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Abstract

Our main result in this article is a compactness result which states that a noncollapsed sequence of
asymptotically locally Euclidean (ALE) scalar-flat Kihler metrics on a minimal Kihler surface
whose Kihler classes stay in a compact subset of the interior of the Kihler cone must have a
convergent subsequence. As an application, we prove the existence of global moduli spaces of

scalar-flat Kidhler ALE metrics for several infinite families of Kdhler ALE spaces.
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1. Introduction

DEFINITION 1.1. An ALE Kihler surface (X, g, J) is a Kihler manifold of
complex dimension 2 with the following property. There exists a compact subset
K C X and a diffeomorphism ¥ : X\ K — (R*\ B)/I", such that for each
multi-index Z of order |Z]

0T (W (g) — grue) = O(r 1, (1.1

as r — oo, where I' is a finite subgroup of U(2) containing no complex
reflections, B denotes a ball centered at the origin, and gg,. denotes the Euclidean
metric. The real number w is called the order of g.

REMARK 1.2. In this paper, henceforth I will always be a finite subgroup of
U(2) containing no complex reflections.

Any ALE Kihler surface can be blown down to a smooth minimal complex
surface in its birational class, minimal in the sense that there is no rational curve
of self-intersection —1. Our interest lies in building canonical metrics on minimal
ALE Kihler surfaces. Specifically, we are interested in constructing a smooth
family of ALE SFK (scalar-flat Kéhler) metrics that corresponding to the versal
deformation family of C/I". Before we discuss existence results, we present our
main theorem in this paper, which is a compactness result.

In the following, if (X, g) is an ALE metric and ¢ is a smooth tensor of any
type, we say that ¢ € C;°(X, g) if ¢ is smooth and Vi¢ = O (")) as r — o0,
where 7 is any multi-index of length |Z|.

DEFINITION 1.3. Let (X, J) be a Kihler surface with a smooth ALE Kéhler
metric gy, with Kéhler form w,. For —2 < §; < —1, define

P(X, J, @y, 8) = {w | w is Kihler form satisfying o — wy € C5' (X, go)}-
(1.2)

The Kdhler cone of (X, J) with respect to w, and § is
K(X, J, wg, &) :={[w] | @ € P(X, J, wy, 80)}, (1.3)

where [w] denotes the class of w in H*(X, R).
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Clearly, K(X, J, wy, 8y) is a convex subspace in the de Rham cohomology
group H?(X, R). We remark that if J is Stein, then (X, J, wy, 8y) is the entire
space H*(X,R), but if there exist any holomorphic curves, then it is a proper
subset. This is because the integral of the Kéhler form over a holomorphic curve
must be strictly positive since it is the area, but if there are no holomorphic curves,
then there are no constraints. See the discussion in Remark 6.1 for details.

DEFINITION 1.4. The lower volume growth ratio of (X, g) is

Vol(B,(x, g))

r4

V(g) = inf inf 1.4)
xeX 0<r<l
The following is our main compactness theorem dealing with sequences of
ALE SFK metrics with respect to a fixed complex structure.

THEOREM 1.5. Let (X, J, go) be an ALE minimal Kdhler surface, associated
with an ALE coordinate of asymptotic rate O (%), (=2 < §y < —1). Let k; €
K (X, J, wy, 8) be a sequence with k; — ko € K(X, J, wy, 8) asi — oo. If g;
is a sequence of ALE SFK metrics with w; € P(X, J, wy, 8) satisfying:

(D) [wi] = &i;
(2) there exists a constant v > 0, independent of i, such that V(g;) > v;

then there exists a subsequence {j} C {i} and ws, € P(X, J, wy, 8y) such that
Wj —> O in CZ{(;O‘(X, go) normforanyk 20,0 <o < 1, as j — 00, where g4
is an ALE SFK metric satisfying [®eo] = Koo-

For the definition of the weighted norm, see Section 2.1 below. A brief outline
of the proof of Theorem 1.5 is follows. First, we apply the compactness result of
Tian and Viaclovsky [TV05b] to obtain an ALE SFK orbifold limit X, in the
pointed Cheeger—Gromov sense. In Section 3, we also show that the limit X,
is birationally equivalent to (X, J). Then, in Section 4, we show that the limit
space X is moreover birationally dominated by X, that is, X, is a blowdown
of X. The key point in this step is to show that there are no (—1) curves in
the minimal resolution of X, the proof of which uses crucially the minimality
assumption on X. Then in Section 5, using some key results of Lempert, we
show that in the ‘bubble tree’ of each orbifold singularity in the limit space, each
bubble is biholomorphic to a resolution of an orbifold singularity in the previous
bubble. This, together with a result of Laufer, implies the area contraction of a
holomorphic curve, which contradicts with the nondegeneracy of the limiting
Kihler class, and therefore the limit space must be a smooth ALE SFK metric.
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We remark that Theorem 1.5 in some sense can be viewed as a noncompact
analogue of the main result in [CLWO0S].

DEFINITION 1.6. For (X, J, go) an ALE SFK Kihler surface, let

V(PW)) = inf V(g), (1.5)
8EP()

Re=0

where P(J) = P(X, J, wy, &).
Our main existence result is the following.

COROLLARY 1.7. Let (X, J, go) be as in Theorem 1.5, and assume that g, is SFK.

If
V(P(J)) >0, (1.6)

then for any k € K(X, J, wy, 8y), there exists an ALE SFK metric w € P(J) with
[w] = k.

This theorem is proved by using the continuity method. Openness in the
continuity method follows from the same method in [HV16, Section 8].
Closedness follows from Theorem 1.5.

REMARK 1.8. The family of ALE SFK metrics constructed by the continuity
method depends upon the initial metric we choose, but otherwise does not depend
upon the specific value of §, for —2 < §y < —1.

REMARK 1.9. In certain examples, we can prove the noncollapsing condition
required in Corollary 1.7 by using a topological argument; we discuss these
examples in Section 1.2 below.

1.1. General existence results. In order to state our next result, we need to
recall some theory regarding the deformations of C?/I". By a classical theorem
of Grauert [Gra72] (and see [Elk74] for the algebraic version), there exists a
(mini)versal deformation )V — Der()),)) of C?/I", such that any deformation of
C?/I" over a complex space germ can be obtained by a pullback morphism from
the versal deformation, on the level of germs (see [GLS07] for the complete
definition of versality). Furthermore, there is a natural C*-action on Der())),
which lifts to a C*-action on ) (which is of negative weight, see [Pin78,
Section 2]). The complex space germ Der())) can be reducible in general.
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Let » + 1 denote the number of irreducible components, and denote each
irreducible component by Der, ()y), k € {0, ..., r}. By [KSB88, BC94], for each
irreducible component, there exists a unique P-resolution Z; — ), a unique
M-resolution ZY — Z[F, and finite base changes Der' (Z}) — Der'(Z}]) —
Der;()). Using the C*-action, we can extend Der'(Z}), Der' (Z[), Der; (D) to
global analytic spaces JM, 7,7, Ji, which are bases spaces of deformations A,
Z, Vi, respectively, and the total spaces admit C*-actions such that the following
diagram is C*-equivariant

Xk > Zk > yk
L]
JM > T.F s T
Define global base spaces
Jg=ya =y =1 % (1.8)
0<k<r 0<k<r 0<k<r

Note that while 7 is connected, the spaces J%, J* have r + 1 connected
components. We also note that 7 is the simultaneous resolution of the Artin
component, up to a base change. Further details of this construction can be found
in Section 2.3.

In a recent work of [HRS16], it is shown that any ALE Kihler surface is
birationally equivalent to a deformation of C?/I". Their work indicates that the
space of minimal ALE Kéihler surfaces is essentially parameterized by Der()).
In Lemma 2.5 below, we show that any minimal ALE Kéhler surface (X, J) is
biholomorphic to an element in ;7. For this reason, it is reasonable to first restrict
our attention to complex structures parameterized by the base space 7 (or J 7).

THEOREM 1.10. There exists a smooth family of background ALE Kdihler metrics
wy,;, for all smooth fibers over J € JM (similarly for J € J*¥ away from the
discriminant locus).

This will be proved in Section 6 below. Our main interest is therefore in
constructing ALE SFK metrics in these ALE Kihler classes. We emphasize
that in all the following results, the Kéhler cone is defined with respect to the
background ALE Kihler metric w; ;. Thus, in the following when there is no
ambiguity, we abbreviate P(X, J, wp, s, 8o) and K(X, J, @y s, 89) as P(J) and
IC(J), respectively.

Recall from above that for each irreducible component J; in the moduli space
J associated to the versal deformation of C2 /I, there corresponds a P-resolution
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Z! and a M-resolution Z}. The space Z[ is an orbifold with singularities of type
T, and the space Z}! is an orbifold with only type 7; singularities.

THEOREM 1.11. Let [J be the moduli space associated to the versal deformation
of C?/I" as defined in the previous paragraphs. Let J, be an irreducible
component.

@) If T = Jo is the Artin component, then for any complex structure J € JM
there exists an ALE SFK metric in some Kiihler class in KC(J).

(b) For k > 0, if there exists an ALE SFK orbifold metric on the orbifold ZM,
then for any complex structure J € JM away from the central fiber, there
exists an ALE SFK metric in some Kiihler class in IC(J).

(c) For k > 0, if there exists an ALE SFK orbifold metric on the orbifold Z?,
then for any complex structure J € JF away from the discriminant locus,
there exists an ALE SFK metric for some Kiihler class in KC(J).

Case (a) follows easily from [HV16, Theorem 1.4]. Cases (b) and (c) are
obtained by applying a generalization of a result of Biquard—Rollin to the ALE
case [BR15]. For the precise statement, see Theorem 6.2 below.

Recall that for integers p, g satisfying (p, g) = 1, the cyclic action i(l, q)
is that generated by (z;, z2) = ({21, {lz2), where ¢, is a primitive pth root of
unity.

COROLLARY 1.12. Let I' = %(1, q) be any cyclic group with (p, q) = 1, and let

TM be any component of T™. Then for any J € JM (J is away from the central
fiber if k > 0), there exists a scalar-flat Kihler metric w; in some Kdhler class.

