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RATIONAL POINTS ON SHIMURA CURVES AND THE
MANIN OBSTRUCTION

KEISUKE ARAI

Abstract. In a previous article, we proved that Shimura curves have no points
rational over number fields under a certain assumption. In this article, we give
another criterion of the nonexistence of rational points on Shimura curves and
obtain new counterexamples to the Hasse principle for Shimura curves. We also
prove that such counterexamples obtained from the above results are accounted
for by the Manin obstruction.

81. Introduction

Let B be an indefinite quaternion division algebra over Q, and d(B) its
discriminant. Choose and fix a maximal order O of B, which is unique up
to conjugation. A QM-abelian surface by O over a field K is a pair (A4, i),
where A is a two-dimensional abelian variety over K and ¢ : O < Endg(A)
is an injective ring homomorphism sending 1 to id (cf. [4, p. 591]). Here,
Endg (A) is the ring of endomorphisms of A defined over K. We assume that
O acts on A from the left. Let M? be the Shimura curve over Q associated
to B, which parameterizes the isomorphism classes of QM-abelian surfaces
by O (cf. [7, p. 93]). Then M? is a proper smooth curve over Q. Note that
its isomorphism class over Q depends only on d(B).

We study rational points on M 5. By [9, Theorem 0], we have M Z(R) = (.
Let k be a number field. If k has a real place, then MZ(k) = (). We have a
natural question: If k£ has no real place and if d(B) is large enough, does
MPB (k) become small? In some cases, MP (k) is expected to become empty
when d(B) grows; in other cases, it might consist of only CM points (in
the sense of [6, Definition 5.5]). In this context, Jordan obtained a criterion
of the emptiness of MP(k) when k is imaginary quadratic and B ®q k=
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My (k) (see [7, Theorems 6.3 and 6.6]). In the situation of [7, Theorem 6.3],
Skorobogatov proved that counterexamples to the Hasse principle for MP
is accounted for by the Manin obstruction in the sense of [10, Section 5.2]
(see [11, Theorem 3.1]). Rotger and de Vera-Piquero expanded these results
to the case where B ®q k 2 Ma(k) by using projective Galois representations
(see [8, Theorem 1.1]). Note that a point of M5 (k) is represented by a QM-
abelian surface by O over k if and only if B ®g k = My (k) (see [7, Theorem
1.1]). So one cannot use the geometry over k to study rational points on M
over k when B ®qg k 2 My (k). The author gave a criterion of the emptiness
of MB(k) with no restriction on the degree [k : Q] in a form of expanding the
above results, without relevance to the Manin obstruction (see [2, Theorem
1.1]). In this article, we give another criterion of the emptiness of M (k) and
obtain new counterexamples to the Hasse principle for M?Z. We also prove
that such counterexamples obtained from these results are accounted for by
the Manin obstruction. As for [7, Theorem 6.6], the author expanded the
result to the case where B ®q k % Mz (k) by imposing a certain congruent
condition on a prime divisor of d(B) (see [1]).

There is an attempt to produce a family of counterexamples to the Hasse
principle for Shimura curves. Skorobogatov—Yafaev and Clark obtained
some results in this direction (see [12] and [5, Theorems 1, 2 and 3], respec-
tively). The results of this article enable us to produce an explicit infinite
family of such counterexamples which are accounted for by the Manin
obstruction.

§2. Main results
To state the main results, we give several notations.

e k: a number field;

e k: an algebraic closure of k;

e Oy: the integer ring of k;

e Aj: the adele ring of k;

o (C'li: the ideal class group of k;

e hj: the largest order of the elements in Cly;

e () the set of places of k;

e k,: the completion of k at v € Q;

e Br(k,): the Brauer group of k,;

e Br(MB)=HZ(M?B,G,,): the Brauer group of M?;

e KC1(k, B): the set of quadratic extensions K of k (contained in k) such
that B ®g K = My (K);
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e KCo(k, B): the set of quadratic extensions K of k (contained in k) such
that for any prime divisor p of d(B), any prime p of k above p is ramified
in K/k.

