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1. Introduction

Throughout this paper, we denote byJλ(x; q, t) the integral form of Macdonald’s
symmetric polynomial inn variablesx = (x1, . . . , xn) (of typeAn−1) associated
with a partitionλ ([6]). For eachm = 0,1,2, . . ., we consider aq-difference
operatorBm which should satisfy the following condition:For any partitionλ =
(λ1, λ2, . . .) whose longest partλ1 has length6 m, one has

BmJλ(x; q, t) =
{
J(m,λ)(x; q, t), if `(λ) < n,

0, if `(λ) = n, (1.1)

where(m, λ) = (m, λ1, λ2, . . .) stands for the partition obtained by adding a row
of lengthm to λ. An operatorBm having this property will be called araising
operator of row typefor Macdonald polynomials. With such operators, the Mac-
donald polynomialJλ(x; q, t) for a general partitionλ = (λ1, λ2, . . . , λn) can be
expressed as

Bλ1Bλ2 . . . Bλn.1= Jλ(x; q, t), (λ1 > λ2 > · · · > λn > 0). (1.2)

Namely, one can obtainJλ(x; q, t) by an successive application of the operators
Bm starting fromJφ(x; q, t) = 1.

The purpose of this paper is to give an explicit construction of such operatorsBm
(m = 0,1,2, . . .). These operatorsBm can be considered as adual versionof the
raising operatorsof column typeintroduced by A. N. Kirillov and the second author

https://doi.org/10.1023/A:1001771421176 Published online by Cambridge University Press

https://doi.org/10.1023/A:1001771421176
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[4, 5]. We remark that, as to the Hall–Littlewood polynomials (the case whenq =
0), such a class of raising operatorsBm of row type has been implicitly employed
in Macdonald [6], Chapter III, (2.14)

Bm = (1− t)
n∑
i=1

xmi

∏
j 6=i

xi − txj
xi − xj

 T0,xi , (1.3)

form = 1,2, . . ., whereT0,xi is the ‘0-shift operator’ inxi , namely, the substitution
of zero forxi . Our raising operators of row type for Macdonald polynomials can be
considered as a generalization of these operators for Hall–Littlewood polynomials.

We will propose first a theorem of unique existence for raising operators of row
type. For each multi-indexα = (α1, . . . , αn) ∈ Nn, we set|α| = α1+ · · · +αn and

xα = xα1
1 · · · xαnn , T αq,x = T α1

q,x1
· · · T αnq,xn, (1.4)

whereTq,xi is theq-shift operator inxi , defined by

Tq,xif (x1, . . . , xi, . . . , xn) = f (x1, . . . , qxi , . . . , xn), (1.5)

for i = 1, . . . , n.

THEOREM 1.1. For eachm = 0,1,2, . . ., there exists a uniqueq-difference
operator

Bm =
∑
|γ |6m

b(m)γ (x)T γq,x (1.6)

of order6 m satisfying the condition(1.1), whereb(m)γ (x) are rational functions
in x with coefficients inQ(q, t). Furthermore, the operatorBm is invariant under
the action of the symmetric groupSn of degreen.

We will also determine the operatorBm explicitly by an interpolation method.
In the following, we use the notationα 6 β for the partial ordering of multi-indices
defined by

α 6 β ⇔ αi 6 βi (i = 1, . . . , n). (1.7)

In order to describe the coefficients of our raising operators, we introduce a variant
of q-binomial coefficientsCα,β(x; q) including the variablesx = (x1, . . . , xn). For
any pair(α, β) of multi-indices such thatα > β, we set

Cα,β(x; q) =
∏

16i,j6n

(qαi−βj+1xi/xj )βj

(qβi−βj+1xi/xj )βj

=
n∏
j=1

(qαj−βj+1)βj

(q)βj

∏
i 6=j

(qαi−βj+1xi/xj )βj

(qβi−βj+1xi/xj )βj
, (1.8)
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with the notation(a)k = (a; q)k = (1−a)(1−aq) · · · (1−aqk−1) of theq-shifted
factorial. We remark that, ifn = 1, Cα,β(x; q) reduce to the ordinaryq-binomial

coefficients

[
α

β

]
q

.

THEOREM 1.2. Theq-difference operatorBm of Theorem1.1 can be expressed
in the form

Bm =
∑
|α|=m

b(m)α (x)φ(m)α (x;Tq,x), (1.9)

where

b(m)α (x) = (−1)|α|q
∑
i (
αi
2 )xα

∑
β6α

(−1)|β|q(
|β|
2 ) Cα,β(x; q) ×

×
n∏

i,j=1

(tq−βj+1xi/xj )βj (q
−αj+1xi/xj )αj−βj

(qαi−αj+1xi/xj )αj
(1.10)

and

φ(m)α (x;Tq,x) =
∑
β6α

(−1)|α|−|β|q(
|α|−|β|+1

2 )Cα,β(x; q)T βq,x , (1.11)

for eachα with |α| = m.

