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1. Introduction

The first step towards an algebraic theory of specialization was the introduction of the
specialization of an ideal by Krull [8,9]. Seidenberg [17], Kuan [10-12] and Trung [20]
used specializations of ideals to prove that hyperplane sections of normal varieties are
normal again under certain conditions. Using specializations of finitely generated free
modules and of homomorphisms between them, we defined in [13] the specialization
of a finitely generated module, and we showed that basic properties and operations
on modules are preserved by specializations. In [14] we followed the same approach to
introduce and to study specializations of finitely generated modules over a local ring.
The aim of this paper is to show that specializations of finitely generated graded mod-
ules and of graded homomorphisms are also graded and that many important invariants
of graded modules and ideals are preserved by specializations. Moreover, we will show
that specializations can be used to prove Bertini Theorems for projective varieties.
This paper is divided into four sections. In §1 we recall the definition of the special-
ization of a module. There we shall see that specializations of finitely generated graded
modules and of graded homomorphisms are also graded over the ring R,,. In §2 we will
first prove the preservation of a graded minimal free resolution by specializations. We
shall see that various degrees and cohomological invariants of graded modules are pre-
served by specializations which include the a-invariants and the Castelnuovo regularity.
In §3 we will give two non-trivial applications of specializations of graded ideals. Firstly,
we use a recent result of Trung [22] to study the preservation of the reduction number of
an homogeneous ideal. Secondly, we shall prove that the specialization of a filter-regular
sequence is again a filter-regular sequence. This settles a question of Herzog (personal
communication to N. V. Trung, 1998). In §4 we will study hypersurface sections of pro-
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jective varieties. There we will give a simple proof for the global Bertini Theorem of
Flenner [5].
Throughout this paper we assume that all modules are finitely generated.

2. Definition and basic properties

Let k& be an infinite field of arbitrary characteristic. Denote by K an extension field of
k. Let u = (u1,...,uy) be a family of indeterminates and a = (aq,...,a;) a family of
elements of K. We denote the polynomial rings in n+1 variables x, . .., z, over k(u) and
k(o) by R = k(u)[z] and by R, = k(a)[z], respectively. Let m and m, be the maximal
graded ideals of R and R,, respectively. We shall say that a property holds for almost
all « if it holds for all points of a Zariski-open non-empty subset of K. For convenience
we shall often omit the phrase ‘for almost all o in the proofs of the results of this paper.

Following [20] we define the specialization of I with respect to the substitution © — «
as the ideal I, of R, generated by elements of the set {f (o, x) | f(u,z) € I N k[u,x]}.

This definition is slightly different than that considered by Krull and Seidenberg, who
choose a € k™. However, if some property holds for almost all &« € K™ in the sense of
Krull and Seidenberg, then it holds for the extensions of I, in the polynomial ring K[x]
for almost all « € K™. Since k(«)[z] — K|[z] is a flat extension, we can often deduce
that this property also holds for almost all I, in our sense.

Example 2.1. Let I = (f1,..., fs) be a homogeneous ideal in R, where f1,..., f; are
homogeneous polynomials. By [17, Appendix, Theorem 1] we have

IQK[SC] = ((fl)av ceey (fs)a)K[x]

Since k(«)[z] — K|z] is flat, we can deduce that Io, = ((f1)as---, (fs)a)- AS (f1)ay---,
(fs)a are homogeneous, I, is again a homogeneous ideal for almost all a.

The specialization of ideals can be generalized to modules. First, each element a(u, x)
of R can be written in the form

Let F be a free R-module of finite rank. The specialization F, of F'is a free R,-module
of the same rank. Let ¢ : F' — G be a homomorphism of free R-modules. We can represent
¢ by amatrix A = (a;;(u, x)) with respect to fixed bases of F and G. Set A, = (a;5(c, x)).
Then A, is well defined for almost all a. The specialization ¢, : F, — G4 of ¢ is given
by the matrix A, provided that A, is well defined. We note that the definition of ¢,
depends on the chosen bases of F,, and G,.

https://doi.org/10.1017/50013091500000602 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500000602

Specialization of graded modules 493

Definition 2.2 (see [13]). Let L be an R-module. Let Fy 2 Fy - L — 0bea
finite free presentation of L. Let ¢y, : (F1)a — (Fo)a be a specialization of ¢. We call
L, := Coker ¢, a specialization of L (with respect to ¢).

