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STRUCTURE RESULTS FOR FUNCTION LATTICES 

D. DUFFUS, B. JÔNSSON AND I. RIVAL 

1. Introduction. For partially ordered sets X and F let Yx denote the set of 
all order-preserving maps of X to Y partially ordered by / ^ g if and only if 
f(%) è g (oc) for each x G X [1; 4; 6]. If X is unordered then Yx is the usual 
direct product of partially ordered sets, while if both X and Y are finite un­
ordered sets then Yx is the commonplace exponent of cardinal numbers. This 
generalized exponentiation has an important vindication especially for those 
partially ordered sets that are lattices. 

Let L be a lattice and let P be a partially ordered set; then Lp is a lattice 
(see Figure). We call Lp a function lattice. This concept is a powerful tool in 
codifying lattices, especially finite distributive lattices. As is well-known, if D 
is any finite distributive lattice then there is a finite partially ordered set P 
such that D = 2P, where 2 denotes the two-element chain [2]. Moreover, the 
dual of P is isomorphic to the partially ordered set of all join irreducible ele­
ments of D. Function lattices have also provided fresh insight and suggested 
new results in lattice theory. Particularly noteworthy is the duality theory 
between the category of finite distributive lattices with {0, 1}-preserving homo-
morphisms and the category of finite partially ordered sets with order preserv­
ing maps [2] (cf. [5; 7; 8]). The purpose of this paper is to establish certain 
natural structure results for arbitrary function lattices. 

For a partially ordered set P , let c(P) denote the number of connected com­
ponents of P. For a lattice L, let Con (L) denote the lattice of all congruence 
relations of L, let La denote the lattice of all nonempty ideals of L and let 
Cen (L) denote the centre of L. As is customary the positive integer n shall de­
note the unordered w-element set. The following theorem summarizes our main 
results. 

THEOREM. Let L be a lattice and let P be a finite partially ordered set with c(P) 
= m and \P\ = n. Then 

(i) Con (Lp) ^ (Con (L))n 

and 
(ii) (Lpy^(L')p; 

moreover, if L is bounded then 
(hi) Cen (Lp) ^ (Cen (L))m. 

2. Congruence relations. A well-known result, implicit in G. Birkhoffs 
early work on distributive lattices [2], asserts that Con (D) ~ 2n for a finite 
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distributive lattice D with n join irreducible elements. As D = 2P, where Pd is 
isomorphic to the partially ordered set of all join irreducible members of D, it 
follows that Con (2P) = (Con {2))n. Our aim in this section is to prove the 
analogue for arbitrary function lattices. 

THEOREM 2.1. Let L be a lattice and let P be a finite partially ordered set with n 
elements. Then 

Con (Lp) ^ (Con (L))n. 

The lemma upon which our proof is based is due to S. Comer. 

LEMMA 2.2. Let A be an algebra and let Con (A) be distributive. If A is a 
subdirect product of finitely many algebras Bf(i G I) then, for 6 G Con (A), there 
existai G Con (Bt) (i G I) such that, for all x, y G A, 

x 6 y if and only if xt (p{ yt 

for all i G I. 

Proof. Let x% be the kernel of the projection map of A onto B2-; that is, 

x Xi y if and only if xt = yi 

for all x, y G A. The meet of the congruence relations \i ls the trivial con­
gruence relation on A. By the Second Isomorphism Theorem, 6 V x% induces a 
congruence relation <pi on Bt such that 

X(Q V xt)y if a n d only if x7- <Piji 

for all x, y G A. Since Con (A) is distributive, 

A (0 V xt) = 6. 

Therefore, x 6 y if and only if xt <pty t for all i G / . 

Proof of Theorem 2.1. Let £ be a minimal element of P and let Q = P̂ — {/>}. 
We may identify Lp with the sublattice K of L X £ Q where 

2£ = {(a, / ) |a G L,f G LQ and a ^ / (*) , for all £ g x and x G (?}. 