Note that KCo(k, B) is contained in Ki(k, B) (cf. Proof of Lemma 2.2).
For positive integers N and e, let

e C(N,e):= {Be—i-BeEZ\B,BEC are the roots of T2 + sT + N =
0 for some s € Z, s <4N};
e D(N,e):={a,a+ N? a+2N? a> —3N°cR|acC(N,e)}.

If e is even, then D(N, e) C Z. For a subset D C Z, let
e P(D): the set of prime divisors of some of the nonzero integers in D.
For a later use, we give:

LEMMA 2.1. Ife is even, then P(D(N,e)) contains 2,3 and every prime
divisor of N.

Proof. Assume that e is even. Let 3,3 be the roots of T? + N = 0.
Then 82 =5 =—N and ¢ =" = (—~N)*2. Hence C(N,e) and D(N, e)
contain 3¢+ B° = 2(—N)¢/2. Therefore P(D(N,e)) contains 2 and every
prime divisor of N.

In the following, we prove 3 € P(D(N,e)).

[Case 3| N]. It has already been proved.

[Case 31 N]. Let a:=2(—N)%2. Then a € C(N, ¢) and a # 0 mod 3.

(i) Case a =1 mod 3. First, assume N¢2 =1 mod 3. Then a — N¢/? a +
2N¢/?=0mod 3. Since D(N,e) contains two distinct elements a —
N¢/2 a +2N¢? we have 3 € P(D(N,e)). Next, assume N2 =2 mod 3.
Then a 4+ N¢/2,a — 2N¢? =0 mod 3. Since a + N¢/? a — 2N¢/? € D(N, ¢),
we have 3 € P(D(N,e)).

(ii) Case a=2mod 3. If N®?2=1mod 3, then a+ N¢? a —2N? =
Omod 3 and a+ N¢2 a—2N¢/2 ¢ D(N,e). If N¢/2=2mod 3, then a —
N¢/2 q+2N¢? =0 mod 3 and a — N¢/? a4 2N¢/? € D(N, e). 0

For a prime number ¢ and a prime q of k& above ¢, let

e ky: the completion of k at g;
e x(q): the residue field of g;
e Nj: the cardinality of x(q);
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e ¢4: the ramification index of q in k/Q;

e fq: the degree of the extension x(q)/Fg;

e 5(q): the set of the isomorphism classes of indefinite quaternion division
algebras B over QQ such that

B ®q Q(v—q) # M2(Q(v/—q))
B ®g Q(v-1) #Ma(Q(v-1))
B ®q Q(v—-2) % Ma(Q(v-2) if ¢ =2;

if ¢ #2,

and

e S(k, q): the set of the isomorphism classes of indefinite quaternion division
algebras B over Q such that every prime divisor of d(B) belongs to

P(D(Ng,eq)) if B®gk=Ma(k) and eq is even,
P(D(Ng, 2eq)) if B®q k% Ma(k);

e KC(k, q): the set of quadratic extensions K of k (contained in k) such that
q is ramified in K/k.

Note that S(k, q) is a finite set, while ICo(k, B) N KC(k, q) is an infinite set
(cf. [3, Remark 4.4]). We have the following criterion of B € B(q).

LEMMA 2.2.

(1) Assume q#2. Then B € B(q) if and only if there is a prime divisor of
d(B) which splits in Q(v/—q).

(2) We have B € B(2) if and only if there are prime divisors p1, p2 of d(B)
satisfying p1 =1 mod 4 and po = 1,3 mod 8. Here, the case where p1 =
po s allowed.

Proof. By the Hasse principle, we have B ®g k = My (k) if and only if
B ®q ky = Ma(ky) for any v € (see [13, Propriété I in p. 74]). Let [ be
a prime number and D; the quaternion division algebra over Q;. If L is a
quadratic extension of Q;, then D; ®q, L = Msy(L) (see [13, Théoreme 1.3
in Chapitre II]). Therefore (1) follows.

