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Abstract

This paper considers the first passage times to constant boundaries and the two-sided exit problem for Lévy process
with a characteristic exponent in which at least one of the two jumps having rational Laplace transforms. The joint
distribution of the first passage times and undershoot/overshoot are obtained. The processes recover many models
that have appeared in the literature such as the compound Poisson risk models, the perturbed compound Poisson
risk models, and their dual ones. As applications, we obtain the solutions for popular path-dependent options such
as lookback and barrier options in terms of Laplace transforms.

1. Introduction

In this paper, we suppose that (Q, F,F = {F; : ¢+ > 0}, P) is a filtered probability space with F =
{F: : t = 0} satisfies the usual conditions. On this space, we define a real valued Lévy process X =
(X¢)r>0- For x € R, let us denote by P, the law of X when it starts at x and for simplicity we write
{P, : x € R} probabilities such that under P,, X(0) = x with probability one and for a special case
P = Py. Furthermore, we shall denote the expectation operator associated to P, and P by E, and E. For
u € R, the Lévy-Khintchine formula states that E(e™X) = ¢/¥() where the characteristic exponent of
the process is given as:

1 A
Y(u) = ipu — 50'21,{2 + /(emx =1 —iux1yy<1y)(dx), (1.1
R
here 4 € R, o >0, and IT is called the Lévy measure concentrated on R \ {0} satisfying:

/wu A X (dx) < .

The triple (u, o, IT) is known as the generating triplet of X. It will be useful to refer to Bertoin [8], Sato
[42], and Kyprianou [32, 33] for more information account on Lévy processes. It is usually to assume
that the process does not degenerate, i.e. o #0 or IT # 0.

Given two constant barriers 4 and H (h < H), let 7, and 7, denote the first upwards passage time
over H and the first downwards passage time under A, respectively, as follows:

Ty =inf{t > 0: X(¢r) > H}, 7, =inf{t > 0: X(¢) < h}.
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The overshoot and undershoot through the boundaries H and 4, are given by 79 = X (tf;) — H and
Ty =h—X(7, ), respectively.
We introduce the first exit time 7 of {X(7)} to the interval (h, H), i.e.

T =inf{t > 0: X(¢) ¢ (h,H)}.

Clearly, 7 = 7,7 A 7;;. Note that it may either hit & (H) or jump over & (H) when crossing & (H) from
above (below) depending on the components of the process. Further, we use

Y=(X(1) - H)lu + (=X(1) + h)1,,

that is a nonnegative random variable, to model the size of the jump of the process cross the boundary
at the first-exit time from the interval (h, H), where

A" = {X(7) > H}, A,={X()<h}.

Throughout this paper, we define an exponential random variable by e(q) with parameter ¢ > 0, which
is independent with X, and for the special case of g=0, denote ¢(0) = co. Moreover, for g > 0, the
running supremum and running infimum of X killed at rate g is expressed by:

Xet) = SUp Xup X, = inf X,

0<uze(q) O<use(q)

When ¢ — 0, the random variables (possibly degenerated) X, and X -, can arrive at the supremum and
infimum of the processes, respectively. In regard to the case in which ¢ =0, it is always assumed that
E(X;) < 0, therefore, the process tends to —co. In other words, when P(X_ = —oco) = 1, the random
variable X, is suitable. Their characteristic functions are given by:

Pt (u) = E(eiufe@)), W (1) = E(e"Eew),

It follows from Tauberian theorem that ¥*(—c0) = P()_(e(q) = 0) and ¥~ (o) = P(X, @ = 0). The

Wiener-Hopf factorization states that (see Lewis and Mordecki [371) X, (5) — Xe(q) is independent of

Xe(q) and Xo () — X ) is independent of X, .. Moreover,

Zelq

_ ., y=
Xe(q) = Xe(q) = ~Xo(g)r Xetq) =Xoq) = Xe(q)-

As a consequence, for u € R,

E(exp(iuX,(g))) = q(q = ¥() ™" = ¥ (u)¥~ (u).

The explicit integral expressions for the Wiener—Hopf factors ¥* and W™ are rather complex, if needed,
please refer to Lewis and Mordecki [37]. It is worth noting that the Wiener—Hopf factors can be deter-
mined clearly in some cases. For example, when W (u) is a rational function. In this case, Kuznetsov [29]
pointed out ¢(q — ¥(u))~! is also a rational function, and thus it has a finite number of zeros/poles in
the complex plane C. Since X e(q) Xo(g)) 18 positive (negative) and infinitely divisible, ¥* (respectively,
¥~) admits the analytic continuation into the upper half-plane C* = {z € C : Im(z) > 0} (respectively,
lower half-plane C~ = {z € C : Im(z) < 0}) and does not vanish there. Therefore, one can uniquely
identify both W* and W~ as a rational function, which has values one at z=0 and whose poles/zeros
coincide with poles/zeros of (g — ¥(u))~! in C* and C~, respectively.

The integral transforms of the joint distribution of {7, THY and {7, T},} were obtained by Pehcerskii
and Rogozin [41], one can find a simple proof in Kadankov and Kadankova [22] and Alili and
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Kyprianou [3]. According to those joint distributions of one-boundary functionals, Kadankov and
Kadankova [22] determined the Laplace transform of the joint distribution of {r,Y}. Closed form
expressions are obtained for a particular class of Lévy processes, see for example, Kou and Wang
[27] considered a double exponential jump-diffusion process; Kuznetsov, Kyprianou and Pardo [30]
for Meromorphic Lévy Process; Cai [9] for a hyper-exponential jump diffusion process; Kadankova
and Veraverbeke [23], Chi [13] and Chi and Lin [14] for the two-sided jump-diffusion process with an
exponential component; Villarroel and Vega [44] for a compound renewal process. In the applied proba-
bility, the passage time problems for Lévy processes have also been studied, related to theory theories of
insurance risks, queues, mathematical finance, dams, etc. For instance, in the theory of actuarial math-
ematics, the problem of first exit from a half-line concerning the classical ruin problem, the expected
discounted penalty function, and the expected total discounted dividends until ruin, have attracted much
attention and many research results appeared. See e.g., Avram, Palmowski & Pistorius [7], Kliippelberg
et al. [25], Mordecki [40], Xing et al. [46], Cai et al. [10], Zhang et al. [49], Chi [13], Chi and Lin [14],
Yin et al. [47], Hu et al. [20]. In the context of mathematical finance, the first passage time is crucial
for the pricing of many path-dependent options, American-type and Russian-type options, such as Kou
[26], Kou and Wang ([27], [28]), Asmussen et al. [6], Alili and Kyprianou [3], Cai et al. [10], Cai and
Kou [11], Jeannin and Pistorius [21], Kim et al. [24] and together with certain credit risk models, see,
for example, Hilberink and Rogers [19], Le Courtois and Quittard-Pinon [34], Dong et al. [16], and
Leippold and Vasiljevic [35]. Cai and Sun [12] investigate pricing problems of both infinite- and finite-
maturity stock loans under a hyper-exponential jump diffusion model. Many optimal stopping strategies
have also been demonstrated to come down to first passage problems for jump diffusion processes, see
e.g. Mordecki [39], and Alvarez et al. [4]. Many of these have been established for some specific sub-
classes of Lévy processes, but very little is known in the general case. For the passage problem, we
generalize the results of Kou and Wang [27], where the double exponential jump-diffusion process was
considered. In a recent paper by Ai et al. [1] further results were obtained, in particular for a refracted
jump diffusion process with hyper-exponential jumps. It can only be solved for certain kinds of jump
distributions. In this paper, we study a more complex Lévy process with a characteristic exponent of
the form (1.1) in which at least one of the two jumps having rational Laplace or Fourier transforms.

