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Endpoint Regularity of Multisublinear
Fractional Maximal Functions

Feng Liu andHuoxiong Wu

Abstract. In this paper we investigate the endpoint regularity properties of themultisublinear frac-
tional maximal operators, which include the multisublinear Hardy–Littlewood maximal operator.
We obtain some new bounds for the derivative of the one-dimensional multisublinear fractional
maximal operators acting on the vector-valued function ⃗f = ( f1 , . . . , fm) with all f j being BV-
functions.

1 Introduction

During the last several years, considerable attention has been given to investigating
the behavior of diòerentiability under amaximal operator. _is program began with
Kinnunen [9] who showed that the centered Hardy–Littlewood maximal operator
M is bounded on the Sobolev spaces W 1,p(Rd) for all 1 < p ≤ ∞. It was noticed
that theW 1,p-bound for the uncenteredHardy-Littlewoodmaximal operator denoted
by M̃ also holds by a simple modiûcation of Kinnunen’s arguments or [8, _eorem
1]. _is paradigm that an Lp-bound implies a W 1,p-bound was later extended to a
local version in [10], to a fractional version in [11], to a bilinear version in [4], to a
multi(sub)linear version in [15], and to a one-sided version in [14]. Other interesting
works related to this theory are [1,6,7,16,17]. Due to the lack of re�exivity of L1, results
for p = 1 are subtler; understanding the endpoint regularity seems to be a deeper issue.
A crucial question was posed by Hajlasz and Onninen in [8].

Question 1.1 ([8]) Is the operator f ↦ ∣∇M f ∣ bounded fromW 1,1(Rd) to L1(Rd)?

A standard dilation argument reveals the true nature of this question: whether
the variation of the maximal function is controlled by the variation of the original
function, i.e., if we have

(1.1) ∥∇M f ∥L1(Rd) ≤ C∥∇ f ∥L1(Rd) .
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Question 1.1 has been solved in dimension d = 1 and remains open in dimension
d ≥ 2. _e ûrst work in this direction is due to Tanaka [19] in 2002 when he obtained
the bound (1.1) in dimension d = 1 for the noncentered maximal operator M̃ with
constant C = 2. _is result was later sharpened by Aldaz and Pérez Lázaro [2] who
proved that if f ∈ BV(R), then M̃ f is absolutely continuous and
(1.2) Var (M̃ f ) ≤ Var( f ),
where Var( f ) denotes the total variation of f and BV(R) is the set of all functions of
bounded variation on R. Observe that inequality (1.2) is sharp. Recently, Liu, Chen,
and Wu [13] also gave a simple proof of the bound (1.1) in dimension d = 1 for the
operator M̃ with constant C = 1. In the remarkable work [12], Kurka showed that if
f ∈ BV(R), then

Var(M f ) ≤ 240, 004 Var( f ).
It was also shown in [12] that if f ∈ W 1,1(R), then M f is weakly diòerentiable and
(1.1) for d = 1 also holds with constant C = 240, 004.

Very recently, Carneiro andMadrid [5] considered the endpoint regularity of the
uncentered fractional maximal operator M̃α for 0 < α < 1, which is deûned by

M̃α f (x) = sup
r ,s≥0
r+s>0

1
(r + s)1−α ∫

x+s

x−r
∣ f (y)∣dy.

For a function f ∶R→ R and 1 ≤ q <∞,motivated by theRiemann sums of aRiemann
integrable function, we deûne its q-variation by

Varq( f ) ∶= sup
P

(
N−1

∑
n=1

∣ f (xn+1) − f (xn)∣q
∣xn+1 − xn ∣q−1 )

1/q
,

where the supremum is taken over all ûnite partitions P = {x1 < x2 < ⋅ ⋅ ⋅ < xN}. _is
is also known as the Riesz q-variation of f (see, for instance, the discussion in [3] for
the object and its generalizations). In particular, Varq( f ) = Var( f ) if q = 1. We now
introduce the result of [5] as follows.

_eorem 1.2 ([5]) Let 0 < α < 1 and q = 1/(1 − α). Let f ∈ BV(R) such that
M̃α f /≡∞. _en M̃α f is absolutely continuous, and its derivative satisûes

∥(M̃α f )′∥Lq(R) = Varq(M̃α f ) ≤ 81/q Var( f ).

_emain purpose of this paper is to investigate the endpoint regularity of themul-
tisublinear fractional maximal functions. More precisely, let m be a positive integer
and f⃗ = ( f1 , . . . , fm)with each f j ∈ L1

loc(Rd). For 0 ≤ α < md,we deûne the centered
m-sublinear fractional maximal operator Mα by

Mα( f⃗ )(x) = sup
r>0

∣Br(x)∣α/d−m m
∏
j=1
∫
Br(x)

∣ f j(y)∣dy

for any x ∈ Rd , where Br(x) is the open ball in Rd centered at x with radius r and
∣Br(x)∣ denotes the volume of Br(x). Observe that the centered Hardy–Littlewood
maximal operator M corresponds to the special case of Mα for m = 1 and α = 0.
Meanwhile, the centered fractional maximal operator denoted by Mα corresponds
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to the special case of Mα for m = 1 and 0 < α < d. It was shown in [15] that
Mα ∶W 1,p1(Rd)×⋅ ⋅ ⋅×W 1,pm(Rd)→W 1,q(Rd) isbounded,where 1 < p1 , . . . , pm <∞
and∑m

i=1 1/p i − α/d = 1/q ≤ 1. For the endpoint regularity ofMα , there exists a con-
stant C = C(α,m, d) > 0 such that