Then i£ is a subdirect product of L and LG. 
We define a map .F of Con (L) X Con (LQ) to Con (X) by 

(a, f)F(<p, x) (6, g) if and only if a <p b and fxg 

for <£> G Con (L), x ë Con (LQ) and (a, / ) , (&, g) £ K. F is obviously order-
preserving; that T^maps Con (L) X Con (LQ) onto Con (i£) follows from Lemma 
2.1. We show that F is inverse order-preserving. We suppose that 

F(<P, x) ^ F(<p', x ' ) 

for <p, <p' € Con (L) and x< x £ Con (X0). Let a,b £ L with a >̂ b. Define a map 
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/ of Q to L by 

f(x) = aV b 

for all x G Q. Then (a, / ) , (6, / ) e X and (a, f)F(<p, x) ( 6 , / ) ; hence, (a, / ) 7 V , 
x')(bJf)soa<p'b. Also, given/, g 6 LQ w i t h / x g, let 

a = A (/(*) A g(x)). 

Then (a, / ) , (a, g) (E X and (a, /)F(<p, x)(a, g). It follows t h a t / x ' g. 
We conclude that Fis an isomorphism of Con (L) X Con (LQ) onto Con (i£). 

The conclusion now follows by induction on \P\ = n. 

Of course, every homomorphic image of a finite distributive lattice is dis­
tributive. Formulated in the framework of function lattices this means that 
any homomorphic image K of 2P, where P is a finite partially ordered set, is 
isomorphic to 2Q for some Q C P. Note that 2 is a simple lattice. 

COROLLARY 2.3 (cf. [5]). Let L be a simple lattice and let P be a finite partially 
ordered set. A lattice K is a homomorphic image of Lp if and only if K = LQ for 
some subset Qof P. 

Proof. Let Q C P and let K ^ LQ. The map ^ of L p to I Q defined by 
^ ( / ) = f\Qyf 6 Lp, is a homomorphism of Lp onto LQ; whence, K is a homo­
morphic image of Lp. 

Conversely, let K ^ Lp/0, 8 £ Con (Lp). As L is simple, Con (Lp) ^ 2'pl, 
and there exist 2 | P | distinct congruence relations on Lp. However, there are 
2 , P | distinct subsets of P and for each Q Q P, 6Q, defined by / = g(6Q) if 
f\Q = g\Q> ls a congruence relation on Lp. Let 6Ql = 6Q2 and let x £ Qi — Q%. 
It is an easy matter to define functions/ and g in Lp that satisfy/(x) > g{x) 
in L and/OO = g(j) for all y 7e x in P . T h e n / = g(0Q2) whi le / ^ g(BQl), 
which is impossible. We conclude that there exist 2 | P | distinct congruence re­
lations on Lp each induced, as above, by the subsets of P. Hence, K = LQ for 
some Q C P. 

3. Ideal lattices. The aim of this section is to uncover the relationship that 
the ideal lattice of a function lattice Lp bears to the ideal lattice of L. 

THEOREM 3.1. Let L be a lattice and let P be a finite partially ordered set. Then 
there is a unique isomorphism of (Lp)a onto (La)p which is the identity on Lp. 

Proof. While (Lp)a need not be an algebraic lattice (unless, of course, L has 
a least element), the join of a nonempty subset of (Lp)a exists and every element 
of (LPY is the join of compact elements. Moreover, Lp is a sublattice of (Lp)a 

and the elements of Lp are precisely the compact elements of (Lp)a. In fact, 
these properties characterize (Lp)a up to Lp-isomorphism; therefore, it is 
enough to show that (La)p has the same properties. 
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Certainly Lp is a sublatt ice of (Lff)p. (We identify Lp in ( Z / ) p with the set of 

func t ions / 6 (La)p s a t i s fy ing / (P) C L, where L is identified with the princi­

pal ideals of Z>. ) Given / Ç ( i c r ) p , we show tha t 

/ = Vfgei'l/ègML')*}. 

Since the operations in (Z/r)i> are performed pointwise, it suffices to show tha t , 
for p <E P, 

f(p) = V {g(p)\f è g in (2>)p and g 6 L p | . 

Of course, for p £ P , 

f(p) = V { c € L | / ( ^ ) ^ c } ; 

therefore, it is enough to find, for each c £ L w i t h / ( £ ) ^ c, a function g £ Lp 

such tha t g ^ / in ( L a ) p and g(p) = c. We define such a function g as follows: 
let d G L satisfy d g / ( g ) , for all q Ç. P, and rf ^ c, and let 

| , i f g ^ 
m ) \d iîq^p. 

Since L p is closed under finite joins and every member of (L°)p is a join of 
elements of Lp, we see tha t all the compact elements of {L^Y must belong to 
Lp. Conversely, the compactness of elements h £ Lp is assured by the fact tha t , 
for all p G P, h(p) is compact in La', and tha t P is finite. 