This is obtained by using the Calderbank—Singer construction from [CS04],
together with Theorem 1.11.

1.2. Global existence results. We now turn our attention to existence of
global moduli spaces of ALE SFK metrics for certain groups I". The following
theorem is an application of Case (a) in Theorem 1.11 together with Corollary 1.7.

THEOREM 1.13. Let I' C U(2) be any of the following groups:
L, L2, 1,3, (1.9)

Note that for these groups, the versal deformation space of C*/I" has only the
Artin component [J, which has b,(X) = 1, 2, 3, respectively, where b, denotes
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the second Betti number. Then for any complex structure J € JM, and any
Kdhler class [w] € K(J), there exists a scalar-flat Kiihler ALE metric g satisfying

[w,] = [w].

REMARK 1.14. Our method also proves an analogous global existence result for
the case I" C SU(2). However, this case was explicitly constructed by Kronheimer
using the hyperkihler quotient construction [Kro89], so we do not devote any
extra attention to this case. Note also that the Q-Gorenstein smoothings of the
type T cyclic singularities admit Ricci-flat Kdhler metrics which are just quotients
of the A;-type hyperkéhler metrics by finite groups of isometries [Suv12, Wril2].
These metrics play a crucial role in our analysis of non-Artin components.

REMARK 1.15. A drastic difference between the ADE cases and the non-ADE
cases, is that the global moduli spaces in the latter cases can have ‘holes’ which
can only be filled in by certain smoothings of orbifolds which have nonminimal
resolutions. This phenomenon arises already in the case of O(—n) for n > 3. See
Section 8 below for details of these examples.

The groups in Theorem 1.13 have only Artin components. The next result deals
with five infinite families of non-Artin components, and is an application of Case

(b) in Theorem 1.11, together with Corollary 1.7.

THEOREM 1.16. Let I' C U(2) be any of the following groups forr > 2

1
r=—(1,r), 1
R )
1 1
I'=—— (1 1 I'=— (1,2 1 2
r2+2r+2(’r+) or 2r2—l—2r—|—1(’ r+ b, @
1 1
Aty e P AL

There is a non-Artin component J (i) of the versal deformation space of C*/I"
with by(X) =i in Case (i), i = 1,2, 3. For any complex structure J € J" (i)
away from the central fiber, and any Kihler class [w] € K(J), there exists a
scalar-flat Kdhler ALE metric g satisfying [w,] = [w].

Finally, we conjecture that the assumption on the lower volume growth ratio is

redundant, and that for any group I", there exists ALE SFK metrics in all Kihler
classes for all complex structures in the versal family.
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2. Preliminaries

2.1. Notation. In this section, we record some symbols and notations that will
be used in this article. Weighted Holder spaces are defined as follows.

DEFINITION 2.1. Let E be a tensor bundle on X, with Hermitian metric || - ||.
Let ¢ be a smooth section of E. We fix a point py € X, and define r(p) to be the
distance between py and p. Then define

l@lleo == sup{llg(p)lls - (1 +r(p) ™) @.1)
peX
lolles = > sup{IVZp(p)ll - (1 +r(p)) =T}, 2.2)
\Zi<k PX
where 7 = (iy,...,0,),|Z| = Z;:I i;. When there is no ambiguity, if |Z| = d,

we abbreviate VZ¢ by V@¢. Next, define

s+ @) —@ln } 2.3)

d(x, y)

where 0 < a < 1, py, is the injectivity radius, and d(x, y) is the distance between
x and y. The meaning of the tensor norm is via parallel transport along the unique
minimal geodesic from y to x, and then take the norm of the difference at x. The
weighted Holder norm is defined by

[ples, == sup {min{r(X),r(y)

0<d(x.y) < pin

lollcke == llgles + Y [V @ler, (24)
|Z|=k

and the space Cg“'"‘ (X, E) is the closure of {p € C*(X, E) : ||<p||c§,a < 00}.

e ¢(i | §): The symbol €(i | §) represents a small positive number, and for any
fixed§ > 0,€( | 8) > Oasi — oc.

e A, A, 21 AP stands for the space of real p-forms, A”¢ stands for the space
of complex (p, g)-forms, £27 stands for the space of complex (p, 0)-forms.

e X:Fora complex variety X of complex dimension 2, X stands for the minimal
resolution of X.

e V: For a topological space V, V stands for its universal cover.

e g, w: We denote the Riemannian metric by g and w = g(J-,-) as the
corresponding Kéhler form. But on occasion when there is no ambiguity, we
use these two symbols alternatively for convenience.
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2.2. Facts about ALE Kihler surfaces. We list some facts about ALE Kéhler
surfaces which we use later. We always assume the asymptotic rate —u < —1.

By applying Hodge index theorem as shown in [HL16, Proposition 4.2], an
ALE Kiéhler surface has only one ALE end. As pointed out by Hein—LeBrun,
for an ALE Kéhler metric (X, g, J) of order p, the complex structure has an
asymptotic rate of

(= Jrue) = O, 2.5

for any multi-index Z as r — oo, where Jg, is the standard complex structure
on Euclidean space. This is because, Vg, J = (Vg — Vo)J = O *7"). The
integral along each gg,.-geodesic ray implies the ALE asymptotic rate of J as

above.

REMARK 2.2. Although our proof will not require the following, we make a
remark on the optimal decay rates of the metric and complex structure. For
any ALE SFK metric, there exists an ALE coordinate with optimal metric
asymptotic rate of O(r7?), see [AV12, LMO08, Str10]. Furthermore, by [HL16,
Proposition 4.5], for (X, g, J) of order u, there exists an ALE coordinate which
is still at least of order w, and for which J converges to the Euclidean complex
structure Jg, at the rate of O(r~?). Therefore, if g is ALE SFK, there always
exists an ALE coordinate so that the metric g converges to gg,. at the rate of
O(r 2 and J ~ Jgpe + O(r3) asr — 0.

For an ALE Kiéhler surface X, H_3(X, A]gl) stands for the space of decaying
real harmonic (1, 1)-forms. Note that any decaying real harmonic (1, 1)-form
has a decay rate at least O(r~3), and H*(X,R) = H_5(X, Ay') (for details
see [HV16, Section 7] and [Joy00, Sections 8.4 and 8.9]). We have the following
which is a consequence of a d3-lemma for Kihler forms as shown in [HV16,
Lemma 8.3].

LEMMA 2.3. For any two smooth Kihler metrics w;, w, over an ALE Kdihler
surface (X, J), ifw;—w, = O(r"2), (0 < v < 1), and fX(a)| —wy)Ah = 0 for any
heH_3(X, Aﬁél), then there exists ¢ € C°(X, R), such that w, = w, +/—100¢.

In particular, this shows that our definition of the Kihler cone in Definition 1.3
is the ‘correct’ one: any two Kihler forms whose difference decays and is zero in
the de Rham cohomology group H2(X, R), must differ by v/—193¢, where ¢ is
of sublinear growth rate.

Another important fact about ALE Kéhler surfaces is that they are one-convex,
which we define next.
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DEFINITION 2.4 (One-convex surface). A one-convex surface X is a noncompact
complex surface carrying a C*-exhaustion function f : X — [0, co) which is
strictly plurisubharmonic outside a compact set.

To see that an ALE Kihler surface is one-convex: using an ALE coordinate
system, extend the pullback of the function r2 . to a smooth nonnegative function
on all of X, and this will be the required function f. Any one-convex surface
X is a point modification of a Stein space Y, that is, X is obtained from Y by
substituting some points with compact analytic sets; for more details, see [Pet94,
Theorem 2.1]. On a one-convex surface X, any holomorphic function defined
outside of a compact set can be extended to a holomorphic function on X.
This is because a holomorphic function defined outside of a compact set on the
Remmert reduction Y can be extended to a holomorphic function on Y by [Ros63,
Theorem 6.1], and then can be lifted up to a holomorphic function on X.

2.3. Versal deformation of C*>/I". In this subsection, we provide more details
of the versal family, and the deformation to the normal cone construction.

By Artin [Art74] and Wahl [Wah79], there exists an irreducible component
Dery()y) C Der(),), with a finite base change (which is a Galois cover) Res —
Dery())), such that there exists a simultaneous resolution X’ that satisfies the
commutative diagram:

X —)

l l (2.6)

Res —— Der() (y())

The base Dery())) is called the Artin component of the versal deformation. The
Artin component is the only irreducible component which admits a simultaneous
resolution. According to Wahl, Dery(),;) = Res/ W, where W is the Weyl group
action. Since the C*-action is preserved under the finite base change, we can apply
the C*-action on Res. Then we obtain a global analytic space [, and a family
X — Jo. Each fiber X, is smooth.

We recall some facts from [KSB88]. There exists a one-parameter Q-
Gorenstein smoothing of C?>/I" if and only if I' C SU(2), or C*/T" is a
type T singularity, that is, I" is cyclic of type r;—s(l, rsd —1) wherer > 2,5 > 1,
(r,d) = 1. See Section 7 below for more details about type T singularities. For
each non-Artin component Der, (),y) (k > 0), there exists a P-resolution Z ,f with
only type T singularities, which has a local moduli space of Der’(Z}) which is
the component corresponding to (Q-Gorenstein smoothings. Furthermore, there
exists a finite base change Der'(Z}) — Der;()).
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Next, we recall some facts from [BC94]. There exists an M -resolution Z,ﬁ” —
ZF with only type Ty singularities (type T singularities with s = 1), which has a
local moduli space Der'(Z ,ﬁ” ), where all nearby fibers are smooth; here Der’(Z ,ﬁ” )
denotes the component corresponding to Q-Gorenstein smoothings. There exists a
finite base change Der'(Z}) — Der'(Z[). All together, we have the commutative
diagram

X s Z >y

LT e

Der|(ZM) — Der'(Z}') — Dery(D)).