If we choose a different finite free presentation F|{ — Fj — L — 0, we may get a
different specialization L!, of L, but L, and L, are canonically isomorphic. Hence L,, is
uniquely determined up to isomorphisms [13, Proposition 2.2].

Let R be naturally graded. For a graded R-module L, we denote by L; the homogeneous
component of L of degree t. For an integer h we let L(h) be the same module as L with
grading shifted by h, that is, we set L(h); = Lps.

Let F = @jzl R(—h;) be a free graded R-module. We make the specialization F, of
F' a free graded R,-module by setting F,, = @j:l R,(—h;). Let

¢ EB R(~h1;) = € R(—h;)
j=1 j=1

be a graded homomorphism of degree 0 given by a homogeneous matrix A = (a;;(u, x)).
Since
deg(ai1(u, ) + hor = - - = deg(ais, (u, ) + hos, = h1i,

A, = (a;j(a, x)) is a homogeneous matrix with
deg(ai1 (o, x)) + hor = - - - = deg(ais, (o, ) + hos, = h1i-

Therefore, the homomorphism

S1 S0

S - @D Ra(—h1j) = @ Ra(~hoy)

j=1 j=1
given by the matrix A, is a graded homomorphism of degree 0.

Lemma 2.3. Let L be a finitely generated graded R-module. Then L, is a graded
R, -module for almost all «.

Proof. This follows from the definition of L, and the above observation. O

We now recall some facts from [13] which we shall need later. Let
F.:O—)Fgﬁ)Fg_lé"'—)Fl ¢—1>F0
be a complex of free R-modules finite ranks. Then we obtain a complex of free R,-modules
. (¢€)o¢ (¢1)a
(F.)a :0— (Fg)a —_— (Fg_l)a — = (Fl)a —_— (Fo)a

for almost all .

Proposition 2.4 (see Theorem 1.5 of [13]). Let F, be a finite exact complex of
free R-modules of finite ranks. Then (F,), is an exact complex of free R,-modules of
finite ranks for almost all a.
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Proposition 2.5 (see Theorem 4.3 of [13]). Let L, M be R-modules. Then, for
almost all a, _ '
ExtR(L, M)o = Exty (Lo, M), i>0.

As observed in [13], the specialization of a submodule of L can be canonically identified
with a submodule of L, for almost all a.

Proposition 2.6 (see Proposition 3.2 of [13]). Let L be an R-module and M, N
submodules of L. Then, for almost all «,

(i) (L/M)a = Lo /Ma,
(ii) (M N N)y = M, N Ny,
(iii) (M + N)o & M, + N,

Proposition 2.7 (see Proposition 3.6 of [13]). Let L be an R-module and I an
ideal of R. Then, for almost all «,

(i) (IL)a = IoLa,
(i) (0 :1)a =0r, :1,.

Proposition 2.8 (see Theorem 3.4 of [13]). Let L be an R-module. Then, for
almost all «,

(i) Ann L, = (Ann L),,
(ii) dim L, = dim L.
Lemma 2.9. Let L be an R-module. Then

VA L, = \/ (VA L),

for almost all c.
Proof. There exists t such that
(VAnn L)Y € Ann L € VAnn L.
By Proposition 2.7 (i), ((v/Ann L)), = (v/Ann L)?,. Therefore,
(VAnn L)}, C (Ann L), C (VAnn L),.

From this it follows that

v(Ann L), =/ (VAnn L),.