We see that [ splits in Q(v/—1) (resp. Q(v/—2)) if and only if I =1 mod 4
(resp. { =1, 3 mod 8). Then (2) follows. [

Note that B(g) is an infinite set for any g. Since M is proper over Q,
we have MB(A;) = [Toea, M5 (k,). Define a pairing

(, ):Br(MPB) x MB(A,) — Q/Z
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by (¢, {zv}veq,) = D yeq, inve(zyc). Here, inv,, : Br(k,) — Q/Z is the local
invariant at v, and z: Br(M?) — Br(k,) is the map associated to z, :
Spec(k,) — MB. In this sum, we have inv,(z%c) =0 for all but finitely
many v € Q. Let MPB(A)P" be the right kernel of this pairing. Then
MB(k) C MB(Ay)P" C MB(Ay) (see [10, Section 5.2]). The main results of
this article are:

THEOREM 2.3. Assume that k/Q has even degree. Let q be a prime
number such that

e there is a unique prime q of k above q;
o fq is odd (and so eq is even);

e BeB(q)\S(k,q).
Then MPB(k) = MB(Ay)P = 0.

THEOREM 2.4. Let p, q be distinct prime numbers, and let q be a prime
of k above q. Assume that

o f, is odd for any prime p of k above p;
o fq is odd;

e BeB(q);

e p|d(B);

o p & P(D(Ng, 2hy,)).

Then MPB (k) = MB(A)Pr = 0.

REMARK 2.5.

(1) If k/Q has odd degree, then k has a real place, and so MZ(k)=
MP(A)Pr = MP(Ay) = 0.

(2) In [2], we proved only MPB(k) =0 in the setting of Theorem 2.3.

(3) Theorem 2.3 for imaginary quadratic fields was proved in [7, Theorem
6.3], [8, Theorem 1.1], [11, Theorem 3.1].

From these theorems, we obtain the following counterexamples to the
Hasse principle for Shimura curves, which are accounted for by the Manin
obstruction. Especially, we obtain an infinite family of such counterexam-
ples.
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PROPOSITION 2.6.

(1) Let n€Z be an odd integer. Assume that n is square free and that
(d(B), k) = (39, Q(v/2n,/—13)). Then B®gk=Ms(k), MP (k)=
MB(AL)B" =0 and MB(A;) # 0.

(2) Assume (d(B), k) = (39, Q(v/3,v/—13)) or (39, Q(v17,v/—13)). Then
B ®gk=Ms(k), MB(k) = MB(Ag)B =0 and MB(Ay) # 0.

(3) Let L be the subfield of Q(lo) satisfying [L:Q]=3, where (y is
a primitive 9th root of unity. Assume ( ( ), k)= (62, L(v/=39)) or
(86, L(v/—15)). Then B ®q k % Ma(k), MB (k)= MB(A)P =0 and
MPB(Ag) #0.

(4) Assume (d(B), k)= (122, Q(v/=39,v/—183)). Then B ®q k ¥ Ma(k),
MEB(k) = MB(AL)B =0 and MB(Ay) # 0.

In Sections 3—4, we review the classification of characters associated to
QM-abelian surfaces, which plays a key role in the proof. In Section 5
(resp. Section 6), we prove Theorem 2.4 (resp. Theorem 2.3). In Section 7,
we deduce Proposition 2.6(1)(3) (resp. Proposition 2.6(2)(4)) from Theo-
rem 2.3 (resp. Theorem 2.4). Note that we cannot apply Theorem 2.3 to
k=Q(V3,v/—13), Q(/17,v/—13) or Q(v/—39, /—183), because no prime

number q is totally ramified in these fields.

§3. Canonical isogeny characters

We review canonical isogeny characters associated to QM-abelian sur-
faces, which were introduced in [7, Section 4]. Let K be a field of
characteristic 0 possessing an algebraic closure K, (A,i) a QM-abelian
surface by O over K, and p a prime divisor of d(B). The p-torsion subgroup
A[p](K) of A has exactly one nonzero proper left O-submodule, which we
shall denote by C,,. Then C), has order p?, and is called the canonical torsion
subgroup of (A, i) of reduced order p; it is stable under the action of the
Galois group Gg = Gal(K/K). Let Po C O be the unique left ideal of
reduced norm pZ. In fact, ‘B is a two-sided ideal of O. Then C, is free
of rank 1 over O/PBo. Fix an isomorphism O/PBo = F,2. The action of Gx
on C), yields a character

Op = O(Ajip) * Gg — Aut@(Cp) = }F;Q,

where Autp(C,) is the group of O-linear automorphisms of C,. The
character g, depends on the choice of the isomorphism O/PBo =F 2, but
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the pair {o,, (0p)P} does not depend on this choice. Either of the characters
0p, (0p)? is called a canonical isogeny character at p.
Let Z be the profinite completion of Z, and let

Dp::{a€O®ZZ|a51mod‘Bo}.

