HOMOTOPY CLASSIFICATION OF FILTERED COMPLEXES

ROSS STREET*

(Received 12th August 1971)
Communicated by G. E. Wall

The homology functor from the category of free abelian chain complexes and
homotopy classes of maps to that of graded abelian groups is full and replete
(surjective on objects up to isomorphism) and reflects isomorphisms. Thus such a
complex is determined to within homotopy equivalence (although not a unique
homotopy equivalence) by its homology. The homotopy classes of maps between
two such complexes should therefore be expressible in terms of the homology
groups, and such an expression is in fact provided by the Kiinneth formula for
Hom, sometimes called ‘the homotopy classification theorem’.

In [4] Kelly showed that the functor assigning to a short exact sequence of
free abelian chain complexes its long exact homology sequence is again full and
replete and reflects isomorphisms. Partial information about the kernel of this
functor was found in [5]: but not enough to provide a homotopy classification
theorem for this case.

Since a short exact sequence of free abelian chain complexes may be considered
as a free abelian chain complex with a filtration of length 2 the question arises
whether the above results admit appropriate generalizations for complexes with a
filtration of finite length N — 1.

The main purpose of this paper is to exhibit for such filtered complexes a
functor which is full and replete and reflects isomorphisms, and to provide a
a homotopy classification theorem for this case. We do not entirely restrict
ourselves to free abelian complexes, but then we must content ourselves with an
analogue of the Kiinneth spectral sequence instead of the short exact sequence.

The image category Z'5 for this functor on (N — 1)-filtered complexes was
considered by Wall in [8], and the (relative) projectives were determined in [7].
The functor which assigns to an (N — 1)-filtered complex its spectral sequence plus
filtered limit factors through Z5. Yet in many ways the objects of &5 are easier
to deal with than spectral sequences.

* This research is a revised version of part of the author’s doctoral thesis (Sydney, 1968)
which was financed by a CSIRO Studentship.
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As an example, the reader will easily verify that, in the case N =3, our
results provide a homotopy classification theorem for short exact sequences of
complexes of free abelian groups. Our classification theorem gives in this case a
Kiinneth-like exact sequence

0 Ext'(HA, HB) — H[A, B] » Hom(HA, HB) - 0.

Here H[ A, B] is the group of homotopy classes of chain-map triples between the
short exact sequences 4, B of chain complexes; HA4 and HB are the long exact
homology sequences; and Ext! is relative to a suitable projective class. In fact, the
projectives are the long exact sequences all of whose terms are projective. Moreover,
the above short exact sequence splits, as we show for a general N in §5; so that it
does determine H[A, B] in terms of HA and HB.

The results of §§4 and 5 admit an extension, corresponding in the above
example to dropping the requirement that the components of B be free; this would
give a ‘universal coefficient theorem’ alongside the above classification theorem;
but we have omitted it to avoid complicating further the exposition. It is just a
matter of extending the domain category, and accepting the fact that then only
some objects (including the free B in the above case) admit projective resolutions;
an extra ‘five-lemma’ argument is needed in §5.

My special thanks to Professor G. M. Kelly who first aroused my interest in
categorical and homological algebra, and who supervised this work.

1. Triangulated categories

A stable category is an additive category &/ together with an additive auto-
morphism X: &7 — & called the suspension functor. A triangle in o7 is a diagram

" ’

AL sa Ly s5a.

An arrow of triangles is a commutative diagram (f”, f, f"):

” I

A/ \ A// a « ZAI
5 l fl A l
1 B/I > ZBI
B b” b’

A class J of triangles ofe/ will be called a triangulation of </ when the
following conditions are satisfied:

TO. any triangle isomorphic to a triangle in  is in T ;

Ti. for each Ain 2,045 A->0isinT;

T2. atriangle A’ 5 A5 A" 53A" isin T lfand onlyif A% A" 534’2554
is in 9,
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T3. for each arrow a’: A— A" in of, there exists a triangle A'S A5
A" 534" in T ;

T4. for triangles A’ A% A" 53A’, B 8 BY% B" 5 3B in I and arrows
f:A— B,f": A" —> B" in o such that f"a’ = b'f, there exists an arrow f': A’ > B’
in o such that (f’, f, f") is an arrow of triangles.

Let Abg denote the category of abelian groups.

If o7, % are stable categories then a functor F: o/ — & is stable when it is
additive and FX =ZF.

If 7 has a triangulation 4 and & is an abelian category then a functor
F: o/ - & is homological when, for each triangle

, a/l al , a ,
A —s A—> A" —>3TA
in J, the sequence
F " ’
QLN LN JORLIN > Y
is exact in Z.

The following properties of a triangulation J of &7 are mostly due to Puppe
[6]. o

T5. If A'5 A S A5 A4 is in T, then a'.a’ =0, a.a’' =0, Za".a=0.