(1.3) ∥∇Mα( f⃗ )∥
L

d
m(d−1)−α+1 (Rd)

≤ C
m
∏
j=1

∥∇ f j∥L1(Rd) ,

if d ≥ 2, 1 ≤ α < m(d − 1) + 1, α > (m − 1)(d − 1) and f⃗ = ( f1 , . . . , fm) with
each f i ∈ W 1,1(Rd) for i = 1, 2, . . . ,m. _e same results hold for the uncentered
version of Mα . To see this, let us consider, for instance, the centered case. By [15,
_eorem 2.3(ii)], there exists a constant C = C(α,m, d) > 0 such that

(1.4) ∥ ∂Mα( f⃗ )
∂x l

∥
Lq(Rd)

≤ C
m
∏
j=1

∥ f j∥Lp j (Rd) .

for all 1 ≤ l ≤ d, 1 ≤ α < md, 1 < p1 , p2 , . . . , pm ≤∞, and

0 < 1
q
=

m
∑
i=1

1
p i
− (α − 1)

d
.

Taking p i = d/(d − 1) for all 1 ≤ i ≤ m, (1.4) leads to

∥∇Mα( f⃗ )∥
L

d
m(d−1)−α+1 (Rd)

≤ C
m
∏
j=1

∥ f j∥L
d
d−1 (Rd)

if d ≥ 2, α ≥ 1 and (m − 1)(d − 1) < α < m(d − 1) + 1. Combining this inequality with
the Sobolev embedding theorem gives (1.3). Speciûcally, if m = 1, d ≥ 2, 1 ≤ α < d,
and f ∈ W 1,1(Rd), then Mα f is weakly diòerentiable, and there exists a constant
C = C(α, d) > 0 such that

∥∇Mα f ∥L
d
d−α (Rd)

≤ C∥∇ f ∥L1(Rd) .

_e same results hold for the uncentered version ofMα .
Based on the above, it is then natural to consider the extension of _eorem 1.2 to

themultisublinear fractional case. _is is themain motivation for thiswork. Herewe
give a positive answer to above question. Let f⃗ = ( f1 , . . . , fm) with each f j ∈ L1

loc(R).
For 0 ≤ α < m, we deûne the uncentered m-sublinear fractional maximal operator
M̃α by

M̃α( f⃗ )(x) = sup
r ,s≥0
r+s>0

1
(r + s)m−α

m
∏
j=1
∫

x+s

x−r
∣ f j(y)∣dy.

Obviously, M̃α = M̃α when m = 1. Our main results can be listed as follows.

_eorem 1.3 (i) Let 0 < α < 1 and q1 = 1/(1 − α). Let f⃗ = ( f1 , . . . , fm) with
each f j ∈ BV(R) such that M̃α( f⃗ ) /≡∞. _en M̃α( f⃗ ) is absolutely continuous and its
derivative satisûes

∥(M̃α( f⃗ ))
′∥ Lq1 (R)

= Varq1(M̃α( f⃗ )) ≤ 81/q1
m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L∞(R) .

https://doi.org/10.4153/CMB-2016-044-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2016-044-9


Endpoint Regularity ofMultisublinear Fractional Maximal Functions 589

(ii) Let m − 1 < α < m and q2 = 1/(m − α). Let f⃗ = ( f1 , . . . , fm) with each
f j ∈ BV(R) ∩ L1(R). _en M̃α( f⃗ ) is absolutely continuous and its derivative satisûes

∥(M̃α( f⃗ ))
′∥ Lq2 (R)

= Varq2(M̃α( f⃗ )) ≤ 81/q2
m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L1(R) .

_eorem 1.4 (i) Let α = 0 and f⃗ = ( f1 , . . . , fm) with each f j ∈ BV(R). _en

Var(M̃α( f⃗ )) ≤ 8
m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L∞(R) .

(ii) Let α = m − 1 and f⃗ = ( f1 , . . . , fm) with each f j ∈ BV(R) ∩ L1(R). _en

Var(M̃α( f⃗ )) ≤ 8
m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L1(R) .

Remark _eorem 1.3 extends _eorem 1.2, which corresponds to the case m = 1.
_e problem of ûnding the corresponding results for m ≥ 3 and 1 ≤ α < m − 1 is
certainly an interesting one. Another inviting possibility is the investigation of the
validity of_eorem 1.3(i) for the case α = 0 and_eorem 1.3(ii) for the case α = m− 1.

_e rest of the paper is organized as follows. A�er presenting some preliminary
lemmas in Section 2, we prove_eorems 1.3 and 1.4 in Section 3. We remark that the
main ideas in our proofs are greatlymotivated by [5], but ourmethods and techniques
are more delicate and direct than those in [5]. _e main ingredients of our proofs
that bounds the q-variation of the maximal functions on monotone intervals by the
variation (times some L∞-norms) of the original functions on comparable intervals
are very interesting and technically diõcult (see Lemmas 2.3–2.4). We expect the
centered case of our main results to hold as well. However, our methods here do not
adapt to the centered case. In what follows, we use the conventions∏ j∈∅ a j = 1 and
∑ j∈∅ a j = 0. For convenience, we denote by Lip(R) the set of all Lipshitz functions
on R.

