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I. INTRODUCTION 

Let X , Y be local ly compac t Hausdorff s p a c e s and JJL , v be Radon 
outer m e a s u r e s on X and Y r e s p e c t i v e l y . The c l a s s i c a l p roduc t ou te r 
m e a s u r e cj> on X X Y gene ra ted by m e a s u r a b l e r e c t a n g l e s , without 
d i r e c t r e f e r e n c e to the topology, tu rns out to have some s e r i o u s d r a w 
b a c k s . F o r example , one can only p rove that c losed Q se t s (and 

o 
hence B a i r e se t s ) a r e <j)-measurable. It is unknown, even when X and 
Y a r e compac t , whether c losed se t s a r e ^ - m e a s u r a b l e . This has led 
to c o n s i d e r a t i o n of o ther p roduc t m e a s u r e s : the Radon produc t outer 
m e a s u r e X in t roduced through l inear funct ionals and the R i e s z r e p r e s e n t 
a t ion t h e o r e m and the B l e d s o e - M o r s e [1] p roduc t outer m e a s u r e i|i 
gene ra t ed by m e a s u r a b l e r e c t a n g l e s and ni l s e t s ( se t s N for which 
f f 1 d |JL d v = 0 = fi 1 dvdjj ,) , again without d i r e c t r e f e r e n c e to the 

topology. 

Our a i m in this pape r is to e s t ab l i sh r e l a t i o n s be tween these 
t h r e e p r o d u c t m e a s u r e s . Our key r e s u l t is a Fubin i t h e o r e m for c(> over 
c o m p a c t s e t s , even though we do not know whether such se t s a r e 
^ - m e a s u r a b l e . This enables us to check that the t h r e e outer m e a s u r e s 
a g r e e on compac t s e t s and that , in the <r-finite c a s e , the r e s t r i c t i o n s 
of L|J, X , 4* t o t he i r r e s p e c t i v e m e a s u r a b l e se t s a r e ex tens ions of each 
o t h e r . We a l so give a c h a r a c t e r i z a t i o n of when closed s e t s a r e 
c j ) -measurable . Since the convolut ion of two m e a s u r e s on a topologica l 
group is i n t ima te ly connected to the p roduc t m e a s u r e , our r e s u l t s on 
<|> , X , ^ enable us to c o m p a r e t h r e e co r r e spond ing defini t ions of 
convolut ion JJL * v • Our point of view a l so enables us to extend, in the 
Radon c a s e , the va l id i ty of the fo rmula 

/ / f ( x . y " ) d f i ( x ) d v ( y ) - / f d( j i*v) - J / f l x . y ^ l d v f y l d ^ x ) 

to the c l a s s of a l l abso lu te ly m e a s u r a b l e func t ions . This extends the 
r e s u l t s in S t r o m b e r g [8] . 
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IL NOTATION AND PRELIMINARIES 

Throughout this p a p e r we sha l l u s e the following nota t ion and 
t e r m i n o l o g y : 

1 . G e n e r a l Nota t ion . 

1.1 The r e a l n u m b e r s inc lude +_ oo and oo • 0 = 0 • oo = 0 . 

1.2 oo is the se t of n o n - n e g a t i v e i n t e g e r s . 

1.3 0 is both the empty s e t and the n u m b e r z e r o . 

1.4 A-vB = {x : x e A and x | B } . 

1.5 1 . is the c h a r a c t e r i s t i c function of A . 
A 

1.6 If H is a f ami ly of s e t s , an H is a countab le union, and an 

H a countab le i n t e r s e c t i o n , of s e t s f r o m H . A G is a 
ô 5 

countable i n t e r s e c t i o n of open s e t s . 

2 . M e a s u r e s . 

2 . 1 m is an ou te r m e a s u r e on S if and only if m is a funct ion on 
{A : A C S} to the non -nega t i ve r e a l s such that m(0) = 0 and 
if A C U B then m(A) < 2 m ( B ) . 

n — n 
neoj neco 

2 . 2 A is an m - m e a s u r a b l e se t if and only if m is an outer m e a s u r e 
on S, A C S , and for e v e r y T C S , 

m(T) = m ( T O A) + m ( T ^ A ) . 

