
P R O B L E M S FOR SOLUTION 

P . 146. (i) Let n < n < . . . be an infinite sequence of 

i n t e g e r s such that cr(n.) - n. is a cons tant , w h e r e cr(n) is the sum of 

the d i v i s o r s of n . P r o v e that each n. is p r i m e . 

(ii) F o r each k _> 1, show that t h e r e ex is t i n t e g e r s 
n . < n < . . . < n. , none of which is a p r i m e , such that cr(n.) - n. is 

1 2 k r i i 
cons t an t . 

P . E r d ô s 

P . 147. Let p be a p r i m e with p = l (mod 3) . P r o v e that 

)p - > -
1 < x < p - 1. 
(x + 1) - x - 1 = 0 (mod p^) has at l eas t two solut ions in the r a n g e 

H . A . Hei lbronn, Un ive r s i t y of Toronto 

P . 148. Let X be a local ly s e p a r a b l e connected m e t r i c s p a c e . 
P r o v e that X is s e p a r a b l e . Is this t r ue if X is not m e t r i c ? 

J . M a r s d e n , Un ive r s i ty of Cal i fornia , B e r k e l e y 

SOLUTIONS 

P . 136. Find a topological space X which is T and such 

that Y ' fa i ls to be closed for at l e a s t one subse t Y of X . (Here 
Y1 deno tes the se t of a l l accumula t ion points of Y . ) 

P . A. P i t t a s , Dalhous ie Un ive r s i t y 

Solution by Jf M a r s d e n , Un ive r s i t y of Cal i fornia , B e r k e l e y 

Let X = {x , x , . . .} \J {x} with topology {U = {x : k > n} \J {x} } 
x Ci n K 

This space is TQ but not T . Let Y = {x} . Then Y' = { x , x , . . . } 

which is not a c losed s e t . 
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Also solved by J . B . Wilker and the p r o p o s e r . Both M a r s d e n and 
the p r o p o s e r pointed out that such an X is n e c e s s a r i l y inf ini te . 

P . 137. If X is a c o m p l e t e m e t r i c space and T is a c o n t r a c t i o n 
in X , then T has a unique fixed poin t . This fa i ls to hold if T has 
only the p r o p e r t y d(Tx, Ty) < d(x, y) . 

K . L . , Singh, M e m o r i a l U n i v e r s i t y 

Solution by P . E w e r , St. M a r y ' s Un ive r s i t y , Halifax 

The subspace X = [1 , oo) of the r e a l l ine is c o m p l e t e . Let T 
1 

be defined by T = x +— . Then c e r t a i n l y T l eaves no point of X f ixed, 
x x 

Suppose x, y eX and x < y. Then 

d(T , T ) = (y - x ) - (~ -~) < d(x, y ) . 
x y x y 

Also solved by S. Aal to , J . A. B a k e r , D . Lind, J. M a r s d e n , 
J . B . Wilker and the p r o p o s e r . 

In g e n e r a l it is c l e a r that such a T has at m o s t one fixed point, 
and J . M a r s d e n points out that a fixed point does ex is t when one a s s u m e s 
that X is c o m p a c t . F o r a new proof that a c o n t r a c t i v e T has a fixed 
point see the n o t e . Another Proof of the Con t rac t ion Mapping P r i n c i p l e 
by Boyd and Wong to a p p e a r in th is sec t ion of the Bu l l e t in . 

P . 138. P r o v e that the se t S is f inite if and only if t h e r e is a 
p e r m u t a t i o n ÏÏ of S such that no p r o p e r n o n - e m p t y s u b s e t S ' has the 
p r o p e r t y TT(S') <^_ S' . 

J. M a r c i a , U n i v e r s i t y of Ca lga ry 

Solution by D. Lind, C a m b r i d g e U n i v e r s i t y 

If S is f ini te , a cycl ic p e r m u t a t i o n ÏÏ of S has the p r o p e r t y 
that TT(S') C S' for a l l n o n - e m p t y p r o p e r s u b s e t s S' of S. Conve r se ly , 
suppose S is infinite, and let X G S . F o r a p e r m u t a t i o n TT of S, put 

S ' = ^ ^ n ( X ) . Then TT(S') CS«. If S' = S, then TT" M X) = TT k( X) 
n=0 

for s o m e k> 0, so S is f in i te , a c o n t r a d i c t i o n . Hence S1 is a non
empty p r o p e r subse t of S . 

Also solved by W . D . Jackson , J. Schae r , J . B . Wilker and the 
p r o p o s e r . 
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P . 139. P r o v e S(a, b) = ( a - b ) * " 1 [aS( l , 0) - bS(0, -1) ] w h e r e 
S(a, b) = d e t e r m i n a n t of a m a t r i x of o r d e r n in which each e l emen t is 
e i the r a or b . 

K. Schmidt , Un ive r s i t y of Mani toba 

Solution by S. Spital , Cal i fornia State College 

Let the sub t r ac t i on of the f i r s t row of S(a, b) f r o m the r e m a i n i n g 
rows be indicated by 

S(a, b) a , b \ 

a - b , 0 , b - a 

w h e r e the upper two a r g u m e n t s identify the e n t r i e s in the f i r s t row, 
and the lower t h r e e the e n t r i e s in the r e m a i n i n g n - 1 by n b lock . 
The r e q u i r e d r e s u l t now follows f r o m wel l known p r o p e r t i e s of 
d e t e r m i n a n t s : 

a , b \ t / a , b 
\ . , n - 1 

= ( a - b ) T a - b , 0, b - a 1 , 0 , - 1 

a , b 

\1 , 0, -1 

Also solved by L . Ca r l i t z , R. C. Mull in and E . Nemeth 
(jointly), J . B . Wilker and the p r o p o s e r . 