Since Ann L,, = (Ann L), by Proposition 2.8,

VA L, = \/ (VAnn L),

for almost all . O
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Corollary 2.10. Let L be an R-module of dimension d. If

= 1 »

pEAss(L),
dim R/p=d

then, for almost all a,

Vie=" ] '«

q€Ass(La),
dim Ry /q=d

Proof. By Proposition 2.8, dim L, = d. Denote by .J the intersection of all minimal
associated primes of L of dimension < d. Then vAnn L = I N J. By Proposition 2.6 (ii),
(INJ)q =I1,N J,. Therefore,

VAW D) = VIa T = VI T

By Lemma 2.9,

VAL, =1/ (VAnn L), = /1o N/ Jo.
Since I, is an unmixed ideal with dim R, /I, = d [20, Lemma 1.1] and since dim R,/ J, =
dim R/J < d, /I, is the intersection of the minimal primes of dimension d, and /J, is
the intersection of minimal primes of dimension < d. Hence /1, is the intersection of all
minimal associated primes of L, of dimension d. O

3. Preservations of graded invariants

In this section we want to prove that specializations of graded modules preserve Betti
numbers, various notions of degrees and the Castelnuovo-Mumford regularity.
Let L be a finitely generated graded R-module. Let

Fo0—F 2 F 1> =2 F—L—0

be a minimal graded free resolution of L, where each free module F; may be written
in the form € j R(—j)%3, and all graded homomorphisms have degree 0. The integers
Bij # 0 are called the graded Betti numbers of L. The following theorem shows that the
graded Betti numbers are preserved by specializations.

Theorem 3.1. Let F, be a minimal graded free resolution of L. Then the complex

(Fa 0= (F)a 2% (F_)a = - — (F)a 2% (Fy)a — La — 0

is a minimal graded free resolution of L, with the same graded Betti numbers for almost
all .

Proof. By Proposition 2.4 and by the definition of L, (F,),. is also exact. Since all
(F;)q are graded free R,-modules and all homomorphisms are graded, (F,),, is a graded
free resolution of L,. Since every homogeneous element of the represented matrix of
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¢; belongs to m, every (¢;), has a represented matrix with the elements in m,. Hence
(Fe)a is a minimal graded free resolution of Lo. If F; = €, R(—j)%4, then (F}), =
&P ;j Ro(—3)%4. Therefore, the graded Betti numbers are preserved by specializations. [

Corollary 3.2. For almost all o, dimy,o)(La)¢ = dimyy,) Ly for all t € Z.

Proof. Let F, be a minimal graded free resolution of L, with F; = P, Reo(—j)Pi.
Then (F,), is also a minimal graded free resolution of L, by Theorem 3.1. Since
(Fy)a = @j Ro(—5)P, dimy, o) ((Fi)a): = dimy,) (F;):. Therefore,

¢ ¢

dimp(a)y(La)t = > _(—1)" dimg(a)(Fi)a)e = Y _(—=1)" dimyu)(F))r = dimy(y) Ly
i=0 =0

O

Let L be a graded R-module of dimension d. Let hp(t) and Pr(z) denote the Hilbert
polynomial and the Hilbert series of L.

Corollary 3.3. Let L be a graded R-module. Then, for almost all o, we have
(i) hr,(t) = hi(t),
(ii) Pp,(z) = PL(2).
Proof. By definitions we have
hy(t) = dimye,y Ly for t >0,
Pr(z) = Z dimy, () L2t
tez

Hence the conclusions follow from Corollary 3.2. (]

Let L be a finitely generated graded R-module and I a homogeneous ideal of R. We
set

(L) := JOp:1m).
m=0
For each prime ideal p of R, we denote the length ¢(I',(L,,)) by multz (p). We will denote
by Ass(L) the set of the associated prime ideals of L and by Min(L) the set of the minimal
associated prime ideals of L. The degree deg(L) is the multiplicity of the graded module
L. By the associativity formula we have

deg(L) = Z multy, (p) deg R/p.
p€EAss(L),
dim R/p=d

The arithmetic degree and the geometric degree of L are defined as
adeg(L) := Z multy, (p) deg R/ p,

pEAss(L)

gdeg(L) := Z multy (p) deg R/ p.
pEMin(L)
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See, for example, [18] or [23] for more information on these generalizations of the degree
of a module. To prove the preservation of the arithmetic degree, we need the following
lemma.

Lemma 3.4. Let L be a graded R-module and I a homogeneous ideal of R. Then
I't(L)o = I'7, (L) for almost all a.