In the course of the proof of Theorem 1.2, we will make use of a variant of
theq-binomial theoremfor ourCα,β(x; q), which might also deserve attention (see
Proposition 5.2 in Section 5).

THEOREM 1.3. For anyα ∈ Nn, one has∑
β6α

(−1)|β|q(
|β|
2 )Cα,β(x; q)u|β| = (u)|α|. (1.12)

We remark that formula (1.12) also implies a generalization ofq-Chu-Vandermonde
formulas

∑
β6α,|β|=r

n∏
j=1

[
αj

βj

]
q

∏
i 6=j

(qαi−βj+1xi/xj )βj

(qβi−βj+1xi/xj )βj
=
[
n

r

]
q

, (1.13)

for anyα with |α| = n and 06 r 6 n.
After recalling some basic facts about Macdonald polynomials in Section 2,

we will prove the uniqueness and the existence of raising operators of row type
in Section 3 and in Section 4, respectively. Explicit formulas for theq-difference
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operatorsφ(m)α (x;Tq,x) and the coefficientsb(m)α (x) (|α| = m) of Theorem 1.2 will
be given in Section 5 and in Section 6, respectively.

2. Macdonald Polynomials

In order to fix the notation, we recall some basic facts about Macdonald’s symmet-
ric polynomials of typeAn−1. For the details see [6].

Let K[x] = K[x1, x2, . . . , xn] be the ring of polynomials inn variablesx =
(x1, x2, . . . , xn) with coefficients inK = Q(q, t), andK[x]Sn the subring of all
invariant polynomials under the natural action of the symmetric groupSn of degree
n.

Macdonald’s commuting family ofq-difference operatorsD1,D2, . . . ,Dn is
defined by the generating function

Dx(u; q, t) =
n∑
r=0

(−u)rDr

=
∑

K⊂{1,...,n}
(−u)|K |t(|K|2 )

∏
i∈K,j 6∈K

1− txi/xj
1− xi/xj

∏
i∈K

Tq,xi . (2.1)

Note thatDx(u; q, t) has the determinantal formula

Dx(u; q, t) = 1

1(x)
det(xn−ij (1− utn−iTq,xi ))i,j

= 1

1(x)

∑
w∈Sn

ε(w)w

(
n∏
i=1

xn−ii (1− utn−iTq,xi )
)
, (2.2)

where1(x) = ∏
i<j (xi − xj ). Macdonald’s symmetric polynomialsPλ(x) =

Pλ(x; q, t) are the joint eigenfunctions of the operatorsD1, . . . ,Dn on K[x]Sn ,
satisfying the equations

Dx(u)Pλ(x) = Pλ(x)
n∏
i=1

(1− uqλi tn−i ), (2.3)

eachPλ(x) is normalized so that the coefficient ofxλ should be equal to 1. The
integral formJλ(x) = Jλ(x; q, t) of Pλ(x) is defined as

Jλ(x; q, t) = cλPλ(x; q, t), cλ =
∏
s∈λ
(1− qa(s)t l(s)+1). (2.4)

It is known in fact thatJλ(x) are linear combinations of monomial symmetric
functions with coefficients inZ[q, t] (see [4] for example).
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We recall that the Macdonald polynomials have the generating function

n∏
i=1

m∏
j=1

(1+ xiyj ) =
∑
λ

Pλ(x; q, t)Pλ′ (y; t, q), (2.5)

for another set of variablesy = (y1, . . . , ym), whereλ′ stands for the conjugate
partition ofλ, and the summation is taken over all partitionsλ such thatl(λ′) =
λ1 6 m, l(λ) = λ′1 6 n. This formula will be the key to our study of raising
operators of row type. Notice that the dual version of the generation function (2.5)
has been employed in [4] for the construction of raising operators of column type.

3. Raising Operators of Row Type and their Uniqueness

Fixing a nonnegative integerm, we will prove in this section the uniqueness of a
q-difference operator

Bm =
∑
|γ |6m

b(m)γ (x)T γq,x, (b(m)γ (x) ∈ K(x)), (3.1)

of order6 m such that

BmJλ(x; q, t) =
{
J(m,λ)(x; q, t), if l(λ′) 6 m, l(λ) < n,

0, if l(λ′) 6 m, l(λ) = n, (3.2)

where(m, λ) = (m, λ1, λ2, . . .). We remark that the invariance ofBm under the
action ofSn follows immediately from the uniqueness theorem. Existence of such
an operator will be established in the next section.