The aim of this paper is two-fold. First, motivated by Lewis and Mordecki [36, 37], we study explicit
discounted densities of overshoot and undershoot to the one-sided and two-sided first-exit problems for
the Lévy process with a characteristic exponent of the form (1.1) in which at least one of the two jumps
having rational Laplace or Fourier transforms. Second, we obtain analytical solutions to the pricing
problem of one barrier options and lookback options.

The rest of the paper is organized as follows. In Sections 2 and 3, we consider one-sided passage
problems from below or above and the two-sided exit problems from a finite interval for the Lévy
process with a characteristic exponent of the form (1.1). Section 4 gives the analytical solutions for the
pricing problem of one barrier options and lookback options.

2. The overshoot and undershoot at first passage

In this section, we study the overshoot and undershoot of a Lévy process at first passage time, based on
the assumption in Lewis and Mordecki [37]. Let X be a Lévy process and its jump measure is given by:

7t (dx) = Ap(x)dx, if x > 0,

. 2.1)
n~ (dx), if x <0,

I(dx) = {

where 7~ is an arbitrary Lévy measure supported on (—co,0) characterizing the behavior of nega-
tive jumps of the process. The positive jumps of the process have finite intensity A >0 and magnitude
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distributed on the basis of the probability density given by:

Jy—1
px) = ZZ g x> 0, 22)

|
k=1 j=1 1)

where the parameters ¢;; and 0 < @1 < R(az) < --- < R(a,) are constants, R () is the real part of
ay,k =2,---,v. This is the general form of the density of a random variable whose Fourier transform
is a rational function:

p(u) = A eluxp(x)dx = Z Z Cij (u " la’k) .

k=1 j=1

We denote the characteristic exponent of X by:

1 (u) :=log E[exp(iuX1)] = ¢ (u) + A(p(u) - 1),

where

1 o .
Y1 (u) = ipu — 50'2142 +/ (e"" =1 —iux1qy<1y)m (dx),

is the characteristic exponent of a Lévy process X~ that has no positive jumps.
As pointed out by Lewis and Mordecki [37], the characteristic exponent i1 (1) extend analytically to
the complex atrip —a < Im(z) < 0, and continuous in —a < Im(z) < 0, under the formula:

1(2) =y (2) +A(p(z) = 1),

that satisfying log E[exp(izX1)] = ¢1(z). Moreover, ¥ (z) is a meromorphic function in the set Im(u) <
0, with poles —iay,- - ,—ia, and respective multiplicities ny, - - ,n,. The total pole count is n :=
ny+ -+ ny.

Moreover, based on the assumption in Lewis and Mordecki [36], we introduce a Lévy process X’
whose jump measure is given by:

7't (dx), if x > 0,

) (2.3)
7'~ (dx) = A'q(x)dx, if x <0,

IT" (dx) = {

where n’* is an arbitrary Lévy measure supported on (0, co) characterizing the behavior of positive
jumps of the process, the negative jumps of the process have finite intensity A’ > 0 and magnitude
distributed on the basis of the probability density given by:

14 1
_ Olk] (—x)f
g(x) =) Z =G e ¥ <0 2.4)
k=1 j=1
where ¢y and 0 < a1 < R(az) < -+ < R(a,) are constants, R(ay) is the real part of ay, k =
2,---,v. This is the general form of the density of a random variable whose Fourier transform is a
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rational function:

T S N e

k=1 j=
We denote the characteristic exponent of X by:
Y2(u) = log E[exp(iuX1)] = ¢3 (u) + A(g(u) - 1),

where
1 © o
Y3 (u) = —ipu — 50'2142 +/ (" — 1 —iux1yjy<1y)7* (dx),
0

is the characteristic exponent of a Lévy process X* that has no negative jumps. Observe that ¢ (u)
can analytic continuation into the strip 0 < Im(u) < @], and more generally, it can be continued to a
meromorphic function i;(z) defined in the set Im(z) > 0, with the poles iay,- - - , i@, and respective
multiplicities ny, - - - , n,,.

In this section, we obtain a fluctuation identity for overshoot up a given level and undershoot below
a given level of a Lévy process. To a fixed level a > 0, we define the first strict passage time 7, up a by:

=inf{t > 0:X; > a},
and the overshoot X+ — a. The first passage time 7_, below —a by
=inf{r > 0: X; < —a},
and define the undershoot by: —X;+ — a. We shall only provide proof about the fluctuation identity

for overshoot up a given level of a Lévy process because the fluctuation identity for undershoot can be
obtained by using —X in place of X.