Proof. There is an integer ¢ such that I'7(L) =0 : It and O, : It =0y, : I™ for all
m > t. By Proposition 2.7 (ii), (0f : I™), =2 0y, : I"™. Therefore, I'1(L)y = (0f : I*), =
Op, : It and Oy, : I!, = 0p_ : I™ for m > t. Hence I'j(L)y = I, (Ly) for almost all
Q. O

Theorem 3.5. Let L be a graded R-module of dimension d. Then, for almost all «,
we have

(i) deg(Lq) = deg(L),
(ii) adeg(Ly) = adeg(L),

(iii) gdeg(Lq) = gdeg(L).

Proof. (i) Because the degree of L (respectively, L) is obtained from the Hilbert
polynomial of L (respectively, L, ), (i) follows from Corollary 3.3 (i).

(ii) Set L; = Ext(Ext(L, R), R) and M; = Ext}, (Ext} (La,Ra), Ra) for all i > 0.
From Proposition 2.5 it follows that (L;), = M; for all i > 0. By [23, Proposition 9.1.2],
this implies

n+1 n+1
adeg(Lo) = > deg(M;) = deg(L;) = adeg(L).
i=0 i=0

(iii) Set d = dim L. Then dim L, = d by Proposition 2.8. We first consider the case
where all the minimal associated primes of L have dimension d. Since v/ Ann L is unmixed
of dimension d, (v Ann L), is again unmixed of dimension d by [8, Satz 5]. By Lemma 2.9,
v/Ann L,, is unmixed of dimension d. Since the geometric degree and the degree coincide
for this case, we have

gdeg(Ly) = deg(Ly) = deg(L) = gdeg(L)

for almost all o. Suppose now that not all the minimal associated primes of L have
dimension d. Denote by I the intersection of all minimal associated primes of L with
dimension d. Since {p € Min(L) | dimR/p < d} = Min(L/I7(L)) and multy(p) =
multy, (1) (p) for all p € Ass(L/I'7(L)), we have

gdeg(L/Ty(L)) = > mult(p)deg R/p.
peMin(L),
dim R/p<d
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Since

deg(L)= > multy(p)deg R/p,

©EMin(L),
dim R/p=d
gdeg(L) = Z multy, (p)deg R/p + Z multy, (p)deg R/p
peMin(L), pEMin(L),
dim R/p=d dim R/p<d

= deg(L) + gdeg(L/I'1(L)).
By Corollary 2.10,
{g € Min(L,) | dim R/q < d} = Min(La /I, (L))

Since multy,, (q) = multy /1, (r,)(q) for all g € Ass(La /17, (La)), we have

gdeg(Lo/Tr, (La)) = ) multy,, (q) deg Ra /9.
q€Min(Lq),
dim R, /q<d

Therefore,
gdeg(Ly) = deg(Lqa) + gdeg(La /I, (La))-

From (i) we obtain deg(L,) = deg(L). By Proposition 2.6 (i) and by Lemma 3.4,
(L/T1(L))a = La/T1(L)y = La /I, (La)-

Since dim L/I'1(L) < d, gdeg(La/I1,(Lo)) = gdeg(L/I'1(L)) by induction on the dimen-
sion. Therefore,

gdeg(Ly) = deg(La) + gdeg(La /I, (La))
= deg(L) + gdeg(L/I'1(L)) = gdeg(L).

(]

Let M be a finitely generated graded module over the graded algebra A and let B be a
Gorenstein graded algebra mapping onto A. Assume that dim B = n,dim M = d. In [23]
the homological degree of M is defined as the integer

< d—1 ;
hdeg(M) := deg(M)+ > (Z e 1) hdeg(Ext’ (M, B)).
i=n—d+1

We note that the homological degree is defined recursively on the dimension of the
support of M. If dim M = 0, then hdeg(M) = deg(M). If dim M = 1, hdeg(M) =
deg(M) + ((Exty(M, B)).

Proposition 3.6. Let L be a graded R-module. Then, for almost all c,

hdeg(L,,) = hdeg(L).
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Proof. We want to prove the assertion by induction on the dimension of L. The rings
R, and R are Gorenstein rings. Set d =: dim L. By Proposition 2.7, dim L, = d. If
d = 0, we have hdeg(L,) = deg(L,,) and hdeg(L) = deg(L). Then hdeg(L,) = hdeg(L)
by Theorem 3.5. Now we consider the case d > 1. Assume that the assertion is true
for all modules of dimension strictly less than d. We see that if i > n — d + 2, then
n+1—1i<d-1. By [2, Corollary 3.5.11],

dimExt}, (Lo, Ro) = dimExtR(L,R) <n+1—i<d—1.
By the induction hypothesis,
hdeg(Extl, (Lo, Ra)) = hdeg(Extk(L, R)).