4. Fac tor i za t ion . The aim of this section is to examine the direct product 
factorizations of bounded function lattices. We shall, however, digress momen­
tarily to review some further operations in the generalized ar i thmetic of par­
tially ordered sets. • 

Let A and B be disjoint partially ordered sets. The {disjoint) sum A + B is 
the set A\J B with partial ordering tha t induced by the partial orderings on A 
and B. A partial ly ordered set P is connected if P = A + B implies A = 0 
or B — 0. P = Pi + Pi + . . . + Pn is a nondecomposable sum representation 
of P if Pi is connected for each i; call P* a component of P . A finite part ial ly 
ordered set has a nondecomposable sum representation which is unique (up to 
the order of the components in the sum) [1] ; let c(P) denote the number of 
components of P . For partially ordered sets At{i = 1, 2, . . . , n) let ^4^4 2. . . An 

(or, A\ X A2 X . . . X An or, I T ^ i A{) denote the usual direct product of 
partially ordered sets; call A t(i = 1, 2, . . . , n) a. factor of A and A = Hn

i=i A t 

a factorization of A. 

I t is easy to show tha t many " laws" valid for arithmetical operations hold 
for appropriate partially ordered set operations. We shall make use of the 
following (cf. [1]): 

AB+C^ABAC a n d (AB)C^ACBC\ 
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moreover, if C is connected then also 

(A +B)C9ÉAC + BC. 

Let L be a lattice with least element 0L and greatest element 1L. An element 
a of L is a member of the centre Cen (L) of L if there is a factorization L —^ X Y 
such that cp(a) = ( l x , Or). It is well-known that Cen (L) is a Boolean lattice 
[3]. 

Let P = {#1, x2, . . . , xk\ be a partially ordered set and let L be a bounded 
lattice. A function/ G L p may be identified with the &-tuple (ai, a2, . . . , a*), 
where /(#*) = at for each i = 1, 2, . . . , k. L e t / = (ai, a2, . . . , a*) G Cen (Lp) 
and let / ' = (&i, 6 2 , . . . , &*) be the unique complement of/ in the Boolean lattice 
Cen (Lp) ; then a{ V bt = 1L and af A fr* = 0L for each i = 1, 2, . . . , &. Also, 
the map ^ defined by ^(g) = (g A / , g A / ' ) is an isomorphism of L p onto 
[ 0 £ P , / ] X [0Lp, f ]. 

Loosely speaking, the main result of this section will show that a factoriza­
tion of a bounded function lattice Lp arises either from a factorization of L or 
a sum decomposition of P. To this end we first establish a few preliminary 
results. 

LEMMA 4.1. / / / = (ai, a2, . . . , a*) G Cen (Lp) then ai G Cen (L) /or eac/z-
* = 1,2, . . . , jfe. 

Proof. Let / ' = (61, 62, . . . , & * ) be the unique complement o f / i n Cen (Lp). 
Define the map <pt of L to [0L, a J X [0L, 6 J by 

P«(c) = (c A aiyc A bi) 

(i = 1, 2, . . . , k). We observe that, for all c G £, the function/c G £ p defined 
by fdy) = c for all y G P satisfies / c = (/c A / ) V (/c A / ' ) . Therefore, 
c = fc(xi) = (fc(xi) A / ( * , ) ) V (fc(xt) A f(xi)) = (c A at) V (c A bt). 
It follows that <fi is one-to-one and order-preserving (i = 1, 2, . . . , &). 

Let (c, d) G [0L| a j X [0Lf bt]. Define g G Lp by 

^ * " = l0 £ otherwise. 

Then g ^ / . Similarly, the map h of P to L defined by 

, , x Jd if # * > Xi 
WL otherwise 

belongs to the interval \0LP, / ' ] in Lp. Since the map \p of Lp to [0LP, f] X 
[OLPJ / ' ] defined by \f/(g) = (g A / , g A / ' ) is an isomorphism of L p onto 
[OLP, / ] X [0 L P, / ' ] , there is I = (eu e2,... , **) in L p satisfying (/ A / , I A / ' ) = 
(g, &). Therefore, et A at = c and et A bt = d and <pt maps L onto [0L, «J X 
[0L ,6J for i = 1,2, . . . ,k. 