2 Preliminary Lemmas

Let f⃗ = ( f1 , . . . , fm) with each f j ∈ L1
loc(R). In what follows, for any x ∈ R, we set

Ar ,s( f⃗ )(x) =
1

(r + s)m−α

m
∏
j=1
∫

x+s

x−r
∣ f j(y)∣dy

for any r, s ≥ 0 with satisfying r + s > 0, andA0,0( f⃗ )(x) = lim supr ,s→0+ Ar ,s( f⃗ )(x).
Observe that A0,0( f⃗ ) ≡ 0 if each f j is locally bounded and α > 0.

Let us begin with the following preliminary lemma.

Lemma 2.1 Let 0 ≤ α < 1 and f⃗ = ( f1 , . . . , fm) with each f j ∈ L∞(R) such that
M̃α( f⃗ ) /≡∞.
(i) _en we have M̃α( f⃗ )(x) <∞ for all x ∈ R.
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(ii) If M̃α( f⃗ )(x) > M̃α( f⃗ )(y) for some x , y ∈ R with satisfying x > y, then there
exist r, s ≥ 0 such that r < x − y and M̃α( f⃗ )(x) = Ar ,s( f⃗ )(x). In particular, if
each f j ∈ Lip(R), then

(2.1) M̃α( f⃗ )(x) − M̃α( f⃗ )(y) ≤

min{r + s, x − y − r}(r + s)α−1
m
∑
l=1
∫

x+s

y
∣ f ′l (z)∣dz ∏

1≤ j/=l≤m
∥ f j∥L∞(R) .

(iii) If M̃α( f⃗ )(x) > M̃α( f⃗ )(y) for some x , y ∈ R with satisfying x < y, then there
exist r, s ≥ 0 such that s < y − x and M̃α( f⃗ )(x) = Ar ,s( f⃗ )(x). In particular, if
each f j ∈ Lip(R), then

M̃α( f⃗ )(x) − M̃α( f⃗ )(y) ≤

min{r + s, y − x − s}(r + s)α−1
m
∑
l=1
∫

y

x−r
∣ f ′l (z)∣dz ∏

1≤ j/=l≤m
∥ f j∥L∞(R) .

Proof (i) Suppose that M̃α( f⃗ )(x) = ∞ for some x ∈ R. _en there exists a
sequence (r j , s j) such that r j , s j ≥ 0, r j + s j → ∞ and Ar j ,s j( f⃗ )(x) → ∞ as j → ∞.
For any y ∈ R and j ∈ Z with r j + s j > ∣x − y∣, one can easily check that

(2.2) ∣Ar j ,s j( f⃗ )(y) −Ar j ,s j( f⃗ )(x)∣ ≤ 2m∣y − x∣(r j + s j)α−1
m
∏
i=1

∥ f i∥L∞(R) .

Taking j →∞, (2.2) yields M̃α( f⃗ )(y) =∞, a contradiction.
(ii)We only prove (ii), as (iii) is analogous. Assume that M̃α( f⃗ )(x) is not attained

by any average Ar ,s( f⃗ )(x) with r, s ≥ 0. _en there exists a sequence (r j , s j) such
that r j , s j ≥ 0, r j + s j → ∞ and Ar j ,s j( f⃗ )(x) → M̃α( f⃗ )(x) as j → ∞. Combining
these facts with (2.2) yield

M̃α( f⃗ )(x) ≤ M̃α( f⃗ )(y) + lim
j→∞

2m∣y − x∣(r j + s j)α−1
m
∏
i=1

∥ f i∥L∞(R) ≤ M̃α( f⃗ )(y),

which gives a contradiction. _us, there exist r, s ≥ 0 such that M̃α( f⃗ )(x) =
Ar ,s( f⃗ )(x). If r = x − y + t0 for some t0 ≥ 0, then

M̃α( f⃗ )(x) = Ar ,s( f⃗ )(x) =
1

(x − y + s + t0)m−α

m
∏
j=1
∫

y+x−y+s

y−t0
∣ f j(z)∣dz

≤ M̃α( f⃗ )(y),
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which yields a contradiction. So r < x − y. Note that each f j ∈ Lip(R); then all f j are
absolutely continuous. By Fubini’s theorem, we have that for any l ∈ {1, 2, . . . ,m},

∣ ∫
x+s

x−r
∣ f l(z)∣dz − ∫

y+r+s

y
∣ f l(z)∣dz∣

≤ ∫
x+s

x−r
∣ f l(z) − f l(z + r + y − x)∣dz

≤ ∫
x+s

x−r
∫

0

r+y−x
∣ f ′l (z + t)∣dtdz

= min{ ∫
0

r+y−x
∫

x+s

x−r
∣ f ′l (z + t)∣dzdt, (r + s)∫

x+s

y
∣ f ′l (z)∣dz}

≤ min{(x − y − r), r + s}∫
x+s

y
∣ f ′l (z)∣dz.

(2.3)

_en (2.1) follows from (2.3) and the following inequality
(2.4)

M̃α( f⃗ )(x) − M̃α( f⃗ )(y)
≤ ∣Ar ,s( f⃗ )(x) −A0,r+s( f⃗ )(y)∣

≤ (r + s)α−1
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∣ ∫
x+s

x−r
∣ f l(z)∣dz − ∫

y+r+s

y
∣ f l(z)∣dz∣ .