LEMMA 3.1. A q-difference operatorBm of order6 m in the form(3.1) satisfies
the condition(3.2) if and only if the following equality holds

Bm,x

n∏
i=1

m∏
j=1

(1+ xiyj ) = 1

y1 . . . ym
Dy(1; t, q)

n∏
i=1

m∏
j=1

(1+ xiyj ). (3.3)

Proof.Note first that, for each partitionµ = (µ1, . . . , µm) of length6 m, one
has

1

y1 . . . ym
Dy(1; t, q)Pµ(y; t, q)

=


Pµ−(1)m(y; t, q)

m∏
i=1

(1− qm−i tµi ), if µm > 0,

0, if µm = 0.

(3.4)
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Hence we obtain

1

y1 . . . ym
Dy(1; t, q)

n∏
i=1

m∏
j=1

(1+ xiyj )

=
∑

l(ν)6n, l(ν ′)=m
Pν(x; q, t)Pν ′−(1)m(y; t, q)

m∏
i=1

(1− qm−i t (ν ′)i )

=
∑

l(λ)6n−1, l′(λ)6m
P(m,λ)(x; q, t)Pλ′ (y; t, q)

m∏
i=1

(1− qm−i t (λ′)i+1). (3.5)

This implies that Equation (3.3) is equivalent to the condition

BmPλ(x; q, t) =


0, (if l(λ) = n),

Pλ(x; q, t)
m∏
i=1

(1− qm−i t (λ′)i+1), (if l(λ) < n),
(3.6)

for anyλ with l(λ′) 6 m. It is easily seen that this coincides with condition (3.2)
in terms of the integral forms. 2
By making the action ofDy(1; t, q) in (3.3) explicit, we obtain

PROPOSITION 3.1.A q-difference operatorBm of order6 m is a raising oper-
ator of row type for Macdonald polynomials if and only if its coefficients satisfy the
following identity of rational functions∑

|γ |6m
b(m)γ (x)

n∏
i=1

m∏
j=1

1+ qγi xiyj
1+ xiyj

= 1

y1 . . . ym

∑
K⊂{1,...,m}

(−1)|K |q(
|K|
2 )×

×
∏

k∈K,l 6∈K

1− qyk/yl
1− yk/yl

n∏
i=1

∏
k∈K

1+ txiyk
1+ xiyk . (3.7)

Remark3.1. By the determinantal representation ofDy(1; t, q), equality (3.7)
can also be rewritten in the form∑

|γ |6m
b(m)γ (x)

n∏
i=1

m∏
j=1

1+ qγi xiyj
1+ xiyj

= 1

y1 . . . ym1(y)
det

(
ym−ij

(
1− qm−i

n∏
r=1

1+ txryj
1+ xryj

))
i,j

. (3.8)
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Let nowB andB ′ be twoq-difference operators of order6 m and suppose that
they both satisfy the condition (3.2) of raising operators. Then by Lemma 3.1 one
has

(Bx − B ′x)
n∏
i=1

m∏
j=1

(1+ xiyj ) = 0. (3.9)

Hence the uniqueness ofBm of Theorem 1.1 follows immediately from the follow-
ing general proposition onq-difference operators.

PROPOSITION 3.2.LetP = 6|γ |6maγ (x)T γq,x be aq-difference operator of order
6 m with coefficients inK(x).

(a) If Px
∏n
i=1

∏m
j=1(1+ xiyj ) = 0, thenP = 0 as aq-difference operator.

(b) If Pf (x) = 0 for any symmetric polynomialf (x) ∈ K[x]Sn of degree6 mn,
thenP = 0 as aq-difference operator.

Since the statement (b) follows from (a), we give a proof of (a) of Proposition. For
each multi-indexα ∈ Nn with |α| = m, we define a pointpα(x) ∈ K(x)m by

pα(x) = (−1/x1,−1/qx1, . . . ,−1/qα1−1x1, . . . ,

− 1/xn,−1/qxn, . . . ,−1/qαn−1xn). (3.10)

Then we have

LEMMA 3.2. For any multi-indexγ ∈ Nn, one has
n∏
i=1

m∏
j=1

(1+ qγi xiyj )|y=pα(x)

=
n∏
i=1

n∏
j=1

αj−1∏
ν=0

(1− qγi−νxi/xj )

=
∏

16i,j6n
(qγi−αj+1xi/xj )αj . (3.11)

In particular, one has
∏n
i=1

∏m
j=1 (1+ qγi xiyj )|y=pα(x) = 0 unlessγ > α.