Let Mf be the Shimura curve over Q associated to D). Then it parameter-
izes the isomorphism classes of triples (A, i, ¢), where (A, i) is a QM-abelian
surface by O and c is a generator of its canonical torsion subgroup C), as an
O-module. Note that the curve Mf over QQ is not geometrically connected
if p#2 (see [11, p. 780] for details). The map (A, i, c) — (A, ) defines a
covering M — MP (over Q) whose automorphism group Aut(Mp /MP)
is isomorphic to

2
1
Zﬂig—z if p£2,

Z/3Z if p=2.

P/ {1} =

If p > 5, then IF »/{£1} has a unique subgroup C(6) which is isomorphic to
Z/6Z. The quotlent of Mf by C(6) defines an unramified subcovering

Pyl — MP

which is an M B-torsor under the constant group scheme (IFX Y2xz,/P 712

(see [11, Corollary 1.2]). Let x € MB(K). Then the action of Gy on the
fiber of ff at x yields a character

¢ Gie — (F25)"

LEMMA 3.1. [11, Lemma 2.1] Assume p > 5. If x s represented by a
QM-abelian surface (A, 1) by O over K, then 912 = ¢y

84. Classification of characters

We review the classification of characters associated to QM-abelian
surfaces over local fields of characteristic 0. Let m be a prime number, M
a finite extension of Q,,, and M (resp. k(M )) the maximal ideal (resp. the
residue field) of M. For a QM-abelian surface (A4,4) by O over M, fix a
canonical isogeny character 0, = 0(4,ip): Gu —>IF;2, where p is a prime

divisor of d(B). Let G&? be the Galois group of the maximal abelian
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extension M?® /M. Then we have an induced character ggb : G2 — IF‘ZQ.
Let wyr : Oy — G2 be the Artin map, and let

T(Aip) = gzb owp : Oy — F;Q.
In this local setting, we have:

PROPOSITION 4.1. [7, Proposition 4.7(2)] If m # p, then r(lf”p) =1.

Let eps (resp. far) be the ramification index of M/Q,, (resp. the degree of
the residue field extension k(M) /F,,). Let Ny := m/™ |ty = ged(2, far) €

{1,2}.
PROPOSITION 4.2. [7, Proposition 4.8] Assume m =p. Then there is a
unique element c € Z/(p'M — 1)Z satisfying

r(aip) (W) = Normeany r ,, (U)

for any uwe OF;, where uwer(M)* is the reduction of u modulo M.
Furthermore, we have

2 =ep mod (p —1).

tm

Let [ be a prime number, T} A the l-adic Tate module of A, and Autp(T;A)
the group of Z;-linear automorphisms of T;A commuting with the action of
O. Let O := 0 ®z Z;, B := B ®q Qy, and fix an isomorphism Autp(7;A) =
O/ . Let
R;: Gy — Autp(T1A) = OZX - Bl><

be the representation determined by the action of Gy on TjA. Let Trdp, /g,
(resp. Nrdp, /q,) be the reduced trace (resp. the reduced norm) on Bj, and
Fr € G); a Frobenius element. For each positive integer e, let a;(Fr®):=
Trdp, g, (Ri(Fr®)). If [ # m, then a;(Fr®) € Z and it does not depend on [.
We shall denote it by a(Fr®). Then

NrdBl/Ql (T — Rl(Fre)) E T2 _ CL(FI‘G)T + (NM)e c Z[T]
if [ #m.
PROPOSITION 4.3. [7, Proposition 5.3]

(1) a(Fr®) € C(Nas, e) for any e > 1.
(2) If m#p, then
a(Fr®) = 0,(Fr®) + (Nas)¢0,(Fr) ™! mod p

for anye>1.
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85. Proof of Theorem 2.4

Suppose that the assumptions of Theorem 2.4 hold. Since p¢
P(D(Ng, 2h},)), we have p > 5 and p # ¢ (see Lemma 2.1). If MB(Ay) =10,
then MB(k) = MB(A;)P" =0. So, in the following, assume MPB(A) # 0.
Then for any v € €, there is a point z, € MP(k,). Note that k has no real
place in this case. We have a family of characters

{¢I'u : Gkv — (]F;2)12}v€§2k

associated to the covering ff : YpB — MB.