T6. For each object B of o7, the functors

(B, —): o/ > Abg, o (~,B): o/ — Abg°*

are homological.

T7. If (f".£f.f") is an arrow of triangles in I and any two of f',f,f" are
isomorphisms in &, then so is the third.

T8. Suppose A’ S A% A" 534, B' Y BY 47 % TB are in 7. Then:

(@) A=0if and only if a is an isomorphism;

(b) a =0if and only if there exists a direct sum situation

" ’

a a

Y {pmmny rma
(c) if b.a’ =0,a.b' =0 then A @B=AQ®B.
T9.  is closed under finite direct sums.

T10. If 7' is a triangulation of A with 7' < I, then 7' =9 .

2. A general classification theorem

Suppose &7 is a stable category with a triangulation 7, suppose & is a stable
abelian category, and suppose F: .o/ > & is a stable homological functor. With
this data we shall develop a relative homological algebra in <7,
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An object P of o7 is F-projective when FP is projective in 4 and the function
F: o/(P,A) > Z(FP,FA)
is a bijection for all 4 in <7,

COMPARISON THEOREM If A" S P% A" 534 is in J with P F-projective,
and if B % s BY% B” % 3B isin J with Fb =0, then, for each arrow f": A” - B"
in o7, there is an arrow (f',f.f"):

” ’

A/ N a A// a > ZA,
f/l f\l, f// Ef/l
B’ > B” > XB’
b” b

of triangles. 1f (g',g.f") is another such arrow of triangles, then there exist
arrows s’,s: P— B’ such that g’ — f' =s'a", g — f=b"s.

For any object A of &/ and non-negative integer r, the statement dimy4 < r
is defined inductively as follows. Firstly, dimy4 = 0 means A is F-projective. For
r>0, dimp4 < r means there exists a triangle A’ %P2 A% 4’ in J where
Fx =0, P is F-projective and dimyA4’ £ r — 1. Write dimp4 = r when dimz4 < r
but dimzA4 £ r — 1. Write dimgA = oo if there exists no integer r such that
dimgA = r.

CLASSIFICATION THEOREM. For objects A, B in <7, if dimgA £ 1, then there
is a natural short exact sequence

0 - Exty(FZA,FB) - /(A,B) —i—>32”(FA, FB)—0
of abelian groups.

PROOF. Since dim;4 < 1 there is a triangle Q >P 5 A5 20Q in 7 where
Fp =0 and P,Q are F-projective. So we have exact sequences

A (Za,l) &i(q,l) o/(a,l)

(P, B) M(EQ B) — (A, B) /122 o7(P, B) =222 (Q, B)

05FQ 195 FP>FA—0

0 Fz0 I, FSP FE4 -0

0 Z(FA, FB) - Z(FP, FB) 2£% 1,

Z(FZa, 1)
—_—

% Z(FQ,FB)
%Z(FZP,FB)’ % (FXQ,FB) - Exty(FXA,FB) -0,

and commutative diagrams
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(5P, B) 2308  «PB T, 40p

Fl lF Fl lF

Z(FZP, FB) FFEaT Z(FZQ.FB)  Z(FP,FB) g 5 X(FQ.FB)

oA(Za,1)

in which the columns are bijections. So up to isomorphism, Z(F A, FB) is the kernel
of 2/(a,1), and Exti(FZA,FB) is the kernel of /(2a,1). From the first exact
sequence and commutative square

(A, B) wd L (P, B)

F l l F
F(FA, FB) gy i TP, FB)

the short exact sequence of the theorem follows. The proof of naturality uses the
comparison theorem and is left to the reader.

For the remainder of this section we assume that there are enough F-
projectives; that is, for each object A of <7, there exists an F-projective P and an
arrow a’: P— A in & such that Fa' is an epimorphism in Z. This assumption is
equivalent to the assumption that, for each object A of 27, there exists a triangle

45P% A5TA in I with Fp=0 and P F-projective.

LEMMA 1. If the triangle A’ A% A" 5 %A’ in T is such that Fa =0 and
the function F: /(A",A") > Z(FA",FA") is injective, then the triangle is isomor-
phic to the triangle

(0) Aﬂ' (0+1) A 0 s34,

Proor. From the commutative square

aar, 4y 29D soq an

FJ, l F
F(FA",FA )m Z(FA,FA")
we see that «/(a’, 1) is injective since the left column is injective and Fa’ is an
epimorphism implies Z'(Fa’, 1) is injective. So 2#(a’,1)a = aa’ = 0 implies a = 0.
The result now follows from T8(b).

LEMMA 2. The direct sum P@ Q in =7 is F-projective if and only if P,Q
are both F-projective.
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Combining these two lemmas we have the following result (under, of course,
the blanket assumption we have made for the rest of this section, that there are
enough F-projectives).