Under the assumption of Proposition 3.2(a), we may assume thataα(x) 6= 0 for
someα ∈ Nn with |α| = m without loosing generality. (IfP is of orderl < m, set
yl+1 = · · · = ym = 0 and apply the following argument by replacingm by l.) The
assumption onP implies∑

|γ |6m
aγ (x)

n∏
i=1

m∏
j=1

(1+ qγi xiyj ) = 0. (3.12)

https://doi.org/10.1023/A:1001771421176 Published online by Cambridge University Press

https://doi.org/10.1023/A:1001771421176


126 YASUSHI KAJIHARA AND MASATOSHI NOUMI

Evaluating this equality aty = pα(x), we have

aα(x)
∏

16i,j6n
(qαi−αj+1xi/xj )αj = 0, (3.13)

by Lemma 3.2, since, if|γ | 6 m andγ > α, thenγ = α. This contradicts to
the assumptionaα(x) 6= 0. This completes the proofs of Proposition 3.2 and the
uniqueness ofBm in Theorem 1.1.

4. Existence ofBm

In this section, we discuss the existence of a raising operatorBm.
We begin with a lemma which will play an important role in the following

argument.

LEMMA 4.1. LetF(y) ∈ K(x)[y]Sm be a symmetric polynomial iny = (y1, . . . ,

ym) with coefficients inK(x), and suppose thatF(y) is of degree6 n− 1 in yj for
eachj = 1, . . . , m. If F(pα(x)) = 0 for all α ∈ Nn with |α| = m, thenF(y) is
identically zero as a polynomial iny.

Proof. We prove Lemma by the induction onm. The case whenm = 1 is
obvious sinceF(y) is of degree6 n−1 and hasn distinct zeros−1/x1, . . . ,−1/xn.
Form > 2, we first expandF(y) in terms ofym as follows

F(y) = F(y1, . . . , ym) =
n−1∑
i=0

Fi(y1, . . . , ym−1)y
i
m, (4.1)

where each coefficientFi(y1, . . . , ym−1) has degree6 n− 1 in all yj (j = 1, . . . ,
m− 1). Letβ ∈ Nn a multi-index with|β| = m− 1 and consider the polynomial

f (ym) = F(pβ(x), ym) =
n−1∑
i=0

Fi(pβ(x))y
i
m, (4.2)

by evaluatingF(y) at (y1, . . . , ym−1) = pβ(x). From the assumption onF(y),
it follows that the polynomialf (ym) hasn distinct zerosym = −1/qβi xi (i =
1, . . . , n). Hencef (ym) is identically 0 as a polynomial inym. This implies that
Fi(pβ(x)) = 0 for eachi = 0, . . . , m − 1 and for anyβ ∈ Nn with |β| = m − 1.
By the induction hypothesis, we conclude that the coefficientsFi(y1, . . . , ym−1)

are identically zero as polynomials in(y1, . . . , ym−1), namely,F(y) is identically
zero as a polynomial iny = (y1, . . . , ym). 2
In view of Lemma 3.1, we propose to construct aq-difference operator

B =
∑
|α|6m

bα(x)T
α
q,x (4.3)
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of order6 m such that

Bx

n∏
i=1

m∏
j=1

(1+ xiyj ) = 1

y1 . . . ym
Dy(1; t, q)

n∏
i=1

m∏
j=1

(1+ xiyj ). (4.4)

In the following, we denote the left-hand side and the right-hand side of this equal-
ity by 8(x; y) and by9(x; y), respectively. In terms of the coefficientsbα(x),
8(x; y) is expressed as

8(x; y) =
∑
|α|6m

bα(x)

n∏
i=1

m∏
j=1

(1+ qαi xiyj ). (4.5)

Note also that9(x; y) is a polynomial iny = (y1, . . . , ym) and has degree6 n−1
in eachyj (j = 1, . . . , m) as can be seen from (3.4). Hence, by Lemma 4.1, we
see thatB satisfies the desired equality if and only if

(1) 8(x; y) is of degree6 n− 1 in eachyj for j = 1, . . . , m.
(2) 8(x;pα(x)) = 9(x;pα(x)) for all α ∈ Nn with |α| = m.

Suppose now that the operatorB has the property (1) mentioned above. Since
the degree of8(x; y) in yj is less thann for eachj = 1, . . . , m, we have

8(x; y)
n∏
i=1

m∏
j=1

(1+ xiyj )−1|y1→∞,...,ym→∞ = 0. (4.6)

Hence by (4.5) we obtain∑
|α|6m

bα(x)q
|α|m = 0, i.e., b0(x) = −

∑
0<|α|6m

bα(x)q
|α|m. (4.7)

This implies thatB can be represent as

B =
∑

16|α|6m
bα(x)(T

α
q,x − q |α|m). (4.8)

Note that a generalB of order6 m has an expression of this form if and only if

F1(x; y1) = 8(x; y)
n∏
i=1

m∏
j=1

(1+ xiyj )−1|y2→∞,...,ym→∞ (4.9)

is of degree6 n − 1 in y1. We now show inductively that, forl = 0,1, . . . , m, B
can be represented as follows