Assume that there is a global character ®:Gjy — (IF;Q)I2 such that
®la,, = ¢z, for any v € Q. If B ®q k 2 Ma(k), fix Ko € Kok, B) N K(k, q).
Let

k  if B®g k= Ms(k),

Then B ®g K = My(K) because Ko € Ka(k, B) C Ki(k, B). Let 9t be a
prime of K, m the prime of k& below 91, and v(m) the place of k corresponding
to m. Since B ®q K = Ma(Kop), the point z,y) is represented by a QM-
abelian surface (Am,im) by O over Koy (see [7, Theorem 1.1]). Then
Pl = Py Gy = Q&%im’p) by Lemma 3.1. Since Ky € K(k, q), there
is a unique prime £ of K above q. We also have

q=9 if Bogk™My(k),

=f;,, Ng=N, and qOg =
Ja=Jo Na=N, =K {92 it B @g k% Ma(k).

Let Frg € Gk,(C Gk) be a Frobenius element. Fix an element o € O
satisfying ,

qhk = a0y,
We see that the character ®|g, is unramified away from p. In fact,
its restriction to Gg,, is Qami%p), which is unramified if 9{p (see
Proposition 4.1). Then ®|g,, is identified with a character Jx (p) — (IF;Q)H,
where Jx (p) is the group of fractional ideals of K prime to p.

For M =, we claim p )(Frzh;“) = Normy /g(a)'? mod p.

12
(Ag,iq.p
[Case B ®q k % Mz (k)]. In this case, [K : k] =2 and qOx = Q2. Then
21}, 21, 20, /
Q%ig,ig,p) (FrQ k) = (I)‘GKD (FrQ k) = (I)’GK (FrQ )= CI)‘GK (QQhk)
= Pl (0" Ox) = Bl (AO0K) = Blay (D)oo, (s (2))
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= Pfay (@)oo, (@71, (1)) = Bl (@71, (1)F)

-1
_HrAnlqpp )

Blp

Here, oo is the infinite place of Q, ((1)co, (1)p, (@)P) (resp. ((@™1)oo,
(a1, (1)°P), resp. ((a™1)p, (1)P)) is the element of Aj where the
components above oo, p are 1 and the others « (resp. where the components
above 0o, p are ' and the others 1, resp. where the components above
p are o~ and the others 1), and 9 runs through the primes of K above
p. Note that the components above oo have no contribution since K has
no real place. Since Ko € Ka(k, B), we have fp = f, where p is the prime
of k below . By the assumption, f, is odd. Then tk, =1 for any . By
Proposition 4.2, we have

T(lfg‘m i PiC = Norm,,g) /r, (@ mod B)°o®,
and so
2h/
Q(AQ i) FrQ H Normy, )/, (e mod ‘B)Ge‘ﬁ = NormK/@(a)G
Blp

= Normk,/@(oz)12 mod p.

[Case B ®q k = My(k)]. In this case, K =k and Q = q. Then

2h! / _
012 sy (Fr2%) = @6, (92%) = 06,0 (20k) = [[ L, (@)
Rlp
= H Normy )/, (e mod ‘,]3)12633 = Normg /g (oz)l2
Rlp
= Normk/@(a)n mod p,

as claimed. Here, P runs through the primes of K =k above p

Since ¢k = O}, we have N = [Normy, /g (a)| and N = Normy, /g

(a)'2. Then

12 2hy — 12k g2
O(Aqiap (Fra ") =Nq

On the other hand, we have

1 Ja mod p.

2h,

(FrD ) = Q(Aﬂriﬁ7p) (FrD ) + ND Q(A}Dvlﬂap)(FrD ) !