IT! deno tes the s e t of a l l m - m e a s u r a b l e s u b s e t s of S . It is a 
m 

(T-field on which m is ( r - add i t ive . 

2 . 3 f is an m - m e a s u r a b l e function if and only if m is an ou te r 
m e a s u r e on S, f is a funct ion on S to the r e a l s and for e v e r y 
r e a l n u m b e r t , {x : f(x) > t} is an m - m e a s u r a b l e s e t . 

2 . 4 m is (r-f inite on A if and only if t h e r e e x i s t s a s e q u e n c e B s u c h 
tha t m(B ) < oo for each n e GO and A C U B . n n 

n e oo 
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3 . I n t e g r a l s . The i n t e g r a l we u s e is the s tandard one obtained 
by a se t t h e o r e t i c defini t ion (cf. Munroe [6], Ha lmos [4]). Thus , if m 
is an ou te r m e a s u r e on S, f is an m - m e a s u r a b l e function, and 
f(x) > 0 for a l l x e S then 

00 

ff dm = l im 2 t ^ m f A . ) + oo • m(B) 
t->l i=-oo 

w h e r e for each t > 1 

and 

A. = {x : t < f(x) < t } 

B = {x : f(x) = oo} 

4 . Radon M e a s u r e s . Let S be a topologica l s p a c e . 

4 . 1 m is a Radon ou te r m e a s u r e on S if and only if m is an ou te r 
m e a s u r e on S such that 

(i) open s e t s a r e m - m e a s u r a b l e ; 

(ii) for e v e r y open a C S, m(o>) = sup{m(K): K compac t , K C a} ; 

(iii) for e v e r y A C S , m(A) = inf{m(a): en open , a D A} ; 

(iv) for e v e r y compac t K C S, m(K) < oo . 

The following t h e o r e m is wel l known. 

4 . 2 THEOREM (Genera t ion of Radon outer m e a s u r e s ) . 

Let g be a r e a l - v a l u e d function such that for B and C c o m p a c t 

0 < g(B) < g{B U C) < g(B) + g(C) < oo ; 

if B H C = 0 then g(B U C) - g(B) + g(C) , and g((X) = 0. 

F o r any A C S , j£t_ |x(A) = inf sup g(K) . 
a open K c o m p a c t 
ffD A K C a 
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Then if S is a locally compact Hausdorff space, ji is a Radon 
outer m e a s u r e . 

5. Linear Functionals . Let S be a locally compact Hausdorff space . 

1 C(S) is the set of all continuous functions on S to the finite reals 
vanishing outside a compact set . 

2 L is a positive linear functional on C(S) if and only if 

(i) L is a function on C(S) to the finite rea ls ; 

(ii) for every f, g e C(S) and finite real numbers a and b , 
L(a-f + b .g) = a-L(f) + b-L(g); 

(iii) if f > 0 then L(f) > 0 . 

Note that if L is a posit ive linear functional on C(S), L is 
continuous in the sense that for each compact K C S there exists 
a < oo such that | L(f ) | < a sup | f (x ) | whenever f vanishes 

K K x € S 
outside K . 

3 For L a positive linear functional on C(S) the outer measure 
associated with L is the outer measure m on S such that for 
every A C S 

m(A) = inf sup L(f) . 
a open feC(S) 
A C a 0 < f < l 

— — a 

Note that also 

m(A) = inf sup inf L(f) . 
a open K compact feC(S) 
A C a K C a f>4 

is. 

Reformulation of the standard Riesz Representation Theorem 
yields the following: 

4 THEOREM. If L is a positive linear functional on C(S) then 
the outer measure associated with L is the unique Rad<5n outer 
measure m on S such that 

L(f) = J f dm for every f e C(S) . 
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III. PRODUCT OUTER MEASURES 

Throughout this p a r t X , Y a r e local ly compac t Hausdorff s p a c e s 
and p. , v a r e Radon ou te r m e a s u r e s on X and Y r e s p e c t i v e l y . Our 
a im h e r e is to d i s c u s s and c o m p a r e t h r e e outer m e a s u r e s on the 
C a r t e s i a n p roduc t X X Y . 