Lemma 2.2 Let 0 ≤ α < m and f⃗ = ( f1 , . . . , fm) with each f j ∈ L1(R).
(i) If each f j ∈ L∞(R), then there exists M > 0 such that M̃α( f⃗ )(x) ≤ M for all

x ∈ R.
(ii) If M̃α( f⃗ )(x) > M̃α( f⃗ )(y) for some x , y ∈ Rwith x > y, then there exist r, s ≥ 0

such that r < x − y and M̃α( f⃗ )(x) = Ar ,s( f⃗ )(x). In particular, if each f j ∈
Lip(R), then

(2.5) M̃α( f⃗ )(x) − M̃α( f⃗ )(y) ≤

min{r + s, x − y − r}(r + s)α−m
m
∑
l=1
∫

x+s

y
∣ f ′l (z)∣dz ∏

1≤ j/=l≤m
∥ f j∥L1(R) .

(iii) If M̃α( f⃗ )(x) > M̃α( f⃗ )(y) for some x , y ∈ Rwith x < y, then there exist r, s ≥ 0
such that s < y − x and M̃α( f⃗ )(x) = Ar ,s( f⃗ )(x). In particular, if f j ∈ Lip(R),
then

M̃α( f⃗ )(x) − M̃α( f⃗ )(y) ≤

min{r + s, y − x − s}(r + s)α−m
m
∑
l=1
∫

y

x−r
∣ f ′l (z)∣dz ∏

1≤ j/=l≤m
∥ f j∥L1(R) .
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Proof (i) One can easily check that

M̃α( f⃗ )(x) ≤ sup
r , s≥0

0<r+s≤1

1
(r + s)m−α

m
∏
j=1
∫

x+s

x−r
∣ f j(z)∣dz

+ sup
r , s≥0
r+s>1

1
(r + s)m−α

m
∏
j=1
∫

x+s

x−r
∣ f j(z)∣dz

≤
m
∏
j=1

∥ f j∥L∞(R) +
m
∏
j=1

∥ f j∥L1(R) .

for any x ∈ R.
(ii) We will only prove (ii), as (iii) is analogous. _e proof of (ii) is similar to

the proof of Lemma 2.1(ii). Assume that M̃α( f⃗ )(x) is not attained by any average
Ar ,s( f⃗ )(x) with r, s ≥ 0. _en there exists a sequence (r j , s j) such that r j , s j ≥ 0,
r j + s j →∞, and Ar j ,s j( f⃗ )(x) → M̃α( f⃗ )(x) as j →∞. Using a similar argument to
the one used for (2.2) we get

∣Ar j ,s j( f⃗ )(y) −Ar j ,s j( f⃗ )(x)∣ ≤ 2m∣y − x∣(r j + s j)α−m m
∏
i=1

∥ f i∥L1(R)

for any j ∈ Z such that r j + s j > ∣x − y∣. It follows that

M̃α( f⃗ )(x) ≤ M̃α( f⃗ )(y) + lim
j→∞

2m∣y − x∣(r j + s j)α−m m
∏
i=1

∥ f i∥L1(R) ≤ M̃α( f⃗ )(y),

which is a contradiction. _us, there exist r, s ≥ 0 with M̃α( f⃗ )(x) = Ar ,s( f⃗ )(x).
One can easily check that r < x − y. Using a similar argument as in (2.4) we obtain

M̃α( f⃗ )(x) − M̃α( f⃗ )(y) ≤

(r + s)α−m
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L1(R)∣ ∫
x+s

x−r
∣ f l(z)∣dz − ∫

y+r+s

y
∣ f l(z)∣dz∣ ,

which together with (2.3) yields (2.5).

_e following two lemmas are the heart of our proofs. Its bound the q-variation
of M̃α( f⃗ ) in amonotone interval.

Lemma 2.3 Let 0 ≤ α < 1 and q = 1/(1 − α). Let f⃗ = ( f1 , . . . , fm) with each
f j ∈ BV(R) ∩ Lip(R).

(i) Let x1 < x2 < ⋅ ⋅ ⋅ < xN be a sequence of real numbers such that

M̃α( f⃗ )(x1) ≤ M̃α( f⃗ )(x2) ≤ ⋅ ⋅ ⋅ ≤ M̃α( f⃗ )(xN−1) < M̃α( f⃗ )(xN).
_en there exist r, s ≥ 0 such that M̃α( f⃗ )(xN) = Ar ,s( f⃗ )(xN) and

(2.6)
N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x1
∣ f ′l (x)∣dx) .

In particular, if xN < xN+1 and M̃α( f⃗ )(xN) > M̃α( f⃗ )(xN+1), then s < xN+1 − xN .
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(ii) Let x1 < x2 < ⋅ ⋅ ⋅ < xN be a sequence of real numbers such that

M̃α( f⃗ )(x1) > M̃α( f⃗ )(x2) ≥ ⋅ ⋅ ⋅ ≥ M̃α( f⃗ )(xN−1) ≥ M̃α( f⃗ )(xN).

_en there exist r, s ≥ 0 such that M̃α( f⃗ )(x1) = Ar ,s( f⃗ )(x1) and
N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN

x1−r
∣ f ′l (x)∣dx) .

In particular, if x0 < x1 and M̃α( f⃗ )(x1) > M̃α( f⃗ )(x0), then r < x1 − x0.

Proof We only prove (i), as (ii) is analogous. By Lemma 2.1, there exist r, s ≥ 0 such
that r < xN − x1, s < xN+1 − xN , M̃α( f⃗ )(xN) = Ar ,s( f⃗ )(xN) and

(2.7) M̃α( f⃗ )(xN) − M̃α( f⃗ )(x1) ≤ (r + s)α
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x1
∣ f ′(x)∣dx .

Let M be the smallest integer with 2 ≤ M ≤ N such that

M̃α( f⃗ )(xM) − M̃α( f⃗ )(xM−1)
xM − xM−1

=

max{ M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn−1)
xn − xn−1

; 2 ≤ n ≤ N} > 0.