B =
∑

l6|α|6m
bα(x)φl;α(x, Tq,x), (4.10)
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where

φl;α(x, Tq,x) = T αq,x +
∑

β<α,|β|<l
φl;α,β(x)T βq,x . (4.11)

Assume that we have constructed such an expression forl with l < m. Note that

8(x; y) =
∑

l6|α|6m
bα(x)

( n∏
i=1

m∏
j=1

(1+ qαi xiyj )+

+
∑

β6α, |β|<l
φl;α,β(x)

n∏
i=1

m∏
j=1

(1+ qβi xiyj )
)
. (4.12)

Since property (1) of8(x; y) implies

8(x; y)
n∏
i=1

m∏
j=l+1

(1+ xiyj )−1|yl+1→∞,...,ym→∞ = 0, (4.13)

we obtain the relation

∑
l6|α|6m

bα(x)

(
q |α|(m−l)

n∏
i=1

l∏
j=1

(1+ qαi xiyj )+

+
∑

β6α, |β|<l
φl;α,β(x)q |β|(m−l)

n∏
i=1

l∏
j=1

(1+ qβi xiyj )
)
= 0. (4.14)

In this formula we consider to specializey′ = (y1, . . . , yl) at pγ (x), with the
notation of (3.10), for eachγ with |γ | = l. By Lemma 3.2

n∏
i=1

l∏
j=1

(1+ qβi xiyj )|y ′=pγ (x) = 0,

unlessβ > γ . Hence formula (4.14) withy′ = pγ (x) gives rise to

bγ (x)q
l(m−l) ∏

16i,j6n
(qγi−γj+1xi/xj )γj+

+
∑
|α|>l

bα(x)q
|α|(m−l) ∏

16i,j6n
(qαi−γj+1xi/xj )γj = 0 (4.15)

From this we have

bγ (x) = −
∑
α>γ

bα(x)ψα,γ (x), (4.16)
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where

ψα,γ (x) = q(|α|−|γ |)(m−|γ |)
∏

16i,j6n

(qαi−γj+1xi/xj )γj

(qγi−γj+1xi/xj )γj

= q(|α|−|γ |)(m−|γ |)Cα,γ (x; q), (4.17)

with the notation of (1.8). Note thatψα,γ (x) depends onm but doesnotonB. Thus
we obtain

B =
∑
|γ |=l

bγ (x)φl;γ (x, Tq,x)+
∑

l<|α|6m
bα(x)φl;α(x, Tq,x)

=
∑

l+16|α|6m
bα(x)φl+1;α(x, Tq,x). (4.18)

whereφl+1;α(x, Tq,x) (l + 16 |α| 6 m) are determined by

φl+1;α(x, Tq,x) = φl;α(x, Tq,x)−
∑

γ<α,|γ |=l
ψα,γ (x)φl;γ (x, Tq,x). (4.19)

In other words, the coefficients ofφl+1;α(x;Tq,x) are determined by the recurrence
formula

φl+1;α,β(x) = φl;α,β(x)−
∑

β<γ<α, |γ |=l
ψα,γ (x)φl;γ,β(x) (4.20)

for all β such thatβ < α and|β| < l. In this induction procedure, it is also seen
by Lemma 4.1 that a generalB of order6 m has an expression of this form (4.10)
with (4.11) if and only if

Fl(x; y1, . . . , ym) = 8(x; y)
n∏
i=1

m∏
j=1

(1+ xiyj )−1|yl+1→∞,...,ym→∞ (4.21)

is of degree6 n− 1 in yj for eachj = 1, . . . , l.
In this way, we can define theq-difference operatorsφl;α(x;Tq,x) (l 6 |α| 6 m)

for l = 0, . . . , m, inductively onl by (4.19). Note that these operators depend on
them that we have fixed in advance, but donot on the operatorB. By using the
operators we obtained at the final stepl = m, we have the expression

B =
∑
|α|=m

bα(x)φ
(m)
α (x;Tq,x), (4.22)

for B, whereφ(m)α (x;Tq,x) = φm;α(x;Tq,x) .
From this construction, we obtain the following proposition.
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PROPOSITION 4.1. For eachα ∈ Nn with |α| = m, define theq-difference
operatorφ(m)α (x;Tq,x) as above. Then, for anyq-difference operatorB of order
6 m with coefficients inK(x), the following two conditions are equivalent.