6. Definit ions. 

A 
6 .1 F o r A C X X Y , A = {y : (x , y) e A} . 

6 .2 B = {a X b : a € m , b € to „ \x(a) + v(b) < oo} . 
|JL v 

6 .3 N is a n i l s e t if and only if f f 1 d JJ. d v = 0 = ff 1 à vâ\i . 

6 .4 L and L a r e the pos i t ive l inea r funct ionals on C(X) and C(Y) 
M- v 

r e s p e c t i v e l y given by: 

L (f) = fi d p 

L (f) = f f d v . 

6 .5 L. ® L is the pos i t ive l inea r funct ional on C(X X Y) such that 
\i v 

for e v e r y f e-C(X) , g e C(Y) , if h ( x , y ) = f (x) . g(y) then 

L ® L (h) = L (f) • L (g) 

F o r the ex i s t ence and un iqueness of L ® L see , e . g . , B o u r b a k i 
fx v 

[2, T h é o r è m e 1, page 89 ] . 

6 .6 The c l a s s i c a l p roduc t ou ter m e a s u r e <j> is defined, for 
A C X X Y, by 

(A) = inf { 2 | i ( a ) - v ( b ) : F is countable , F C R 
a X b e F 

A C U a} . 
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6.7 The B l e d s o e - M o r s e p r o d u c t ou te r m e a s u r e \\i i s defined, for 
A C X X Y, by 

4J(A) = inf { S |j.(a) • v (b) : F is countab le , F C B 
a X b e F 

A ~ LJ a i s a n i l s e t } 
a eF 

6 .8 The Radon p r o d u c t ou te r m e a s u r e \ is the Radon ou te r m e a s u r e 
a s s o c i a t e d wi th L ® L by the R i e s z R e p r e s e n t a t i o n T h e o r e m 5 . 4 . 

[i v 

R e m a r k . The defini t ion of \ g u a r a n t e e s that open s e t s a r e X - m e a s u r a b l e . 
One of the m a i n r e s u l t s in B l e d s o e - M o r s e [1 , T h e o r e m 7 . 7 ] 
s t a t e s tha t open s e t s a r e a l so i ^ - m e a s u r a b l e . It is unknown 
if open s e t s a r e cj) - m e a s u r a b l e even when X and Y a r e 
c o m p a c t . 

7 . E l e m e n t a r y P r o p e r t i e s . The following a r e i m m e d i a t e c o n s e q u e n c e s 
of the def ini t ions or we l l -known f a c t s . 

7 . 1 If a G Hi and b e l l i t h e n a X b e î t l , D lt\, H lîi and if 
\x v 9 \\J X 

p.(a) + v (b) < oo (a X b e R) then c|> (a X b) = X(a X b) = 
i|i(a X b) = jj,(a)*v(b) . S tandard Fub in i t h e o r e m s for <j) , \\i, and 
X follow f r o m 7 .1 by using we l l -known l ines of a r g u m e n t . In 
p a r t i c u l a r , we h a v e : 

7 .2 If A be longs to the cr- r ing g e n e r a t e d by ft then A e ^ D îït D to 
4> X \\t 

and <|)(A) = X(A) = i|i(A) . 

7 . 3 \\t < c() . 

7 . 4 If a C X X Y , a open, then a e IT» and 

^i(a) - sup {^(K) : K is compac t , K C a} . 

This follows f r o m T h e o r e m s 7 .5 and 7. 7 of B l e d s o e - M o r s e [1 ] , 
In the def ini t ions of <|> and ^ w e could r e p l a c e B by the fami ly of 
open r e c t a n g l e s . Thus 

7 .5 F o r e v e r y A C X X Y , 

<b(A) = inf {cj> (a) : a i s open and ^ - m e a s u r a b l e , A C a} . 
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7 . 6 Let m = <|> , \\i, \ . If m(A) < oo and £ > 0 , then for s o m e 
c o m p a c t r e c t a n g l e K e & (not n e c e s s a r i l y contained in A) 

m(A ~ K) < e . 