By Lemma 2.1 again there exist u, v ≥ 0 such that u < xM − xM−1, M̃α( f⃗ )(xM) =
Au ,v( f⃗ )(xM) and

(2.8)
M̃α( f⃗ )(xM) − M̃α( f⃗ )(xM−1)

xM − xM−1
≤

(u + v)α−1
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xM+v

xM−1
∣ f ′(z)∣dz.

Case 1. Assume that u + v ≥ r + s. Using (2.7) and (2.8) we obtain
N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1

= ( M̃α( f⃗ )(xM) − M̃α( f⃗ )(xM−1)
xM − xM−1

)
q−1

(M̃α( f⃗ )(xN) − M̃α( f⃗ )(x1))

≤ (u + v)(α−1)(q−1)(r + s)α(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xM+v

xM−1
∣ f ′l (z)∣dz)

q−1

× (
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x1
∣ f ′(x)∣dx)

≤ (
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x1
∣ f ′l (x)∣dx) ,
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which yields (2.6).

Case 2. Assume that u+v < r+s and xN−xM ≤ v. In this case note that xM+v ≤ XN+s
(which is clear if M = N , and if M < N , we note that r < xN − xM). By Lemma 2.1
again we have u < xM − x1 and

M̃α( f⃗ )(xM) − M̃α( f⃗ )(x1) ≤ (u + v)α
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xM+v

x1
∣ f ′(x)∣dx ,

which, combining (2.8) with the similar argument as in Case 1, implies

(2.9)
M−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xM+v

x1
∣ f ′l (x)∣dx)

q
.

On the other hand, we get from (2.8) that

N−1

∑
n=M

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1

≤ ( M̃α( f⃗ )(xM) − M̃α( f⃗ )(xM−1)
xM − xM−1

)
q N−1

∑
n=M

∣xn+1 − xn ∣

≤ v(u + v)(α−1)q(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xM+v

xM−1
∣ f ′l (z)∣dz)

q

≤ (
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xM+v

xM−1
∣ f ′l (z)∣dz)

q
.

(2.10)

It follows from (2.9) and (2.10) that

N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤ 2(

m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x1
∣ f ′l (z)∣dz)

q
,

which gives (2.6).

Case 3. Assume that u + v < r + s and xN − xM > v. Let i1 be the unique integer such
that x i1 ≤ xM + v < x i1+1 andM ≤ i1 ≤ N − 1. By (2.9) and the fact that xM + v < x i1+1,
we get

(2.11)
M−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x i1+1

x1
∣ f ′l (x)∣dx)

q
.
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By a similar argument to the one used to obtain (2.9) we have

(2.12)
i1−1

∑
n=M

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x i1+1

x1
∣ f ′l (z)∣dz)

q
.

Combining (2.11) with (2.12) yields that

(2.13)
i1−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

2(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x i1+1

x1
∣ f ′l (z)∣dz)

q
.

Let M1 be the smallest integer with i1 < M1 ≤ N such that

M̃α( f⃗ )(xM1) − M̃α( f⃗ )(xM1−1)
xM1 − xM1−1

=

max{ M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn−1)
xn − xn−1

; i1 ≤ n ≤ N} > 0.

_en by Lemma 2.1 again there exist uM1 , vM1 ≥ 0 such that uM1 < xM1 − xM1−1,
M̃α( f⃗ )(xM1) = AuM1 ,vM1

( f⃗ )(xM1), and

M̃α( f⃗ )(xN) − M̃α( f⃗ )(x i1) ≤(2.14)

(r + s)α
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x i1

∣ f ′(x)∣dx;

M̃α( f⃗ )(xM1) − M̃α( f⃗ )(x i1) ≤(2.15)

(uM1 + vM1)α
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xM1+vM1

x i1

∣ f ′(x)∣dx;

M̃α( f⃗ )(xM1) − M̃α( f⃗ )(xM1−1)
xM1 − xM1−1

≤(2.16)

(uM1 + vM1)α−1
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xM1+vM1

xM1−1
∣ f ′(z)∣dz.

If uM1 + vM1 ≥ r + s or uM1 + vM1 < r + s and xN − xM1 ≤ vM1 , then by (2.14)–(2.16) and
similar arguments as in Cases 1 and 2, we get

N−1

∑
n=i1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤ 2(

m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q−1

× (
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x i1

∣ f ′l (x)∣dx) .

When uM1 + vM1 < r + s and xN − xM1 > vM1 , let i2 be the unique integer such that
x i2 ≤ xM1 + vM1 < x i2+1 and M1 ≤ i2 ≤ N − 1. _en by a similar argument as in (2.13)
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we have
i2−1

∑
n=i1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1

≤ 2(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x i2+1

x i1

∣ f ′l (z)∣dz)
q

≤ 2(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x i2+1

x i1

∣ f ′l (z)∣dz) .

Reasoning as above, we can obtain {(ik ,Mk , uMk , vMk)}L
k=1 such that

(i) uMk , vMk ≥ 0, uMk < xMk − xMk−1, ik < Mk , M̃α( f⃗ )(xMk) = AuMk ,vMk
( f⃗ )(xMk)

for k = 1, 2, . . . , L;
(ii) Mk ≤ ik+1 ≤ N − 1, ik + 1 ≤ ik+1 and

(2.17)
ik+1−1

∑
n=ik

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

2(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x ik+1+1

x ik

∣ f ′l (z)∣dz) .

for k = 1, 2, . . . , L − 1;
(iii) uML + vML ≥ r + s or uML + vML < r + s and xN − xML ≤ vML . In both cases we

have

(2.18)
N−1

∑
n=iL

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x iL

∣ f ′l (x)∣dx) .

