
BULL. AUSTRAL. MATH. SOC. 18E40

VOL. 10 (1974), 1-8.

Four-fold torsion theories

Edgar A. Rutter, Jr

In th is note It-fold torsion theories (for categories of

modules) are classif ied by means of orthogonal pairs of comaxiaal

ideals . Among the applications are resul ts of Kurata concerning

lengths of M-fold torsion theories and an upper bound for the

number of It-fold torsion theories over a semiperfect ring.

Introduction

Let R denote a ring with ident i ty. Kurata [2] has introduced the

notion of an n-fold torsion theory for the category fl-mod of lef t

i?-modules. For an integer n > 1 , th i s i s an n-tuple

of classes of /?-modules such that each successive pair [T., T. ) , for

i = 1, . . . , M-1 , forms a torsion theory. The T.-torsion submodule of an

i?-module M is denoted by t.{M) . (For an excellent account of torsion

theories and the i r relat ion to topologies and radicals see Chapter 1 of

Stenstrom [5] . )

If there exists an integer 1 < i < n such that T = T. , then the

smallest such integer i s the length of [T^, ..., T ) . If not ,

(2^, . . . , Tj has length n .

Kurata [Z] proved that there are essential ly only four types of

n-fold torsion theories:

( l ) 2-fold torsion theories which cannot be extended to 3-fold
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torsion theories;

(2) 3-fold torsion theories with length 2 ;

(3) 3-fold torsion theories which cannot be extended to

l*-fold torsion theories; and

(h) U-fold torsion theories of length h .

Furthermore, for commutative rings and semiprime rings only the first three

types exist. (Terminology used here without definition can be found in [3]

or [5].)

A 3-fold torsion theory is nothing but a TTF-theory defined by Jans

[7]. I t was shown in [J] that there exists a one-to-one correspondence

between TTF-theories and idempotent ideals of R . Furthermore, the

TTF-theories of length 2 are precisely those which correspond to ideals

generated by a central idempotent. The purpose of this note is to apply

the correspondence in [ 7 ] to obtain a one-to-one correspondence between

it-fold torsion theories and orthogonal pairs of comaximal ideals of R or,

equivalently, ideals of R which are generated as a one sided ideal by an

idempotent element. It is possible to determine from such a pair of ideals

the length of the corresponding It-fold torsion theory. This

correspondence is used to recover and extend slightly the results of Kurata

mentioned previously. New results obtained from this correspondence

include a one-to-one length preserving correspondence between it-fold

torsion theories for i?-mod and those for mod-i? and an upper bound for

the number of It-fold torsion theories over a semiperfect ring.

The correspondence and applications

Since the correspondence in Jans [ J ] is crucial to a l l that follows,

we begin th i s section by describing i t . An idempotent ideal I of R

determines three classes of lef t if-modules:

Cj. = {M in ff-mod | IM = M) ;

Tj. = {M in fl-mod | IM = 0} ;

and

Fj = {M i n R-mod \ {x € M \ Ix = o) = o} .
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THEOREM A. There exist inverse one-to-one correspondences between

1-fold torsion theories for R-mod and idempotent ideals of R given by

[T^ T2, T3) * t^R) and I •* [CJt TJt F^ . Furthermore, [T±, 2^, T^

has length 2 if and only if R = t(R) © tAR) (ring direct sum).

The information in Theorem A is a summary of Theorem 2 . 1 , Corollary

2.2 and part of Theorem 2.k of [ I ] .

If (J , K) i s a pair of ideals of R , i t i s an orthogonal pair if

IK = 0 and the ideals are comaximal i f I + K = R .

THEOREM B. There exist one-to-one correspondences between each pair

of the following:

(1) U-fold torsion theories for i?-mod ;

(2) orthogonal pairs of comaximal ideals of R ;

o
(3) ideals I of R such that I = Re with e = e € R ; and

(U) ideals K of R such that K = fR with f2 = / i R .

Proof. F i rs t we exhibit the correspondence between ( l ) and (2). Let

(f , 2"2, T , TjJ denote a It-fold torsion theory. Since both tA.R) and

R/tAR) belong to T , i t follows from Theorem A applied to [T^, T2> 2"J

and [T2, Ty T^) , respectively, that t1(i?)t2(i?) = 0 and

t2iR)[R/tAR)) = R/tAR) .