Theorem 2.1. (i) For q,s > 0, we have:

N
E(e e = )

k=1 j=1

my k@ —Bra

S Z(aﬁk) "Acsa(s); 2.5)

(ii) Fory > 0, we have:

N m .
E(e qT"I{X+ aedy}) = 50(Z)Zifkodj—(a,3k)/ 'dy

24270
N d] 134 ~Bra
DI s Z(aﬂk) iy, 2.6)
k=1 j=1
where 0¢(x) is the Dirac delta at x=0, B1,-- - , By are the roots of ¥1(2) = q (see Lewis and Mordecki

[37] (Lemma 1.1)) and the coefficients dy, dy | and d; are given by:

do = { 0, if — X~ is a not subordinator, 27

I, ﬁ;ﬂj [T;- @™, if =X~ is a subordinator,
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nj N my
) (2R e

k=2

=T

A

andfork=2,--- ,Nandj=0,1,--- ,my — 1,

1 14
dimy—j = g [a_ (¢* (—u) (u +ﬁk)’”k)] lu=-p: (2.9)
Pk
where
7 o (u+ g nt N "
¢ (~u) = E[e""Xe@] = ( ) ( ) . (2.10)
o Ell u+ f;
N  \m; —j+-1
A (s) = et )t ™ @.11)
k.l H;/:l(l +§r)nr > .
0, if — X~ is a subordinator,
fio = 2.12)
0= Bl o /I—[j]\; | ,B;W , if — X~ is not a subordinator, '
LA j1=1 =Ky
k. py'~" e ™
f(k,/l)_kzlz kit (= D!
1 J1
Here s
pin 1 [i‘ (o ™ | 2.13)
kg =i jl!a’zkl -j1 | s (1+ [%k)jfl+l¢+(_s) s=—ay,’ :
1
k=1, ,v,j1=0,1,--- ,ng.
Proof. (i). Using (2.6) in Lewis and Mordecki [37], we get:
E(e™* e ”)I{X(qpa}) = / efs(yfa)fym (y)dy
a
_ ii djkﬁ;(e_ﬁka 2 a1
LT G- & Gty
this, together with (2.2) in Lewis and Mordecki [37], yields:
E(e X1 - ) X ~Bra
{Xe(>a} /ke -1
= (@)™ Arja(s), (2.14)
E(e_SXf(fD) ;JZ -1)! Z 4

where Agj;(s) is given by (2.11). The result (2.5) follows from the following well-known formula:

+ BTy )
E(e_qT"_S(XT;_a)l{T;<DO}) — {Xe(g) 2a} , (215)

E(e—sxz(q))

which is due to Pecherskii and Rogozin [41], see also Kadankov and Kadankova [22] and Alili and
Kyprianou [3] for a simple proof.
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(if). By the fractional expansion,

v -1
IOEDY Z k0 ( ) : (2.16)

kl 1]1—0
where
0, m=n,
Z 8= AL QNI B m=nt L), 17
0, m=n+1,l#],
and
Wi 1 o n
fion s = i L Akd,(s)(1+_) k ]|S=_%, 2.18)
]1.(1,(]

ki=1,---,v,j1 =0,1,--+ ,ng,.
Substituting (2.16)-(2.18) into (2.5), we can obtain (2.6) immediately by inverting it on s. This ends
the proof of Theorem 2.1. O

Remark 2.2. The class of rational type densities of form (2.2) are a wide class of probability densities,
including exponential, combinations and mixtures of exponentials, Erlang and Cox distributions and
phase type distributions; See Asmussen and Albrecher [5], Yin et al. [47], and Yin et al. [48].

Corollary 2.3. Assume the process X = {X;}1>0 has the Lévy triplet (u, o>, 1) with Laplace exponent
@1, where 11 is given by (2.1) with p is a combination of v exponential distributions

4
px) = Z bkﬁke_ﬁ”,x >0,
k=1

for some 0 < B < ---B, < ooandthe b +---+b, = 1. This is different from a mixture because some
of the by values can be negative so long as p(x) > 0. Then

(i) for q,s > 0,

.- Lt +7)
E(e %0 ) = ZBk H:&(l e, (2.19)
=

(ii) for g > 0,y > 0,

J
E (e_ngl{XT:lf —aEdy}) = ZBk

\4
Agodo(y) + ZAH,BIE_B”) e "y,

k=1 =1
(iii) for ¢ > 0,
E (e—qu 1 {ng:a}) - ZJ]BkAkOe—’k“,
(iv) for ¢ >0, ,
E (e_qT;r]{XT;>a}) ZBk ZAkl) e M= ZBk (1 —Ago) e ™,
k=1 k=1
where ry, - - - ,ry are the positive roots of the equation ¢|(r) = g, and

J= v+1l, o >0,orc=0andyu >0,
v, o=0and u <0,
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O MLO-3

/—J—lrja'=1,"' A
ket (1= 7)

Ao = %]jh o>0,orc=0and u >0,
0, o=0andu <0,
[T, i (1= Bi/7i)
Akl: 171’¢k ﬁ ! l:1?27...’y'

H}':L#,(l - ﬂl/ﬂl) ’

Remark 2.4. The result (2.19) extended the result of Theorem 3.3 in Cai and Kou [11] in which only
the system of linear equations is obtained for a mixed-exponential jump diffusion.

Example 2.5. Letting v =1 in Corollary 2.3, when o > 0 or o =0 and y > 0, we recover the result (3.1)-
(3.3) and the result of Corollary 3.3 in Kou and Wang [27], and (3.3) in Chi and Lin [13] (see also Yin

et al. [48]):
Br1—n priay 12 - B o,

E(e™ 71y, +=a}) =
r=r r—r

- gy Br—r)(n=p1), _ -
E( ST vy — o By na _ gmna) gy 0,
e {x(z) aedy}) e 1) (e e )dy, y >

rn(Bi—n) a— ri(r _ﬁl)e_rza

-6T Y\ _
By = Bi(ra—r1) —Vl) Bi(ra—r1) '
—6ti-s(X () -a)q ., (r2+5)(B1—11) o1 (ri+5)(r2 = B1) o724
E(e I{T“<°°}) (,31+Y)(F2—r1) (ﬂ1+s)(r2—r1) '

where 0 < r; < 81 <1y < o0.
When o =0 and i < 0, we have:
1 =T _
ﬂ e rla,

E(e_‘sfz) =F (e_éTzl{x(T;)—a>0}) = B

E (e_éT;_S(X(T+) a)l{Ta <°°}) ﬁﬂl 'i'r1 e_rlav
1 S

_lgllﬁl r —rla l>0

E( l{x(r )- a>l}) 1

where 0 < 7] < 81 < o0.