E v e r y c losed Q in X X Y is ^ - m e a s u r a b l e . This follows f r o m 

7 . 6 , s ince e v e r y c o m p a c t G_ in X X Y is ^ - m e a s u r a b l e 
* ô 

(Halmos [4, T h e o r e m 51 ] ) . 

7 . 8 E v e r y cont inuous function on X X Y to the r e a l s is § - m e a s u r a b l e 
(by 7 . 7 ) . 

8 . C o m p a r i s o n of the P r o d u c t Outer M e a s u r e s . A key r e s u l t for 
c o m p a r i n g the t h r e e p roduc t m e a s u r e s is the Fubin i t h e o r e m 8 .1 be low. 
It is obtained in sp i te of the fact that we do not know whether c o m p a c t s e t s 
a r e ^ - m e a s u r a b l e . 

8 .1 THEOREM. Jf C C X X Y _and C is compac t , then 

* ( c ) = / / 1
c

d v d * J L = / / 1 c d , l d v -

The proof of this t h e o r e m is given after p roving L e m m a s A and B 
be low. 

A 
LEMMA A. Jf C C X X Y is compac t , t > 0 , T = {x : V(C ) < t} 

then T is open and for any A C T 

4)(C O (A X Y)) < t . j j L (A ) . 

A 
Proof . F o r each x e T t h e r e ex i s t s open 6 D C with 

x x 
v(p ) < t . Then X X (3 is open and C ~ (X X p ) is compac t , 

whence i ts p ro j ec t i on -rr onto X is c o m p a c t and thus a - X ~ TT 
x x x 

is open . Now x e a , 
x 

A 
a = { u : C c p } C T 

X U X 

and thus T is open. 
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The r e m a i n d e r of the conc lus ion is t r i v i a l if |JL(A) = oo . Hence 
let A C T , n(A) < oo, e > 0 . Let B be open, A C B , 

ji(B) < J I ( A ) + ~ 

Since LJ « D A , by 4 . 1 t h e r e ex i s t s a countab le s u b s e t of A , 
A X 

x e A 
say {a : new} C A , such that 

n 

[i (A ^ U a ) = 0 
new n 

L e t 

a" = A ~ U a 
a 

n e a> n 

= B O a ~ U a 
n m < n m 

Then the a ' and a11 a r e LL-measu rab l e and d i s jo in t . Since C 
n ^ J 

is compac t , C C D X E , for s o m e D and E c o m p a c t . 

A 
F o r each x e a , C C 6 so 

a x a 
n n 

C H (A X Y) C U ( a ' X 6 ) U (a" X E ) 
n a 

neco n 

Hence 

c()(C Pi (A X Y)) < S ^fc» ) . v((3 ) 
n a 

new n 

< t . S p.(or' ) 
n 

new 

< t • JJL(B) 

< t • p.(A) + E 
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Thus 

cj)(C H (A X Y)) < t • |i(A) . 

LEMMA B . Jf C C X X Y , A C X and for eve ry x e A , 
A 

v(C ) > t then 
x — 

4>(C H (A X Y)) > t - ^L(A) . 

P roof . Let <b(C f l (A X Y)) < » , £ > 0 . Choose a. X b . e ft 
1 1 

for i G co such that 

C Pi (A X Y) C U (a. X b . ) 
l l 

îeco 

and 

S | i ( a . ) . v (b . ) < ${C O (A X Y)) + e . 
ieco 

Let B = U ( a . X b.) . 
i eoo 

Then 

<|>(C O (A X Y)) + e > <|>(B) = J V (B ) d |i.(x) 

A 
> / v(B ) djitx) 

A X 

> f V ( C ) d v i ( x ) 
A X 

> t • ft (A) . 