The second equality implies that R = tAu) + tAR) . Therefore, let

(r i , T2, Ty Tk) * [tAR), t2(R)) •

If (J , K) i s an orthogonal pair of comaximal idea ls , i t is clear

that J and K are idempotent. Also for any .ff-module M , IM = 0 i f

and only i f KM = M . Thus TT = Cv • Similarly, F = Tv • I t follows

from Theorem A that [C , Tj, Fj, F) i s a U-fold torsion theory and that

the correspondence

(I, K) - [CI, TT, Fv PK)

and the correspondence given above are inverses.
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Hext we e x h i b i t t he correspondence between (2) and ( 3 ) .

I f {I, K) i s an or thogona l p a i r of comaximal i d e a l s , 1 = e + f

wi th e d I and f $. K . I t i s immediate from t h e o r thogona l i t y of I

and K t h a t e and / a re orthogonal idempotents with I = Re and

K = fR . Let

(I, X) -+ I = Re .

2
If I = Re with e = e is an ideal, so is K = (l-e)/? and

J + # 3 eR + (l-e)R = R . Let

fle •• (/fe, (l-e)i?] .

If (J , #) and (J , L) are orthogonal pairs of comaximal ideals,

K = (I+L)K = IX + LX = LK c L . S imi la r ly I c X and so X = L . Thus

t h e above correspondences a re i n v e r s e s .

By symmetry t h e r e e x i s t s a one-to-one correspondence between (2) and

(It ) . The balance of t h e proof follows by composing the correspondences now

i n hand.

COROLLARY 1. Every k-fold torsion theory has length 2 or It .

Moreover, [T , T , T , 2\) has length 2 if and only if

t2(R)t1(R) = 0 .

Proof. Let I = t (R) and X = t (R) . We f i r s t prove t h e second

a s s e r t i o n . By Theorem A, [f , T , T , T,) has length 2 i f and only i f

R = I © X . By Theorem B, R = I + K and IX = 0 . Thus R = I @ K i f

and only i f I n X = 0 . But

XI c I n X = {I+X)(InX) = I(InX) + K(InK) c IK + XI = XI .

Now we e s t a b l i s h t h e f i r s t a s s e r t i o n . I f [T , T , T , T.) does not have

l e n g t h 2 , IK i- 0 . By Theorem B, K = fR with f2 = f , so

XI (. F = T. . But / ( # ! ) = 0 , so /O" £ Cy = T . Thus T ? T> , and

(T , T p , T , 2 \ ) has leng th It .

The f i r s t p a r t of Coro l l a ry 1 i s due to Kurata [ 2 , P ropos i t ion 3 - 2 ] .

EXAMPLE. I f fl i s a l e f t a r t i n i a n r i n g with zero l e f t s i n g u l a r
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idea l , i t i s readily verified that the lef t socle of R i s an ideal which

is faithful as a right ideal and has the form fR with f2 = / t R . For

rings with zero lef t singular idea l , the Go I die torsion theory and the

dense torsion theory coincide. (See [5] . ) In the present circumstances,

they are equal to [Tfn> FfT>) • I t i s immediate from Theorem B that this

torsion theory can be extended to a U-fold torsion theory. If R i s not

semisimple, so that fR t R , i t follows from Corollary 1 that the

result ing U-fold torsion theory has length 1* .

Numerous other examples of U-fold torsion theories of length k may

be obtained by applying the next corollary in conjunction with Corollary 1.

A natural source of examples i s rings of t r iangular matrices over, for

instance, a division ring.

Let R be a semiperfect ring and E = {e , . . . , e } be a complete

set of primitive orthogonal idempotents of if . A subset S of E is

triangular, provided eR(l-e) = 0 where e = \ e. such that e. € S .

COROLLARY 2. Let R be a semiperfect ring and E be a complete set

of primitive orthogonal idempotents of R . There exists a one-to-one

correspondence between k-fold torsion theories for i?-mod and triangular

subsets of E .