Each fiber Z, is smooth away from the discriminant locus. Each fiber A, is
smooth save the central fiber. For t” € Der'(Z), ¢ € Der'(Z{),t € Der, (D)
with t” mapped to t’, ¢’ mapped to #, there exists resolutions X;» — Z, — )/, and
X,» is minimal when ¢ # 0. 7™, JF are generated by applying the C*-action on
Der'(ZM), Der' (Z{) respectively.

By [HRS16], any ALE Kiéhler surface is birationally equivalent to an element
in the versal deformation of C?/I". We review some details of the construction
in [HRS16] which will be needed in our proof. For an ALE Kéhler surface X
under our consideration, the asymptotic rate of the complex structure is faster
than O (r~'7¢). By [HL16], the O (r~'=¢) asymptotic rate of the complex structure
implies that X can be compactified analytically to a compact orbifold X =XUD,
where D is isomorphic to P! quotient by a finite group (see [Lil4] for the more
general asymptotically conical case). There exists a positive integer m € Z, such
that m - D is a Cartier divisor, which induces a line bundle L in X. By a Nakai—
Moishezon type argument, it is shown in [HRS16] that for some k € Z, large
enough, H(X, L*) — H(D, L*) is surjective and L* — X is globally generated.
As aresult, there exist holomorphic sections s, ..., sy in H 0()A( , L¥), where s, is
the defining section of km - D, that is, sy vanishes exactly on D, such that images
of s1,...,sy in H'(D, L*) are generators. Then the linear system |H(X, LY)]
maps }A( to PV by [s, .. ., sy], where the image X' is birationally equivalent to X.
Furthermore, u' = s, /so, ...,u" = sy/sy can extend to holomorphic functions
on X,and u = (u', ..., u") maps X to X' in C". Define the graded ring

R = @ H'(X, O - D)) (2.8)

n>=0

which is finitely generated. Let R[z] be a graded ring where z is a free variable of
the degree 1 and is defined as

RizlI=P( P H . (’)(j-D))-z"-f). (2.9)

n=20 MK j<n
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The deformation to the normal cone is defined by
X' = {s — tz = 0} C Proj(R[z]) x C, (2.10)

where s is the defining section of D, t € C, AA,’{ is identified with X ’,and C(D) =
220’ \ D is the normal cone of D. This implies that X’ is a deformation of C?/I".
By versality, the deformation to the normal cone can be considered as a pullback
of the versal deformation of C?/I.

We next have the following proposition which parameterizes all minimal ALE
Kihler surfaces.

PROPOSITION 2.5. Each minimal ALE Kdhler surface is biholomorphic to an
element in JM.

Proof. Let X be a minimal ALE Kihler surface with an end asymptotic to C*/T".
Then there exists no (—1)-curve in X. By the result of [HRS16], X is birationally
equivalent to Y, which is a deformation of C?>/I". By the commutative diagram
(2.7), there exists an element X’ in J™, which is the minimal resolution of Y.
Since X, X’ are one-convex spaces and they are birationally equivalent with each
other, there exist compact subsets K C X, K’ C X', and a biholomorphic map
@ : X\ K — X'\ K'. Furthermore, by choosing K large enough, there exist
holomorphic functions u', ..., u" on X\ K, which embed X \ K into C" by
u = (u',...,u"). Since X is one-convex, u can be extended to a holomorphic
map on X. Meanwhile u' = u o @~ embeds X'\ K’ into C" and can be extended
to a holomorphic map on X’. The image u(X \ K) in C" coincides with the image
u'(X"\ K’), which is denoted by V. The boundary of V is a strictly pseudoconvex
manifold (V itself is called strictly pseudoconcave). By [HL75, Theorem 10.4],
there exists a unique Stein space W in CV, which extends from V through its
boundary smoothly. By uniqueness of analytic extension, u(X), u'(X’) coincide
with W, and thus W is the Remmert reduction of X, X’. Since each isolated 2-
dimensional quotient singularity, there exists a unique minimal resolution, then
W has a unique minimal resolution. Then by the minimality of X, X’, they are
both biholomorphic to the minimal resolution of W. O

2.4. Volume local noncollapsing. Let (X, g) be an ALE SFK metric, with
the complex orientation so that W; = 0, and group I' at infinity. Let (M, [g]) be
the orbifold conformal compactification, with the reversed orientation so that the
group at the orbifold point is also I" [Vial0]. Since the orientation is reversed, we
have that W, = 0. Note that [g] is a priori a self-dual conformal structure, but
by [CLWO08, Proposition 12], we can assume that there is a metric representative
g € [g] which is moreover a smooth Riemannian orbifold.
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The Hirzebruch signature theorem for orbifolds [Kaw81] states that,

(M) = f IWHI?dV, — n(S*/T), (2.11)
M

1272

and 1n(S°/I') is the n-invariant of the signature complex, which for a finite
subgroup I C SO(4) acting freely on S3, is given by

n(S3/I) = Z ( (y)> ot(s(zy)), 2.12)

y;&IdeF

where r(y) and s(y) denote the rotation numbers of y € I'.
The Chern—Gauss—Bonnet theorem for orbifolds [Kaw81] states that

x(M) = ! ||W||2 1|E|2+ Lg2)av, +(1 ! (2.13)
872 2 24 8 r)’ '
where E denotes the traceless Ricci tensor, and R denotes the scalar curvature.
Using (2.11) and (2.13), we obtain

2x(M) —3t(M) = 412 <——|E| +LR >dV§

24
+2<1 — |_11“|> +3n(S3/I). (2.14)
Define the quantity
C(X):2)((M)—3r(M)—2< —%) —3n(S$*/I). (2.15)
Then we obtain
C(X) < 96]712 MRZdVg,. (2.16)

We note that the conformal class is of positive type, thatis, Y (M, [¢]) > 0 [AB04,
CLWO08]. If there exists a minimizing solution of the Yamabe problem on the
orbifold (M, [£]) then since the scalar curvature is constant we obtain the lower
estimate on the Yamabe invariant.

Y(M,[8]) = 4vV6r/C(X). (2.17)

If there does not exist a Yamabe minimizer, then the estimate of Akutagawa and
Botvinnik [Akul2, AB04] says that the Yamabe invariant must be maximal

8V6 -
VIIT

Y(M,[g]) = (2.18)
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In either event, if C(X) > 0 we have that the Yamabe invariant is strictly bounded
below by a positive constant. From (2.17), we have

172
/uﬂgudV§24\/E7ﬁ/C(X){/ u4dV§} (2.19)
M M

for any u € C*°(M), where

is the conformal Laplacian.
Writing g = v?g, we have the transformation formula

Oz (u) = v*3Dg(uv). (2.21)
This yields
172
/ fOfdVy > 4«/871\/C(X){/ f4dVg} : (2.22)
M M
Since g is scalar flat, J, = —6A,, so we obtain the L2-Sobolev inequality
172 \/6
f“dV} < —/ IVfI*dV,, (2.23)
{/x ¢ 47/C(X) Jx

for all f € C(X).

Note that since M = X U {pt}, we have x (M) = x(X) + 1. Also, since the
orientation is reversed, we have t (M) = —7(X). Since (X, g) is Kédhler ALE, we
have b;(X) = 0. Therefore,

2 3
C(X):Z—bz(X)+ﬁ—3n(S /). (2.24)

Therefore, we have the following:

PROPOSITION 2.6. If (X, J, g) is an ALE SFK metric with C(X) > 0, then there
exists a constant v > 0, depending only upon X, such that V(g) > v.

Proof. The above argument shows that there is a uniform L2-Sobolev inequality.
The lower volume growth estimate follows from this by a standard argument,
see [Heb96, Lemma 3.2]. O

For any component JM, we define C(JM) to be C(X), where X is
diffeomorphic to a smooth fiber of the component 7 (noting that any two
such fibers are diffeomorphic).
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2.5. Cheeger-Gromov convergence. We begin this subsection with the
following notion of convergence.

DEFINITION 2.7 (Pointed Cheeger—Gromov convergence). A sequence of Kidhler
manifolds (X;, g;, Ji, x;) converges to a Kihler orbifold space (Z, g, J, z) in
the pointed Cheeger—Gromov sense if (X;, g;, x;) converges to (Z, g, z) in the
pointed Gromov—Hausdorff sense, and there exists a subset S = {py, ..., pn} C
Z which contains the singular set of Z, for any compact subset K C Z\ S
containing z, there exists diffeomorphisms v¥; : K — X;, such that ¥/g;, ¥/ J;
converges to g, J in C**(K)-sense, for some k, .

We refer to [And89, Ban90, BKN89, Nak94, TV05b, Tia90] for more details
on this type of convergence.

First recall the e-regularity theorem proved in [TV05a, TV08]. Let (X, g) be
a complete scalar-flat Kéhler 4-dimensional manifold, with a local volume ratio
lower bound v > 0, that is, vol(B,(x)) > v - r* for any |r| < 1. In [TV05a,
Theorem 1.1], by studying the PDE system with a Moser-iteration type argument,

A, Ric = Rm * Ric (2.25)
AgRm = L(V;Ric) + Rm % Rm (2.26)
the authors proved that there exists an ¢, = ¢€y(v) > 0, such that if

Jx\ Brooy IRM(@17dV, < €, then there exists C = C(v) > 0, such that
[Rm(g)|l < C-r~20on X \ Bg(x,), where x, is a point in X, Bg(x,) is the geodesic
ball centered at x, with a radius of R. Note that the argument in [TV05a] required
a Sobolev constant bound, but this was weakened to only a lower volume growth
assumption in [TV08]. Furthermore, by Kato’s inequality and a further analysis
of the connection form, for any —2 < —u < —1, for any positive integer k, there
exists C' = C'(v, k) > 0, such that, on X \ Bg(x¢), [VPRm(g)|| < C'-r=27#7k,
We call the €, above the ‘energy threshold’.

