cp ~Ca. 

Now, define dV = txp(Ga — ca) dx] A • • • A dxn on each (Ua,xa) G O. 
Then <i(Ga — ca) = tr UJ on each (7a, and on every intersection UaD Up ^ 0, 

exp(Ga — ca)dxx
a A • • • A d!x£ = exp(Ga — ca)|Aa/31 dxp A • • • A d ^ 

= exp(G« — ca + log | Aa/31 ) JJC^ A • • • A dx^ 

= exp(G/5 — c# ) dk^ A • • • A JJC^ , 

because cap = cp - ca = Gp - Ga - log \Aa(5 \. 
Therefore dV is a well defined n-form which satisfies the equation (*). 

Conversely, let dV be a affine volume form. Then we may put dV = exp(Ga ) dxl
a A 

• • • A dx^ on each (Ua,xa), and we know that G^ = Ga +log |A<^ | on the intersection 
UanUp. 

Hence we have ca$ — 0 for all a, f3. 
Therefore 0 = 0 in H{(M, /?). | 

From the Theorem 1 and Theorem 2 we obtain the complete main result. 

MAIN THEOREM. An affine connection D admits an affine volume form dV if and 
only if tr Q. = 0 and 9 = 0. 

COROLLARY X.Ona orientable smooth manifold M with Hl(M) = 0, any affine con­
nection D admits an affine volume form if and only if tr Q. = 0. 

PROOF, trivial. • 

COROLLARY 2. An affine connection D with tr Q ^ 0 or 9 ^ 0 can not be a Rieman-
nian connection, i.e., any metric can not induce D as a Riemannian connection. 

PROOF. If D is induced from a metric, it must give a volume form. g 

The obstruction 9 is very far from being trivial since there are many affinely flat 
manifolds which can not have a volume like form. For example let a G D* = { z G 
C* | |z| < 1} and let Z act on C* by n(z) = anz. Set T2

a = C*/Z together the induced 
affine structure from the plane. Then T2

a is a affinely flat manifold. 
Let U\ = {z G C* ||<z| +e < \z\ < 1 - e} and U2 = {z G C* | |a| < |z| < 

\a\ +2eorl-2e < \z\ < 1}. Then it is easy to see that < 0, a >= 0and< 0, 0 > = 
—2log \a\ since the Jacobian determinant of z —* az as a real linear map is \a\2. We 
thank the refree for suggesting the above example to us. 
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