Proof. In view of Theorem B, i t suffices to exhibit a one-to-one

correspondence between triangular subsets 5 of E and orthogonal pairs

of comaximal ideals of R . Let e = \ e. such that e . £ S . Clearly

Re i s an ideal . Thus we can l e t

S - [Re, (l-e)fl) •

To obtain the inverse correspondence we first prove that if (J, K)

is an orthogonal pair of comaximal ideals of R , then for each e . i E

either

or

IRe . = Re . and e .RK = 0

IRe . = 0 and e .RK = e .R .
i i x .
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Clearly Re. = {I+X)fte. = IRe. + KRe. . Thus IRe. <k Je. or KRe . <t Je. ,

where J i s the Jacobson radical of R , since Je. i s the unique maximal

submodule of Re. . Kence Re. = IRe. or Re. = KRe. . In the f i r s t

ins tance , e .R c J and so e .RK = 0 . Now suppose Re. = KRe. . Clearly

IRe. = 0 . By symmetry, e .R = e .RK or e -R = e .RI . The l a t t e r equality

would contradict the fact that IRe. = 0 . Thus we have established the
"V

above dichotomy. I t i s immediate from th is observation that I = Re and

K = (1-e )R where e = \ e. such that e . € E and IRe. = Re. . I t can

now be readily verif ied that the correspondence

( I , K) -* S = \e. € E | IRe. = Re .}

is the inverse of the one described previously.

The preceding corollary implies that for a semiperfect ring there

exist only finitely many U-fold torsion theories. We sharpen this

observation somewhat.

COROLLARY 3. Let R be a s'emiperfect ring with k isomorphism

ktypes of primitive idempotents. There exist' at most 2 h-fold torsion

theories for i?-mod ., not more than 2 - 1 of which have length h .

Proof. Let E be a complete set of primitive orthogonal idempotents

for R . The elements of E can be indexed as e.. , with i = 1, ..., k

and j = 1, ..., q. , so that Re., i s isomorphic to Re i f and only i f
i* X- Q tlV

i = u . If S is a triangular subset of E and e. t S then e. . € S
x.m 13

for each j = 1, . . . , q. . Thus d is t inc t tr iangular subsets of E

determine d i s t inc t subsets of { l , . . . , k] . The f i r s t assertion now

follows from the preceding corollary. The empty set and E are vacuously

t r iangular subsets of E but the corresponding U-fold torsion theories

have length 2 . Thus the poss ib i l i t i e s in the second instance are
1,

reduced to 2 - 2 . However, i f S * E is a non-empty subset of E with

both S and i t s complement t r iangular , i t i s immediate from Corollary 1

that the It-fold torsion theory associated with S has length 2 . Thus
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there are at most (2 -2J/2 = 2k~1 - 1 It-fold torsion theories of length

it .

COROLLARY 4 (Kurata). If n > h , any n-fold torsion theory has

length 2 .

Proof. Let I = t (R) , K = t^R) and L = £ (if) . By Theorem B,

(I, K) and {K, L) are orthogonal pairs of comaximal ideals of if . Thus

J = I(K+L) = IK + IL = IL c L .. Similarly, L c I and so L = I . Hence

-TK = 0 and the conclusion follows from Corollary 1.

By the uniqueness of the torsion theory corresponding to any torsion

class for if-mod (see [5] or [ / ] ) , i t is clear that for any integer n i 3

an n-fold torsion theory of length 2 is obtained by alternate

repetition of the first two classes. Thus the next corollary is a

consequence of Corollaries 1 and h.

COROLLARY 5 (Kurata). There exist only four different types of

n-fold torsion theories:

(1) 2-fold torsion theories which cannot be extended to 3-fold

torsion theories;

(2) 3-fold torsion theories of length 2 ;

(3) 3-fold torsion theories which cannot be extended to h-fold

torsion theories; and

(h) h-fold torsion theories of length h .

The next result also stems from Corollaries 1 and h.

COROLLARY 6. For every integer n > 3 , all n-fold torsion theories

for i?-mod have length 2 if and only if for every orthogonal pair

(I , K) of comaximal ideals of R the pair {K, I) is orthogonal.

COROLLARY 7. Each of the following classes of rings has the property

that for every integer n > 3 all n-fold torsion theories have length

2 :

(1) commutative rings;

(2) semiprime rings; and

(3) left or right injective cogenerator things.
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Proof. This is an application of the preceding corollary. It clearly
applies in the first two instances and the third case follows from [4,
Theorem 7].

The first two parts of this corollary are due to Kurata [2,
Propositions h.k and U.6].

The final corollary is immediate from Theorem B, Corollary 1, and
their right hand analogs.

COROLLARY 8. There exists a one-to-one correspondence between
k-fold torsion theories for H-mod and h-fold torsion theories for mod-i?
which preserves length.
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