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Abstract

Given a symmetric balanced incomplete block design or a finite plane, we recursively
construct balanced incomplete block designs by taking unions of certain blocks and points of the
original design to be the blocks of the new design.

For definitions of balanced incomplete block design (BIBD), symmetric
balanced incomplete block design (SBIBD), finite projective, affine and
inversive planes, see Dembowski (1968) and Hall (1967). The usual notation
for the parameters of these designs will be used:

BIBD — (u, b, r, fc,A); SBIBD — (v, k, A);

projective plane of order q —(q2 + q + l,q + 1,1);

affine plane of order q —(q2,q(q + 1), q + \,q, 1);

i n v e r s e p l a n e o f o r d e r q — ( q 2 + \,q(q2 + \),q(q + \),q + \,q + \ ) .

In what follows we use certain unions of blocks and elements of SBIBDs
and geometrical designs to construct new blocks which themselves form
BIBDs. Since the method of proof is essentially the same in many cases, not
all proofs are given.

We remark that although in some of the BIBDs constructed the greatest
common divisor of b, r and A is greater than 1, in fact the BIBDs do not have
repeated blocks.

THEOREM 1. / / there exists a projective plane of order q then there exists a
balanced incomplete block design with parameters

[q2 + q + 1, (q +
n
 l){q2 + q + 1), (« + l){nq + 1), nq + 1, („ ! ^(nq + 1)),

for all n such that 2 S n § q.
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PROOF. The elements of the new design are the q2 + q + 1 points of the
plane. The blocks for the new design are constructed as follows. Let P be any
point, and take the union of n lines through P as one of the new blocks. Do
this for all possible distinct sets of n lines through P, and for all points P. Then
the new design has block size n(q + 1 ) - (n - 1) = nq + 1, and since there are
q + l lines through a point and q2 + q + \ points altogether, there are

( )('?2 + <7 + 1) blocks formed in this way.

Any one point P belongs to I ) + (92+<?)( , ) new blocks, so the
\ n I \n — 1/

new design has replication number ( ^ )(nq + 1).

Any pair P, Q of points occurs in ( ^ I new blocks formed from unions
\n — 1/

of lines through P, and in ( _ . I new blocks formed from unions of lines

through Q. And if R is a point collinear with P and Q, then I ^ I of the

new blocks formed from the union of n lines through R contain P and 0 ;
there are q - 1 such points R, not equal to P or Q. Finally there are q2 points

S which are distinct from P and Q and not collinear with them, and I , I
\n - 2 /

of the new blocks formed from the union of n lines through S contain both P
and Q. So altogether the elements P and Q occur together in A new blocks,
where

= („!,)(«, D

The same construction will work for an affine plane of order q; each new
block is formed by taking the union of n lines through some point P, where
2 S n =i q. So we have the following result.

THEOREM 2. // there exists an affiine plane of order q, then there exists a
balanced incomplete block design with parameters

for all n such that l^n^q. •
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In an inversive plane the blocks are called circles, and any three points
determine a unique circle. (So a finite inversive plane is a 3-design.) A bundle
of circles is the set of all circles through two distinct points P and Q, and will
be denoted by [P, Q]; the points P and Q are the carriers of the bundle. A
pencil is any maximal set of mutually tangent circles at a point P, and P is the
carrier of the pencil. A flock is a set of mutually disjoint circles such that, with
the exception of precisely two points P and Q, every point of the plane
belongs to a unique circle of the set. The points P and Q are the carriers, and
the flock will be denoted by (P, Q). It is known that, in a plane of order q,
each bundle consists of q + 1 circles, each pencil consists of q circles, and each
flock, if it exists, consists of q - 1 circles. (Dembowski (1964, 1968).)

THEOREM 3. Suppose there exists an inversive plane of order q. Then there
exist balanced incomplete block designs with parameters

- n + 2)(q+1+
n
1)) for all n s u c h t h a t 2 ^ n ^ q ;

nq

(q + l ) (nq + l ) ( < ? l ! ) ) for all n s u c h t h a t 2 g « g

PROOF. In each case the elements of the BIBD are the q2 + 1 points of
the inversive plane.

For case (i), a block is formed by taking the union of n circles chosen
from the q + l circles in a bundle [P, Q]. Doing this for all sets of n circles
chosen from the bundle, and then for all bundles as P and Q vary, gives all
the blocks.

For case (ii), a block is formed by taking the union of n circles chosen
from the q in a pencil with carrier P. Doing this for all sets of n circles chosen
from the pencil and for all pencils as P varies produces all the blocks.