THEOREM 3. An object P of </ is F-projective if and only if the function
F: o/(P,A)— Z(FP,FA) is injective for all A in .

A proof analogous to that given by Kelly in [5] yields:

THEOREM ON MAPS INDUCING ZERO MAPS. In the diagram

foop iy S

R

4o

n s, let fit A;— A, be such that Ff,=0 for 0= iZr. If dimpAdy Zr then
frf;'—l"'f0=0'

SCHANUEL’S LEMMA. If the triangles

a a’

ALsp 24 Py

7

Csad 3

c—Ss Q
are in I, if Fp=0 and Fq=0, and if P,Q are F-projective, then P® C’
Q@A
PRrOOF. Since P is F-projective, F(ga')=Fq.Fa' = 0.F.a’ = 0 implies ga’ = 0.
Similarly pc’ = 0. So by T8(c) we have the result.

LeMMA 4. Suppose P,A are objects of &/ and P is F-projective. Then
dimpA = dim (P @ A).

PrROOF. Let dimp4 = r. For r=0 this is just Lemma 2. Suppose r > 0. There
exists a triangle
N 0 AN Ny
in J with Fq =0, Q F-projective and dimz4’ < r — 1. But then

is in J; so dimy(P @ A) < r. Suppose dimg(P @ A) <r. Then there exists a
triangle
c ¢’ r
C—> R—»PA—>C
in  with Fr =0, R F-projective and dimzC < r'— 2. By Schanuel’s lemma it
follows that
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POQ®C=RdDA.
By the first part of the argument, dim;C < r — 2 implies
dimP®QPCO)=r-2.
So dimg(R@® A") < r — 2. Then from the triangle

Roa 1% R oa) 4 ©

in J we deduce that dimp4 < r — 1, a contradiction. So dimy(P @ A4) =r.

4 S SEDA)

DIMENSION THEOREM. Suppose the triangle A’ - P > AL XA’ is in T with
Fp =0 and P F-projective. If A is F-projective then so is A’; otherwise,

dimpA’" = dimg4 — 1.
PROOF. If A is F-projective then P ~ 4’ @ A by Lemma 1; but P is F-projective
so A’ is F-projective by Lemma 2. Suppose dimz4 = r > 0. Then there exists a
triangle
C'»0-4-3 s3c
in 7 with Fq =0, Q F-projective and dimzC’ =r — 1. By Schanuel’s Lemma,
PepC' =Q@A.
Then
r—1=dim;C' =dimg(P® C)=dimgQ ® A') = dim A4’

by repeated use of Lemma 4.

REeMARK. The restriction dimzA4 <1 in the classification theorem may be
weakened, but then we must settle for a spectral sequence instead of a short exact
sequence. Given an object 4, of &/ we can choose triangles

An+1—_—>P '_> A __—>2An+1

for each integer n = 0, where Fp, = 0 and P, is F-projective. Let «/(A4, B), &/(P, B)
denote the graded abelian groups with n-th components

A(E"A,,B), S/(E"P,, B)
respectively for B in .. Then we have a Massey exact couple

(p, 1)

(4, B) s/(A, B)

@1 p g A(a’,1)
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of graded abelian groups. The second term of the spectral sequence of this exact
couple is of the form Ext} P(FZ A4,,FB). The spectral sequence converges to
(X"4,,B) when dimgA4, £ r for some integer r.

3. The homology functor

In this section we identify our concepts in a familiar case; and thereby provide
a starting-point for our inductive arguments in later sections.

Let # denote an additive category with direct sums. 4 complex A over Z is a
diagram

diy , dn
= Ay —— A > Ay —— -
in which d#-dZ, , = 0 for all integers n. For complexes 4, C over &, a complex
[A4,C] over Abg is defined as follows:
[A’C]n = 1_[ g(An Cr+n)9

reZ
(@M, =drrn fy = (= Dfooyrdi
If 4 is an abelian category then each complex A over ¢ gives rise to objects
B,A, Z,A, H,A for neZ as shown in the following short exact sequences
i n
0 >Z,4 > A, > B,_1A—-0

0—-——>B,,A]—>Z,,A—'—>C H,A-0

where d = ijn. In particular this applies when ¥ = Abg.

For complexes A,C over &, elements of Zy[A4,C] are called chain arrows
from A to C. Two chain arrows f,g: A — C are homotopic when there exists an
element s of B[4, C] such that f — g = d(s); we write s: f~ g.