Theorem 2.6. The (generalized) probability density function of X 7 is given by:
N my

0 = oo+ + Y. By L epip y <0 @20

k=2 j=1

fx

Zelq)

where 8¢(y) is the Dirac deltaat y=0, B1,- - - , By are the roots of Y1 (z)—q = 0 (see Lewis and Mordecki
[36] (Lemma 1.2)) and dy,d1 1, - - ,d; i are given in Theorem 2.1.
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Theorem 2.7. (i) For q,s > 0, we have:

N m ~Bra J
T —s(—Xo— — k€
E (e ) = 0 ) oy % 5 Z(aﬁk)’ 'Acja(5); (221)
k=1 j=1
(ii) For ¢ > 0,y > 0, we have:
N mj.
E(e el _x - —aed)}) = 500’)22]%0 1), (aﬂk)’ 'dy
k=1 j=1
N my -Bra J
134
+ZZ % =T Z(aﬁk) iy, (2.22)
=1 j=
where -
s \m; S \mg—j+
A.(s)zn”””‘(1+ )" )™ (2.23)
k.l H::1(1+air)nr 5 .
0, if X* is a subordinator,
fro = v omeN o ph s . (2.24)
Bl @)/ [1=; B;”, if X* is not a subordinator,
14 1p—aKy
o (kjay Y~ le” Y
Sjn) = Z Z i Gi— Dl
ki=1j=
Here | s e
P — [ﬂ d+a)™ I (2.25)
ke =i J.I!CY::C] “It L osh (1+ é)j_lﬂfﬁ'(_s) s=—ay,’ ’

ki=1,---,v,j1 =0,1,--+ ,ng,.

Remark 2.8. The similar results as (2.20) and (2.21) for a general phase-type Lévy process are also
obtained in Asmussen et al. [6] and Alili and Kyprianou [3].

The following results are generalized the corresponding results in Yin et al. [48].

Corollary 2.9. Assume the process X = {X;} >0 has the Lévy triplet (—u, 0%, 1) with Laplace exponent
@2, where Tl is given by (1.1) with q is a combination of v exponential distributions:
v

q(x) = Zbkﬂkeﬁ“,x <0,
=1

for some 0 < By <---B, <ocoand by +---+b, =1. Then
(i) for q,s > 0,

E(e—qfiu—5<—xr:a—a>1 - )) ZJ: ll#k(n )e Tkd (2.26)
{12,<c0} £ Hlvl(l ) ) .

(ii) for g > 0,y > 0,

E(e el _x - —aed)}) ZBk (Ako50(y) +ZAk1ﬁ1€ Py | emreagy, (2.27)
=1
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(iii) for g > 0,
J
E (e_qT:al{XT:a=—a}) = Z BrAroe ",

(iv) for g >0,
J
e = Z By (1 = Ago) e,

\4
2. Au
=1

—ry are the negative roots of the equation ¢, (r)

J
E (eiqT:”I{XT:a<—a}) = ZB/(

=gq, and

where —ry,- -+,
J= v+1 o>0,oroc=0and u > 0,
v, o=0and u <0,
,
= H}‘,:l(l_ﬁ_]k) =1 ]
]_ J (l_r_j), - 9 9 9
k=1,k#] T

H"ﬁ' o >0,oroc=0and u >0,

il

Apo = T i
0, oc=0andu <0,

H,{Zl i;tk(l = Bi/ri)
Ay = : ,I=1,2,---,v.
“ H,‘;l,#l(l _ﬁl/ﬂi) Y

Remark 2.10. The result (2.27) extended the results (3.2) and (9.3) in Albrecher, Gerber and Yang [2]

in which only for special 7" is considered. By (iii) and (iv), we get

_qT—a ZBke—rka

which generalizes the main result of Mordecki [40] (Theorem 1.1), where only the case o > 0 and b; >

(i=1,---,v) is considered.

Example 2.11. Letting v =1 in Corollary 2.9, when o >0 or o =0 and yu > 0, we get
ﬁl 1 e Na ﬂe—rza

E(e™l(x,- —_qy) =
“ rp—r r—r

E (71 x(r,)-acayy) = ¢ PV (1 (rl)(rz)_ﬁl)( T —e)dy, y > 0,
rn—-rn

"‘Z(ﬂl rl) —r1a+r1(r2_ﬂl)e—r2a
9

—qT, =
e = = T Bia-r)

(r1 +5)(r2 — B1) pr2a

(B1+9)(r2 = Vl)

k)

—qgT_ +S§ a (r2+s)(ﬁl_r]) —ru
E<eq AT o <°<>}) Bi+s)(r—m)° o

where 0 < r| < 8] < rp < oo.
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When o =0 and u < 0, we have:
E(e™™)=E (6_5T:GI{X(T_‘(1)<—11}) Sk W)

Bi

E(e*qTZﬁS(X(T_’u)m)l{f <oo}) Bi=n ,-na
—a ﬁl+s 9

ljllﬁl r —rla l>0
1

E(e™ ™1 X(r-)-a>1}) = €

where 0 < r; < 8] < o0,

3. The overshoot and undershoot at first exit

The two sided exit problem has been an interesting problem in Lévy process theory for a long time and
it is rare to extract explicit identities for the overshoot and/or undershoot at first exit from an interval
(see for example [23, 30, 47]). In this section, we derive the joint distributions of the first exit time and
the values of the overshoot and undershoot at the first exit from a finite interval for a Lévy process X
with linear drift 4 € R and diffusion coefficients o > 0, the intensity and the density of jumps are,
respectively, 4 > 0, and

|11

p(x)—ZZp,,( 11{X>0}+ZZpU( o7 <o (3.1)

where v, v, pjj, pij € R*, R(p;) > 0, R(p;) > 0, R(p;) is the real part of p;. and that p; # p;, p; # p;

for all i #j. Moreover,
v von
PHNESHY]
j=1 i=1 j=1 i=1

Clearly the process X can be identified as:

X, = 0B, + ut + Z Y., (3.2)
i=1

where {N,} is a Poisson process with intensity A and {Y;} are iid random variables with density p, {B,} is
the Brownian motion with By = 0. Additionally, it is supposed that {N;}, {B;} and {Y;} are independent.
A similar model with o~ =0 was studied by Wen and Yin [45].