Hence, for almost all «,

n+1
1 .
hdeg L., = deg L, + Z ( d ) hdeg(Exty (Lo, Ra))

Pt t—n+d—2
n+1 d—1 )
=degL + Z <z mtd— 2) hdeg(Exty(L, R)) = hdeg(L).
i=n—d+2

For a graded R-module L = P, ., L, the number a(L) is defined as

max{t | Ly #0} if L #0,
a(L) :=
—00 it L=0.
Let H! (L) denote the ith local cohomology module of L with respect to m. We set
a;(L) = a(Hy (L)),
reg(L) = max{a;(L) +i | i > 0},
a*(L) = max{a;(L) | i > 0}.
The number reg(L) is called the Castelnuovo—Mumford regularity [4,16], and a*(L) the
a*-invariant of L [21] (cf. [6]). Note that the Castelnuovo-Mumford regularity and the
a*-invariant can be viewed as special cases of the more general invariants
reg (L) := max{a,;(L)+1i| 0 <1i < p},
ay(L) :=max{a;(L) [i<p}, p=0,....d

If K=, R(—j)P4 is the ith term of a minimal graded free resolution of L, then

ngP(L):ma’X{j_Z|Z>n+1_p7 ﬁ’tj 7&0}7
ap(L)=max{j|i>n+1-p, Bij #0} —n—1

(see, for example, [22]). It will be shown that these invariants are preserved by special-
izations.
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Proposition 3.7. Let L be a graded R-module. Then, for almost all o, we have
(i) ap(La) = ap(L),
(ii) reg,(La) = reg, (L),

(iii) ap(La) = ay(L).
Proof. Since R is a Gorenstein ring, the local duality theorem of Grothendieck says
that HA(L) = Extyt "P(L, R)”, where ¥ is the Matlis dual functor (see [2, Theorem
3.5.8]). Since Ext}," P (La, Ra) 2 Extl;™ (L, R)o by Proposition 2.5,

ap(La) = max{t | Ext}y " "P(La, Ra)—t-n—1 # 0}
= max{t | Ext"™ (L, R)_¢_n_1 # 0} = a,(L).

This proves (i). Clearly, (ii) and (iii) follow from (i). O

4. Specialization of reductions and filter-regular sequences

In this section we will show that the reduction number and filter-regular sequences are
preserved by specialization.

Let I be an arbitrary homogeneous ideal of R. Set d = dim R/I. Then dim R, /I, = d
by Proposition 2.6. We denote by n and n,, the maximal graded ideals of R/I and R, /I,
respectively. Let a be a homogeneous ideal of R/I. Recall that a is said to be a reduction
of n if an™ = n"™! for some non-negative integer r and the least integer r with this
property is called the reduction number of R/I with respect to a [15]. This number is
denoted by 74(R/I), and it is the largest non-vanishing degree of R/I. A reduction of
n is said to be minimal if it does not contain any other reduction of n. Since k is an
infinite field, a reduction of n is minimal if and only if it is generated by d elements.
The reduction number r(R/I) of R/I is defined as the minimum r4(R/I) of all minimal
reductions a of n.

Now we will prove that the reduction number r(R/I) does not change when we spe-
cialize u to a. The main difficulty is how to locate a reduction which gives the reduction
number of R/I and of R, /I, by specializations. We overcome this difficulty by taking
the generic reduction. The following result is due to Trung (see the proof of Lemma 4.2
in [22]).