The category whose objects are complexes over & and whose arrows are
chain arrows will be denoted by C#; the category whose objects are complexes
over # and whose arrows are homotopy classes of chain arrows will be denoted
by K&. Define X: C# — C# as follows:

(ZA)n = An-—ly
dEA - _ dA,
(Zf)n =fn—1'

This makes CZ stable, and induces stability on KZ.
Given a chain arrow f: A — B over %, the cone of f is the complex Cf over &
defined as follows:
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Cfn = B,DA,-1,
( di  fa-s )
0 —dy
Then (3): B— Cf and (0,1): Cf > XA are chain arrows. It is well known (see [3]

for example) that there is a triangulation 7 of K% which contains all the
triangles of the form

ac’

1 01 [o1]
—>B——

A Cf—>ZA4;

we call this the canonical triangulation of K%. Moreover, for each sequence
A= B2 C of chain arrows such that we have a direct sum situation

i p
i
Pa tn
for each n, there exists a chain arrow d: C — XA such that the triangle

Aﬁ]—> B—[£'1—> C—[é]—> ZA

is in 77; [8] is called the deviation class of the sequence 4 & BZ C.

Let ¢ denote an abelian category with enough projectives. Let GZ denote
the category of graded objects over ¢; that is, the full subcategory of C# consisting
of those complexes A with d, = 0. For each complex 4 over %, B,4, Z,A, H,A
determine objects BA, ZA, HA of G¥%. Functors B,Z,H: C% — G¥ are induced.
The functor H equalizes homotopic chain arrows and so we induce a functor
H: K% — G¥. Let P denote the ful' subcategory of & consisting of the projective
objects of ¥; it is additive with finite direct sums. Let

A, = KP% %, =G% and F, =(KP% c K¥-1_ G¥).

Then F,: o/, — %, is a stable homological functor where o7, has the canonical
triangulation.

An object A of C% will be called CE-projective when ZA and H A are projective
in G¥. A sequence A’ —» 4 — A" in C¥ will be called CE-exact when the sequences

05 ZA' 5 ZA-> ZA" -0
and
0—-HA'"-HA—->HA" -0

are exact in G¥. It is proven in [2] that CE-projectives and CE-exactness give a
projective class in C¥; moreover, it is shown there that 4 is CE-projective if and
only if it is isomorphic to a complex C @ P (the direct sum as complexes) where C
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is a contractible complex of projective objects over ¢ and P is a complex of
projective objects over ¢ with zero differential.

THEOREM 5. An object A of o7, (that is a complex of projective objects over
9) is F,-projective if and only if it is CE-projective.

Proor. Suppose A is F,-projective. Let P=HA. Then ZA~BA@® P. We
can suppose ZA = BA @ P, that the sequence

i _ W)
0 >ZA >A >BA >0 is 0——>BA(-BP-—>A-"—> BA—— 0,

and that 4 has differential (i’,i") (3)y = i'y. But F,: (A, P)> %, (HA,HP) is
an isomorphism and is induced by composition with i”; so there exists a chain
arrow p: A— P with pi”=1. So i” is a retract, and we may put A =C® P,
i” =(3), p = (0, 1). But pis a chain arrow, so pi’ny = 0; so pi’ = 0; so i" has the form

Q}BAAC@R

Moreover, y(i’,i") = 0 implies n of the form (4y,0): C®P—>BA.So A=C®P

then has differential
io _ iofo 0

So A is the direct sum of the complex C with differential ign,, and P with zero
differential. Then

@1

0——sBA@ P20l cap M0 o, g

exact implies

0—>BA-2sc-Tsps_ 50
exact, So HC = 0. But C is F,-projective; so
F2: 'MZ(C’C)—)‘%‘Z(HCaHC)

is an isomorphism. So .27,(C,C) =0; that is, C is contractible. So 4 is CE-
projective.

For the converse, it suffices to prove that contractible complexes C and
complexes P of projective objects with zero differential are F,-projective. Since
HC =0 and «/,(C, A) = 0 for all complexes A, C is F,-projective. Also P = HP
is projective, so it suffices to prove that F,: o7,(P, 4) - &,(P, HA) is an isomor-
phism for all A. Take f: P— HA; since P is projective and { is epimorphic,
f={-f'forsomef’ Letg=i-f’; then dg = ijng = ijnif' =0, and Hg = f. This
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proves surjectivity. Suppose Hg =0 for some chain arrow g:P — 4. Then
{-Zg =0, s0 Zg = j- k for some k: P— BA. But P is projective and # is epimor-
phic, so k=n-h for some h:P— A. Then g =i-Zg =ijk = ijnh =dh, so
g ~ 0. This proves injectivity.

For any complex A over &, the CE-dimension of A is the maximum of the
projective dimensions of ZA4 and HA in G¥. Given any A in &/,, since CE-
projectives form a projective class, there exists a CE-exact sequence

0—sd 2 sp 254 30

where P is CE-projective. Since each A, is projective, in each dimension this
sequence is isomorphic to a direct sum situation. Thus there exists a triangle

P NN L R £

in the canonical triangulation of «7,. From this we have the following result.
THEOREM 6. There are enough F,-projectives.