(a) 8(x; y) = Bx
∏n
i=1

∏m
j=1(1 + xiyj ) is of degree6 n − 1 in yj for each

j = 1, . . . , m.
(b) B is represented as

B =
∑
|α|=m

bα(x)φ
(m)
α (x;Tq,x), (4.23)

for somebα(x) ∈ K(x).
We now consider aq-difference operatorB of the form Proposition 4.1, (b), so

that8(x; y) is of degree6 n − 1 in eachyj (j = 1, . . . , m). With 9(x; y) being
the right-hand side of (4.4), the equality8(x; y) = 9(x; y) holds if and only if
8(x;pα(x)) = 9(x;pα(x)) for anyα with |α| = m, as we remarked before. Since

8(x;pα(x)) = bα(x)
∏

16i,j6n
(qαi−αj+1xi/xj )αj , (4.24)

by Lemma 3.2, the coefficientsbα(x) are determined as

bα(x) = 9(x;pα(x))
∏

16i,j6n
(qαi−αj+1xi/xj )

−1
αj
, (4.25)

for all α with |α| = m. This completes the proof of existence of a raising operator
Bm.

From the recurrence formula (4.20) we see that, for anyα with l 6 |α| 6 m,
the coefficientsφl;α,β(x) of φl;α(x;Tq,x) are expressed as

φl;α,β(x)

=
l∑

r=1

(−1)r
∑

α>γ1>···>γr=β;|γ1|<l
ψα,γ1(x)ψγ1,γ2(x) · · ·ψγr−1,γr (x), (4.26)

for all β with β < α, |β| < l. In particular, we have

PROPOSITION 4.2.For any pair (α, β) of multi-indices withβ 6 α, define a
rational functionψ(m)

α,β (x) by

ψ
(m)
α,β (x) = q(|α|−|β|)(m−|β|)Cα,β(x; q)

= q(|α|−|β|)(m−|β|)
∏

16i,j6n

(qαi−βj+1xi/xj )βj

(qβi−βj+1xi/xj )βj
. (4.27)
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Then, for anyα ∈ Nn with |α| = m, the coefficients of theq-difference operator

φ(m)α (x;Tq,x) =
∑
β6α

φ
(m)
α,β (x)T

β
q,x (4.28)

are determined by the formula

φ
(m)
α,β (x) =

m∑
r=0

(−1)r
∑

α=γ0>γ1>...>γr=β
ψ(m)
γ0,γ1

(x) · · ·ψ(m)
γr−1,γr

(x), (4.29)

where the summation is taken over all paths in the latticeNn connectingα andβ.

In the next section, we will give explicit formulas for these coefficientsφ
(m)
α,β (x).

5. Explicit Formulas for φ(m)α (x;T q,x)

The goal of this section is to give the explicit formula

φ(m)α (x;Tq,x) =
∑
β6α

(−1)|α|−|β|q(
|α|−|β|+1

2 )Cα,β(x; q)T βq,x (5.1)

for φ(m)α (x, Tq,x) (|α| = m) as in Theorem 1.2. With the notation of Proposition 4.2,
this formula is equivalent to

φ
(m)
α,β (x) = (−1)|α|−|β|q(

|α|−|β|+1
2 )Cα,β(x; q)

= (−1)|α|−|β|q(
|α|−|β|+1

2 )
∏

16i,j6n

(qαi−βj+1xi/xj )βj

(qβi−βj+1xi/xj )βj
. (5.2)

for β 6 α.
In view of the dependence ofψ(m)

α,β (x) onm (see Proposition 4.2), we define a
functiongα,β(x) by

gα,β(x) = q−(|α|−|β|)|β|Cα,β(x; q), (5.3)

for anyα, β ∈ Nn with β 6 α, so thatψ(m)
α,β (x) = q(|α|−|β|)mgα,β(x). With these

gα,β(x), we also define a functionfα,β(x), by

fα,β(x) =
|α|−|β|∑
r=0

(−1)r
∑

α=γ0>γ1>...>γr=β
gγ0,γ1(x) · · · gγr−1,γr (x), (5.4)

for anyα, β ∈ Nn with β 6 α. Then by Proposition 4.2 we have

φ
(m)
α,β (x) = q(|α|−|β|)mfα,β(x) (5.5)
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if |α| = m and β 6 α. Hence, the formula (5.2) follows from the following
proposition.

PROPOSITION 5.1.Define the rational functionsfα,β(x) (β 6 α) by the formulas
(5.4) together with(5.3). Then they can be determined as

fα,β(x) = (−1)|α|−|β|q−(
|α|−|β|

2 )−(|α|−|β|)|β|Cα,β(x; q) (5.6)

for anyα, β with β 6 α.