By the proof of [BKN89, Theorem 1.1], there exists a harmonic coordinate on
the universal cover of X \ Bg(x), which provides an ALE coordinate

H : X\ Br(xg) > R*/I, 2.27)

and constants C” = C”(v, k) > 0, such that
109 (H.g — gruc)| < C" - 77", (2.28)
Note that the harmonic coordinates are technically defined on the universal cover

X \ Bg(xo), which is a mapping H : X \ Bg(x;) — R* defined by harmonic
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functions of ‘linear growth’. However, by the rigidity of harmonic coordinates
proved in [Bar86, Corollary 3.2], for any y € I', y*H = y - H, where in the
latter formula y is considered as a linear map in SO(4). This implies that H is
I"-equivariant and can descend to a map H : X \ Bg(xo) — R*/I".

DEFINITION 2.8. An energy concentration point x,, € X is a point such that
for any § > 0, there exists x; € X; with x; - x, (in the Gromov—Hausdorff
distance), and such that

/‘ IRm(g)|*dVy > e, (2.29)
Bs (xi)
where € is the energy threshold.

We next define a stronger notion of pointed Cheeger—Gromov convergence in
the ALE setting which includes the convergence near co.

DEFINITION 2.9. Let (X;, J;, gi, x;) be a sequence of ALE Kihler surfaces,
where each g; is asymptotic to gg, of order O ™) (-2 < —u < —1)
with respect to a fixed ALE coordinate. We say the sequence {(X;, J;, g, x;)}
converges in the sense of ‘pointed Cheeger—Gromov with a uniform ALE
asymptotic rate of order O(r—*)’ if there exists an ALE Kéhler orbifold (X,
Joos 8oo» Xo0)s Where py, ..., p, are ‘energy concentration’ points in X, such
that
(Xi, JI-, g, xj) pointed Cheeger—Gromov (XOO, JOO, oo, xoo)

forany k € Z>(,0 < a < 1, and for any § > 0, when i is sufficiently large, there
exists a diffeomorphism

Yit Xoo \ |_| Ba(Pj) - X;

1<j<m

such that ”1//1*81 - goo||c’iv;j(goo) < E(l | ka 5)3 ”1//,*‘,1 - J"O”C’iﬁ(goc) < E(l | k’ 8)

Note that if a sequence converges in the above sense, then X, has end
diffeomorphic to R*/I" with the same group I” as for X;. Also, for each ‘energy
concentration” point p above, there exists a sequence of points p; € X;, where
11510 |Rm(p;)llcoe,) — 00. We also remark that p may not strictly be an orbifold
1

point, since the ‘bubble’ appearing at p could be Ocpi(—1) with the Burns
metric [Bur86, Cal79].

LEMMA 2.10. Consider a sequence of ALE SFK metrics (X;, J;, g, x;) which
are ALE of asymptotic rate O((r™") with respect to a fixed ALE coordinate,
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where =2 < —u < —1. Assume that:
(1) the spaces X; are diffeomorphic to a fixed space X;

(2) there exists a constant v > 0, independent of i, such that Vol(B,(x, g;)) >
v-r*foreachx € X and0 <r < 1;

(3) there exists R > 0, such that fxi\BR(thi) |Rm (g% dV,, < €0/2, where
Br(x;, g;) is a geodesic ball with respect to the metric g;.

Then up to a subsequence, (X;, J;, g, x;) converges to an ALE SFK orbifold (X ,
Joos 8oo» Xoo) in the sense of pointed Cheeger—Gromov convergence with a uniform
ALE asymptotic rate of order O (r ).

Proof. For convenience, in the following of the proof, C is denoted as a positive
constant with value that may vary line by line. If C depends on the subscript i
(index of the sequence) (or the superscript k (degree of regularity)), we specify it
as C = C(i) (or C(k)).

The Hirzebruch signature theorem for an ALE SFK metric states that,

1
1272

T(X) = — / IW=I?dVy +n(S*/T), (2.30)
X

and the Chern—Gauss—Bonnet theorem in this setting [Hit97, Nak90] states that

(X) = ! [w-|? 1|E|2 dV, + ! (2.31)
X =502 ], 2 s '

Consequently, if the group I” is fixed, and all of the spaces are diffeomorphic,
then there exists a constant C so that

/ IRm|} dV; < C. (2.32)
X

By (2.27), there exists an ALE coordinate H; : X; \ Bg(x;) — R*/I", such that
10" (H; .81 — grue)| < C(k) - r™"7F, (2.33)

where we can choose —v between —2 < —v < —pu. By our assumption of
lower volume growth, by [TV05b, Theorem 1.1] and [TV08, Theorem 1.3], up to
a subsequence, (X;, g;, x;) converges to (X, &oos Xoo) 1N the pointed Gromov—
Hausdorff sense. Since J; is parallel with respect to g;, it is easy to see that
there is a limiting complex structure J,,. Moreover, using [TV0Sb, Theorem 6.1],
the limit (X, Joo, &> X0) 1S an ALE SFK orbifold. Without loss of generality,
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assume X, is the only energy concentration point in X,. Then for any § > 0,
R > § > 0, there exists a diffeomorphism

‘ﬁi/ P Asor(Xs0) = X (2.34)

such that ¢/*g; - 8- For a R large enough (with its specific value to be
determined later), there exists an ALE coordinate

7Tt Xoo\ Br(xs) = R/ T (2.35)

such that |0® (7,85 — grue)| < C(k) - r~"7*, where r is the Euclidean distance to
the origin. Since on As sz (xx), ¥,"g; converges to g, smoothly, for each €’ > 0,
by choosing R large enough, and when i is sufficiently large,

Hoylon'=A + Q; (2.36)

where A; is induced from a subgroup of SO (4) acting on the universal cover of
R*/I", |Q;| < €. Since A; is induced from a subgroup of SO (4), Ai_1

X; \ Br(x;) — R*/I is still an ALE coordinate with the same asymptotic rate.
Then we can extend ¥/ to a diffeomorphism v; from X \ Bs(xs) to X; \ Bs(x;)

by defining
¥ on Aj g (Xo0)
vy = H'oAom on Xo \ Bag(xs0)

(l—x(r(x)>>1ﬂ + x <r(x)>H Y'oAjomr  onAgar(xs),

where x : Ryyp — Ry is a nondecreasing smooth function, x(¢) = 0ifr < 1,
x (@) = 1ift > 2, r(-) is the distance to x,, with respect to the metric g.,. Since
—v < —u, for any €’ > 0, we can fix a constant R > 0 large enough, such that,
when i is sufficiently large, Vg — gooll CE Ko By ) < €’. The convergence
of the complex structure follows from the convergence of the Riemannian metric,
using the same argument as in (2.5). O

(2.37)

2.6. Bubble trees. The degeneration of convergence at ‘energy concentration
points’ can be understood through a process called ‘bubbling’. The sequence
(X;, gi,x;) in Lemma 2.10 converges to an orbifold limit (X, goo, Xoo). By
studying different scales of convergence toward the energy concentration point
X0, there is a ‘bubble tree’ structure which captures the topological information
that ‘disappears’ in the orbifold limit.
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At any energy concentration point, we choose the smallest fixed § > 0, and
r; — 0, such that in B;s(x;)

€
/ |Rm(g)I*dV, = 2. (2.38)
Bs(xi) \ By, (xi)
The rescaled sequence
, 1
(Yi, gi» yi) = Bﬂx»,;gghxi (2.39)

then converges to an ALE orbifold limit (Y, g, Y) in the pointed Cheeger—
Gromov sense, where the limit is called the ‘first bubble’. For any energy
concentration point p € Y, in the rescaled limit, there exists a sequence of points
p; € Y; that converges to p, and high curvature regions By (p;) C Y; for some
8’ > 0, and r/ — 0, such that

€
/ IRm(g)IPdVy = =, (2.40)
By (p)\ B,/ () 2
and the rescaled sequence
" 1 /
(Zi9 givzi) = Bs’(pi)s ngi Di (241)

converges to an ALE orbifold (Z., g7, Zs). The limit (Z., g/, 2s) is called a
‘deeper bubble’ to the previous bubble (Y, &, Yoo)- Iteratively, for each energy
concentration point in a bubble, we can consider the rescaled limit (by energy
scale) and obtain an ALE orbifold limit as a deeper bubble. Since the total energy
is finite and each deeper bubble loses a definite amount of energy, there are at most
finite iteration steps. The smooth bubbles with no energy concentration points are
called the ‘deepest bubbles’. By gluing each deeper bubble to the corresponding
singularity in the previous bubble, we obtain a topological space which is called
the ‘bubble tree’. The bubble tree is homeomorphic to B;(x;) for i sufficiently
large. We refer the reader to [Ban90] for a more detailed description of the
bubbling process in the Einstein case, and [TV05b] for the SFK case.

If the bubble tree has only 1 branch, then the original manifold X; for i
sufficiently large is diffeomorphic to X #Y #Y,#---#Y,, where Y| is the first
bubble, and Y, is the deepest bubble. The notation # stands for a generalized
connected sum, which is obtained by attaching the boundary of a truncated ALE
space onto the boundary of a punctured neighborhood of an orbifold point. By the
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Mayer—Vietoris sequence, it follows that

by(X;) = by (Xoo) + Y _ ba(Yh). (2.42)

i=1

A similar formula holds in the case of several branches.

In general, there can be energy concentration points which are smooth points
of the limit space. In this case, the first bubble will be an asymptotically flat (AE)
orbifold, that is, an ALE space with I" = {e}. While these types of bubbles can
certainly appear in general, one can rule out such bubbles which are topologically
trivial.

LEMMA 2.11. If (X, g, J) is an AE SFK orbifold with by(X) = O, then (X, J) is
biholomorphic to C? and g is the flat metric.