It follows from (2.13), (2.17), and (2.18) that
N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1

=
i1−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 +

L−1

∑
k=1

ik+1−1

∑
n=ik

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1

+
N−1

∑
n=iL

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1

≤ 4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q−1

× (
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN+s

x1
∣ f ′l (x)∣dx) .

_is yields (2.6) and ûnishes the proof.

Applying Lemma 2.2 and the similar arguments as in the proof of Lemma 2.3, we
can obtain the following lemma. _e details are omitted.
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Lemma 2.4 Let m − 1 ≤ α < m, q = 1/(m − α) and f⃗ = ( f1 , . . . , fm) with each
f j ∈ L1(R) ∩ Lip(R).

(i) Let x1 < x2 < ⋅ ⋅ ⋅ < xN be a sequence of real numbers such that

M̃α( f⃗ )(x1) ≤ M̃α( f⃗ )(x2) ≤ ⋅ ⋅ ⋅ ≤ M̃α( f⃗ )(xN−1) < M̃α( f⃗ )(xN).

_en there exist r, s ≥ 0 such that M̃α( f⃗ )(xN) = Ar ,s( f⃗ )(xN) and

N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L1(R)∥ f ′l ∥L1(R))
q−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L1(R) ∫
xN+s

x1
∣ f ′l (x)∣dx) .

In particular, if xN < xN+1 and M̃α( f⃗ )(xN) > M̃α( f⃗ )(xN+1), then s < xN+1 − xN .
(ii) Let x1 < x2 < ⋅ ⋅ ⋅ < xN be a sequence of real numbers such that

M̃α( f⃗ )(x1) > M̃α( f⃗ )(x2) ≥ ⋅ ⋅ ⋅ ≥ M̃α( f⃗ )(xN−1) ≥ M̃α( f⃗ )(xN).

_en there exist r, s ≥ 0 such that M̃α( f⃗ )(x1) = Ar ,s( f⃗ )(x1) and

N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 ≤

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L1(R)∥ f ′l ∥L1(R))
q−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L1(R) ∫
xN

x1−r
∣ f ′l (x)∣dx) .

In particular, if x0 < x1 and M̃α( f⃗ )(x1) > M̃α( f⃗ )(x0), then r < x1 − x0.

_e following proposition is a classical result of F. Riesz (see [18, Chapter IX §4,
_eorem 7]), which plays a key role in the proof of_eorem 1.3.

Proposition 2.5 Let f ∶R→ R be a given function and 1 < q <∞. _enVarq( f ) <∞
if and only if f is absolutely continuous and its derivative f ′ belongs to Lq(R). Moreover,
in this case, we have that ∥ f ′∥Lq(R) = Varq( f ).

We end this section by presenting the q-variation of M̃α( f⃗ )with each f j ∈ Lip(R).

Proposition 2.6 (i) Let 0 ≤ α < 1 and q1 = 1/(1 − α). Let f⃗ = ( f1 , . . . , fm) with
each f j ∈ Lip(R). _en

(2.19) Varq1(M̃α( f⃗ )) ≤ 81/q1
m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L∞(R) .

(ii) Let m − 1 ≤ α < m and q2 = 1/(m − α). Let f⃗ = ( f1 , . . . , fm) with each
f j ∈ L1(R) ∩ Lip(R). _en

(2.20) Varq2(M̃α( f⃗ )) ≤ 81/q2
m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L1(R) .
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Proof First we prove (i). We can assume that all f j ∈ BV(R) and M̃α( f⃗ ) is not
constant (since (2.19) is obvious in other cases). Let x1 < x2 < ⋅ ⋅ ⋅ < xN . For a generic
function g ∶ R → R and a partition P = {x1 < x2 < ⋅ ⋅ ⋅ < xN}, we say that an interval
[xn , x l ] is a string of local maxima of g if

g(xn−1) < g(xn) = ⋅ ⋅ ⋅ = g(x l) > g(x l+1),

provided n /= 1 and l /= N . When n /= l , we say that the le�most point xn is a le�
local maximal of g. Respectively, the rightmost point x l is a right local maximum of
g. When n = l , we say that xn is a le� local maximum and a right local maximum
of g. We deûne string of local minima, le� local minimum and right local minimum
analogously. Fix a partition P = {x1 < x2 < ⋅ ⋅ ⋅ < xN}. Without loss of generality
we can assume that {[x i−l , x i+l ]}

L
l=1 and {[x j−l , x j+l ]}

L
l=1 are the ordered strings of local

minima and local maxima of M̃α( f⃗ ) (relative to the partition P), i.e.,

1 < i−1 ≤ i+1 < j−1 ≤ j+1 < i−2 ≤ i+2 < j−2 ≤ j+2 < ⋅ ⋅ ⋅ < i−L ≤ i+L < j−L ≤ j+L < N .

Obviously, M̃α( f⃗ )(x j+L ) > M̃α( f⃗ )(x i−L ). By Lemma 2.3 there exist r, rL ≥ 0 such that
rL < x j+L − x i−L and

i−1 −1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1 ≤

(2.21)

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q1−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x i−1

x1−r
∣ f ′l (z)∣dz) ;

N−1

∑
n= j+L

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q−1 ≤

(2.22)

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q1−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN

x j+L
−rL

∣ f ′l (z)∣dz) .