It is fairly easy to find out that the infinitesimal generator of {X;},>¢ is given by:

(Lu) (x) = S0%u"" (x) + pad (X)+/1/ [u(x +y) = u(x)|p(y)dy,

—00

for any twice continuously differentiable function u(x) and the Lévy exponent g(z) = In E[exp(zX})] is

given by:
8(z) = —z ol +zu+d ZZ (pljj(sz)l ZZ (pplj(sz)’ _

By analytic continuation, the function g(z) can be extended to the complex plane except at finitely
many poles. In the following, we consider the resulting extension G(z) of g(2), i.e.,

1 kN pij(p)' Pii(p))'
G(z) = =20 +zu+A 1], ze C\ {p;, p:}.
;] ,._ZI,Z@,—@I ZZW@I 2
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Let us denote M = 3 n; and M = Z}il 7ij.
Kuznetsov and Pardo [31] have studied the roots of the equation G(z) = 6. However, for this particular
Lévy process X, we will give a simple proof for the roots of this equation.

Lemma 3.1. Assume that 6 > 0. .
(i). If o > O, then the equation: G(z) = 6 has M + M + 2 complex roots y1(0),y2(6), ..., Yu+1(0)

with R(yi(0)) > O0fori=1,2,....M+1and —y(0),-72(0),...,—V,,(0) with R(y;(0)) > 0 for
i=1,2,...,M+1.

(ii). If 0=0 and u>0, then the equation G(z) = 6 has M + M + 1 complex roots
v1(0),y2(0), ..., Ym+1(0) with ‘R(yz(e)) >0fori=1,2,...,M+1and —y1(0),—y2(6),...,~75(6)
with R(;(0)) >0fori=1,2,...,.M R

(iii). If 0=0 and u<0, then the equation G(z) = 60 has M + M + 1 complex roots
Y1(0),v2(0), ..., yu(6) with R(yi(6)) > Ofori = 1,2,....M and —y1(0),—=y2(8), ..., Vi, (0)

with R(7;(0)) >0 fori=1,2,...,M+ 1. A

(iv). If o =0 and u =0, then the equation G(z) = 6 has M+M complex roots y(0),y2(0), ..., vyu ()
with R(yi(0)) > 0 fori =1,2,...,M and —y,(0),=y2(0),...,—v;(6) with R(y;(0)) > 0 for i =
1,2,....M

Proof. We prove (i) only, since the rest can be proved similarly. We denote

1
Gi(z) = 5220'2+zc—/1—9, z€C,

v 1 ; ( i (
Ga(z) =2 Z Z (pp; sz), Z Z (pjj fJZ) ==

j=1 i=1 j=1 i=1

Firstly, we prove that for given 6 >0, G(z) = 6 has M + 1 roots with negative real parts. Set C, =
{z: |zl =r,z € C7} with r > & + max;<;j<y{|0;|}, where ¢ is an arbitrary positive constant. Applying
Rouchés theorem on the semi-circle C,, consisting of the imaginary axis running from —ir to ir and
with radius r running clockwise from ir to —ir. We let r — oo and denote by C~ the limiting semi-circle.

It is known that both (Hf:l (o + z)ﬁf) Gi(z) and (I—[jil (o + z)f’f) G>(z) are analytic in C~. We want to
show that:

]_[(ﬁj +2)" | Gi(2)| > ﬂ(p}u)’y Gy(2)|,ze C™.
J=1 Jj=1

Notice that |G1(z)| — oo for R(z) — —oo, and

I

j=1 i= j=1 i=1

is bounded for R (z) — —oo. Hence, for R(z) — —oo,

[ [@+27 |G| > [ |6 +2"|Ga(2)

J=1 J=1

on the boundary of the half circle in C™. For a € R, we have |G, (ia)| < A (see Lewis and Mordecki
[37]). On the other hand,

|G (ia)| > —R (G (ia)) = %a%f +A14+0> A
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Thus, we have |G| (ia)| > |G2(ia)|. Since (H" 1 (pj + Z)”J) G (z) has M+1 roots with negative real parts,

so equation G(z) = 6 has M + 1 roots with negative real parts. Similarly, we can prove G(z) = 6,6 > 0
has M + 1 roots with positive real parts. This ends the proof of Lemma 3.1. O

We assume that N of y;(6)’s are distinct and denote by y;(i = 1,2,...,N) with respective mul-
tiplicities 1,my, -+ ,my, ordered such that 0 < y; < R(y2) < --- < R(yyn). Furthermore,

_ Zﬁzmi, o >0,oroc=0and u > 0,
1+Zf~i2mi, oc=0and u <0.

Likewise, we assume that N of 7;(6)’s are distinct and denote by ¥;(i = 1,2,...,N) with respective

multiplicities 1,71, - - - , iy, ordered such that 0 < y; < R(y2) < --- < R(yy). Furthermore,
i = SN, i, o>0,orc=0and u <0,
1+3Y,/m;, o =0andu > 0.

For 0 < u < b (b >0 is a constant), define
T=inf{t >0:X; ¢ (—u,b—u)},

to be the first exit time of X from the interval (—u, b —u). We consider the random events A% = {X, >
b —u} and A, = {X; < —u} meaning that the process exits the interval through the upper and lower
boundary, respectively. Further, define the overshoot and undershoot of the process over the boundaries
at the first exit time by:

X=X =b+u)lp-u+ (—Xr —u)ly,.

For y > 0, define
T° = Xep =y, Ty =—Xeo, =y,

where as before:
=inf{r>0:X; >y}, 7~ =inf{r >0:X; < —y}.

Using a general result on Lévy processes (see Kadankov and Kadankova [22] (Theorem 1), or
Kadankova and Veraverbeke [23] (Lemma 1)), the joint distribution of random variables {7, y} can
be expressed in terms of distributions of the one-boundary functionals {7*, T*} and {7y, T} }, we give
the following Theorem 3.2. For convenience, we now introduce some notions. Denote

v ne N . m;
<D(—u)=1_[(u;:ok) ﬂ(ufyj) :

k=1 J=1

oo (15 [1(]"

k=1 Jj=1

K. (v,dy,0) = / Ele "0, Tyyp € d|E[e 0T, TP € dy],
0

K_(v,dy,0) = / E[e %, T € dI|E[e16; T),y, € dy].
0

We introduce the sequences Ki") (v,dy, 0),n € N by means of recurrence relation:
Kil) (v,dy,0) = K. (v,dy,0),
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K™D (1, dy, 0) = / K™ (v, dl, 0)K. (I, dy, 6), n € N,
0

Theorem 3.2. Let {X,};>0 be a jump-diffusion process defined by (3.2). For 6 >0andy > 0, the Laplace
transforms of the joint distribution of random variables {7, xy} satisfy the equations