P roof of T h e o r e m 8 . 1 . Let 1 < t < oo and for each in teger n 
let 
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r n A n + l 
A = { x : t < V ( C ) < t } 

n — x 

{ x : C / 0 , v ( C ) = 0} 

T h e n b y L e m m a s A and B 

t n . f i ( A ) < cj)(C H (A X Y)) < t n + 1 . u ( A ) 
n — n — n 

and 4>(C P i (B X Y)) = 0 

T h u s 

00 00 

2 t n - n ( A ) < 2 <h(C H (A X Y ) ) 
n — n 

n= -Q0 n= -oo 

00 

<|>(C) < 2 t n + . | i (A ) 
n= - oo 

00 

= t • S t n • î (A ) . 
n 

n= -oo 

S i n c e b y L e m m a A, { x : y ( C ) < u} i s o p e n f o r e a c h u , 

r A X 

J v ( C ) d|jL (x) < oo and ( s e e 3) 

A- °° 
f v ( C ) d u ( x ) = l i m S t n . u (A ) 

J x . M . n 

H e n c e 

A 
4>(C) = / v ( C ) d j t ( x ) = / / l ( x . y j d v t y l d f i f x ) 

S i m i l a r l y 

4 3 6 
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4>(C) - J J 1 (x,y)dji(x)d v(y) 

2 THEOREM. Let C C X X Y be c o m p a c t . Then 

V|J(C) = x(C) = <|>(C) . 

Proof . This follows i m m e d i a t e l y f rom 8.1 and the Fub in i t h e o r e m 
for \\i and X ( r e m a r k following 7 . 1 ) . 

3 COROLLARY. F o r open a C C X Y, 

^(a) = \(a) < 4>(cv) . 

Proof . This follows f rom 8 .2 , 7 .4 and 4 . 1 ( i i ) . 

4 T H E O R E M . (i) ip < X < c|> . 

(ii) m c m c rn, . 
<j) X I|J 

(iii) If A G ft and <j>(A) < oo then 
9 

ili(A) = X(A) = <|>(A) . 

(iv) if A £ ft and x(A) < oo then 
X 

+ (A) = X(A). 

Thus, if \i and v a r e cr-finite on X and Y r e s p e c t i v e l y then 
the m e a s u r e df/fti i s an ex tens ion of the 

t u r n is an ex tens ion of the m e a s u r e 4>/ft 

the m e a s u r e d</ft i s an ex tens ion of the m e a s u r e x/ft which in 
4» X 

Proof , (i) Fo l l ows i m m e d i a t e l y f rom 8. 3, 4 . 1 (iii) and 7 . 5 . To 
check p a r t of (ii) and (iii), let A e ft . if <\>(A) < oo then t h e r e 

9 
ex i s t s an (ft )c s e t B such that A C B and <\>(B ~ A) = 0 . 

cr o 
Then, by 7 . 2 , B e ft O f t and, by (i), \ ( B ^ A) = v|i(B ~ A) 

X 9 
so that A € ft P ft and L)J(A) = X(A) = c()(A) . To s e e that 

x 9 
A G ft even when $(A) = oo, le t T C X X Y, x(T) < oo and 

X 
e > 0 . Then, by 7 .6 t h e r e ex i s t s a compac t K e ft such that 
X(T ~ K) < e . Since <|>(A Pi K) < oo , we have A Pi K e ft 

X 
and t h e r e f o r e 
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\(T H A) + \ (T ^ A) < X(T H K H A) + \(T ~ (K Pi A)) + 2e 

- X(T) + 2e . 

A similar argument yields the other part of (ii) and (iv), if we 

replace '(ft ) ' by 'G_' and use 7.4. 
cr o o 

We conclude this section by giving a characterization of when 
open sets are cj)-measurable. 

8.5 THEOREM. All open sets in X X Y are <j>-measurable if and 
only if for every open a with <\>(a) < oo, 

<\>(a) = s u p <t>(K) • 
K compact 

K C a 

We first prove Lemma D. 

LEMMA D. All open sets in X X Y are ^-measurable if and 

only if all open a with §{a) < oo are (j)-measurable. 