= O(Ag,ig.p) (FrD k) + q%kfﬂ Q(Aq,iq.p) (FrD k)i mod p

https://doi.org/10.1017/nmj.2017.6 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2017.6

154 K. ARAI

by Proposition 4.3(2), where a(Frgl’“) is the integer associated to (Agq, ig) as

in the last section. Let ¢ := ¢ /2 O(Aqsia.p) (Fréh;“) € IE‘EQ. Recall that fq =
fq- Then

e2=1 and a(Fréh;“) = (e + & H¢"" mod p.
Therefore

a(Fr;h;“) =0, +¢"v, +2¢"/amodp or a(]?lrgl;“)2 = 3¢ fa mod p.

By Proposition 4.3(1), we have a(Fréh;“) € C(Ngq, 2h}) = C(q/a, 2R} ). Then

a(FréhL), a(FréhZ) + qhﬁch’ a(Frih;“) + th;chj a(FrgL;“)2 _ 3q2h;€fq
€ D(q/1, 2h},) = D(Ng, 2h}).

Since p & P(D(Nq, 2h},)), we have

(1) a(Frah) =0, g, £2¢" 0 or
(2) a(Frg*)? = 3¢2hita.

[Case (1)]. In this case, ¢ divides a(Fréh;“). Then by [2, Lemma 2.6], ¢
divides a(Frg). We have fq = fy, which is odd by the assumption. Then we
obtain B ¢ B(q) (see [7, Theorem 2.1, Propositions 2.3 and 5.1(1)]). This is
a contradiction.

[Case (2)]. Since a(Fréh’“) € Z, this case cannot happen.
Then we have proved that the family {¢,, },cq, does not come from a
global character ® : G, — (IFZQ)IQ. This means that the subset M7 (Ak)fzj;3

of MPB(Ay,) associated to f2 (see [10, Definition 5.3.1]) is empty. Then by
[10, Theorem 6.1.2], we conclude MPB(A)Br = (. 0

86. Proof of Theorem 2.3

Suppose that the assumptions of Theorem 2.3 hold. Assume M5B (Ay) # 0.
Then for any v € Qy, there is a point x, € MB(k,). Since B € S(k, q), there
is a prime divisor p of d(B) such that

pg{P(D(Nq,eq)) if B®g k= M;(k),
P(D(Ng, 2¢q)) if B ®g k % My(k).
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Fix such p. Then p > 5, p # ¢ and we have a family of characters
{¢xv : Gkv — (]FZQ)IQ}vGQk

associated to ff .

Assume that there is a global character ®: Gy — (IF;z)12 such that
(I)‘Gkv = ¢y, for any v € Q. If B®qg k # Ms(k), fix Ko € K1(k, B) N K(k, q).
Let K, 9, m, v(m), (Ao, ism) be the same as in the last section. Note that
[K:Q] is even since k/Q has even degree. Then ®|g, == ¢z, lcx, =

Qam,ism,p)' Let 9 be the unique prime of K above g, and let Frq € Gg,(C

Gk ) be a Frobenius element. Note that Q is the unique prime of K above
q.- Then Ok = Q% and NeQ gEQl,

For M =1, we prove Q( Aevsinp) (Frg!) = ¢5% U mod p. The character
®|q, is unramified away from p, and it is identiﬁed with a character
Jk(p) — (F;2)12. Then

0inian S = @l (FIF) = @la, (Frg') = |, (Q%) = @|a, (40k)
= @\GK((U (1)107 (q)oo’p) = ‘PIGK(( oo (a7 p, (1)°P)
:CI)‘GK(( HTA‘I; zg;g,p 1) EHq66mfsp :q6[K:Q} mod p.
Blp Blp

Here, ((1)007 (1)p> (q)oo,p)’ ((q_l)ocn (q_l)p7 (1)007]3)7 ((q_l)p7 (1)p) € A;( are
defined in the same way as in the last section, ¢ runs through the primes of

K above p, and the congruence follows from Proposition 4.2 (or [2, Corollary
2.3]).