E[e 0% x € dy, A" = £2 (b — u.dy) + /0 £0(b -, dv)KE (v, dy),

Ele™""; x € dy. Ay] = f¢ (u.dy) + /wf_e(u, dv)KZ (v, dy),
0

where .
O(b—u,dy) = E[e”T-u; T" ™" € dy] — E[e ™ u;T, € dv]E[e~ T, T € dy],
* 0

£ (u,dy) = E[e” "™ T, € dy] —/ Ele” %%, TP € dv]E[e ™03 T,y € dy),
0

and -
KL (v.dy) = ) K" (v.dy.0). v 2 0.
n=1
Here
My
E(eriT e dy) = 50(Z)Zkao 1), (anydy
k=1 j=1
N  my —yka '
134
+ZZ i Z(an) Yuindy,
=1 j=
where

v nj N my
P71\’ Yk
dl’I B (—) (—) '
) U=

J=1

1

dk,mk—j: N
i,

@™

fork=2,--- Nandj=0,1,--- ,my -1,
0, ifo=0and u <0,

Jro = YkHivzlp?i/Hj]\;ly;'", ifo>0,orc=0and u >0,
R (k l)yjl—le—pk]y
J
f(kdl)_Z:ljZ ke (=11’
1

. _S5 \n
g L 1o e I
ki =i j1!pzk' -j1 L g (] + %)jfl+lq)+(_s) s=—py,’
1

ki=1,---,v,j1=0,1,--- ,ng,
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and
~ N m ) &'k
E(e™Taedy) = 600) Y, > fro (’] o ~ (apeyay
k=1 j=1
N i A ~ka J
k€
+;; i Z(CWk) ik dy,
where

= 1—[ ( o )ﬁ.ﬁ(n;“yl)m

k=2

1

A &
i —j = J'f’TH a7 ((D(u)(u +7k)mk)} lu=y,
Yk

fork=2,--- ,Nandj=0,1,--- i — 1,
0, ifo=0and u > 0,

fio = eI, A TIY, 7", ifo>0,0roc=0andpy <0,
(k,/ l)yll e PAI
fejn) = .
(ki) = klzlj]Z: ki1 (i — D!
Here
f(kJ 1) 1 [ KU (1+ pil )nk‘ ]\
kit =i Ji !ﬁZ:q i Lash (1+ %)1 1 (s) 5=pr,’

kl = 19.'. ?Vﬁjl =O,15." 5ﬁk]'

Proof. The proof is similar to the one of Kadankov and Kadankova [22] (Theorem 1). Therefore, it
is omitted here.

Corollary 3.3. Consider the special case of (3.1) in which n; = in; = 1. Then

ZDklPle_ply) e_'}’k(b_“)dy
=1

J
W Ody+ ) G

k=1

J
- Zé’ibioe_w ZCe nb ZD;ple oY 1dy
i=1 =1
L > b pllplze PRy
C;C i€ it~V D;; D;,————dy, 3.3)
2,26 ZZ TRy

i=1 j=1 =1b=1

(i) £ (b~ u,dy)

where

v+1l, o >0,orc=0andyu >0,
v, o=0and u <0,
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[T;=i(

Cj =
J
I—[kzl,k#j(l - Yk

J R
[Tict e i

bl

J
Hi: 1,i#k

{ H,V:| Pi

1_ yj)
Pk =
yj)’ - ’J7

o>0,oroc=0and u >0,

s

o=0and u <0,

(1= pi/vi)
Pi1Yi 1.2y

Dy = ,
H,Y:l,,'#(l - pl/Pi)

ri(u)
=1
J

i=1 j=1

J J J
Z CiDyoe™ 70 — Z Z CiDioCjDjoe™ Ve

i=1 j=1
1

J

<

(3.4)

1,013 PIY)e qudy

J
i) O (wdy) = ra(ws()dy+ Y. Ce
k=1

=1

J
- . cipjoe
j=1 i=

~

14
éi Z D,‘lﬁle_ﬁy e_yibdy
1 =1

=Py
plzph dy, (35)

where
{ V+1,

J

Dyo =

Ii=11=1

J J
_ Z ]_Zl é‘iCje—f’ibe—%‘(b—u) Z Z D;; D LDj,—F———— % pn

o>0,oroc=0and u <0,
o=0and u >0,

M7, (1- 1) .
i S i=1,---,J,

77./')’

J
[T (1 = 5

H;}:lﬁi O.>(),Oro-:0and,u<0,

K]

J )
izt it Vi

0, o=0andu >0,

T (= puf)
Du=—" =12, 9,
H,‘:l,#l(l - p1/pi)

J J J
r(u) = Zékbkoe_’?k" ZZ DioCiDjge™ Vbe (b=
k=1 i=1 j=1
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JoJ v
A oA . 1
_ Do~ Vib =i (b—u) )
E E CiCiDype™ 7"e™ E Dﬂplp1+ —. 3.6)

i=1 j=1 I=1 Yi

Proof. From Corollary 2.3 (ii), we get for 8 > 0,y > 0,

J
E (e_g‘r;fu, " ¢ dy) = Z Cy
k=1

Diodo(y) + Z Dkzpze_p’y) e b gy, (3.7
=1

From Corollary 2.9 (ii), we get for 8 > 0,y > 0,

J
E (e_eT:", T, € dy) = Z Cy
k=1

v
Dyodo(y) + Z Dupre™” ) e iy, (3.8)
=1

It follows that:

o

E (6767:", T, € dv) E (e’(”;v, T € dy)
JoJ
= D" CibwCiDe ™ e ™" | 0(y)dy

+ ZJ: Dige” " ZCe vib ZD;p;e Y 1 dy

J J v
A 5 - A 1
+60(y)dy Z Z CiCiDjpe Ve b Z Dipi~
=1

Pty
J J .
+ZZCC€ Yittg=vjb ZZD”] jlz
J=

L=115L=1

e “Petdy. (3.9

The relation (3.3) follows from (3.7) and (3.9).