Proof. Suppose for every open a with (\>(a) < oo, a e ft, . 
9 

Let y be open, cj>(T) < oo . 
Then there exists open p D T with <(>(p) < oo . 
Then 4>(J3 D y ) < QO and hence (3 D y is ^-measurable, so 

4>(T) = <I>(T n p n y) + <I>(T ~ (p n Y)) 

= <|>(T P i Y) + <(>(T - Y) • 

Proof of Theorem 8.5. Suppose all open sets are ^-measurable. 

Given open a with §(a) < oo and e > 0 there exist by 7.5 and 

7.6, compact K with <\>(a ~ K) < e, and open Y ^ K ~ <* w i t h 
<j)(Y) < 4> (K ~ a) + e . L e t 

C = K **, Y . 
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T h e n C i s c o m p a c t , C C a, and 

4>(C) > <>(K) - <>(7) 

> c)>(K) - <\>(K ~ or) - e 

= <|>(a P i K) - c 

> <)>(<* O K) + 4>(or ~ K) - Ze 

> $fa) - 2e . 

C o n v e r s e l y , if a i s o p e n , §(a) < oo and 

<t> (a) = s u p 4>(K) 
K c o m p a c t 

K C a 

t h e n t h e r e e x i s t s p C a , a c o u n t a b l e u n i o n of o p e n r e c t a n g l e s , 
w i t h cj)(p) = ^(a) . T h e n s i n c e p i s ^ - m e a s u r a b l e , 
(^(a ~ p ) = $(a) - <|>(P) = 0 a n ( 3 t h u s » i s 4 > - m e a s u r a b l e . 
A p p l i c a t i o n of L e m m a D c o m p l e t e s t h e p r o o f . 

; . 6 C O R O L L A R Y . If o p e n s e t s in X X Y a r e ^ - m e a s u r a b l e and 
\x , v a r e (T- f in i t e o n X , Y r e s p e c t i v e l y t h e n cj> = \ . 

P r o o f . T h i s f o l l o w s f r o m 8 . 2 , 8 . 5 , and 7 . 5 . 

9 . E x a m p l e s and R e m a r k s . T h e e x a m p l e s b e l o w s h o w c e r t a i n 
d i r e c t i o n s i n w h i c h t h e t h e o r e m s of S e c t i o n 8, p a r t i c u l a r l y 8 . 4 , c a n n o t 
b e e x t e n d e d . 

9 . 1 R e m a r k s . L e t ft1 = { a X b : a ç til , b e ÎU } and f o r e a c h 

A C X X Y l e t 

9(A) = inf { 2 | j . ( a ) - v ( b ) : F i s c o u n t a b l e , 
a X b € F 

F C ft» , A C U a} . 

T h e e s s e n t i a l d i f f e r e n c e b e t w e e n $ and G i s t h a t if 0 / a C X , 
jj,(a) = 0 , b C Y and v i s n o t < r - f in i t e o n b t h e n 9(a X b) = 
| i ( a ) - v ( b ) = 0 , b u t <|>(a X b) = oo . 
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However , if cj>(A) < co then <|)(A) = 0(A) and thus m a n y of 
the r e s u l t s in th is p a p e r wi l l hold as wel l for 0 as for <\> . 
F u r t h e r c o m p a r i s o n s a r e m a d e in the e x a m p l e s be low. 

We m a y have $ = X but \\i / X, even in the <r-finite c a s e . 

P roo f . Le t X and Y be the r e a l l ine with the o r d i n a r y topology, 
\i and v be L e b e s g u e m e a s u r e on X and Y r e s p e c t i v e l y . Then 
<j) and X a r e equa l to L e b e s g u e m e a s u r e on X X Y. 

Let A be the se t c o n s t r u c t e d by S i e r p i n s k i [7] which is not 
^ - m e a s u r a b l e but i n t e r s e c t s any s t r a i g h t line in the p l ane in at 
m o s t two p o i n t s . 

Then 

i . e . A is a n i l se t , and hence ^(A) = 0. Since A is not 
^ - m e a s u r a b l e , we have cj)(A) f 0 . 

We m a y have A X - m e a s u r a b l e , X(A) = oo and ^(A) = 0 . 