Finally, we show that (p{~1 is order-preserving. Let (ch d\) ^ (c2l d2) in 
[OL, a>i] X [0L, bi]. Again, choose gjt hj(j = 1, 2) in Lp as above, satisfying 
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0LP ègi^g2 ^f,0Lp ^h1^h2S / ' andg , ( s f ) = <;„*,(*<) = d,(j = 1,2). 
Let Y = (rh r2, . . . , r*) = \p-l(gi, h) and 5 = (s1} s2, . . . , s*) = ^ _ 1 f e , Â2). 
Then r g 5 and <pfl{ci, di) = r, g s* = ^ f ^ f e , d2) for i = 1,2, . . . , fe. 

L e t / = (ai, a2, . . . , ak) G Cen (Lp) and let / ' = (61, b2, . . ., &*) be the unique 
complement of / in Cen (Xp). In view of Lemma 4.1 a<, 6* G Cen (P) are com­
plementary (i = 1, 2, . . . , &). Let Xj < xk in P and let us suppose that cij < 
ak. Since / ' G Lp, &, = / ' (*,) ^ /'(**) = bk\ that is, a, V bj ^ a, V 6, = U 
and ak A &;- ^ ak A bk = 0L. However, since Cen (L) is Boolean and cij is the 
unique complement of bj in Cen (L) this is impossible. Therefore, for any 
/ G Cen (Pp), /(x f) = f{xf) whenever x* is comparable to Xj in P . This 
establishes 

LEMMA 4.2. 7/ P = Pi + _P2 + . . . + P w is « nondecomposable sum repre­
sentation of P and f G Cen (Lp) then the restriction of f to Pi is a constant 
function (i = 1, 2, . . . , m). 

L e t / G Cen (Lp) and let P = P\ + P2 + . • • + Pm be a nondecomposable 
sum representation of P . Then, for each i = 1, 2, . . . , m, there is a* G P such 
tha t / (x ) = a{ for all x G P*. Indeed, we claim that 

m 

[0Lp,f]^U [0L,at]
Pi. 

1=1 

This is evident if we observe that Lp = Lp'1+p'2+ • • -+Pm ̂  LPlLP2 . . . LPm, where 
<£>(/) = (/i»/2i • • • ,/w)> and/,- denotes the restriction of/ to P {. It is easy to 
see that [0LP, / ] ^ ITZ,i [OZ,P,-,/,] and that [ 0 ^ - , / J 9* [0L, a<]p* since/(x) = at 

for all x G P*. 

THEOREM 4.3. Le/ L be a bounded lattice and let P be a finite partially ordered 
set. If LP^XY then X ^ UP^L2

P2 . . . Lm
p- and Y^LK^Kf* . . . Kn

p™ 
where KtLi ~ L for each i and Pi + P2 + • . . + Pm is a nondecomposable sum 
representation of P. 

Proof. L e t / G Lp be the element of Cen (Lp) satisfying <p(f) = ( l x , 0 r ) 
where L —^ XY. Also, let P = Pi + P 2 + . . . + Pm be a nondecomposable 
sum representation of P . Then, by Lemma 4.2, there is a•% G L (i' = 1, 2, . . . , m) 
such tha t / (x) = at for all x G P*. Hence, 

and 

m 

By Lemma 4.1, L ^ [0L, a J X [at, 1L] (i = 1, 2, . . . , m). 
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COROLLARY 4.4. Let Lbea bounded lattice and let P be a finite partially ordered 
set. Then 

Cen (Lp) s* (Cen (L))c<p>. 

Proof. Let P = Pi + P 2 + . . . + Pm be a nondecomposable sum represen­
tation of P. L e t / G Cen (Lp) ; then the restriction of/ to P* is a constant func­
tion, say/(x) = flj for all x G P*, a» G L for i = 1, 2, . . . , m. Define the map 
\p of Cen (Lp) to (Cen (L))C(P) b y ^ ( / ) = (a i , a 2 , . . . , am). ^ is evidently one-to-
one and both \[/ and yp~l are order-preserving. In order to see that \p is onto, we 
need only observe that an m-tuple (ai, a2, . . . , am) G (Cen (L))C(P) induces a 
function / G L p in the obvious manner; namely, choose / G Lp such that 
/ | P * = au then, we have 

?n / m \ / m \ 

LP ̂  n £Pi ^ n [OL, a,rj n w« u r ) ~ [o^,/] x i/, l^]. 
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