THEOREM 7. For an object A of o,, dimg, A is equal to the CE-dimension
of A.

ProoF. We use induction on r to show that dimp,4 < r if and only if CE-dim
A £ r.For r = O this is Theorem 5. Suppose r > 0 and the result true for r — 1. Let

05A'"5P—>A4A-0
be CE-exact with P CE-projective. This gives a canonical triangle
A'->P->4->%A4'.

If dimp,A < r then, by the Dimension Theorem, dimg,4’ < r — 1. By induction,
CE-dim A’ £r — 1; so CE-dim 4 £ r. Conversely, if CE-dim A £ r then CE-dim
A’ £r— 1. By induction, dimp, A4’ < r—1; then by the Dimension Theorem,
dimp, A = r.

All of §2 now applies to the homology functor F,: o7, — &, ; the definitions,
assumptions and conditions of theorems stated there have interpretations for this
functor in terms of properties which can be calculated by more familiar techniques.
These results all appear in [1] for which reason we adopt the prefix CE.

4. The functors Fy: o7y —» %'y

Let & denote an abelian category with enough projectives, and let N denote
an integer greater than or equal to 2.
The categories %y, o/y are defined as follows. The objects
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A — (Al,Az, ...’AN‘I)

of &y are (N — 1)-tuples of objects A° of & such that each A’ is a subobject of
A1 and each of the objects A, A'+1 /A’ is projective in 4. For such an object we
put A°=0 and A4”?= AZ/A%for 0 £ q < p < N; note that each of these objects
is projective in %. It will be convenient to have notations for the inclusion
w1 A" - A" and the canonical epimorphism wf,: A" — 4"% The arrows

: A— B of &y are (N — 1)-tuples of arrows f': A’ - B’ of & which commute with
the inclusions. Such an arrow induces arrows f72: A?? > BP? of ¥ which commute
with the w’s. The category B is additive with finite direct sums. Let 7y denote
the category K%y it is stable with canonical triangulation J .

Next we define a category & . The objects of Z'y are diagrams D in ¥ given
as follows. The objects in the diagram D are objects D,, of %, one for each ordered
pair of integers u,v such that u — N < v < u. The arrows in the diagram D are
arrows

d:: D,—-D,,
of ¢, one such arrow for each ordered quadruplet of integers s,t,u,v such that
s—N<t<s, u~N<v<u, and the arrow dj, is zero unless u — N <t =<v
< s £ u. The arrows in the diagram D satisfy the commuting condition
)] dye dup = d..

The arrows of &'y are just arrows of diagrams. The category &'y is abelian and
stable; the suspension functor X: &'y — &'y is

(ED)uy = Dy,

(Ed)s, = dyive
An object D of &'y is called exact when each of the sequences
dy ) die o d

N+v,u_
>Dtu >Dm : DN+v,u

@ Dy,

t— N <v<u<tisexactin &. Note that Z', may be identified with the Z, of the
last section.

For 0=g<p<N, define E,;: Xy— X, on an object D of &y by the
equations

(quD)Zn = Dp—nN,q-nN

(quD)Zn-l = Dq—(n—l)N,p-nN’

and similarly on arrows. Note that, for any u,v such that u — N < v < u, there
exist unique p,q,n such that 0 < g < p < N and either u = p— nN, v =g — nN,
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oru=gq—(n—1)N,v=p— nN. So every object D,, of D is of the form (E, D),
for unique p,q,n. The left adjoint

Jyg: Xy Xy
of E,, is given as follows. If there exists n such that u —~ N<g—-nNgv<p
— nN £ u, then
(VpeX)uo = X2
if there exists n such that u = N<p—-—nN=v<q—(n— 1)N L u, then
(X0 = X3p-15

otherwise (J,,X),, = 0. The arrows of the diagram J,, X are the identity arrows
of the X, wherever it is possible to put them in, and the other arrows are zero.

Now we come to the definition of the functor Fy: .oy — 2. For each object
A =(A", A%, ---, AN 1) of &y (note that each A4’ is a complex of projective objects
over %), the object D = FyA of &'y is defined as follows. For any integer n and
for integers p,q such that 0 < g < p <N,

(E,.D), = H,A™.
This determines D,, uniquely for all u — N < v < u. The sequences (2) arise by

taking the long exact homology sequence of short exact sequences of the form

q

P P
0, Wrq
0 >AT L 5 A7 "5 471 >0

O0sr<g<p<N.

The arrows dS, which do not occur in such sequences are determined by the
commuting condition (1). Then FyA is an exact object of &y. Next F becomes a
functor from C#y to Xy on defining Fyf: FyA — FyB, for a chain arrow
f: A— B over #y, by the component arrows

H,f": H,A" -~ H,B"

in . If f~ 0 then Fyf=0. So Fy is indeed a functor from &y to Z'y. From the
corresponding properties of the homology functor, it is clear that F: of y » &'y is
a stable homological functor. For N = 2 this definition agrees with the definitions
of the last section.