P roof . Let |JL be L e b e s g u e m e a s u r e on X , the r e a l l ine with 
the o r d i n a r y topology, and let v be counting m e a s u r e on Y , an 
uncountab le se t with the d i s c r e t e topology. 

Then if a is open in X X Y , we e a s i l y check that 

§{d) - \(a) = S JJ. {x : (x , y) e a} 
ye Y 

and hence cj) = > . 

Let A = { 0 } X Y . if a is open, a D A , then \(a) = oo , 
and hence §(A) = X(A) = oo, but A is a n i l s e t and hence 
\\){A) ~ 0 . Note that in th is c a s e the <r - a l g e b r a g e n e r a t e d in 
X X Y by the open r e c t a n g l e s does not inc lude a l l the open 
s e t s of X X Y . 

Note a l so that 0 = 6(A) / inf G(a) = oo and hence 
a open 
a D A 

the outer m e a s u r e 9 (of 9 .1 ) does not have the p r o p e r t y of 
a p p r o x i m a t i o n f r o m above by open s e t s . 

440 

https://doi.org/10.4153/CMB-1969-053-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-053-x


9,4 For some X and Y all open sets in X X Y are ^-measurable 
and oo = cj)(X X Y) / sup <\>(K) = 0 

K compact 
K CXX Y 

and hence $(X X Y) / \(X X Y) . 

Proof. Let X / 0, |Jt(X) = 0, Y be an uncountable set with 
the discrete topology, v = counting measure on Y . For any 
A C X X Y, if the projection of A onto Y is countable, then 
cj)(A) = 0 , and if the projection of A onto Y is uncountable, 
then <\>(A) = oo . Thus every subset of X X Y is ^-measurable. 

IV. CONVOLUTION OF MEASURES 

Throughout the next two sections, X is a locally compact, 

Hausdorff topological group, \i and v are Radon outer measures on X, 

and <\> , X , \\i denote the product outer measures of JJI and v introduced 

in Section 6. 

There are many ways of defining a convolution of JJL and v . 

The ultimate goal is to find a measure £ such that the equation 

(1) J / f (x -y" 1 )d J x(x )d v (y ) = / f d | = / / f t x - y ' S d v t y H t i t x ) 

holds for as large a class of real-valued functions f on X as possible 
including the continuous functions with compact support. 

10, Convolution and Absolute Mea sur ability. 

10.1 Preliminary Definitions 

_1 
1. For any A C X , A* = {(x,y) : x • y e A} . 

2. For any function f on X and x , y e X 

f*(x,y) = ffx-y"1) 

3. For any topological space S and A C S , A is absolutely 
measurable if and only if A G Pi to where M is the family 

m&M. 
of outer measures m on S such that open sets are m-measurable. 
A real-valued function f on S is absolutely measurable if and only 
if {x : f(x) < t} is absolutely measurable for every real t . 

4 4 1 

https://doi.org/10.4153/CMB-1969-053-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-053-x


We n o t e t h a t t h e f a m i l y of a b s o l u t e l y m e a s u r a b l e s e t s i s a <r - f ie ld 

w h i c h c o n t a i n s t h e B o r e l s e t s a s w e l l a s t h e a n a l y t i c s e t s a n d t h e i r 

c o m p l e m e n t s . T h e f o l l o w i n g l e m m a i s k n o w n a n d f o l l o w s r e a d i l y f r o m 

t h e d e f i n i t i o n s . 

1 0 . 2 L E M M A . L e t h b e a f u n c t i o n o n S to S1 , m b e a n o u t e r 
- 1 

m e a s u r e o n S and m ' ( A ) = m ( h (A)) f o r a n y A C S' . T h e n 

. 1 . m ' i s a n o u t e r m e a s u r e o n S1 : 

- 1 
. 2 . If A C S' and h (A) i s m - m e a s u r a b l e t h e n A i s 

m 1 - m e a s u r a b l e . 