Proof. Consider the minimal resolution of ()N( , J ) of (X, J). By a basic local
gluing argument on the level of Kihler potentials (see [AP06] and also [ALM14])
we can glue on Lock—Viaclovsky ALE metrics (see [LV19]) on resolutions at
the orbifold points to show that this resolution admits an ALE Kihler metric.
By [HL16, Proposition 4.3], (}? T ) is biholomorphic to C* blown up at finitely
many points. Since b,(X) = 0, this implies that X is obtained from X by blowing
down all possible holomorphic curves, and is therefore biholomorphic to C?. The
Hirzebruch signature theorem for an AE SFK metric states that,

1
X)=— w=*dV,, 2.43
(0= fX W IR dv, (2.43)

since 7(C?) = 0, this implies that W~ = 0. The Chern—-Gauss—Bonnet theorem in
this setting states that

1 1
X)=— WP = Z|E* )dV, + 1, 244
x (X) 82 X<|| "= 3 |> ¢t (2.44)
and since x (C?) = 1, this implies that E = 0, and consequently g is flat. (|

3. Compactness I. Convergence of birational structure

In this section, we investigate more closely the pointed Cheeger—Gromov
convergence of the sequence of metrics in Theorem 1.5. By results of Tian—
Viaclovsky discussed above in Section 2.5, a subsequence converges to an ALE
SFK metric. The main issue here is there could be a ‘jump’ of complex structure
at the limit, or a ‘jump’ of birational type of the limit, even if every metric in the
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sequence is biholomorphic. For example, if we rescale down an ALE SFK metric
on a Stein surface X by r? - g, r; — 0, the pointed Cheeger-Gromov limit is the
flat cone C?/I". This limit is not birationally equivalent to X since X is Stein
and smooth. However, note that in the setting of Theorem 1.5 with fixed complex
structure and varying Kéhler classes, such rescaling is excluded. Note also that as
of yet, we do not know that the convergence is uniform at infinity, which is what
we prove next (we do not even know yet that the group at infinity of the limit is
the same for the limit as for the sequence).

Let ¥ : X\ K — R*/I" be an ALE coordinate of order O(r~*) for (X, J,
8o, Xo), Wwhere —2 < —p < —1. Recall as discussed in Section 2.3 above, there
exist holomorphic functions u!, ..., u" satisfying certain polynomial relations
that determine the birational type of (X, J). To prove the convergence of the
birational structure, we need to show convergence of u/ in a strong sense after
the uniform Cheeger—Gromov diffeomorphism is applied.

PROPOSITION 3.1. Let (X, J, g;) be the sequence of ALE SFK metrics as in
Theorem 1.5 with group I' at infinity. Then there exist base points x; € X such
that the following holds:

(1) Up to a subsequence, (X, J, gi, x;) pointed Cheeger—Gromov converges with
a uniform ALE asymptotic rate of order O(r™") to an ALE SFK orbifold
(Xoos Joos &cos Xoo)- In particular, the group at infinity of the limit is also I.

(2) The limit space X, is birationally equivalent to X.

(3) There exists a constant R > 0, such that all holomorphic curves are
contained in geodesic ball Bg(x;, g;) when i is sufficiently large.

Proof. By the convergence results discussed in Section 2.5 above, for any
sequence of basepoints x; € X, there exists a pointed Cheeger—Gromov limit

(Xa ‘]7 gia-xi) - (X(XHJOO’ g007-x00)' (31)

Without loss of generality, we can assume that x, is the only energy concentration
point in the limit X, and that x; is chosen so that sup, (]| Rm(g;)|l¢,) is obtained
at x;.

First, let us assume the sequence {(X, J, g;, x;)} has a uniform ALE energy
bound, that is, that the assumption (3) in Lemma 2.10 is satisfied. (We then prove
below that this assumption is necessarily satisfied). Under this assumption, by
Lemma 2.10, there exist diffeomorphisms

Vit Xoo \ Bs(Xos) = X (3.2)

https://doi.org/10.1017/fms.2019.42 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.42

J. Han and J. A. Viaclovsky 22

such that, || g; _goo||ci;j(gx) <e€(|k,0),v:J— JOO”C’iﬁ(goc) < €(i | k, 8), for
-2 <—nu<-—-1

Under this assumption, we next analyze the birational structure of the limit
space. Recall that, for each (X, J, g;, x;), there exists a harmonic coordinate
H; : X\ Bg(x;) — R*/I', under which H;,g,;, H;,J are asymptotic to gguc, Jruc
uniformly of rate O (r ). In the following, we fix an R > 0, and consider (H,,g;,
H;,J) on the fixed space Ag (0) C R*/I". Furthermore, all the norms used in
the following are over the space Ag (0).

Recall the construction in Section 2.3. Since (X, J) is a Kihler surface with
an ALE coordinate ¥, X can be compactified analytically to X, and there exist
holomorphic functions u', ..., u" that determines the birational structure of X,
obtained from holomorphic sections on X. Define the degree of a function f on
X with respect to the coordinate ¥ as

log(sup,,cs, | f (W“(p))l)>
log(r)

dy(f) = lim ( (33)
where 7 is the gg,-radius and S, is the r-sphere centered at {0} in Ag .(0).
For each u’/ above, dy (u’) is finite. Then we can rearrange u', ..., u" in the
increasing order of dy, and we have positive integers d|, .. ., d;, such that there
are n;th many elements among ', ..., u" that have degree of d;, and d; < d; 1,
le:] n; = N. Define ‘H as the C-algebra of all holomorphic function on X of
finite dy -degree. We can assume {u', ..., u"} is a minimal set of generators of .

In a similar fashion, we can define dy_ for holomorphic functions on X ,, with
respect to the ALE coordinate H,, on X . There exist holomorphic functions u;o,
..., uY on X, which comprises a minimum set of generators of the C-algebra
of holomorphic functions on X, of finite dy_-degree.

We claim that I, = [,n}® = n;,d;® = d;. This follows by constructing the
deformation to the normal cone for both X and X, as described above in (2.10).
The line bundle L is deformed to L along the deformation as t — 0. Since H°(D,
L") ~ H(D, L¥), there exists s; € H(C(D), L") that corresponds with s;. The
normal cone C (D) admits a flat conical metric g, so we can define the degree d j
foreachu/ =s /8 1n a similar way. The metric cone (C(D), gc) is the tangent
cone at infinity of (X, go) and u’ is the scale-down limit of u/, so it follows
that d; = d;, and consequently n; = n;,[ = [. Applying the same argument to
(X, Jx) proves the claim.

Next, we study the convergence of the generating holomorphic functions. Let u
be a holomorphic function on X with dy (#) = d;, which is the lowest degree of a
nonconstant holomorphic function. Since ||Hi*”||c§-l”‘ (Hivgi) is finite, there exists a

sequence of positive constants ¢;, such that on Az «(0), || H;.(c;iu) ||c[}'”< I 1.
o (Hisi
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Up to a subsequence, H;,(c;u) pointwise converges to a limit function w, because
on any annulus Ay »«+1£(0), the usual Holder norm is uniformly bounded. We next
use elliptic theory to refine the convergence.

Choose Ay, -harmonic functions Ay, ..., h, of dy_-degree d;, such that for
any function which is Ay, -harmonic and of dy_-degree d, its leading term
can be represented as a linear combination of hy, ..., h,. Since H;,g; converges
t0 Hao,8o0 in any C* i-norm, for any C? function f, we have the pointwise bound

[(Abisgn = Aig) f1 < €@ - Vi o FIHT" Vi o fD, (34)

where €(i) — 0 as i — oo, and for any function f with bounded CVZ’“(HOO* 8oo)-
norm, we have

1(Any, g0 — AHi*gi)f||cng72(Hw*goo) <e@|v)- ”f”c}“(Hw*gw) (3.5)

where €(i | v) — 0 as i — oo for each fixed weight v. By the classical elliptic
estimate in weighted norms (see [Bar86]), we have

||f||C2i‘X(Hoo*goc) <C- (”f”CSiu(Hoo*goo) + ”AHm*gxf||c2~l“72(1-100*g00))~ (36)

d

(Hw,go) s uniformly

< C for some uniform

Since H;,(c;u) is Ap, ,-harmonic and | H;,(c;u) ||C3,la
bounded, the above estimates imply || H; . (c;u)|| 2 (Hongo0)
C > 0. In particular, by estimate (3.5), and the invertibility of the Laplacian on
the complement of a ball, there exists a function & € C 2 (Hoo.850), such that

di—p
Apy,bi = Ahy, g (Hiy(ciu)) and
”%-i”C‘ZIi‘:#(HDO*gOC) < C- ||AHOO*gm[_Ii*(CiM)”C(‘I)«I"‘_H_z([_]x*gm) < C- E(l | dl) (37)
By existence of harmonic expansions, we have the decomposition

H (ciu) =§ + Zai,jhj +v; (3.8)

j=1

for some functions v; on Ag »(0). Then by the estimate of H;, (c;u) above and
||§i||c,2,i“(Hoo*goo) <C- ”‘i:i”c‘j«l‘iu([-]m*gm) <C- E(l | dl)v (39)

we have Z'j’;l la; ;| < C for some constant C > 0, and there exists finite

limit a; = lim;_,a;; for each 1 < j < m. Furthermore, v; is a Ay_ . -

harmonic function with degree dy_(v;) < d,. By the elliptic estimate (3.6), for

0 <€ <1, we have ||vi|| .2« < C for a uniform C > 0. Since le"if,(HOO*goo)
dy—€'
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is compactly embedded into CSI’“ (Hoox8x), We have v; converges strongly in
1]7-1:1 ai jh;, &
converge strongly in Cgl’“(Hoo* 8co)-norm on A «(0) as i — oo. This implies

0,
di

Cg;“ (Hwo48o0)-norm on Ag ~(0). Then by the analysis above, v;,

that H;,(c;u) converges to a limiting function w strongly in C;* (Hy &0 )-N0Orm,

which satisfies

1—€< ||w||cgia <l+e (3.10)

(Hoox800)
for some small € > 0. By the convergence of the metric and the complex structure,
we also have wis Ay, -harmonic and H, Jo-holomorphic on Ay ., (0). Since
X« 18 a one-convex space, w can be extended to a holomorphic function on X .
Recall that u is a nonconstant holomorphic function of finite degree on X, and the
zero locus of H;,(c;u) is a H;, J-analytic subset which intersects with any annulus
A, »,(0) nontrivially for r large enough. This implies that inf,_, ) |w| = 0. Since
lwl] O (o) 1—e, we have w is a nonconstant Ho,, Jo-holomorphic function
on Ag.«(0). Since ||w||03] (Ha,go) 18 Dounded, and d, is the lowest possible dp, -
degree for a nonconstant holomorphic function, we have dy_(w) = d, and
> il > 0.

