
SOLUTIONS 

P 116. Where is the c e n t r e of m a s s of the Cantor se t bent into a 
r i n g . 

J. Wilker , Un ive r s i t y of Toron to 

Solution by M. Shiffman and S. Spital , Cal i fornia State College at 
Hayward 

It i s known that in i t s n ' t h s tage of s y m m e t r i c a l c o n s t r u c t i o n the 

Cantor s t r u c t u r e , on the i n t e r v a l [0, 2TT], con ta ins 2 s u b i n t e r v a l s 

of equal lengths 2TT/3 with in i t i a l poin ts at 

n 
(*) 61 = 2TT Z d / 3 r , a l l d = 0 or 2(k = 1, 2, . . . , 2 n ) . 

k A r r 
r = l 

T h e r e f o r e the c o r r e s p o n d i n g u n i t - c i r c l e s t r u c t u r e , when placed in the 
c o m p l e x p lane ( s y m m e t r i c a l l y about the r e a l ax i s with c e n t r e at the 
or ig in) , y ie lds the c e n t r e of g rav i ty ( e . g . ) 

2 k + (2TT/3 ) 

Z' = Z J (exp i 9) de /2 n (2Tr /3 n ) . 
n k=i e, 

k 

However , an app l ica t ion of the m e a n va lue t h e o r e m for i n t e g r a l s , shows 
that this i s a sympto t i c a l l y equal to the s i m p l e r e . g . , Z due only to 

the in i t i a l points 6 . . . . , 8 n - m o r e spec i f ica l ly 

-i 2 n 2 
n Z e x p i e , = Z = Z' + 0 ( — ) . 

2 i A k n n n 
k=l 3 

The use of (#) now enab le s a r e c u r s i v e f o r m u l a t i o n of Z : 
n 

n d 

1 r 
Z = — Z exp (2-n-i Z ) 

2 d =0, 2 r = l 3 
r 

>l n~ 1 d . . 
Z = — Z [exp (2îTi Z — )] [exp — + exp —— ] 

n 2 d =0,2 r = l 3 3 3 

r 
Z = | (1 + exp — ) Z 

n 2 n n- 1 
3 
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Since Z = 1 ( e . g . of the s ingle point at 6 = 0), 

11 A _, * 4TTix * # 2TT. 2TTi 
Z = n ( T + ~ e x p ) = Tl ( c o s — ) ( e x p — ) . 

n 2 2 p p ^ p 
p = l 3 p = l 3 3 

Hence the e . g . of the completed Cantor set is given by 

°° 2 °° 2TÙ 
l i m Z = f IT c o s — ] Fexp Z ] 

n-> oo p t=l 3 p = l 3^ 

00 2 
= - n cos — = 0 .37143736. 

p = l 3 P 

Also solved by the p r o p o s e r . 

P 128. Let \IL be the set of s q u a r e m a t r i c e s of o r d e r n whose 
e n t r i e s a r e r e a l n u m b e r s in the i n t e r v a l a <_ x £ b . Show that the 
m a x i m u m va lue of a d e t e r m i n a n t of m a t r i c e s in the se t 711 is 
a t ta ined by a m a t r i x M whose e n t r i e s a r e exc lus ive ly a and b . 

N. S. Mendelsohn, Un ive r s i ty of Mani toba 

Solution by A. R. Rhemtul la , Un ive r s i ty of A lbe r t a 

Let X = (x .) be an n x n m a t r i x with a < x . < b . 
i j _ i j " 

Det X = x. X. J + x. X.^ + . . . + x. X. w h e r e X . i s the cofactor of 
i l i l i 2 i 2 m m i j 

x . If a < x . < b, then by r ep lac ing x . e i ther by a or by b, and 
ij iJ ij 

leaving al l the o ther e n t r i e s in tac t we obtain X' such that det X' > de t X. 
C a r r y on the p r o c e s s unt i l each x. . i s r ep l aced e i ther by a or by b 
and the r e su l t i ng m a t r i x at each s tage has d e t e r m i n a n t not l e s s than the 
one b e f o r e . 

Of c o u r s e i t does not m e a n that the d e t e r m i n a n t of a m a t r i x not 
a l l of whose e n t r i e s a r e exc lus ive ly a and b m u s t a lways be s t r i c t l y 
l e s s than the m a x i m u m . This can be seen eas i ly with a = 0, b = 1, 
and n = 2: 

1 x 
det( ) = 1 for a l l 0 < x < l . 

v 
Also solved by L. Cummings , D . Z . Djokovic, M. Ede l s t e in , 

D . G . Kabe , J. Schaer , K . W . Schmidt , S. Spital and J. Ze lve r joint ly, 
and the p r o p o s e r . 
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P 129. Characterize all finite groups such that exactly half of 
their elements are of order 2 (the identity is not counted). 

N. S. Mendelsohn, University of Manitoba 

Solution by the proposer. 

All such groups are obtained as follows. Let H be an abelian 
group of odd order. Let G be a normal extension by an involution t 

2 
which maps every element of H into its inverse, i . e . , t = 1, 

- 1 -1 
t at = a for all aeH. It is clear that a group G constructed 
this way satisfies the conditions. 

Conversely, let G = fb i = 1, b . . . . , b , a . . . . . a ) be a group 3 1 2 k 1 kJ 

such that half of its elements, say a , . . . , a , are of order 2. 
1 k 

By pairing each b . , i > 1, with its inverse we see that k must be 

odd. The product of two a's must be one of the b's: otherwise 

there would be a subgroup of order 4 , but 4 does not divide 2k. 
Hence a a ,a a , . . . , a a are the b in some order. Now the product 

1 1 1 2 1 k 1 F 

- 1 
of two b's is again a b since (a a )a a = (a a a )a is a product 5 l 1 i 1 j 1 i 1 ; j F 

of two aRs. Hence H = {b , . . . , b } is a subgroup and G = H + Ha . 

-1 - 1 
Finally, since b a b a = 1 or a b.a j = b. , the inverse mapping 

1 1 1 1 1 1 1 1 rv & 
is an automorphism of H so H is abelian. 

V 
Also solved by C. Ayoub, B. Chang, D. Z. Djokovic, and 

A.R. Rhemtulla. Several solvers pointed out that this problem has 
also appeared in the American Math. Monthly [1967, p. 871]. 

P 130. Show that the system x + y =u + v ' , x + y = u + v 
where n is an integer :> 2 has only trivial solutions in the real 
field. 

D. R. Rao, Secunderabad, India 

Solution by D. Z. Djokovic, University of Waterloo 

Let s = x + y = u + v . The trivial solutions are (1) u = x, v = y; 
(2) u = y, v = x; (3) s = 0, n odd, so we may assume s ^0 when n is 

odd. We have (4) xn + (s-x)n = u
n + ( s-u)n. Let f(t) = tn + (s-t)n, 

f'(t) = n(tn" -( s-t)n~ ). Since f'(t) = 0 implies t = s/ 2 and 
f(t) = f(s-t) for all t, we conclude that f is strictly monotonie in 

(-00, s/2) and its graph is symmetric with respect to the line t = s/2. 
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Hence , f(x) = f(u) i m p l i e s that u = x or u = s - x which together with 
(4) l eads to the t r i v i a l solut ions (1) and (2). So t h e r e is no o ther 
so lu t ion . 

Also solved by the p r o p o s e r . 
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