In the following, we repeat the argument in [2, Section 3] and deduce a
contradiction. We have

a(Frgﬂ ) = O(Aq.ia.p) (Frgﬂ) + NBD Q(Aqin,p) (Fr)eaﬂ )_1
= O(Aq,iq.p) (FI‘EQ) + q[K:Q} O(Aq,ig,p) (Frgg)fl mod p

by Proposition 4.3(2). Let € := q_[K:Q]/QQ(AQﬂ-QJ,)(Frgg) € IFZQ. Then
=1 and o(FrP)=(c+ e gE Q2 mod p.
Therefore

a(Fra?) =0, +qEQ/2 494Q/2 hod p or a(Frd)? = 3¢ mod p.
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By Proposition 4.3(1), we have a(Frg’) € C(Ng, eq). Moreover, we have

eq if B®g k= Ms(k),

fa=1/fs;, Na=Ng and eq=
| ! 2, if B®g k% Ma(k).

Then

a(Flrgl)7 a(FrgD) 4+ q[K:Q]/27 a(FrgQ) + Qq[K:Q]/2’ a(FI.EQ)Q _ 34K
€ D(NQ7 eQ) = D(Nq, 6)3).

Since p ¢ P(D(Ng, eq)), we have

(1) a(FI‘SQ) =0, iq[K:QV27 iQQ[K:Q]/Q; or
(2) a(Fr)* = 3qlK:Q

[Case (1)]. In this case, ¢ divides a(Frg3?) and a(Frg). Since fq is odd, we
have B ¢ B(q). This is a contradiction.

[Case (2)]. Since [K : Q] is even and a(Frg') € Z, this case cannot happen.
Then we have proved that the family {¢z, }vcq, does not come from
oG — (FZQ)IQ. Therefore MPZ(A;)P" = 0. [

§7. Counterexamples to the Hasse principle

Jordan obtained the following counterexamples to the Hasse principle,
and Skorobogatov proved that it is accounted for by the Manin obstruction.

PROPOSITION 7.1. ([7, Example 6.4] and [11, Section 4.1]) If (d(B), k)
= (39, Q(v/—13)), then MB(k) = MB(A)P" =0 and MB(Ay) #0.

Especially, the existence of adelic points help us produce counterexamples
to the Hasse principle for d(B) = 39 and number fields containing Q(y/—13).
In Lemma 7.2 below, we restrict our attention to the special case and study
the assumptions of Theorem 2.4.

For a prime number ¢ # 2, let (5) € {0,1, —1} be the Legendre symbol.
For a nonzero integer N € Z, let (N)’ be the square free part of N. Precisely,
if N =ab® where a,b€ Z, a is square free and ged(a, b) =1, then (N)' =
a. For a finite Galois extension k of Q and a prime number [, let e;(k)
(resp. fi(k), resp. gi(k)) be the ramification index of [ in k/Q (resp. the
degree of the residue field extension above [ in k/Q, resp. the number of
primes of k above [).
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LEMMA 7.2.
(1) Assume d(B)=39. Then:

(i) B®qQ(v—13)=M(Q(v—13)).
(i) B € B(q) if and only if g=2mod 3 orq=1, 3,4,9, 10, 12 mod 13.

(2) Let 1 be a prime number, and assume (d(B), k) = (39, Q(\/1, V—13)).
Let p, q be distinct prime numbers, and let q be a prime of k above q.
Then the conditions p | d(B) and p & P(D(Ng, 2h})) imply p=13. In
this case, we have:

(i) fy is odd for any prime p of k above p if and only if |=
0,1,3,4,9,10, 12 mod 13.
(ii) fq is odd if and only if

(a) ¢=1,7,9,11,13,15,17, 19, 25, 29, 31, 47, 49 mod 52,

l —131)
(q) €{0,1} and <( q3) ) € {0,1} when q # 2,
(b) 1=1,2,3mod 8 when q=2.

Proof. (1) (i) The prime number 3 (resp. 13) is inert (resp. ramified) in
Q(v/—13). Then B ®g Q(v/—13) = M2(Q(+/—13)) (cf. Proof of Lemma 2.2).

