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ENTIRE FUNCTIONS HAVING
ASYMPTOTIC FUNCTIONS

P.C. FENTON

It is shown that an entire function having k distinct entire

asymptotic functions of order less than \ is of lower order

yc , mean type at least; further that if / is of lower order

%k , mean type, then its order is yc .

1. Introduction

An entire function W is called an asymptotic function for the entire

function / if f(z) - w(z) •*• 0 as z -*• °° along some curve joining 0

to °° , called an asymptotic curve. A consequence of Wiman's theorem is

that distinct asymptotic functions of order less than \ associated with

the same function / cannot have the same asymptotic curve, and this

together with the Denjoy-Carleman-Ahlfors theorem lends support to the

following conjecture, which appears as Problem 2.3 in Hayman's book of

problems [4].

If f is an entire function having k distinct asymptotic functions

of order less than % then f has order ^c at least.

When the asymptotic functions are constants t h i s i s a weak version of

the Denjoy-Carleman-Ahlfors theorem. In a posthumous paper [7] Somorjai

showed t h a t i f the orders of the asymptotic functions are l ess than about

1/30 then the stronger conclusion

( 1 . 1 ) a = l i m i n f r " ' l o g M{r, f)>0

Received 9 December 1982.

32 1

https://doi.org/10.1017/S0004972700025831 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700025831


322 P.C. Fenton

holds, where M(r, f) is the maximum modulus of / . The proof employs a
differential inequality due to Carleman. Denjoy himself had shown earlier
that if / is of finite order y and a l l asymptotic curves are half-lines

then the number of asymptotic functions of order less than 1/ (2+u ) is
no more than 2u ; see [3] for details. In this note we show that the
proof of the "regularity" version of the Denjoy-Carleman-Ahlfors theorem
due to Heins [5] can be adapted to bear on the foregoing conjecture. We
shall prove:

(1.2) If f is an entire fvnotion having k distinct asymptotic
functions of order less than \ then ( l . l ) holds. Moreover,
if a < °° , then f has order %k .

2 . A lemma

It is apparent that we may assume that the asymptotic curves are not

self-intersecting and also that they are composed of straight line

segments, with only finitely many segments between any two of their points.

Let us call such curves segmental.

Suppose that F and V are two segmental curves joining 0 to °°

which are either identical or else intersect in the finite plane only at

0 . In either case the complement of V u V contains an unbounded,

simply-connected domain ft with 3ft = T u T . Given R > 0 l e t

be the component of ft <•» A(i?) which has 0 as a boundary point, and for
each r € (0, R) l e t Q(r) be the angular measure of ft(i?) r> C(r) ; here
A(r>) is the open disc centred at 0 with radius r , and C(r) is i t s
boundary. Suppose that w(s) is a subharmonlc function in ft(Z?) which
sa t i s f i e s , for each z € 3ft(i?) n (r u r ) ,

(2.1) lim sup u(S) 5 (KM) ,

where <|> i s increasing and continuously di f ferent iable on (0, R] . The

upper l i m i t in (2.1) i s to be taken as £ approaches z from within

Q(R) . We sha l l show t h a t , for each r € (0 , R) ,
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,R f rt
(J) ( t ) e x p -TT

Jr. ! Jr

[ f \
•(-IT ds/sQ(s) > ,
I Jj . J

(2.2) o(r, R) < <J)(r) + 6

6a(R, i?)expj

where

a{t, R) = swp{u{z) : z € £J(i?) n C(t)} .

Given r € (0, /?) let sQ € 5 r = fi(if) r> C(r) . For t € (r, i?) let

C (t) be an arc of 5. which is not separated from z by any other arc
± V 0

of 5, . C,(i) cuts tt(R) into two subdomains, ft.(t) containing 3 ,
s 1 x u

and Q'(t) . If there is an arc of 5 remaining in f2 (t) let CAt)

be one which is not separated from 2_ by any of the others, let 0. {t)

be the subdomain of fi (t) cut off by CAt) which contains 2 and let

U'(t) be the other. And so on. After a finite number [m = m(t) say) of

steps we arrive at a domain Q(t) = Q (t) cr A(t) , m domains
m —

fi'(i), ..., Q'(t) and m arcs CAt), ..., C (t) . These domains and

arcs are mutually disjoint and their union is Q(R) . Since Q{t) is theunique component of fi(i?) r> A(t)- which contains z we have Sl(t)

for all r < t < s < R ; thus if 3.(t) = {|s| > t} * dQ'.(t) ,

i = 1, ..., m , and 3(t) = U8.(t) then 3(t) 3 3(s) for r < t 5 s < i? .

It is clear that

for 1 * i S m(t) , where u) represents harmonic measure, and so

f
j I da/s9(s)

( 2 . 3 ) ui[zQ, 9 ( t ) , f2(/?)) £ 6 expj-ir I

from (for example) Kennedy [6, Lemma U]. Given r ' € (r, R) and a

positive integer N le t t . = r ' + j(R-r')/N , 0 < i 5 J , and consider
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• JM* . a(*- J

?!„ is harmonic in fi(i?) . Moreover if z € 3S2(i?) then

h {z) > lim sup w(C) . This is clear from the hypotheses of (1.2) if

\z\ S r' or \z\ = ft , while otherwise z € d[t. ) - d[t.) for exactly

one i and therefore

•i

h (z) > <t>(r") + X (<(>(*•)-*(*• J ) = *(*•) - *(|3|) •

A l l o w i n g N -*• °° , r ' •*• r , a f t e r t a k i n g a c c o u n t o f ( 2 . 3 ) we d e d u c e ( 2 . 2 ) .