For case (iii), we need q to be even to ensure that a flock exists for every
pair of points P and Q (see Dembowski (1964)). To form the blocks of the
BIBD, for each flock (P, Q) adjoin both P and Q to each one of the q - 1
circles in the flock, thus producing q - 1 blocks of size q + 3 from each flock.
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It is straightforward to verify that the resulting designs are BIBDs; we
shall merely check that the designs (i) and (iii) are balanced. (Case (ii) is very
similar to case (i).)

CASE (i): Consider an arbitrary pair of points P and Q. They occur

together in r ) new blocks formed from the bundle [P, Q], in ( _ )

new blocks formed from bundle [P, R] and in I I new blocks formed

from bundle [Q, R], where R is any point not equal to P or Q; there are
q2 — 1 such points R.

Now consider bundles [R, S] where P, Q, R and S are distinct points. We
have two cases to consider. Firstly, suppose that all four of these points lie on
one circle. Since there are q + 1 circles through both P and Q and since for

each of these circles there are I - I pairs of points not equal to P or Q, such

points R and S may be chosen in (q + 1)1 9 ) ways. The remaining n - 1

circles through R and S may be chosen in I _ I ways. So there are

(q + 1)1 . II _ j new blocks from bundles [R, S] which contain P and

0, where P, Q, R and S lie on one circle. Secondly, consider the case with R,
S and P on one circle and R, S and Q on a different circle. There are q2 — 1
circles through P that do not pass through Q; choose one, and then choose
points R and S on this circle, with R and S not equal to P. As a second circle
through R and S, take the unique circle through R, S and Q, and then choose
n - 2 more circles through R and S from a possible q - 1 circles. This gives

(q2- 1) (^] ( _ 7) new blocks containing P and Q from bundles [R, S] with

P, Q, R and S not on one circle.
Therefore

-CVTT1)
after simplification.
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CASE (iii): Let P and Q be an arbitrary pair of points. There are q - 1
new blocks containing P and Q formed from the flock (P,Q). From flock
(P, R) there is one new block containing P and Q, and also one from flock
(Q,R) for any point R not equal to P or Q; there are q2- 1 such points R.
Now suppose neither P nor Q is a carrier. We shall use the fact that in an
inversive plane of even order, given any two distinct circles there is a unique
carrier pair containing these two circles in the flock (see Dembowski (1964)).
We can choose one circle containing both P and Q in q + 1 ways, and then
choose any circle disjoint from this in q(q - \){q - 2)/2 ways (see Dembowski
(1964)). Then the unique flock containing these two circles consists of q - 1
circles altogether, and q - 2 of them do not contain P or Q. So there are
{(q + l)q(q -l)(q- 2)/2}/(q - 2) new blocks arising in this way which contain
both P and Q. So P and Q appear together in A blocks where

NOTE. If we take the strong union (retaining repetitions) of n — 1 circles
chosen from each bundle [P, Q], where 3S n S q + 1, then the resulting
design is a balanced n-ary design (see Morgan (1977)) with parameters

K = (q + l)(n - 1), A = (jj ^ \)ilL^J1{(n - l)fo + lf-2n-q + 3}.

Also, if instead of one copy of the two carrier points P and Q of a flock
(P, Q) being adjoined to each circle of the flock, n - 1 copies of P and Q are
adjoined (for each flock), then, for n § 3 , the resulting design is a balanced
n-ary design with parameters

- 1), K = ? \ g + 2 w

A = i(q - l)(q2 + 4n<7 - 3q + 2n 2 - 2).
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Theorem 1 with n = 2 will generalise from a projective plane to an
arbitrary SBIBD.

THEOREM 4. If there exists a symmetric balanced incomplete block design
with parameters (v, k, A) then there exists a balanced incomplete block design
with parameters

PROOF. Elements of the new design are the same as those of the SBIBD.
Each block of the new design is the union of a pair of blocks of the original
design, with the A elements common to the pair counted once only, and all

( .1 possible pairs are used. Since any element appears in k blocks of the

SBIBD and not in u — k blocks, each element appears in k(v — k) +
k(k — l)/2 new blocks; since A(u — 1) = fc(fc — 1) this simplifies to the replica-
tion number (2k - X)(v - l)/2.

Finally, consider any two elements x and y:

x and y occur together in A blocks of the SBIBD,

x but not y occurs in k — A blocks of the SBIBD,

y but not x occurs in k - A blocks of the SBIBD,

and there are v — 2k + A blocks not containing x or y.

Consequently, the number of new blocks containing both JC and y is

which simplifies to (2fc - A) (2fc - A - l)/2. •
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