Since M̃α( f⃗ )(x j−k ) > M̃α( f⃗ )(x i+k+1
) for any 1 ≤ k ≤ L − 1 and M̃α( f⃗ )(x j−L ) >

M̃α( f⃗ )(xN). By Lemma 2.3 again there exists a sequence {sk}L
k=1 such that sk <

x i+k+1
− x j−k ,

(2.23)
j−k −1

∑
n=i+k

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1 ≤

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q1−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x j−k

+sk

x i+k

∣ f ′l (z)∣dz)
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for all 1 ≤ k ≤ L − 1 and sL < xN − x j−L ,

(2.24)
j−L−1

∑
n=i+L

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1 ≤

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q1−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x j−L

+sL

x i+L

∣ f ′l (z)∣dz) .

It follows from (2.23) and (2.24) that

(2.25)
L
∑
k=1

j−k −1

∑
n=i+k

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q−1 ≤

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q1−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
xN

x i−1

∣ f ′l (z)∣dz) .

Similarly, we obtain

(2.26)
L−1

∑
k=1

i−k+1−1

∑
n= j+k

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1 ≤

4(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q1−1

(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) ∫
x i−L

x1
∣ f ′l (z)∣dz) .

It follows from (2.21), (2.22), (2.25), and (2.26) that

N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1

=
i−1 −1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1

+
L
∑
k=1

j−k −1

∑
n=i+k

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1

+
L−1

∑
k=1

i−k+1−1

∑
n= j+k

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1

+
N−1

∑
n= j+L

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q1

∣xn − xn+1∣q1−1

≤ 8(
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R)∥ f ′l ∥L1(R))
q1
.

Combining this with the fact that ∥ f ′l ∥L1(R) = Var( f l) for any 1 ≤ l ≤ m yields (2.19).
Using Lemma 2.4 and similar arguments as in leading to (2.19) we get (2.20).
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3 Proofs of Main Results

_is section is devoted to proving _eorems 1.3 and 1.4. In what follows, let f⃗ =
( f1 , . . . , fm) with each f j ∈ BV(R). Without loss of generality we assume that all f j ≥
0, since Var(∣ f ∣) ≤ Var( f ). Let φ ∈ C∞c (R) be a nonnegative smooth function such
that supp(φ) = [−1, 1] and ∥φ∥L1(R) = 1. For є > 0, we deûne φє(x) = 1

єφ(
x
є ). For є >

0, let f⃗є = ( f1,є , . . . , fm ,є)with each f j,є = φє ∗ f j . Note that for any є > 0, all functions
f j,є are Lipschitz continuous, Var( f j,є) ≤ Var( f ) and ∥ f j,є∥L∞(R) ≤ ∥ f j∥L∞(R).

We now proceed with the proofs of_eorems 1.3 and 1.4.

Proof of_eorem 1.3 We ûrst claim that

(3.1) lim
є→0

M̃α( f⃗є)(x) = M̃α( f⃗ )(x)

for all x ∈ R and 0 ≤ α < m. Note that limє→0 f l ,є(x) = f (x) a.e. x ∈ R for all
1 ≤ l ≤ m. Fix x ∈ R. We assume that M̃α( f⃗ )(x) > 0, since M̃α( f⃗ )(x) = 0 implies
f l ,є ≡ 0 for all 1 ≤ l ≤ m and then (3.1) is obvious. By Fatou’s lemma, for any r, s ≥ 0
with r + s > 0,

Ar ,s( f⃗ )(x) ≤ lim inf
є→0

Ar ,s( f⃗є)(x) ≤ lim inf
є→0

M̃α( f⃗є)(x),

which leads to

(3.2) M̃α( f⃗ )(x) ≤ lim inf
є→0

M̃α( f⃗є)(x).

_us, to prove (3.1), it suõces to show that

(3.3) lim sup
є→0

M̃α( f⃗є)(x) ≤ M̃α( f⃗ )(x).

We now prove (3.3) by contradiction. Assume that there exists η > 0 such that

lim sup
є→0

M̃α( f⃗є)(x) > (1 + 3η)M̃α( f⃗ )(x).

It follows that there exists a sequence {єk}k≥1 such that 0 ≤ єk < 1 and єk → 0 as
k →∞ and

(3.4) M̃α( f⃗єk)(x) > (1 + 2η)M̃α( f⃗ )(x).

_is yields that there exists a subsequence {єι ,k}k≥1 of {єk}k≥1 such that 0 ≤ єι ,k < 1
and єι ,k → 0 as k →∞ and

M̃α( ⃗fє ι ,k)(x) = sup
r ,s≥0

0<r+s≤1

Ar ,s( ⃗fє ι ,k)(x) ∀ k ≥ 1(3.5)

or

M̃α( ⃗fє ι ,k)(x) = sup
r ,s≥0
r+s≥1

Ar ,s( ⃗fє ι ,k)(x) ∀ k ≥ 1.(3.6)
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Assume that (3.5) holds. Fix k ≥ 1; we can write

∣M̃α( ⃗fє ι ,k)(x) − M̃α( f⃗ )(x)∣
≤ sup

r ,s≥0
0<r+s≤1

∣Ar ,s( ⃗fє ι ,k)(x) −Ar ,s( f⃗ )(x)∣

≤ sup
r ,s≥0

0<r+s≤1

m
∑
l=1

1
(r + s)m−α

l−1
∏
µ=1
∫

x+s

x−r
∣ fµ(y)∣dy

m
∏

ν=l+1
∫

x+s

x−r
∣ fν ,є ι ,k(y)∣dy

× ∫
x+s

x−r
∣ f l ,є ι ,k(y) − f l(y)∣dy

≤
m
∑
l=1

∏
1≤ j/=l≤m

∥ f j∥L∞(R) sup
r ,s≥0

0<r+s≤1

1
r + s ∫

x+s

x−r
∣ f l ,є ι ,k(y) − f l(y)∣dy.