We shall study the functors Fy using induction on N. As a tool for this in-
duction, we define, for each complex A over #, complexes QA, I'A over #y_, by

(QA) = A', TAY = A" for 0<i<N-—1.
For A,C in C#y, define chain arrows

¢:[T4,9C] - [4,C]
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y:[4,C1- ] [Ai.i—l’ci,i-x:l

0<i<N

over Abg as follows. For g € [T4,QC], ¢(g)'+! is the composite

i+1 i i+l
A Wo1 Ait Dt g sCi Wy Ci+l

For fe[4,C], y(f) =f"'""

LemMa 8. For complexes A, C over &y, the sequence

0 [ra.0c]—2s 4,014 1 [4"LC" 1750

0<i<N

of complexes over Abg is exact. The connecting arrow

A: T HJ[4YL,C"" - H,.,[TA4,0C]

O<i<N

of the long exact homology sequence is given by

A[h] = [g] where g' = 6h' '0it! — (= 1)"w§'h'o

and [8], [0] are the deviation classes of the sequences

iit1 i+ 1 1i+1 i+1
Ciwo s Citt w0i>ci+1,i’A1w0 Aitt g1 AT

For a complex A over &,, let y(4) denote the cone of 1:Z-'4—~>X"1A4.
For 0 < g < p < N we define J ,,4 in C#) by the equations

(JpoA)i =0for1<£i<p,
= Afor pLi<N;

(Jpa4) 0 fort<i<g,

=ZX"'4 for gZi<p,

= y(A) for p<i< N, where 4 >0.
Note that (J,,4)""=4 and (J, 4 """'=X7'4 (the convention ce-t1
=27 'C¥ 1P covers the case g =0). In the obvious way, J,,: C#,— CBy
becomes a functor which preserves homotopies. Let E,,: CBy— C%, be given
by E,,A = A" E, f=f".

LemMMA 9. For A in C#, and C in C#y, the chain arrows
—1.g-1 s—1
E,p: [J,44,C]1 = [4,C"], E, _y - 1: [C,J,,4] = [CP~ 1971, 2714]

for 0 < g < p < N have right chain inverses which are left homotopy inverses.
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For DeZy, define QD, I'D in &'y, as follows. For0<g<p<N -1,
E,QD=E, D,E,ID=E,,,..D.

The arrows of QD, I'D are the arrows of D which are between objects of D which
are in positions belonging to objects of QD, I'D respectively. For X,D in Zy,
define a sequence

[ ZaBpiiXoEppes D) 2oy (rx, QD) —2 5 2 y(X, D)

O<i<N
3 " )
—_— n Z(E; ;-1 X,E;;_D) —1 Zy-1TX,Q%D)

O<i<N
in Abg as follows. For a € Z'y_(I'X,QD), E, () is the composite

d E, o
EpX —>Ep 11,4+ X2 quD'

For e Z (X, D), y(B) = E;;-1B. For
YE H ZAE; ;-1 X, E; ;1 X"D),

0<i<N
E,0.(7) is the difference between the composite

d ,yp+1 . d u
Ep+ l,q+ IX—__> Ep+l.pX_> Ep+l,p2 D—— quz +1D

and (— 1)" of the composite

d g+ 1 d .
Epit,g01X—> Epp1 X1—5E, ., 2D~ E, 3" 'D.

Lemma 10. If X is a projective object of &y and D is an exact object of Zy
then the sequence (3) is exact.

PRroOF. It suffices to prove this lemma for X=J, Ywhere 0 < ¢ < p < N and
Y is projective in &,, since every projective object of &y is a retract of a co-
product of such X.

(a) Suppose g > 0. Then (3) becomes:
(Y,Epp— 127 D) ® (Y, Eyy—1D) = (Y, Ep 1,41 D) > (Y, E,, D)
~(Y,E, D) ® (Y,E,,.—;ZD) - (Y,E,_, ,_ ;D).
The diagram
+—>E,, & 'D>E, D> EDD - E,,_ D —E,_; 3D

| I

p=1,4-10 2 Ep_y D> E;  ED—>E, ;, ED—>E,_ 2D— -

.5 E
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commutes with exact rows, so the Mayer-Vietoris sequence
+>E,y,D>E,D~E,, DO®E,, TD—>E, ;, ZD— .

is exact in &',. Since Y is projective in Z,, the result follows by taking (Y, —) of
the last sequence.