Lemma 4.1. Let J be a homogeneous ideal of S = k[z] and d = dim S/J. Define
zi = VioTo+- - +VinTn, i = 1,...,d, where v = (v;;) is a family of d(n+1) indeterminates.
Put S, = k(v)[z], J, = JSy, a = (Jy, 21,...,24)/Jy. Then

r(S/J) = ra(Sv/Jy)-

Lemma 4.2. If a homogeneous ideal a is a minimal reduction of n, then a, is also a
minimal reduction of n, with rq_(Ra/Is) = 14(R/I) for almost all c.
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Proof. We first note that a reduction a is a minimal reduction of n if and only if
it is generated by d homogeneous elements of R/I of degree 1 and there exists a non-
negative integer r such that a,y1 = (R/I)r+1 and as # (R/I)s for all s < r. Suppose
that y1,...,yq4 € Ry such that a = (I,y1,...,y4)/I. Then

dimp ) (L, Y15 -+, Yd)r+1 = dimp(y) Rrgr,
dimk(u) (Iy Y, 7yd)s < dlmk(u) R

for all s < r. By Corollary 3.2,

dimk(a)(lou (y1>ou SR (yd)oc)r+1 = dimk(a) (Ra)r+1a
dimk(a)((I)on (yl)aa cee (yd)a)s < dimk(a) (Ra)s

for all s < r. By Proposition 2.8, a5, = (In, (¥1)as---», (¥d)a)/Ia is again a minimal
reduction of n, and we obtain r4_(Ry/Io) = rqa(R/I) for almost all a. O

Theorem 4.3. Let I be a homogeneous ideal of R. Then, for almost all «, we have
r(Ro/Is) = r(R/I).

Proof. Define z; = Z?:o vi;25, © = 1,...,d, where all v;; are indeterminates. Put
Sy = k(a,v)[x], Jp = I14S, and a = (Jy, 21, ..., 24)/Jy. By Lemma 4.1 we have

r(Ro/Is) = ra(Sv/Jy).
Similarly, if we put R, = k(u,v)[z], I, = IR,, and b = (I,,, 21, ..., 24) /Iy, then

r(R/I) =1e(Ry/Iy).

By Lemma 4.2,
Ta(Sv/Jv) - Tb(Rv/Iv)
for almost all a. Summing up we get r(Ry/I,) = r(R/I). O
Let f1,..., fn be a sequence of homogeneous elements of a finitely generated graded

algebra A = EBi>0 A; over a field Ag. Let A denote the ideal generated by the elements
of positive degree of A. Let L be an A-module. The sequence f1,..., fn is called filter-
reqular for L if f; ¢ P for all associated prime ideals P of (fi,...,fi—1)L, P # M,
where M denotes the maximal graded ideal of A. This is equivalent to saying that the
A-modules

(fiooos fic)Ls fi/(frseo s fic) L, i=1,...,h,

are of finite lengths. The notion of filter-regular sequences plays an important role in the
theory of generalized Cohen—Macaulay rings [3].

Proposition 4.4. Let f1,..., fn be a filter-regular sequence of homogeneous elements
of R/I with h > 1. Then the sequence (f1)a,-- -, (fn)a is also a filter-regular sequence of
R, /1, for almost all «.
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Proof. Assume that f1,..., f5 is a filter-regular sequence of R/I. Then
L, fr,o s ficr) s fi/ T, fry ooy ficr), i=1,...,h,
are of finite length. The R-modules
(U frsos fima) < fi/ (L oy fica)

will be denoted by N; for all ¢ = 1,..., h. By Proposition 2.6,

(Ni)a = (Lo (f1)as -+ -5 (fic1)a) + (fi)a/Tas (f1)as- -5 (fim1)a)
for e =1,...,h and for almost all . By Proposition 2.7,
dlm(NZ)a :dlmNZ:O, 1= 1,,h,

for almost all . Hence (I, (f1)as---» (fi—1)a) : (fi)a/Ta, (f1)as -+, (fic1)a), t=1,...,
h, are R,-modules of finite length. Therefore (fi)a,...,(fn)a is also a filter-regular
sequence of R, /I,. O

The following consequence of Proposition 4.4 gives a positive answer to a question
raised by Herzog (personal communication to N. V. Trung, 1998) which concerns the
existence of filter-regular sequences of homogeneous elements of degree 1 in a graded
algebra over an infinite field without taking generic elements [1, Proposition 2.1].