Next, we want to show that there exists some positive constant C > 0, such that
% < lej| < C for i sufficiently large. By the convergence of &, ) "_, a; jh;, v; as
above, the d,-degree term of H; (c;u) — w — &; can be represented as Zjl: i jhj,
where b; ; — 0 as i — oo. Then for i sufficiently large, the d,-degree term of
H;,(c;u) ‘approximately’ equals to the d,-degree term of w. Define the ‘growth
ratio’ for any Hy, Joo-holomorphic function 4 on Ag - (0) with dy_(h) = d by

Iy, (h) = lim (sup |h(—5”> (3.11)
r=>00\ pes, r

It is not hard to see that I (w) is well defined and 0 < I, (w) < oo unless w is
trivial. Similarly, we can define I, and I, for H;,J-holomorphic functions and
W, J-holomorphic functions with respect to the corresponding coordinates. By
the approximation above, Iy_(w) =~ |¢;| - Iy, (H;,u). Since g; is an ALE Kéhler
metric over both the ¥ and H; coordinates, by [Bar86, Corollary 3.2],

H; = A, - ¥ + lower order term, (3.12)

where H;, ¥ are the universal covers of the coordinates, and A; € U (2). It follows
that Iy (Y,u) = Iy, (H;,u), and since the harmonic coordinate H; converges to
Hy, we also have Iy, (H; ,u) = Iy_(H;,u). Then we have Iy_(w) ~ |c; |1y (Y,u).
Since 0 < Iy (Y,u) < oo, there exists a constant C > 0, such that for i sufficiently
large, é < |¢i| < C.
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As a result, without loss of generality, we can assume ¢; = 1, and up to a
subsequence, H; u converges to a H,,,J,-holomorphic function w strongly in
Cgl’"‘(AR,oo(O), Hy.8)-norm, and dy,_(w) = dy(u) = d;. Then for generators
u', ..., u™ of holomorphic functions with dy-degree d;, up to a subsequence, the
functions H;,u', ..., H;,u™ converge to H.,,, Jo,-holomorphic functions w', ...,
w" of dy_-degree d;.We claim that w', ..., w" are C-linear independent, and
are therefore generators of H,,Js-holomorphic functions of degree d,. To see

this, if there was any linear relation ZT:] Cj w’ = 0, then for i sufficiently large,

> eiHul = Hi*< cjuj> (3.13)
j=1 j=1

would be very small pointwise for all » sufficiently large, which is a contradiction

to the linear independence of u', ..., u™.
Next, let # be a holomorphic function on X with dy (1) = d,. Without loss of
generality, we can assume u ¢ C[u', ..., u"]. There is a sequence of constants

¢; > 0 such that on Ag o (0), | H;,(ciu) ”CS;‘(H,»*g,-) = 1. A similar argument to the

d;-degree case shows that H; (c;u) converges to a limit function w strongly in
ng’”(HOO*goo)-norm. Then
<l+e (3.14)

l—e< ”w”c;);‘wmgm)

for some small € > 0, which clearly implies that dy_(w) < d,. We claim that
dp, (w) = d,. To see this, assume by contradiction that dy_(w) < d,. Since any
holomorphic function of dy_-degree smaller than d, is generated by holomorphic
functions of dy_-degree d,, there exists a polynomial F, such that w = F (w',
...,w"), where w', ..., w™ are holomorphic functions of degree d; and each
w’ is the limit of the sequence H;,u’ as proved above. Then we have

llei - Hiyu — F(Hpu', ... ™) || o -0 (3.15)
d

(Hoox800)

asi — ooon Ag (0). Let V(u) be the zero locus of u on X, which is an analytic
closed subset and not contained in any compact subset. Since u ¢ Clu', ..., u™],
for some small €’ > 0,theset S = {x € V(u) : |F(u',...,u™)| > €'} is nontrivial
and not contained in any compact subset. For a fixed annulus A, ,,(0) C Ag »(0),
there exists a sequence of points p; € H;(S) N A,2.(0), and p; — ps €
A,»(0). Then |H;, (c;iu — F(u',...,u™))|(p) > €'/2, which contradicts with
|H; (ciu—Fu', ... u™)) ||C2,a(ngw) = 0 on Ag, «(0). This contradiction proves
that dyy_(w) = db. ’

Similarly to the degree d; case above, by analyzing the d,-degree term of
¢; - H;,u and w, it follows that there exists a constant C > 0 such that for i
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sufficiently large, % < |c;| < C. Without loss of generality we can assume that
¢; = 1, and up to subsequence, H;,u converges to a holomorphic function w
of degree d,. Then for u™*!, ..., u™*", which are generators of holomorphic
functions of degree d, on X, up to a subsequence, H; u™*!, ..., H;u"m™"
converge to holomorphic functions whtl w2 which are generators of
H J-holomorphic functions of degree d; on Ag «(0).

By an inductive procedure, the above arguments prove that, up to a

subsequence, the functions H;,u', ..., H;,u" converge to H,,,J,-holomorphic
functions w', ..., w" of the corresponding degrees. Note that for any polynomial
relation F(u', ..., u") = 0, by the convergence of u’/, F(w', ..., w") = 0. Each

w/ can be pulled back to X, \ Bg(xs) and extends to a holomorphic function on
the one-convex space X, which is still denoted as wi.

Define
R(X)=Clu',...,uM ~C[x",...,x"/T (3.16)
R(Xy) =Clw', ..., w"] ~C[x', ..., x"]/Z, (3.17)
where C[x!, ..., x"] is the coordinate ring of CV. By the paragraph above,

T C Z, so there exists a well-defined ring homomorphism from R(X) to
R(X ) by mapping each u’/ to w’/. We claim that this ring homomorphism is an
isomorphism. To see this, assume that w!, ..., w" satisfy a polynomial relation
Fw',...,w") = 0. Consider the function F = F(u',...,u"), which is a
holomorphic function on X. If F is not identically zero, then let dy (F) = dr > 0.
By the strong convergence of u/ proved above, H;,F converges to a Hy,,Joo-
holomorphic function G on Ag (0) in CS;“(Hw*gm)—norm. Since Iy (H; . F) =
¢ > (s a positive constant, by the CS’F"’—convergence, we have |G || €O (Hrgoc) > 0.

However, by the convergence of u/, G = F(w',...,w") = 0, which is a
contradiction. Therefore, u', ..., u" satisfies the same polynomial relation F and
R(X) is isomorphic to R(X,). Since the affine space Spec(R(X)) is isomorphic
to the image of X in CY under u = (u', ..., u"), the ring isomorphism implies
that w = (w', ..., w") embeds X, \ Br(xs) into CV and consequently X, is
birationally equivalent with X.

For the third part of Theorem 3.1, if there exists a holomorphic curve E
that is not contained in the geodesic ball Bg(x;), then on E N (X \ Br(x;)),
the holomorphic functions u’ are constant for 1 < j < N. However, this

contradicts with the fact proved above that u = (u', ..., u") embeds X \ Bg(x;)
into CV. Thus all holomorphic curves are contained in the geodesic ball B (x;) for
each i.

To finish the proof of Proposition 3.1, we need to prove that the assumption (3)
in Lemma 2.10 is necessarily satisfied. To prove this, we argue by contradiction.
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Let r; be the radius such that IRmlr2x\ B, vy = €o/2. If assumption (3) in
Lemma 2.10 is not true, then r; — oo asi — 00.

Consider the rescaled sequence (X, (1/r7)g;, x;). The rescaling preserves the
Sobolev constant and the L2*-norm of Rm. Then by Lemma 2.10, up to a
subsequence, (X, (1/r?)g:, x;) converges to an ALE space (X/_, g/, x.) in the
sense of pointed Cheeger—Gromov convergence with a uniform ALE asymptotic
rate. In the following, we first show that the limit space X/ is isomorphic to C*/I"

and g__ is a flat metric. Then we show that

IRmM (g 20\ i g = M ||Rm<%g,<) 2200y By .1rven = 62_0 G.18)
which would imply a contraction to flat limit metric.

In order to show that X/ is isomorphic to C*/I", without loss of generality,
we can assume that x_ is the only energy concentration point, since the case
of several concentration points is handled by a similar argument. Then for each
8 > 0, there exists a diffeomorphism

Vit X\ Bs(x,) > X (3.19)

such that ¥/*((1/r?)g;) converges to g/, smoothly in X/ \ Bs(x., ). We also have
Y/*J converges to J/, smoothly in X’ \ Bs(x/ ). Moreover, there exist harmonic
coordinates H/ for (1/r?)g;, H., for g/, and on a fixed annulus A -, (0) C R*/T",
H] (1/r?)g; converges to H. g/ . Consider the rescaled holomorphic functions
riut, o P u, where k; = dyy(u’) < kjy1 = dy (u/*"). Note that for the same
reason as stated before, X/ has the same spectrum of degrees of holomorphic
functions and each k; € {d,, ..., d;}. It is not hard to see that for holomorphic
function u/, IHI;(H[*(rf ‘u’)) is a positive constant. Then following the same
argument as used before, we start with the lowest degree k; = d; and we can
show that Hl/*(cirik 'u') converges strongly to a nonzero holomorphic function
on Ag(0) in C,?]’“(H;O*géo)—norm. Then since I (H, (ri"'u")) is a positive
constant and [ H,f(Hi/* (c,-r,-k 'u')) converges to a positive limit, there exists a C > 0
such that 0 < £ < ¢; < C and we can assume that ¢; = 1. Then Hi’*(rik‘ul)
converges to a holomorphic function w'" of degree k; on AR (0), which extends
to a holomorphic function on X and will be still denoted by w''. By a similar
iterative argument, we can show that for each holomorphic function u’ of degree
kj, Hi/*(rl-k "u’) converges to a holomorphic function w'/ of dy; -degree k; in
C,?/’_"‘ (H.,, g, )-norm. Let F(u',...,u") = 0 be a polynomial relation satisfied
by u',...,u". Denote F = F’ + F”, where F’ is the homogeneous highest-
degree term of F, and F” is the lower-degree term of F'. Then there exist integers
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p > p’ > 0, such that
0=r/F(H u', ..., H u") = F'(H }'u)), ... H (" u"))
" ’ ki1 kn N
+rl F'(H] (rj'u'), ..., H (r;"u")). (3.20)