3. Proof of the result

The f i r s t concern i s to show tha t any two of the asymptotic curves are

u l t imate ly non- in te rsec t ing . Suppose th i s i s not the case, tha t Y-, a n d

y are two asymptotic curves with points of in tersec t ion z •*•">. y.

and Yo determine a sequence of bounded domains D , the union of the

boundaries of which i s y u Y2 • ^et w and w be the asymptotic

functions associated with Y-, and Y?
 and let ^(z) = wAz) - W {z) .

Since Y-. an^ Y? intersect at z •*• °° , W is not constant. Let

v{a) = log\[f(z)-h[wi(z)+w2(.z))}
2-kW{Z)

2\ ,

so that v(z) is subharmonic. Under the hypotheses of (1.2) there is a

constant K > 0 such that v(z) 5 log ^(z)! + K for all z on Y-,

and Y2 • We apply (2.2) with T
1= ^2

 = yi ' " ( z ) = "i?(;3) " t h e

harmonic function in fl(/?) with boundary values log |(/(3)| - and

<(>(£) = t + K , where p < \ is the order of W , and e and K are

p o s i t i v e with p + e < ^ . This gives

uR(z) <
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using 6(s) 5 2ir . Since, for each fixed n , D c fi(i?) for a l l large R

we deduce that

for all z in UD It follows that the subharmonic function
n

{logmax

has order p at most. Now Denjoy [2] has shown that if u is subharmonic

of order u € [0, l) and

A(r, u) = inf{w(2) : \z\ = r] , B(r, u) = max{w(3) : \z\ = r} ,

then, given y' € (p, 1) ,

I {A(r, u) - cos Tru'B(r, w ) } ^ ' " 1 ^ > X(y')x~V's(x, M)
•"x

for all x > 0 . Here M y ) is a positive constant. Since every circle

about the origin intersects y. and y we have

A{p, V) 2 Iog+M(r, W) + K for all r . Thus if p' € (p, %) then

r , 2 , o' 1
{log m(r, (/) - cos irp'B(r, K)}r M dr > 0

for a l l large x , where m(r, &0 i s the minimum modulus of W . I t

follows t h a t , for a sequence R -*• °° ,

B(i?n, V) < sec2Trp' log m(i?n, w) < (2-n) log m(/?n, W)

for some n > 0 , since p ' < \ . The c i r c l e \z\ = R i n t e r sec t s one of

the domains, £?„ say, formed by y and y and so there i s an arc of i t

in £>„ , y say, joining a point of Y-, to a point of y . Taking

account of the defini t ion of V we deduce tha t since W i s uniformly

large on y e i the r

(3.1) f(z) - h{wAz)+w (z)) = W(z) f^+o(l)] (3 € Y)
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or the same except for a minus sign on the right. In either case a

contradiction arises - in the case of (3.1) for instance take s to be the

end-point of the arc on y . We conclude that the asymptotic curves are

ultimately non-intersecting and therefore may be altered near the origin so

as to be intersecting only at 0 . For the remainder of the proof we

suppose this done.

Let w , .. . , w, be the asymptotic functions with corresponding

asymptotic curves y , ... , y, in clockwise order, let ft. be the

unbounded simply-connected domain between Y- and Y- -, (YT, - Y )

let 0-(t) be the angular measure of ft. " C(t) . Let

W.(z) ~ wAz) - w. ̂ (s) [w. _, = w ] , let

and let

v.{z) = log

a.(t) = max{u.(3) : z 6 ft. n C{t)} .
t- % 1*

For each i t h e r e i s a cons tan t K. > 0 such t h a t
^

U. ( s ) S log+ |Jv ' . (s) | + K. on Y- and Y- . , • W e apply (2 .2) with

T = Y- 5 r = y. , ft = 0 . and u(z) the harmonic function in ft(fl)

wi th boundary va lues log | ) / . ( z ) | on T and T and O.(i?) on

n C(R) . With (|i as above we deduce t h a t , for a l l l a rge i? ,

(j(3 .2) O i ( r ) < 6a.(i?)exp-j-TT

It follows that lim inf R~ a .{R) > 0 . For if this were not so the first

term on the right of (3.2) would tend to zero as R ->• « through a sequence

of values and we should thus arrive at a.(i') = 0[r ) for each E > 0 ;

hence

i +
^max{log 1^(
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would have order p and just as before this leads to a contradiction when

p < h , provided W. is not constant. If W. is constant then the
If If

earlier argument is inapplicable; however, it is easy to see that v. is

bounded in Q. (take ()> constant in (2.2)). But then f{z) - w.{z) is
If If

bounded in £2. and has distinct limits on y. and y. , which violates

the Phragmen-Lindelof principle [1, p. 3l and again we arrive at a

contradiction. We rearrange (3.2) to give

(3.3) fl+o(l))a.(r) < a.(i?)exp<-ir ds/sB.(s)\ .
\ >r % \
»• )

This is the equivalent of Heins' (2.2) and (3-2) [5]. The remainder of the

proof simply reproduces Heins' arguments and we content ourselves to

demonstrate this only so far as proving (l.l), which can be quickly done.

As we have noticed a.(r) > 0 for all large r and so, from (3-3),
1r

k . _.
Applying Holder's inequality to the identity k = £ 6:6. we obtain6:9.

6T1 > fe2/2ir and hence
l

2 fe 2

r-fc /2 r r o(r) £ «-
fc /2

( k2
From this it follows that lim infiR '

1
fe 1
\ a.(R)} > 0 which implies

1 * J
(1.1).
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