Fix l ∈ {1, 2, . . . ,m} and a pair (r, s) satisfying r, s ≥ 0 and 0 < r + s ≤ 1. Since
∣ f l ,є ι ,k(y) − f l(y)∣χ[x−r ,x+s](y) ≤ 2∣ f l(y)∣χ[x−1,x+1](y) a.e. y ∈ R, by Fatou’s lemma,

lim
k→∞

sup
r ,s≥0

0<r+s≤1

1
r + s ∫

x+s

x−r
∣ f l ,є ι ,k(y) − f l(y)∣dy = 0,

which implies limє→0 M̃α( ⃗fє ι ,k)(x) = M̃α( f⃗ )(x) and yields a contradiction. Assume
that (3.6) holds. _en by (3.4), ûx k ∈ Z; there are rk , sk ≥ 0 such that rk + sk ≥ 1 and

(3.7) Ark ,sk( ⃗fє ι ,k)(x) > (1 + η)M̃α( f⃗ )(x).

For any ûxed 1 ≤ l ≤ m and k ∈ Z, by Fubini’s theorem,

∫
x+sk

x−rk
∣ f l ,є ι ,k(z)∣dz ≤ ∫

x+sk

x−rk
∫

є ι ,k

−є ι ,k
∣ f l(z − t)∣φє ι ,k(t)dtdz

= ∫
є ι ,k

−є ι ,k
∫

x+sk

x−rk
∣ f l(z − t)∣dzφє ι ,k(t)dt

≤ ∫
є ι ,k

−є ι ,k
∫

x+sk+є ι ,k

x−rk−є ι ,k
∣ f l(z)∣dzφє ι ,k(t)dt

= ∫
x+sk+є ι ,k

x−rk−є ι ,k
∣ f l(z)∣dz.

It follows that

Ark ,sk( ⃗fє ι ,k)(x) ≤
1

(rk + sk)m−α

m
∏
j=1
∫

x+sk+є ι ,k

x−rk−є ι ,k
f j(u)du

≤ ( rk + sk + 2єι ,k
rk + sk

)
m−α

M̃α( f⃗ )(x),

which together with (3.7) implies

( rk + sk + 2єι ,k
rk + sk

)
m−α

> 1 + η.

_is implies rk + sk < 2((1+ η) 1
m−α − 1)−1. We can choose two subsequences {rι ,k} of

{rk} and {sι ,k} of {sk} such that rι ,k → r0 and sι ,k → s0 as k → ∞ and r0 + s0 ≥ 1.
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From (3.7) we get

M̃α( f⃗ )(x) ≥ Ar0 ,s0( f⃗ )(x) = lim
k→∞

Ar ι ,k ,s ι ,k( ⃗fє ι ,k)(x) ≥ (1 + η)M̃α( f⃗ )(x),

which is a contradiction, and (3.3) holds. Equation (3.1) follows from (3.2) and (3.3).
We ûrst prove _eorem 1.3(i). Let 0 ≤ α < 1 and q = 1/(1 − α). Fix a partition

P = {x1 < x2 < ⋅ ⋅ ⋅ < xN}. We get from Proposition 2.6(i) that
N−1

∑
n=1

∣M̃α( f⃗є)(xn) − M̃α( f⃗є)(xn+1)∣q
∣xn − xn+1∣q−1 ≤ 8(

m
∑
l=1

Var( f l ,є) ∏
1≤ j/=l≤m

∥ f j,є∥L∞(R))
q
.

Combining this inequality with (3.1) implies

(
N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣q
∣xn − xn+1∣q−1 )

1/q
≤ 81/q

m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L∞(R) .

_is yields that

Varq(M̃α( f⃗ )) ≤ 81/q
m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L∞(R)

since the original partition P was arbitrary. By Proposition 2.5 and the fact that q > 1,
we know that M̃α( f⃗ ) is absolutely continuous with

∥(M̃α( f⃗ ))′∥Lq(R) = Varq(M̃α( f⃗ )).
_eorem 1.3(i) follows from this. Similarly,we can get_eorem 1.3(ii) by Propositions
2.5–2.6 and (3.1).

Proof of_eorem 1.4 We ûrst prove (i). Fix a partition P = {x1 < x2 < ⋅ ⋅ ⋅ < xN}.
We get from (i) of Proposition 2.6 that

N−1

∑
n=1

∣M̃α( f⃗є)(xn) − M̃α( f⃗є)(xn+1)∣ ≤ 8
m
∑
l=1

Var( f l ,є) ∏
1≤ j/=l≤m

∥ f j,є∥L∞(R) ,

which together with (3.1) implies that
N−1

∑
n=1

∣M̃α( f⃗ )(xn) − M̃α( f⃗ )(xn+1)∣ ≤ 8
m
∑
l=1

Var( f l) ∏
1≤ j/=l≤m

∥ f j∥L∞(R) .

_is yields _eorem 1.4(i), since the original partition P was arbitrary. Similarly, we
can get _eorem 1.4(ii) by Proposition 2.6(ii) and (3.1).
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