(ii) By taking p; =13 and ps = 3 in Lemma 2.2(2), we have B € B(2). We
see that 3 (resp. 13) splits in Q(v/—¢q) if and only if ¢ =2 mod 3 (resp. ¢ =
1,3,4,9,10, 12 mod 13). Then the assertion follows from Lemma 2.2(1).

(2) (i) Since p = 13 is ramified in Q(v/—13), we have e,(k) = 2 or 4. Since
a prime number except 2 is not totally ramified in a biquadratic field, we
have e, (k) = 2. Then the following conditions are equivalent.

e f, is odd for any prime p of k£ above p.
o fplk)=1.

i (ep(k)ﬂ fp(k)v gp(k)) =(2,1,2).

e 13 splits in Q(v/1) or I = 13.

e [=0,1,3,4,9,10,12 mod 13.

(ii) The following conditions are equivalent.

e fqis odd.
o fq(k)=1.
e ¢ is not inert in Q(v/—13), Q(V/1) or Q(1/(—131)").
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)7(5),((1731)6{0 1} when ¢ # 2,
5, 7 mod 8 when ¢ = 2.
1,7,9,11,13,15,17,19, 25,29, 31,47, 49 mod 52,

€{0,1} and ((173[> € {0, 1} when g # 2,
1,2, 3 mod 8 when ¢ = 2. [

/N
|
|
w

\1+L>Q

[ ]
~ L~ T
[l =1~ |\|
\_/

=

Lemma 7.2 and a similar study combined with Proposition 7.1, [8, Table
1] help us prove Proposition 2.6 as follows.

(1) By Lemma 7.2(1)(i), we have B ®g Q(v/—13) = M3(Q(+/—13)). Then
B ®gk=Mas(k). Let ¢=2. Then (eq(k), fq(k), gq(k))=(4,1,1). Let q
be the unique prime of k above g. Then P(D(Ng, eq)) =P(D(2,4)) =
{2,3,5,7,47} (see [2, Table 1]). By Lemma 7.2(1)(ii), we have B € B(q). Let
p=13. Then p|d(B) and p € P(D(Ng, €q)). Hence B € S(k, q). Applying
Theorem 2.3, we obtain MPB (k) = MP(A)B" =0. By Proposition 7.1, we
have MB (Ag(y=3)) # 0. Therefore MPB(Ay) # 0.

(2) Since B®@ Q(v=13) 2 M2(Q(v/—13)), we have B ®q k= Ma(k).
Assume k= Q(v/3,v/—13) (resp. k= Q(+/17,v/—13)). Then Cly = 7Z/4Z
(resp. Cly =7Z/AZ x /27 x Z/2Z) and hj, =4. These are due to the
mathematics software system Sage. In any case, let (p, ¢) = (13, 2). Then
by Lemma 7.2, we have B e B(q) and f,(k), f¢(k) are odd. In fact,
(ep(R), Fy(k) 90 (K)) = (€q(R), fa(k), 9a(R)) = (2,1,2). Let q be a prime of
k above g. Then P(D(Ny, 2h;,)) = P(D(2,8)) ={2,3,5,7,31,47,193} does
not contain p = 13. By Theorem 2.4, we have M B (k) = M P (A;)B" = (). Since
MB(AQ(\/_T?))) # (), we have MP(A,) # 0.

(3) The assertion follows from Theorem 2.3 with ¢ = 3. See [2, Proof of
Proposition 4.1(2)].

(4) We have B ®q k2 Ma(k) since 2 splits completely in k. In this
case, Cly 2 7Z/87 x ZLJAZ x 7.J2Z and h) =8. Let (p,q)=(61,3). Then
(ep(k), fp(k), gp(k)) = (eq(k), fy(k), gq4(k)) = (2,1,2). Since 61 splits in
Q(v/-3), we have B € B(q) (see Lemma 2.2(1)). Then P(D(Ny, 2h})) =
P(D(3,16)) ={2,3,5,7,11,17,23,31,47,97,113, 191, 193, 353, 383, 2113,
3457, 30529, 36671} does not contain p=61. Applying Theorem 2.4, we
have MB (k) = MP(A)B" = (). By [8, Table 1], we have M (Ag(y=183)) # 0.
Therefore MPB(Ay) # 0. [
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