For the proof of Proposition 5.1, notice that the functionsfα,β(x) are defined
as the matrix elements of the inverse matrix of the lower unitriangular matrixG =
(gα,β(x))α,β . Hence we have only to show the inverse matrix ofG is given by
G−1 = (f̃α,β(x))α,β with

f̃α,β(x) = (−1)|α|−|β|q−(
|α|−|β|

2 )−(|α|−|β|)|β|Cα,β(x; q). (5.7)

Proposition 5.1 thus reduces to

LEMMA 5.1. For anyα, β with α > β, one has∑
α>γ>β

f̃α,γ (x)gγ,β(x) = 0. (5.8)

By the definition ofgα,β(x) andf̃α,β(x), we have∑
α>γ>β

f̃α,γ (x)gγ,β(x)

=
∑

α>γ>β
(−1)|α|−|γ |q−(

|α|−|γ |
2 )−(|α|−|γ |)|γ |−(|γ |−|β|)|β|×

×Cα,γ (x; q)Cγ,β(x; q). (5.9)

Just as in the case of binomial coefficients, it is directly shown that ourCα,β(x; q)
satisfy the following identity

Cα,γ (x; q)Cγ,β (x; q) = Cα,β(x; q)
∏
i,j

(qγi−βj+1xi/xj )αi−γi
(qγi−γj+1xi/xj )αi−γi

= Cα,β(x; q)Cα−β,α−γ (1/qαx; q), (5.10)

where 1/qαx = (1/qα1x1, . . . ,1/qαnxn). Hence we obtain∑
α>γ>β

f̃α,γ (x)gγ,β(x)

= q−(|α|−|β|)|β|Cα,β(x; q)×
×

∑
α>γ>β

(−1)|α|−|γ |q−(
|α|−|γ |

2 )−(|α|−|γ |)(|γ |−|β|)Cα−β,α−γ (1/qαx; q). (5.11)
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Settingα−β = λ andα− γ = µ, the last summation can be rewritten in the form∑
06µ6λ

(−1)|µ|q |µ|(1−|λ|)q(
|µ|
2 )Cλ,µ(1/q

αx). (5.12)

Hence Lemma 5.1 is reduced to proving that this formula becomes zero. It is in
fact a special case of the following analogue of theq-binomial theorem. (Replace
x by 1/qαx and setu = q1−|λ| in (5.13) below, to see that (5.12) becomes zero.)

PROPOSITION 5.2.For anyλ ∈ Nn, one has∑
06µ6λ

(−u)|µ|q(|µ|2 )Cλ,µ(x; q) = (u)|λ|, (5.13)

whereu is an indeterminate.
Proof. This ‘q-binomial theorem’ follows from an identity for Macdonald’sq-

difference operatorDz(u; t, q) in N variablesz = (z1, . . . , zN) with N = |λ|.
SinceDz(u; t, q).1 = (u)N , we have∑

K⊂{1,...,N}
(−u)|K |q(|K|2 )

∏
k∈K;l 6∈K

1− qzk/zl
1− zk/zl = (u)N . (5.14)

For a multi-indexλ ∈ Nn with |λ| = N , let us specialize (5.14) atz = pλ(x) with
the notation of (3.10). Note that, when we specializez at pλ(x), the indexing set
{1, . . . , N} is divided inton blocks with cardinalityλ1, . . . , λn, respectively. Fur-
thermore, for a configurationK of points in{1, . . . , N}, the product

∏
k∈K;l 6∈K(1−

qzk/zl)/(1− zk/zl) becomes zero unless the elements ofK should be packed to
the left in each block. Such configurationsK are parameterized by multi-indices
µ 6 λ such that|µ| = |K| and thatµi denotes the number of points ofK sitting
in the ith block fori = 1, . . . , n. For such aK, one has∏
k∈K;l 6∈K

1− qzk/zl
1− zk/zl

∣∣∣∣∣∣
z=pλ(x)

=
∏

16i,j6n

∏
µi6a<λi;06b<µj

1− qa−b+1xi/xj

1− qa−bxi/xj

=
∏

16i,j6n

(qλi−µj+1xi/xj )µj

(qµi−µj+1xi/xj )µj
= Cλ,µ(x; q). (5.15)

(The indices are renamed byk→ (j, b), l → (i, a).) Hence we obtain (5.13).2
This completes the proof of formula (5.1).

Remark.5.1. In the case of one variable, Equation (5.13) reduces the ordinary
q-binomial theorem

l∑
k=0

(−1)kq(
k
2)uk

[
l

k

]
q

= (u)l. (5.16)
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If we take the coefficient ofuk in formula (5.13), we obtain∑
µ6λ,|µ|=k

n∏
j=1

[
λj

µj

]
q

∏
i 6=j

(qλi−µj+1xi/xj )µj

(qµi−µj+1xi/xj )µj
=
[ |λ|
k

]
q

, (5.17)

for k = 0,1, . . . , |λ|. This gives a generalization of theq-Chu–Vandermonde for-
mula. From (5.13), we also obtain another type ofq-Chu–Vandermonde formula
for ourCα,β(x; q)∑

µ6α,ν6β,|µ|+|ν|=k
q(|α|+|µ|)|ν|Cα,µ(x; q)Cβ,ν(x; q) =

[ |α| + |β|
k

]
q

. (5.18)

6. Determination of b(m)α (x)

We have already proved that our raising operator

Bm =
∑
|γ |6m

b(m)γ (x)T γq,x, (6.1)

of row type for Macdonald polynomials has an expression

Bm =
∑
|α|=m

b(m)α (x)φ(m)α (x;Tq,x), (6.2)

with theq-difference operatorsφ(m)α (x;Tq,x) of (5.1). In this section, we give ex-
plicit formulas forb(m)α (x) for all α with |α| = m.