(b) Suppose g = 0. Then (3) becomes the sequence obtained by applying
(Y, —) to the Mayer-Vietoris sequence

Ep,p—lz_l @Ey_1,027!1 > EN—1.,;—12_l = E,—E, , . .®Ey_ 10 En-1,p-1

where the D’s have been omitted.

THEOREM 11. An object A of o7y is F y~projective if and only if each of the
complexes A”|A? over ¥ is CE-projective for 0 S q < p < N.

PrOOF. Suppose A is Fy-projective. Then FyA is projective in Z'y, and so, by
Theorem 1 of [7], each (FyA),, is projective. So HAPis projective in &',. For any
C in s7,, put

CYV" M =J,,0,0C, DN =7, JHC for 0Sg< N -1,
CP =T, 1,4+12C, D" =J,,, ,+,ZHC for 0Sg<p<N-1.
Then we have a commutative diagram

Fy

AN(As Cpq) ~ %N(FNA’ qu)

gl ) l;

(A7, C) —5—— Z(HA™, HC).
2

The vertical isomorphisms come from Lemma 9 and the adjunction
Jogd Epg: (X, ).

So the lower row is an isomorphism. Thus 4% is F,-projective.

Theorem 5 covers the case N = 2. Assume the theorem is true for N — 1 where
N > 2. Take A in 7, such that each A" is CE-projective. Then each (I'4)™,
(QA)? is CE-projective. So by induction I'd, QA are Fy_,-projective. So
Fy_T'4,F,_,QA are projective in Z'y_,. By Theorem 1 of [7], all the arrows in
Fy_(A, Fy_1A have kernels which are projective objects of . Every arrow in
FyA is such an arrow. So every arrow of the exact object FyA has projective
kernel. By Theorem 1 of [7], FyA is a projective object of Z'y. Take C in o7y.
Consider the five terms of the homology sequence of the short exact sequence of
Lemma 8 around Hy[ A4, C] = &7 5(4, C). This is exact. Consider also the sequence
(3) with X = FyA, D = F,C. This is exact by Lemma 10. Moreover, the five arrows
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1—[ F29FN—1:FN, l—I FZ"FN-I

O<i<N O<i<N

on hom-sets give an arrow from the first sequence into the second. By Theorem 5
each of the F,’s is an isomorphism and by induction the F_,’s are isomorphisms.
So by the “‘five lemma’’, Fy: o7 \(A,C) - Z (X, D) is an isomorphism; whence
A is Fy-projective.

THEOREM 12. There are enough Fy-projectives.

PrOOF. Suppose A4 is an object of o/y. For 0= ¢ < p < N choose a CE-
projective Y,, and a CE-exact sequence

) Eﬂ—) APT — 5 0.
Choose 7,4: JpgYpe = A in 27y corresponding to n,, under the isomorphism
A N pqYpgr A) = (Y4, AP
of Lemma 9. Put

P= X J,Y

pq - pq?
0Sg<p<N

and let &: P — A be the unique arrow of </ determined by the 7,,,. Then each of
the sequences

g
gpre HES gy > 0

is exact, and each PP??is CE-projective. So Fye is an epimorphism and, since
FyJpy = JpH (or. if you like, by Theorem 11), P is F y-projective.

THEOREM 13. For an object A of <7y, dimg A is equal to the maximum of
the CE-dimensions of the complexes AP?[A%, 0 < q < p <N, over %.

Proor. By Theorem 12, there exists an arrow &: P— A4 in 7y where P is
F \y-projective and F e is an epimorphism. By the cone construction, this gives rise
to a triangle

C=P-2 5 453¢C

in Z y such that each of the triangles

cre s pPe EN; 4P N Yol

is in J,, p™M is F,-projective (Theorem 11) and F,e?® is an epimorphism. Using
Theorem 11 to start the induction, we can employ the Dimension Theorems for
Fyand F, to prove that dimy A4 < r if and only if dim;,4A" < rforall0 =g <p
< N. Then the result follows from Theorem 7.
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So §2 applies to the functors Fy: o7y — & 5. Moreover, the conditions of the
theorems of §2 have, in this section, been put into a more familiar form.

The Classification Theorem involves the functor Ext for the category & . The
following theorems help in the calculation of this functor when ¢ had finite
projective dimension.

THEOREM 14. Suppose ¥ has finite projective dimension. An object X of & y
is projective if and only if it is exact and each of the objects X,,,u — N <v <u,
is projective in 9.

Proor. By Theorem 1 of [7], X is projective if and only if it is exact and the
kernel of each of its arrows is projective. Then each X, is projective. Suppose X
is exact and each X, is projective. Consider an arrow x of X which appears in
one of the exact sequences (2) for X. Let k be the dimension of %. The sequence (2)
for X then give an exact sequence

O->kerx>Py—>P;>-+—>P,—>P,,

where each P; is an object in the diagram X and hence projective. So ker x is
projective. Every arrow of X is a composite xx’ of such arrows x, x’ of X. From
the short exact sequence

0— kerx’ — ker(xx') »> kerx — 0

we deduce that ker (xx') is projective. So X is a projective object of Zy.