Similarly,
fooo E (e_erljfu, T ¢ dv) E (e—HTf,,,‘,’ Tpey € dy)
J J )
= do(y)dy Z Z iDioCiDjoe™7Pe 1P~
i=1 j=1
J J % ) A
+ Z CiDjoe ™) Z Ci Z Dapre™ |e 7" dy
j=1 =1 =1
J J 1
+00(y)dy iCiDjpe” "Pe " N Dy -
; ; Z i+ 7i
J J R
# D0 CiCe Ve “)ZZDM Ile p e PhVdy, (3.10)
=1 j=1 —1 =1 J
and thus the relation (3.5) follows from (3.8) and (3.10). This ends the proof of Corollary 3.3. O
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Corollary 3.4. Consider the special case of (3.1) and (3.2) in which o = 0, u = 0 and, when x>0,

p(x) =pripie " Then
E(e—f)T:l,_b—wTm,)E(e—HT,f)

K? = P 11
+ (V, dy) 1 _ E(e_QT;)E(efaT:-f*”iyl T§:+b)ple dy’ (3 )
E(e T, Teyy € dy)E(e™ T
KO (vdy) = 2 £ €DEC L) oy (3.12)
1—E(e 95)E(e” /T-e™ “b)
where & is an exponential random variable with parameter p.
Proof. From (3.7), we get for 6 > 0,y > 0,
E (6*97’;_“’ Tbiu e dy) = ClDllple*PI)’e*VI (bfu)dy,
this, together with the definition of the kernel we have:
K,(v,dy,0) = / Ele %5, T,,p, € dI|E[e” T, TP € dy]
0
= C\D1ip1E(e” 71Ty =P o™ik gy, (3.13)

Similarly,
K3 (v,dy,0) = (C1D11e” ") p1e PV E(e” O s D) E (e O e Tewh) gy
The successive iterations KJE”) (v,dy,0),n € N, of kernel K, (v, dy, 8) are found by induction:
K" (v,dy,0) = (CiDye ") E(e O T i) (E (e P Ten M ey nl p ey,
From which and note that E(e‘HTg) = C1Dj1e """, we get (3.11) easily. Equation (3.12) can be

proved similarly. The proof is complete.
The following theorem is a direct consequence of Theorem 3.1. o

Theorem 3.5. Consider the special case of (3.1) and (3.2) in which o = O,u = 0 and, p(x) =
pupie oy + X P1ipjel 1 x<oy- Then

Ele Ty edy, AP = —A0)'(Ee %) ZCe - ZDZ lﬁl e
=1
+A(0) N (Ee™ T )pre P e gy, G
J v .
E[e™'"; X e dy,A,] = —A(e)‘l(Ee_QT”)(Z Ce N Dy—LLpje Py
i=1 - Y1+ 01
J
Z Zple Py ly,
i=1 =1
where _
A(B) =1~ Ee’aTZE(e_gT—f—b‘VlT&b)_
Corollary 3.6. Let b=0 in Theorem 3. 5 we have
A i 5
7 P Pl
Z: zz; 171+Pz P “ "+ p
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<

J

Z Cie (3.2)

i=1 =1

when 0 — oo, A(0) = 1, we can get'
A J v
yoJi P - Pi
P(t <o) = -CD Cie — + Cie"™ D;— -1
( ) i Z 2 "Y1+ p ; l = 1171+P1
J v
# 2, G ), D
Example 3.7. Letting v = v = 1 in Corollary 3.3, when o >0 or oo =0 and p > 0, we get:
£2(b - u, dy) _(pl ;’21)_(7;/21 p1)( N1 (b=) _ gmn2(bmw)y =Py gy
P —71 PLZ (e _ e‘“h”)( (p1 =y (2 - p1) (et — e 72b) | =Py gy
Y2 =71 Y21
(Pl Y1) (2 - Pl)( e _ e‘”“) (1 =y (2= p1)
Y2 =71 Y2—7
e‘)’lbﬂ — e_y2bﬂ)dy
Y1+ P Y2+ P1
£O(b - u,dy) _( ;/21)_(7;/2] p1) (e V14 — g~ T2y ~P1 gy
_f/z_Z:( e V1 (b-1) _ =ya(b- u))((pl ;’21)_(7;/21 ,01)( b _ pmaby | =Py gy
(=7 - pl)( ~i(b=1) _ y=72(b- u))(pl Y1) (y2—p1)
Y2 -7 Y2 =71
e*f’lb e Py B e’%b e Py )d

Y1+ p1 Y2+ p1

4. Pricing path-dependent options

In this section, we aim to study the price of barrier and lookback options. These options have a fixed
maturity 7 and yield a payoff contingent upon the maximum (or minimum) of the asset price on [0, T].
Under arisk-neutral probability measure P, the asset price process {S; : ¢ > 0} is supposed as S; = Spe’,
where X is given by (1.1), Sp = €% Let the risk-free interest rate be r > 0. Further, to ensure that the
asset price of S, has finite expectation, we have occasion to assume p; > 1. We will use the results
obtained in Section 2 to develop the pricing formulae for standard single barrier options and lookback
options.

4.1. Lookback options

The value of a lookback option hinges on the maximum or minimum of the stock price during the entire
life span of the option. With a strike price K and the maturity 7, it is proverbial that (see e.g. Schoutens
[43]) applying risk-neutral valuation and after selecting an equivalent martingale measure P the initial
(i.e. t=0) price of a fixed-strike lookback put option is given by:

P (K, T)=e"TE[ sup S(t)—K)+.

ix
f 0<t<T
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The initial price of a fixed-strike lookback call option is given by

_ =T _
ﬁx(K T)=e E(K Olrtl<fTS(t))

The initial price of a floating-strike lookback put option is given by:

.
ﬂmmg(r) =e ’TE( sup S(r) — ) :
0<t<T

The initial price of a floating-strike lookback call option is given by:

+
ﬂoanng(T) = e_rTE (ST - lnf S([))

In the standard Black-Scholes setting, Merton [38] and Goldman et al. [18] deduced closed-form
solutions for lookback options. Cai and Kou [11] obtained the Laplace transforms of the lookback put
option price as a function of the maturity 7 for the double mixed-exponential jump diffusion model,
however, the coefficients do not determinated explicitly. Yin et al. [48] presented the analytical solutions
for lookback options in terms of Laplace transforms for mixed-exponential jump diffusion processes.

‘We shall only consider lookback put options by reason of the calculation for the lookback call option
follows similarly.

Theorem 4.1. Suppose X is a Levy process with jump measure given by (2.1). For all sufficiently large
0 >0, then
(i) for K > Sy,

e ST P
Lﬂx

(K, T)dT

22 Bires(1=1)! ( K)’—’ (@)BM—I
! =1 (ﬁl r+6 T 1) (l_ t)' K '

1
(”) / —5TLP (T)dT _ SO i i d Z zr+(5 SO _ ﬁ
0 ‘floating 5 (] _ 1)[ (B S — 1)[ r+6 5 s

i=1 j=1

where B r+5," "+, Bnsl,r+s are the (n+ 1) positive roots of the equation 1 (z) = r + 6 and d;; is defined
by (2.8) and (2.9).