Corollary 4.5. Let J be a homogeneous ideal of k[z]. We put
Yi = aioTo + -+ QinTn, 1=1,....d,

where a = (a;;) € k?+Y) and d > 1. Then the sequence yi,...,yq is a filter-regular
sequence of k[x]/J for almost all c.

Proof. We define
2 = UiT0 + F UinTn, T=1,...,d,

where u = (u;;) is a family of d(n + 1) indeterminates. By Proposition 4.4, we only need
to show that z1,..., 24 is a filter-regular sequence of A = k(u)[x]/Jk(u)[z]. It suffices to
prove the case d = 1. Put S = k[z]/J. We note that

AsSi[p,2)(S[v]) = {P = pklv,z] | p € Assy51(S)}-
If zy € P = pk[v,z], then (xg,...,2,) C p. Therefore p = m and P = mk[v, z]. Since A
is a localization of S[v], we can deduce that z; ¢ P for all associated prime ideals P of A

which are different from the maximal graded ideal of A. Therefore, 27 is a filter-regular
element of A. O
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5. Bertini Theorems

Let V' be a closed subscheme of the projective space IP. Let H, be the hypersurface
defined by a form f, =aifi+---+ amfm in P}, where a = (a1,...,a) € k™ and
fis--., fm is a family of forms of the same degree in k[X] = k[Xy,...,X,]. Let I be
the defining homogeneous ideal of V in k[X]. To study V N H, means to study the
local ring of the graded ring k[X]/(I, fo) at its maximal graded ideal. This ring can
be considered as a specialization of the local ring of the graded ring R/(I, f) at its
maximal graded ideal, where R = k(u)[z],u = (u1,...,un) is a family of indeterminates
and f =wu1f1 + - + U fm. Note that the latter ring corresponds to what one calls the
generic hypersurface section of V. It is not hard to find conditions on I which allow a
given property to be transferred from I to (I, f) (see [7,19]) and to check whether this
property is preserved by specializations. We will demonstrate this method by reproving
some Bertini Theorems.

Let A= @i>0 A; be a graded algebra over a field Ag. We denote the maximal homo-
geneous ideal of A by A,. We put

Proj(A) = {P € Spec(A) | P is homogeneous and P # A, }.

The non-Cohen—-Macaulay locus and the singular locus of a factor ring B of A in Proj(A)
are defined by

Nem(B) = {P € Proj(A) | Bp is not Cohen-Macaulay },
Sing(B) = {P € Proj(A) | Bp is not regular}.

Given any ideal C of ring A we will denote by V,(C) the set of homogeneous prime
ideals P containing C, P # A, and we define D, (C) = Proj(A) — V4 (C). The following
lemmas can be proved similarly as in the local case (see [14]); hence we omit the proofs.

Lemma 5.1 (cf. Lemma 4.3 of [14]). Let I be an arbitrary homogeneous ideal of
R. There is a homogeneous ideal J O I such that for almost all «,

Nom(R/T) = Vi (J),
NCM(ROL/IQ) = VJr(JDt)'
Lemma 5.2 (cf. Lemma 4.4 of [14]). Let k be a field of characteristic zero. Let I

be a homogeneous ideal of R. There is a homogeneous ideal J 2O I such that for almost
all

Sing(R/T) = V. (J),
Sing(Roz/Ia) = V+(Ja)'
Let t > 0 be a fixed integer. We say that a ring A satisfies Serre’s condition (S;) if

depth A, > min{dim A,,t} for any prime ideal p or Serre’s condition (R;) if A, is regular
for any prime ideal p with heightp < t.
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Lemma 5.3 (cf. Theorem 4.5 of [14]). Let k be a field of characteristic zero. Let I
be a homogeneous ideal of R. Assume that R/I satisfies one of the following properties:

Then R, /I, has the same property for almost all c.
Using the above lemmas we will give simple proofs to the following Bertini Theorems.

Theorem 5.4 (see Hauptsatz of [19]). Let k be a field of characteristic zero. Let
A be a graded k-algebra generated by elements of degree 1. Let f1,..., f,, be a family
of homogeneous elements of the same degree in A and f, = a1 f1 + -+ + Qm fin, where
a = (a1,...,04,) € k™. Assume that A is a normal ring and grade(f1,..., fm) = 3.
Then A/ f, A is a normal ring for almost all c.