Letting i — o0, since r; — 0, this implies that F'w', ..., w") = 0. Next, let
Fy, ..., F, be generators of polynomial relations satisfied by u', ..., u", and F I,
..., F, be the corresponding leading terms which are satisfied by wj, ..., w).
Assume w' = (w'', ..., w’") is not an embedding on X'\ Bg(x. ), where all
holomorphic curves contained in Bg(x. ) for R large enough. Then there exists a
polynomial relation P!, ..., w™) =0but P, ..., w") is not generated
by {FJf(w", R w/N)}lgjgm. Here P(ay,...,ay) is a polynomial of degree ¢,
where each parameter a; is a variable of degree k;. Then by the definition of F},
P is not the leading term of any polynomial satisfied by u!, ..., u". As a result,
P(W.u', ..., W,u") has nontrivial dy-degree g term. If not, we have P’ ...,
w'™) = 0, and by induction on the lower-degree polynomial P — P’, it implies
that P(w'', ..., w™) is generated by {Fj(w'", ..., w"™)}i<j<,, which implies a
contradiction. Then we have

inf sup [ 7P(H/ (rF'u"), ..., H (r™u™))|

>R pes, 0

= inf sup |[r “PWu',...,¥u") =C > 0. (3.21)

>R pes, (0)

The convergence of H/, (r,-k ’u’) implies the convergence of P(Hi/*(rik uhy, ...,
H] (rf*u™)) in C*(H/,,g}.)-norm, which implies that [P(w'", ..., w™)| > 0
and this gives a contradiction. Thus w’ embeds X/ \ Bg(x),) into C". Since w'!,
... w'" satisfy the polynomial relations F/, ..., F), X is birationally equivalent
to C*/T.

For the Kihler classes «; in the statement of Theorem 1.5, there exists a
sequence of smooth ALE Kihler background metrics w,;, where each w,; € «;,
and wj; converges to a Kéhler metric @, », € koo Smoothly with a uniform ALE
asymptotic rate. Let Wy, ..., W, be smooth 2-cycles in X, and let [W1], ..., [W,]
be a basis of H,(X, Z). The Kihler class of w; can also be parameterized by
le_ w; (1 < j < k). For the rescaled sequence, as i — 00,

1 1
/ —Sw; = / —wp; = 0 (3.22)
w; T w; i

foreach 1 < j < k.

If X/ is not isomorphic to C?/I", then there exists an effective Weil divisor
D in X/_, which may pass through the energy concentration point x/_. Since D is
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. - , . . . ,
holomorghw, the restriction of @, on D is definite positive, and [, \Byxt) @oo > 0.
Let f: X/, — X bethe mil}jmal resolution, E; (1 < j < 7') as the exceptional
divisors over x_, and denote D as the proper transform of D. Our immediate goal

is to find a homology class [o] € Hz()?;o, 7)) which is a nontrivial class in the
image of the inclusion map

L, Hy(X. \N.(E")) — Hy(X'_,7Z), (3.23)

where E' = U;Zl E} and N.(E) denotes a tubular neighborhood of E (with
respect to any reference metric), which can be identified with a disc bundle in
the normal bundle of E’, and € > 0 is small. For simplicity, we can assume
that E' is connected and intersects D in a single point, because the following
argument will also work in the most general case with minor modifications.
We can assume D is irreducible, so that D is a single rational curve (since we
only need to find a single homology class which works). Define the open sets
U = Ny(E), V = )?QO\NG(E/). Then U N V deformation retracts to S/
where I' is a finite subgroup of U(2) acting freely on S>. Note that H,(S*/I") =
/[T, I'] is a finite abelian group. By the universal coefficient theorem,
H'(S3/I') = Hom(H,(S%/I'),Z) = 0. By Poincaré duality, H,(S*/I") =
H'(S3/I') = 0. Part of the Mayer—Vietoris sequence in singular homology with
Z-coefficients is then

0 —— Z/ & Hy(V) —2 Hy(X.) —— H/(UNV)= T[T, T,
(3.24)
since H,(U) =7/, H,(UNV) = H,(S?/I") = 0, and where 8 is the sum mapping.
The divisor class [l~)] is a generator in Hz(xgo). From (3.24), the class [m[)] =
B(cy, c2), where ¢y € Hy(U), and ¢, € H,(V), where m = |I'/[I", I']|. We know
that the classes [E;.] € H,(U) map to generators in Hz()?gc), under inclusion, so
we have

[mD] =) b;[E[1+ B0, ca), (3.25)
J

where b; € Z. Rearranging, we have

BO.c) =[mD]— Y bi[E}]. (3.26)
J

The right hand side is therefore the nontrivial homology class we were seeking
which is in the image of t,.

The upshot of this discussion is that we can find a representative o of the
homology class of [m D] - ;bilE 1 whose image avoids a tubular neighborhood
all the divisors which get blown down. Such a representative is a finite linear
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combination of 2-simplices, 0 = ) a;0;, where
o;: A* - X\ \N.(E), (3.27)

with b; € Z and, where A? is a standard 2-simplex. Note that we can assume
that o; is a smooth mapping since singular homology with continuous chains is
isomorphic to singular homology with smooth chains on any smooth manifold.

By the gluing method used in the proof of 2.11, there exists a Kahler form @
on X/, such that the restriction of @ on X ' \ Ns(E’) equals to f*w/_, and with
respect to which the divisors E; have arbltrarlly small area. Note that we can
choose € so that f(N.(E")) is contained in Bs(x._ ). Then we have

/5):/ @>T/5)>T ., > 0. (3.28)
I [mD1-3; bj[E}] 2 Jp 2 D\ Bs(xly)

The diffeomorphism v, embeds X \ Bs(x. ) into X. Also, by the Mayer—
Vietoris sequence, H, (X \ Bs(x.,), Q) embeds into H,(X, Q). Therefore, we
can view the class [(¥/). f.o] as a class in H,(X, @), which is independent of i
when i is sufficiently large. Then

(W) ol =) q;[W;] (3.29)

1<j<k

where each g; € Q, and [W1], ..., [W,]is the basis of H,(X, Z) as defined above.
Then we have

f —a), > q,/ —wp; — 0. (3.30)
W} i

)*f*” i 1<j<k

However, by the pointed Cheeger—Gromov convergence, we have

1 1 l*)OO
/ —2601'=/ U 5o / /f /w>0
WD feo Ti fvo ri

(3.31)

which contradicts with (3.30). This implies that X/ is isomorphic to C*/I".
The Hirzebruch signature theorem for an ALE SFK orbifold with group I" at
infinity, and a single orbifold point p with group I,

t(¥) =— /T) = n(S*/T). (3.32)
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In our case Y = X/ = C?/I",so (Y) = 0, and since I" = I"’ this implies that
W~ (g.,) = 0. The Chern—Gauss—Bonnet theorem in this setting states that

(Y) = ! / W= |? 1|E|2 dv, + ! +1 ! (3.33)
A 2 ST ' '

]
Again, since Y = X/, = C*/I", we have x(Y) = 1, and this implies that E = 0.
Consequently, g/ is a flat metric.

To finish the proof, we next show the convergence (3.18). If there is no smooth
energy concentration point in X, then the sequence of highest curvature points
x; converges to the only singular point, which is the vertex of the cone. As a
result, the metrics converge smoothly on X\ By,»(x.,, g..), and (3.18) is a direct
consequence of this.

LEMMA 3.2. There exists no smooth energy concentration point in X__.

Proof. Assume on the contrary that there exists a smooth energy concentration
point p € X/ _. Then there exists a sequence of points p; € X that converges to p in
the Gromov—Hausdorff topology. For i sufficiently large, there exists a§ > 0, such
that the geodesic ball Bs(p;, (1/r?)g;) is homeomorphic to the bubble tree that
‘bubbles-off” at p. Since p is a smooth energy concentration point, by choosing
8 > 0 small enough, Bs;(p, g..) is diffeomorphic to the standard 4-ball. Then
when i is sufficiently large, there exists a smooth function p; which is close to the
radius function of the geodesic ball B;(p;, (1/r?)g:), such that B(i, 8) := {p; < &}
C Bys(pi, (1/ rl?) gi), the boundary dB(i, §) is diffeomorphic to the standard 3-
sphere, and p? — &% is a strictly plurisubharmonic function near the boundary.
Then B(i, ) is a strictly pseudoconvex relative open subset in X. By [Nar62a,
Theorem 1], there exists a Remmert reduction that maps B(i, §) to a Stein space
B’(i, §), which contracts a compact analytic subset to isolated points in B’(i, §).
By the Stein factorization theorem [GR84], since B(i, §) is a normal complex
space, B’(i, §) is also a normal complex space. Then by [Nar62b, Theorem a],
any local holomorphic function in B’(i, §) can be extended to a global function
in B'(i, §). As a direct consequence, B’(i, §) can be embedded into a Euclidean
space. Furthermore, the boundary sphere 0 B(i, §) together with its CR-structure
I induced by the complex structure J can be embedded into B'(i, §). Then (d B(i,
3), I) is a CR-embeddable 3-sphere and [ is a small perturbation of the standard
CR-structure on 3-sphere. Then by [LLem94, Section 5], the Stein space enclosed
by dB(i, §) is smooth and is diffeomorphic to standard ball in C?. As a result,
B(i, 8) is obtained by iterative blowups of a 4-ball. Since p is a smooth energy
concentration point, by Lemma 2.11, the second Betti number of the first bubble
must be positive. Then the topology of B(i, §) is nontrivial, and there exists at
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least one (—1)-curve in B(i, §). However, this contradicts with the assumption
that X is minimal. ]

It follows from the above that (3.18) holds, which is a contradiction since g
is a flat metric. This contradiction finishes the proof of Proposition 3.1. O

4. Compactness II. The limit is birationally dominated by X

Recall that, (X, J) is a minimal complex surface, and g is a fixed background
Kéhler ALE metric, with Kihler form w,. Without loss of generality we can
assume that there is a fixed ALE coordinate system for g,

v:X\K— R*\B)/T, 4.1)
with go ALE of order —2 < —u < —land J — Jy € .-

As a result of Proposition 3.1, we have

pointed Cheeger—Gromov

(X7 gi? Jy xi) (XOO’ g007]005-x00) (42)

with uniform ALE asymptotic rate —2 < —u < —1, that is, the sequence
convergence in the pointed Gromov—Hausdorff pseudo-distance, and for any
8 > 0, there exists a diffeomorphism v; : X, \ Bs(xo,) — X;, such that

CEOL Cioll . . . .
V'8 — 8oos Wi'J —> Ju, and (X, Joo) is birationally equivalent to (X,
J). Furthermore, as can be seen in the proof of Proposition 3.1, ¥ is common
ALE coordinate

v X\K — (R*\ Bg)/T 4.3)

where K is a compact subset of X, and By, is a Euclidean ball of radius R centered
at 0, such that for any i > 1, x; € K, and there exists some constant C(k) > 0
independent of i such that | W, g; — gEUC”Cf'Z(gEuc) < C(k), |W¥.J — JEUC||CA_-.§(gEuC) <
C(k).