THEOREM 15. Suppose ¥ has finite projective dimension k. An object of 'y
has projective dimension at most k if and only if it is exact.

Proor. Consider a short exact sequence
0-D'-X->D-0

in & where X is exact. Consider as complexes the sequences (2) for D, X, D’; then
we have short exact sequences of complexes where the middle complex has zero
homology; so the homologies of the outside complexes are isomorphic. It follows
that D is exact if and only if D’ is exact.

Let D be an object of & and choose an exact sequence

0-Y->X"15. X' X5 D0

in &y in which each X' is projective. If D is exact then, from the last paragraph, Y
is exact. Since ¥ has dimension k, each Y,, is projective in 4. By Theorem 14, Yis
projective. So D has dimension at most k.

Conversely, suppose D has dimension at most k. Then there exists an exact
sequence as above with Y also projective. So Y is exact. Then D is exact,
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5. The split classification sequence

For this section we suppose that ¢ is the category of abelian groups (or any
abelian category with projective dimension 1). Every object of ./, has CE-
dimension at most 1. By Theorem 13 then, every object 4 of &7y has dimyyA4 < 1.
So for any objects A, B of .7, the Classification Theorem yields a natural short
exact sequence.

F
4) 0 — Exty (FyA,FyB) — o7 \(A,B) =25 & \(FyA,FyB) - 0

of abelian groups. In the present section we shall outline why this short exact
sequence splits.

Any projective object X of &', may be regarded as an object R, X of &/, with
zero differential and F,R,X = X. The right chain inverse, left homotopy inverse of
Lemma 9 for the chain arrow

Epp: [JpR2X,J, R Y] - [RX,E,J, R, Y]
may be chosen naturally in X, Ye Z',. So we have a natural arrow
A: CEyR,X,E,J,R,Y) > CENJ R X, T, R, Y)

which induces an isomorphism when C#y is replaced by s/, and which has
“‘evaluation at p,q’’ as a left inverse. For projective X in &',, note that

R,E, 0, X = E,J, R, X

unless 0 < g < s <r < p < N in which case the left side is 0 and the right side is
PR X).

The category &y is defined as follows. The objects X of & are families of
projective objects XP2, 0<g<p<N, of &,. An atrow : X > Y in &y is an
arrow a: 2.J,, X% — XJ,, YP of %'y where the sums are over 0 < g <p < N. So
% y may be identified with a full subcategory of & .

The functor Ry: &y — C%,y is defined on objects by the equation
RyX = ZJ, R, X"
On arrows Ry is given by the composite
ZNX,Y) = ZH NI p X", J,Y)
~ Y N(XPLE,J.Y™)
= XC#,(R,X*,R,E,J,.Y™)
YCB,(R, X", E, J R, Y™)
2ZCBN(I p R X, TR, YT)

7IA
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= CZN(RyX, RyY).

Then FyRy: &y — £y is the inclusion.

Let &% denote the full subcategory of Z'y consisting of the exact objects of
Z y. By Theorem 15, the objects of Z'y have projective dimension at most 1 with
respect to & y. For each object D of &%, choose a short exact sequence

0>Y—"s X>Do0

in Zy, where X, Yare in Zy. Then Ryx: RyY —» RyX isin C#y. Let VyD denote
the cone CRyx of the chain arrow Ryx. Do the same for D’ in &'. Suppose
a: D — D' is an arrow of &. This gives a commutative diagram

0-Y »X -D -0

bl |-

0-»Y ->X'->D' -0

in y. Let f: VyD — VyD’ denote the chain arrow over #y which, as a graded

arrow over %y, is
RyB O)
0 ZRyy

If different B,y are chosen as above, this leads to a chain arrow over #, which is
homotopic to f. So let

Vya=[f]: VxD— VyD’

in &7 y. So, after choosing suitable resolutions of objects of &y, we have defined a
functor Vy: Z'y — <7y which extends Ry: &y — o/y. Since Fy is homological
we have an exact sequence

FNRNK

< >Z7IF L VyD - FARyY = FyRyX —» FyVyD — ..

in &'y. But FyRyk = k is a monomorphism. So the sequence
0->Y>X->FyVyD->0
is exact in &'y. So Fy VyD = D, and this isomorphism is natural in D e &'y,

THEOREM 16. (¥ = Abg). The functor Fy: o/ y — X'y has a right inverse Vy
up to natural isomorphism.

COROLLARY 17. (¥ = Abg). There is a natural short exact sequence (4)
for A,Be o y; moreover,

of \(A,B) = % \(FyA, FyB) @ Exty (FyZA,F yB).
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