Proof. (i). Set k = ln > 0, then

flx(K T) = Soe_’T/ eyP( sup X(s) > y) dy
k 0<s<T

It follows that:
-oTrP
Jo e °TLE (K, T)dT

So []:o e [fooo e~ TP (supy_ o7 X(5) 2 ) dT] dy
= S0 koo eyE(e’(”‘s)T;)dy.

r+o

“4.1

From Theorem 2.1 and (4.1), we can get:

n+l my
/k ¢B(e™ O ) dy = ZZ G ”1),2 / eI sl (3B, s5)! " dy. 4.2)

i=1 j=1

After a series of partial integrals of (4.2), the result can be proved.
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(ii). Since

ﬂ”a””g(T) SOe_rTE [exp ( sup X(t))] h S()’
0<t<T

consequently, it can be deduced that:

-o6TyP
/(; Lﬂoatmg (T)dT

So fw e (TR [exp sup0<,<TX(t) ] d
= r+6E [exp (Sup0<t<e(r+6) X(t))] - _
= r‘i—oé 1 +f0 &P (supOSSse(Hd)X(s) > y) dy] -2

= S 1+/0oo eyE(e_éT;)dy] - %.

(4.3)

r+6

The result follows from Theorem 2.1 and (4.3) by a similar calculation of (4.2). O

Example 4.2. Letting v=v=1,wheno >0oroc=0and u>0, we get:

e "L (K, T)dT
0
_ S Bo(ar — 1) (&)Bl_l N So  Bilar — B2 —a2) (&)Bz_l
r+d8 ax(B2—B1)(B1 - 1) r+déai(B2—B1)(B2-1) ’

® TP S Ba(ay - 1) Bi(ay — Br — @2)
/o Eftoating ()T = r+d [1 " @z (Ba+s —B1)(B1 - 1) ¥ a1 (B2 —pB1)(B2—1)

So
5

where 1, B, are the positive roots of the equation ¥;(z) = r+dand 1 < 8] < @) < B2 < . By
Laplace transform inversion, we can get:

Sﬁlﬂz(al B1) SPB1 (a1 - B2 — @)
P ,T)dT = 0 —rT’
L (K. TdT @ KP=1(By = B1) (B — 1) 0/11(’82’1(,32 -B(B2-1) ¢
Ba(ar = B1) Bi(a) — B2 — a2)
ﬂ”“”"g(T) a (B2 = B1)(B1—1) " a1 (B2 = 1) (B2 - 1)] ~ %

When 0 =0 and u < 0, we have:

co Bi-1
S S
/ *”L;ZX(K,T)dT——O @ = B (0) ,
0 +oai(Br—1)

/ _6TL]{7)Oatm (T)dT = SO |:1 + ad _ﬁl - &7
0 8 r+o a/l(ﬂl - 1) 0

where 1 < 81 < @) < oo.
By Laplace transform inversion, we can easily get:

S'g"’” (a1 = B1)
Zo PV
alKﬁ"l(ﬁl -1)

ﬁl T _
(m - 1)} %o

—rT

>

P
LE(K.T) =

ﬂoalmg ( T)

4.2. Barrier options

The common term barrier options refers to the type of options whose payoff is determined by whether
the maximum or minimum of the underlying asset hits the barrier level over a maturity 7. There are
eight classes of (one dimensional, single) barrier options: up (down)-and-in (out) call (put) options. For
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more comprehensive information on the barrier options, we suggest readers refer to Schoutens [43].
The closed-form price of up-and-in call barrier option for a double exponential jump diffusion model is
shown in Kou and Wang [28]; the closed-form expressions of the up-and-in call barrier option under a
double mixed-exponential jump diffusion model are obtained in Cai and Kou [11]. The analytical solu-
tions for barrier options in terms of Laplace transforms for mixed-exponential jump diffusion processes
are presented in Yin et al. [48]. Here, we only demonstrate how to handle the down-and-out call barrier
option as the methodology is also valid for the other seven barrier options. Under the risk-neutral prob-
ability measure P, the price of a down-and-out call option with a strike price K and a barrier level U is
expressed as:
DOC = exp(—rT)E[(St = K) " L(infy.,r 5,5>0) S0, U < So.

Leth=1n S% and k = —InK. Then
DOC(k,T) := DOC = exp(-rT)E,[(Soe™" — )" 1(z->1)].

Theorem 4.3. Suppose X is a Levy process with jump measure given by (2.3). Forany 0 < ¢ < 6 — 1
andr+ ¢ > yi1(¢p+1), then

. . o+1
JT [ e =9TDOC(k, T)dkdT = 5

0 _
S D (g (g U
di (S0 )ﬁi.r+¢+¢+l

n+l
i:+l Z;n:k1 G-D'\TU
Sy (i)~ Miju(9+ D}

where —B1 r+¢," - » —Bn+1,r+¢ are the (n+ 1) negative roots of the equation y>(z) = r + ¢ and A, j(s)
is defined by (2.23).

Proof. Using the same argument as that of the proof of Theorem 5.2 in Cai and Kou [11], we get:
B[ e =¢TDOC (k, T)dkdT S [ e U OTE, [(Soe™T — e78) 1 (- 1) |dkdT

+1
§¢ (1 _Ex[e_(r+<p)-rh*+(¢+l)X(‘r,l’)]) ,

0 1
¢ (p+1) e+r—yn (p+1)

and the result is obtained from Theorem 2.7 (i). m]

Example 4.4. Letting v =v =1, when o >0 or 0 =0 and u > 0, we get:
/ / e~ %*=¢TDOC(k, T)dkdT
0 —00

S ! (1 L (Brr oDl ) (Syyeo

TGt Dprr—gi @+ D\ (@t e+ D(Br-p)\U
N (Br+¢+1)(B2 —al)(&)ﬁﬁ‘/’“)
(a1 +o+1)(B—p1)\U ’

where —f1, —3, are the negative roots of the equation »(z) = r+¢and 1 < 8] < @) < B < co.
When =0 and u < 0, we have:

e oo s 1 (a1 = B1) (So\Bi+o+!
—pk—oT _ >0 _ U (20
./o /_we wDOC(k’T)dde‘¢(¢+1)w+r—w1(¢+1)(1 a1+¢+1(U) )

where 1 < 8] < a1 < 0.
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