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1. In t roduc t ion . The m a i n p u r p o s e of this note i s to give 
a c h a r a c t e r i z a t i o n of a l m o s t cont inuous funct ions s i m i l a r to that 
of a p p r o x i m a t e l y cont inuous functions ([3], §235 , p . 312) . The 
c h a r a c t e r i z a t i o n of a p p r o x i m a t e l y cont inuous r e a l funct ions ha s 
b e e n used to show that each a p p r o x i m a t e l y cont inuous function i s 
a l m o s t cont inuous ([4], § 6 ) . Thus combining t h e s e r e s u l t s we 
s e e tha t the c l a s s e s of a l m o s t cont inuous , a p p r o x i m a t e l y con­
t inuous and cont inuous funct ions f o r m a descend ing cha in . 

2 . The C h a r a c t e r i z a t i o n T h e o r e m . Le t f be a r e a l 
va lued function defined on the r e a l l ine R . Then f i s said to 
be a l m o s t cont inuous at x eR if for each a r b i t r a r y e > 0 t h e r e 

o 
e x i s t s a 6 = ô (e) > 0 such that {x e R: |f(x) - f(x ) | < e} is 

^ i o 

d e n s e in the open i n t e r v a l (x - ô, x + 5 ) = (x € R: x - x < ô ) . 
o o o J 

In view of the defini t ion of cont inui ty , it i s qui te c l e a r that 
if f i s cont inuous a t x then i t i s a l so a l m o s t con t inuous . But 

o 
the c o n v e r s e is not t r u e ( § 3 , E x a m p l e 1). 

THEOREM 1. Le t f be a r e a l valued function on R . 
A n e c e s s a r y and sufficient condi t ion for f to be a l m o s t cont inuous 
at x e R i s that t h e r e ex i s t s a subse t G of R which i s dense 

o 
in s o m e neighbourhood of x , and r e l a t i v e to which f is con­
t inuous at x , i . e . , if x (n > 1) is any s equence in G such 

o n — 
that x c o n v e r g e s to x then the sequence f(x )(n > 1) con-

n o n — 
v e r g e s to f(x ) . 

P roof . Sufficient p a r t . Let e > 0 be g iven . Then the 
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cont inui ty of f r e l a t i v e to G i m p l i e s that t h e r e e x i s t s a 
6 , = 6 J ( e ) > 0 such tha t If(x) - f(x ) I < e , w h e n e v e r x e G and 

1 1 o 
| x - x I < 6 . . Le t U be a ne ighbourhood of x in which the 1 o ' 1 o o 
s e t G i s d e n s e . Then t h e r e e x i s t s a ô > 0 such tha t the open 

i n t e r v a l (x - ô „ , x + ô _ ) C U . Le t ô = m i n . [ô, , ô_] . Then 
o Z o Z o \ Z 

c l e a r l y for a i l x e G 0 (x - ô , x + ô ) , | x - x I < ô i m p l i e s 
o o o 

|f(x) - f(x ) | < £ . Since G i s dense in U and t h e r e f o r e d e n s e 
o o 

in (x - ô, x + ô) , i t fol lows tha t , 
o o 

G D G O ( x - Ô , X + Ô ) D ( X - Ô, X + Ô ) , 
o o o o 

w h e r e G deno te s the c l o s u r e of G . Thus 

{x e R: |f(x) - f(x ) | < e ) D (x - ô , x + 6 ) 0 G 
o J o o 

and 

G H(x - 6 , x + ô ) D (x - ô, x + ô ) , 
o o o o 

both t aken t oge the r show tha t f i s a l m o s t c o n t i n u o u s . 

N e c e s s a r y p a r t : Suppose f i s a l m o s t cont inuous at x 

F o r e a c h p o s i t i v e i n t e g e r n , t h e r e e x i s t s a ô > 0 such tha t 
1 n 

G = {x e R: |f(x) - f(x ) | < — } i s d e n s e in (x - ô , x + ô ) . 

By induc t ion we can choose a s t r i c t l y m o n o t o n i c a l l y d e c r e a s i n g 
s e q u e n c e (6 ) M such tha t ô -*- 0 . 

^ l n J n > l n 

F o r e a c h n , define 

F = G fi [(x + ô , x + ô ) U (x - 6 , x - d )] . 
n n o n+1 o n o n o n+1 

Then F C F for m > n b e c a u s e G C G . 
m n m n 

L e t G = M F Since G i s dense in (x - ô , x + ô ) , 
, n n o n o n 

n=l 
so i s F in [(x + ô , . , x + ô ) I I (x - ô , x - ô A )] for n o n+1 o n u o n o n+1 J 

each n > 1 . Hence G i s d e n s e in 
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U [(x + 6 , x + 6 ) M (x - 6 , x - 6 , , )] 
, o n+1 o n ^ o n o n+1 

n = l 

(x , x + 6 . )l ](x - Ô . , x ) 
o o 1 ^ o 1 o 

But x being a limit point of (x - ô , x + ô , ) , G is dense in 
o o i l 

(x - ô . x + 6 J which is a neighbourhood of x . 
o 1 o 1 o 

Now to show the continuity of f relative to G at x , let 
o 

{x } a be a monotonie sequence in G such that x -* x . 
m m:> 1 m o 

Clearly for each m > 1 , x eF . , for some n(m) . As 
— m n(m) 

m -»• oo , n(m) -*• oo because {x } is monotonie. But since 
m ^ 

F C G for each n > 1 , we have f(x ) - f(x ) < -7—7 . As 
n n — m o n(m) 

m -> 00 , f(x ) -> f(x ) . This completes the proof, 
m o 

3. Examples. 

1. There exists an almost continuous function which is not 
continuous. For example, let 

f / x fl if x is rational. 
JO if x is irrational. 

Then it is very well known that f is totally discontinuous, 
i .e . , it is continuous at no points of R . To show that f 
is almost continuous, let e> 0 be given. Then, 
{x e R: |f(x) - 1 I < e = Q or R , according as e < 1 or 
e> 1 , where Q is the set of rationals. In each case Q 
and R being dense in R it follows that f is almost con­
tinuous at each rational point. Similarly one can show that 
f is almost continuous at each irrational point. 

2. There exists an almost continuous function which is not 
approximately continuous. 

The real valued function f in 1. is almost continuous but 
not approximately continuous at 0 . For, the metric 
density of the rationals at 0 is zero. Clearly f is con­
tinuous only relative to the rationals at 0 . Thus by the 
characterization theorem of approximately continuous 
functions ([3], p. 312) it follows that f is not approximately 
continuous. 
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3. There exists an approximately continuous rea l function 
which is not continuous. For example see ([2], p . 190). 

Thus we see that the class of all r-^al almost continuous 
functions is str ict ly larger than that of appro? i mt*ely con­
tinuous functions and the latter is strictly larger than the 
class of all rea l continuous functions. 
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