. 3 . Jf S a n d S' a r e t o p o l o g i c a l s p a c e s , h i s c o n t i n u o u s , 
- 1 

A C S ' and A i s a b s o l u t e l y m e a s u r a b l e , t h e n h (A) i s 
a b s o l u t e l y m e a s u r a b l e . 

N o w , w e a l s o e a s i l y c h e c k t h a t , f o r a n y A C X , (1 )# = 1 
A A'»" 

s o t h a t if w e f o r m a l l y s u b s t i t u t e 1 f o r f i n e q u a t i o n (1) a b o v e , w e g e t 

/ / 4 A * d^dv = ^(A) = II lA* àvd» 

The F u b i n i t h e o r e m t h e r e f o r e leads us to c o n s i d e r the following def in i t ions 
of convolu t ion . 

1 0 . 3 Def ini t ion. F o r any A C X , 

•1. fti+v). (A) = 4>(A*) 

2. fci*v) (A) = \(A*) 
X 

3 . (u*v) (A) = w|i(A*) . 

In v iew of L e m m a 10 . 2, for m = <\> , X , \\t, we see that 
(it* v) is an ou te r m e a s u r e on X that , for any A C X , A is (u,* y) 
^ m ^ m 

m e a s u r a b l e wheneve r A* is m - m e a s u r a b l e , and that , for any funct ion 
f , j l d( | i*v) = / f* d m . 

1 1 . P r o p e r t i e s of the Convolu t ions . The p r o p e r t i e s of (jx# v) , 
m 

for m = § , \ , \\t, follow f r o m p r o p e r t i e s of m and the app l i cab i l i t y 
of the F u b i n i t h e o r e m . 

1 1 . 1 T H E O R E M . Let ji and v b̂ e (T-finite and m = c|> , X , ip . ÏÏ 
f is a r e a l - v a l u e d function on X such that f* is m - m e a s u r a b l e , 
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in p a r t i c u l a r if f is cont inuous , and j f d(p.*v) ex i s t s then 

/ / f f x - y ' V p M ' M y ) = / f d ( p . * v ) = / / f (x -y" 1 )dv(y)dp . (x ) , 

Proof . This follows i m m e d i a t e l y f rom the Fubin i t h e o r e m applied 
to J f * d m and 7 . 8 . 

1 1 . 2 COROLLARY. Let JJL and v he <r-finite and m = X , \\> . Then 
for any abso lu te ly m e a s u r a b l e function f on_ X , 

J / f ( x - y " 1 ) d M . ( x ) d v ( y ) = / f d ( | i * v ) = J / f ( x . y " 1 ) d v ( y ) d j x ( x ) . 

Proof . This follows i m m e d i a t e l y f rom 1 1 . 1 , 1 0 . 2 . 

1 1 . 3 THEOREM. Jf |JL and v a r e <r-finite then, for any c o m p a c t 
K C X , 

(p.*v).(K) = fti*v) (K) = ( n * v ) , ( K ) . 
9 X 4 / 

Proof . Let C be an ascending sequence of compac t r e c t a n g l e s 
such that m(X X X ^ U C ) = 0 for m = è , \ , f 

n 
neco 

Since K* is c losed in X X X then by 8.3 we have for e v e r y 
n e w , 

<I>(K* n c ) = X(K* n c ) = I|J(K* n c ) . 
n n n 

P a s s i n g to the l imit , we get the d e s i r e d r e s u l t . 

1 1 . 4 THEOREM. Jf JJ.(X) + V(X) < 00 then (p.* v) is a Radon ou te r 
X 

m e a s u r e on X . 

P roof . This follows f rom the fact that X is a Radon outer 
m e a s u r e on X X X and s t r a i g h t f o r w a r d computa t ions using 

-1 
the cont inui ty of the m a p h(x ,y) = x * y 

Note that the condit ion \i(X) + v(X) < 00 is e s s e n t i a l in 1 1 . 4 
a s can be s een by taking Lebesgue m e a s u r e on the line for fx and v . 
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Then X is 2 - d i m e n s i o n a l Lebesque m e a s u r e and (u* V) (A) = oo for 
A 

any i n t e r v a l A of pos i t ive length . 
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