As we already remarked in Section 4, the coefficientsb(m)α (x) (|α| = m) are
determined by

bα(x) = 9(x;pα(x))
∏

16i,j6n
(qαi−αj+1xi/xj )

−1
αj
, (6.3)

where

9(x; y) = 1

y1 . . . yn
Dy(1; t, q)

n∏
i=1

m∏
j=1

(1+ xiyj ). (6.4)

(See (4.25).) Recall that

9(x; y) = 1

y1 · · · ym
∑

K∈{1,...m}
(−1)|K |q(

|K|
2 )

∏
k∈K,l 6∈K

1− qyk/yl
1− yk/yl ×

×
n∏
i=1

∏
k∈K
(1+ txiyk)

∏
l 6∈K
(1+ xiyl)

 .
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We specialize this formula aty = pα(x) for eachα with |α| = m, in the same
way as we did in the proof of Proposition 5.2. All the subsetsK that give rise to
nonzero summands after the specializationy = pα(x) are parameterized by the
multi-indicesβ such thatβ 6 α and |β| = K. With this parameterization, we
already showed that

∏
k∈K,l 6∈K

1− qyk/yl
1− yk/yl

∣∣∣∣∣∣
y=pα(x)

= Cα,β(x; q). (6.5)

Renaming the indices byk→ (j, b), we have

n∏
i=1

∏
k∈K
(1+ txiyk)

∏
l 6∈K
(1+ xiyl)


=

∏
16i,j6n

βj−1∏
b=0

(1− tq−bxi/xj )
αj−1∏
b=βj

(1− q−bxi/xj )

=
∏

16i,j6n
(tq−βj+1xi/xj )βj (q

−αj+1xi/xj )αj−βj . (6.6)

Hence we have

9(x;pα(x)) = (−1)mq
∑
i (
αi
2 )xα

∑
β6α

(−1)|β|q(
|β|
2 )Cα,β(x; q) ×

×
∏

16i,j6n
(tq−βj+1xi/xj )βj (q

−αj+1xi/xj )αj−βj .

By (6.3), we finally obtain

b(m)α (x) = q
∑
i (
αi
2 )xα

∑
β6α

(−1)|α|−|β|q(
|β|
2 )Cα,β(x; q) ×

×
∏

16i,j6n

(tq−βj+1xi/xj )βj (q
−αj+1xi/xj )αj−βj

(qαi−αj+1xi/xj )αj

= q
∑
i (
αi
2 )xα

∑
β6α

(−1)|α|−|β|q(
|β|
2 ) ×

×
∏

16i,j6n

(tq−βj+1xi/xj )βj (q
−αj+1xi/xj )αj−βj

(qβi−βj+1xi/xj )βj (q
αiαj+1xi/xj )αj−βj

for anyα with |α| = m. This completes the proof of Theorem 1.2.
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Notes added

After finishing this work, Prof. C. Krattenthaller kindly gave us a comment that
formula (1.12) is a special case of the6φ6 Bailey summation theorem in SU(n) due
to R. A. Gustafson [1]. Dr. M. Schlosser also pointed out that (1.13) is precisely
Theorem 5.44 in S. C. Milne [7]. We are grateful for their comments. We also
remark that lowering operators of row type can be constructed by the method of
this paper. For eachm = 1,2, . . ., we consider the followingq-difference operator
Am =∑|α|=m a(m)α (x)ψ(m)

α (x;Tq,x), with

ψ(m)
α (x;Tq,x) =

∑
β6α

q−(|α|−|β|)φ(m)α,β (x)T
β
q,x,

where the coefficientsa(m)α (x) are defined by

a(m)α (x) = (−1)mq
∑
i (
αi
2)x−α

∑
β6α

(−q−nt1−m)|β|q(|β|2 )Cα,β(x; q) ×

×
∏
i,j

(tq−βj+1xi/xj )βj (q
−αi+1xi/xj )αj−βj

(qαi−αj+1xi/xj )αj

Then we have

AmJλ(x; q, t) = amλ Jλ−(m)(x; q, t),

amλ =
m∏
i=1

(1− t (λ′)i qm−i )(1− t (λ′)i−n−1q1−i),

for anyλ with λ1 6 m, whereλ− (m) = (λ2, λ3, . . .).
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