P . 140. E v e r y i n t e g r a l two by two m a t r i x is a s u m of t h r e e 
s q u a r e s ; and the n u m b e r t h r e e is b e s t p o s s i b l e . 

I. Connell, McGil l Un ive r s i t y 

Solution by L. Car l i t z , Duke Un ive r s i t y 

1. P u t A 

x b 
c 1 - x 

a b" 
c d 

Cons ider 

A -
x +bc b 

c ( 1 - x ) +bc 
a - x - be 0 

d - ( l - x ) - b e 
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We can choose x so that 

2 2 
a - x - be = d - (1 - x) - be , 

that is 2x = a - d + 1, p rov ided a = d + 1 (mod 2) . Since 

u 

0 

0 

u -
0 

u 

1 

0 

it fol lows that A is a s u m of two s q u a r e s when a - d is odd. If a - d 
is even, we have 

1 0 

0 0 

12 
a - 1 b 

c d 

which is evident ly a s u m of t h r e e s q u a r e s . Thus e v e r y A is a s u m of 
at m o s t t h r e e s q u a r e s . 

2 . We show now that if 

A = 
1 0 

0 1 
(mod 2) 

and a = d + 2 (mod 4), A i s not a s u m of two s q u a r e s . A s s u m e 

( i ) 

so that 

A = x y 

z x1 

t u 

V t1 

-|2 

2 2 
x + y z + t + u v = a 
y(x + x ' ) + u(t + t1) = b 

z(x + x ' ) + v(t + t1) = c 
2 2 

x1 + yz + t' + uv = d . 

Subt rac t ing the four th equat ion f r o m the f i r s t we get 

2 2 2 2 
x + t = a - d + x ' + t ! 

6 1 6 
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Since a - d = 2 (mod 4) it follows that e i ther 

(i) x = t = 1, x !
 B V = 0 or (ii) x = t = 0, x' = t1 = 1 (mod 2) . 

In e i ther c a s e we have 

x + x' = t + t1 5 1 (mod 2). 

It follows that 

(2) y + u = b = 0, z + v _= c B 0 (mod 2) 

On the o ther hand 

so that 

2 2 
x + yz + t + uv = yz + uv = a (mod 2), 

(3) yz + uv E 1 (mod 2) . 

But, by (2), u = y, v s z (mod 2), which c o n t r a d i c t s (3). Hence (1) 
is i m p o s s i b l e . 

3 . We sha l l now show that in a l l o ther c a s e s A is a sum of two 
s q u a r e s . We cons ide r f i r s t the c a s e 

a - d = 2 (mod 4) 

and e i the r b or c (or both) odd. 

P u t 

(4) a - d + 2 = 4e . 

We show that 

(5) 
a b 

c d 

e y , 

z 1 - e 

~i2 
e u 

v 1 - e 

that is 

2e + yz + uv = a 
y + u = b 
z + v = c 

2(1 - e) + yz + uv = d 
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Subtrac t ing the four th equat ion f rom the f i r s t , we get 4e - 2 = a - d, 

in a g r e e m e n t with (4). Thus the four th equat ion can be i gno red . 

E l imina t ing u and v, we get 

2 
yz + (b - y) (c - z) + 2e = a 

or 

(2y - b) (2z - c) + be + 4 e
2 = 2a . 

Now a s s u m e c odd and take z = (c + l ) / 2 . 

Then 

2y + b(c - 1) + 4 e 2 = 2 a , 

so that y is d e t e r m i n e d . 

4 . F ina l ly , we take a = d (mod 4) . If b = c = 0 (mod 2), c o n s i d e r 

[a b 

c d 

This is of the f o r m 

[u 0 

0 u 

if 4x = a - d + 4 . 

Hence a s s u m e b or c odd. P u t a - d = 4 e . Take 

x + x ! = t + t» = 1 . 

Cons ider 

"a b~ 

c d 
= 

e y 

z 1 - e 

2 

+ 
e + 1 u 

v - e 

x b / 2 

l c / 2 2 - x 
J 

a - x - b c / 4 

0 d - ( 2 b c / 4 

= 

0 

u 

l " 

0 
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tha t i s 

2 2 
e + (e + 1) + yz + uv = a 

y + u = b 

z + v = c 
2 2 

e + (1 - e) + yz + uv = d 

Subtrac t ing the four th f rom the f i r s t we get 4e = a - d. E l imina t ing 
u, v we get 

2 2 
e + (e + 1) + yz + (b - y) (c - z) = a, 

(2y - b) (2z - c) + be + 2 e 2 + 2( e + l ) 2 = 2a 

If c is odd, take 2z = c + 1, so that 

2y + b(c - 1) + 2 e 2 + 2(e + 1 ) = 2a, 

thus d e t e r m i n i n g v_ • 

To s u m up, e v e r y A : 

Two s q u a r e s wi l l suffice un le s s 

a b 

c d 
is a sum of at m o s t t h r e e s q u a r e s . 

a b 

c d 

1 0 

0 1 
(mod 2) 

and a = d + 2 (mod 4) . 

E d i t o r ' s c o m m e n t : One c a s e is omit ted in the above a n a l y s i s : 
each of a, b, c, d is even, say a = 2 a , , e t c . , and a - d = 2 mod 4; 

1 
but this can be dea l t with as in p a r a g r a p h 3 above . We a r r i v e at the 

2 2 
equat ion ( 2 y - b ) ( 2 z - c ) + b c + 4 e = 2a, or, ( y - b ) ( z - c ) + b c + e = a , 
and we m a y take z = c + 1 , thus obtaining y. 

Also solved, but not comple te ly as in the above solut ion, by 
J . B . Wilker and the p r o p o s e r . 
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