Proof. Let A = k[X]/I, where I is a homogeneous ideal of k[X]. Let B = k(u)[X]/(I)
and f=wuif1 + -+ Upfm. Then A/fo A = Ek[X]/(I, fo) is a specialization of B/fB =
k(u)[X]/(I, f). By Lemma 5.3 we only need to show that B/fB is a normal ring. But
this follows from the assumptions by [19, Korollar 4.4]. O

The following result is the global Bertini Theorem of Flenner.

Theorem 5.5 (see Satz 5.4 of [5]). Let k be a field of characteristic zero. Let
A be a graded k-algebra finitely generated by elements of degree 1. Let f1,..., fm be
homogeneous elements in A of the same degree. Let U C D, (f1,..., fm) be an open set
with one of the following properties:

(i) U satisfies (Sy),
(ii) U satisfies (Ry),
(iii) U is reduced,
(iv) U is normal,
(v) U is regular.

Let fo, = a1fi + -+ + amfm, where a = (a1,...,a,) € k™. Then U N V(f.) C
Proj(A/ foA) has the same property as U for almost all .

Proof. Let A = k[X]/I, where I is a homogeneous ideal of k[X]. Let B = k(u)[X]/(I)
and f =wuifi + -+ U fm. Then A/f, A = Ek[X]/(I, f,) is a specialization of B/fB =
k(u)[X]/(I, f). By Lemma 5.1, there is a homogeneous ideal b 2 fB of B such that
V., (b) is the projective non-Cohen-Macaulay locus of B/fB in Proj(B) and V, (b,) is
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the projective non-Cohen—-Macaulay locus of A/ f, A in Proj(A). Let a be a homogeneous
ideal of A such that U = D, (a). Let B be an arbitrary homogeneous prime ideal of
Vi (b : a). Then P does not contain a and the local ring (B/ f B)g is not Cohen-Macaulay.
Let p denote the contraction of 3 in A. Then p does not contain a. Hence p € U. Since
UCDi(f1,..., fm), p does not contain (f1,..., fm). Hence grade(fi,..., fm)Ap = co. If
U satisfies (S¢), then A, satisfies (S;). By [19, Proposition 3.1], Ap[u]/ f Ap[u] also satisfies
(St). Since (B/fB)g is the local ring of Ay [u]/fAy[u] at a prime ideal, depth(B/fB)g >
t. By [2, Proposition 1.2.10], this implies grade(b : a/fB) > t¢. By [14, Lemma 2.5]
and [14, Corollary 3.4],

grade(by, : a/fo, A) = grade(b : a/fB), = grade(b: a/fB) > t.

Thus, depth(A/foA)q > t for any homogeneous prime ideal ¢ O b, which does not
contain a. Since (A/fnA)q is a Cohen-Macaulay ring for any prime ideal q 2 by, we get
depth(A/faA)q > min{dim(A/f,A)q,t} for any homogeneous prime ideal q € U. Hence
UNVy(fa) CProj(A/f,A) satisfies (Sy).

Similarly, using Lemma 5.2 we can find a homogeneous ideal ¢ O fB of B such that
Vi (c) is the projective singular locus of B/fB in Proj(B) and V4 (c,) is the projective
singular locus of A/f,A in Proj(A). If U satisfies (R;), using [19, Proposition 3.8] we
can show that height(c: a/fB) > t. By [14, Lemma 2.5] and [14, Proposition 2.6],

height(cy : a/foA) = height(c : a/fB), = height(c: a/fB) > t.

From this it follows that U NV (f,) C Proj(A/f,A) satisfies (R;).

As in the above proof we see that if U satisfies (S;) and (Rp), then U NV (f,) C
Proj(A/ faA) also satisfies (S;) and (Ry). If U is reduced (normal), then U and therefore
UNVi(fa) CProj(A/foA) satisfies (S1) and (Rp) ((S2) and (R;)). Hence UNV(f,) C
Proj(A/faA) is reduced (normal). Let d = dim A. If U is regular, then U satisfies (Ry).
By (ii), U N V4 (fa) satisfies (Rq). Since dim A/ fo, A < d, UNV,(fo) C Proj(A/foA) is
regular. O
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