REMARK 4.1. Without loss of generality, we may assume for the rest this section
that there is only one energy concentration point x,, € X. It is a straightforward
generalization to the case of multiple energy concentration points.

Before giving the proof, we first demonstrate the no singularity result in the
case when X is Stein by a simple topological argument.

PROPOSITION 4.2. If (X, J) is moreover assumed to be Stein then Theorem 1.5
is true.

Proof. By Proposition 3.1, X is birationally equivalent to X. Let 5(:; be the
minimal resolution of X,,. Blow down all (—1)-curves in X, to obtain a Stein
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surface Z. By Proposition 2.5, Z is biholomorphic to X. Clearly, we have
by( X)) 2 b:(Xoo) = ba(Z) = by(X), with equality if and only if X, ~ Z.
From (2.42), b,(X) = by(X). Then by (X) = by(X ) = b,(Z). This implies that
X o 1s isomorphic to Z, and thus X, is smooth. If x, is an energy concentration
point, then the first bubble Y, there is an AE SFK orbifold. But by the above
inequalities and (2.42), we would have b,(Y;) = 0. Lemma 2.11 implies that
Y; is biholomorphic to C? with the flat metric, but this is a contradiction,
since any bubble must have a point with nonzero curvature. Since there are no
energy concentration points, Theorem 1.5 follows (see Section 5.4 below for the
remainder of the argument). O

When X is not Stein, the vanishing of holomorphic curves makes the above
topological argument fail. Heuristically, the orbifold singularity in X, is formed
by the vanishing (in area) of some (real) 2-dimensional submanifolds in X which
represent some homology classes. When those submanifolds are holomorphic
curves, the vanishing of their areas implies the degeneracy of the Kihler form,
which leads to a contradiction. The difficulty is, a priori, the diffeomorphisms in
the pointed Cheeger—Gromov convergence could be far from being holomorphic.
They could map some submanifold in X which is far from being holomorphic to
a holomorphic curve in X,. As a result, the integral of Kihler form over those
submanifolds could be much smaller than their areas and one could conclude
nothing about the degeneracy of the Kihler form. Our strategy is to ‘chase’ the
submanifolds in X that homologically contract to form the singularity in X,
and show that they are ‘very close’ to being holomorphic. The fact that X is
birationally equivalent with X, plays an important role in our proof. Our first
theorem in this section deals with this difficulty. Roughly, it says that, when
i is sufficiently large, the error between the diffeomorphism ; in the pointed
Cheeger—Gromov and a holomorphic map is very small.

THEOREM 4.3. Consider the convergent subsequence in Theorem 1.5, where X
is assumed to be minimal,

pointed Cheeger—-Gromov

(X7 8i» J7 xi) (XOCM 8oos Joo, xoo) (44)

with uniform ALE asymptotic rate —2 < —u < —1. For any § > 0, there exists
a diffeomorphism ; : Xoo \ Bs(Xs0) = X, With ¥/ g; — oo, ¥7'J — Jo. Then
there exists a surjective bimeromorphism @ : X — X, that is, X is the minimal
resolution of X «, such that on X o, \ Bs(Xs)

19 0 i =it < €6 [ 8,6 45)

where dy is the highest degree among holomorphic functions u', ..., u".
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Proof. In the following proof we denote £ = ; E; as the union of exceptional
divisors in (X, J) and Eo, = |J ; E ; as the union of exceptional divisors in
(Xoos Io0)-

From Section 2.3, we know the complex structure J is determined by
holomorphic functions u',...,u" with polynomial growth rate on X that
satisfy certain polynomial relations. Therefore, we have a mapping

ax: X = Z, (4.6)

where Z C CV is a Stein space given by the image of the mapping 7x(p) =
' (p), ..., u"(p)). Note that 7y is the contraction of E.

Furthermore, by Proposition 3.1, (Y u', ..., ¥ u") converge to holomorphic
functions (u })0, R uévo) on X \ Bs(xs), which satisfy the same polynomial
relation(s) asu', ..., u". Since X, is one-convex, (u. , ..., uX) can be extended
to holomorphic functions on B;(x,,). Then we have a holomorphic map:

Tx, * Xoo = Z, .7

where mx _(p) = (ul (p), ..., ul (p)). The image is exactly Z because outside of
a large ball the mappings 7y, (X \ Br(xs)) C Z and the image of wy_ must be
isomorphic to Z by the proof of Proposition 2.5. Note that wy_ is the contraction
of E. ~ ~
Denote X as the minimal resolution of X, with the projection map 7 : Xoo —
Xo. Since X is minimal, and X, is smooth and in the same birational class,
Proposition 2.5 implies this existence of a surjective bimeromorphism

fiX.— X. (4.8)

We summarize all of the maps in the following diagram

Xoo —— Xoo \ 7 (By(xa0))

| I

X ¢———— X\ Bs(xo) 4.9)

Vi
[
TXoo
Z

Consider the mapping A = 7x o f o (mx_ om)™' : Z — Z.lItis easy to see this
mapping is invertible, and thus is an automorphism of Z. Since X is minimal, any
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automorphism of Z can be lifted up to an automorphism of X. Then there exists
an automorphism B : X — X, such that A~! o 7y = 7y o B. Redefining f to be

Bof:Xw— X. (4.10)
We then have
nxofo(my om)'=1d:Z— Z. 4.11)

Denote (E.), as the n-tubular neighborhood of E in X, with respect to goo.
Restrict f on X, \ E, then we have a biholomorphic map f : X, \ E onto
its image in X. As a result of this, by part (3) in Proposition 3.1 we can choose a
radius R > O sufficiently large so that the composite

Tii=mo f oy Xoo\ Br(Xso) = Xoo (4.12)

is well defined, since by the uniform ALE asymptotic rate, when R is sufficiently

large, any holomorphic curve contracted by f is contained in Bg(x).
By (4.11), we have

ri/znxwor,-on;:cznxow,»on;;:Z\UR—>Z (4.13)

where Up := mx_ (Br(Xx))-
We then have
lim 7/ = lim (x o ¥;) o | = 7y omy! =1d, (4.14)
I—00 I—00 =] %)
which implies that
Iim7, =1d: Xoo \ Br(xx) = Xoo, 4.15)
1—>00
where the convergence is in any ij}’v"‘-norm on X \ Br(xs), since any v u’
converges in C{’j;"-norm, which implies ||[x o ¥; —mx_ || C5% (X0 \ Br(xao) €
N
to 0.
We next want to show that 7; converges to the identity away from Bj(x..).
For this, we need a surjective bimeromorphism from X; to X,. Since (X, J)

is minimal, such a mapping does not exist precisely when there is a (—1)-curve
in X .. The following lemma shows that this cannot happen.

onverges

LEMMA 4.4. There exists no (—1)-curve in 5(:0

Proof. Without loss of generality, assume there exists a single (—1)-curve
E._1 C X which is not in the image of any birational map from X to X, (the
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argument for multiple (— 1) -curves is similar). Denote the image of n(E —1)
in X as Ey _;. Since X is the minimal resolution of X, and Eoo 1 18 not
contracted by 7, E, —; has its regular part nonempty.

Denote ¢ = f(Ew. 1), which is a single point since X is a minimal Kihler
surface with no (—1)-curve init. If 7; = 7 o f ! 0 ¥; cannot be extended to a map
on X, \ Bs(xs), then for any i sufficiently large, ¢ € (X \ Bs(xx)). Denote

= v, '(q). Then as i — o0, up to a subsequence, p; converges to a point pq,
in the closure of X, \ Bs(xs). Without the loss of generality, we can assume that
Poo € Xoo \ Bas(xo0), since we can always shrink § to §/2. Let ¢ > 0 be a positive
number which can be chosen to be arbitrarily small, and B..s(ps) be a geodesic
ball centered at p,, with radius of ¢ - 6.

Then t; can be extended to a mapping

T=nmof oy W X, (4.16)

where W = X o\ {Bs(X00) U Bes(Poo)}-

Let (Ex), denote the tubular neighborhood of E, with respect to g.
On W\ (E),, by the convergence of complex structure, tul ,...,t/ul
converge to some holomorphic functions v', ..., v". Since we have shown that ;
converges to Id on X, \ Br(xs), v/ = u!_ outside of Bg(x«). Then by the unique
extension of holomorphic functions, v/ = u/_, on W \ (Ex),. Since (ul,, ..., ul)
embeds W \ (E), into CV, this implies that for any > 0,

hm 7, =1d: W\ (Ex)y = X “4.17)
Let p € Eo 1 N'W be a point in the regular part of E, _; (which is nonempty for
d sufficiently small) and such that B¢s(p) does not intersect any other exceptional
curve in E4 for some C > 0. Near p, we have a holomorphic coordinate ¢ =
(z',7%) : U — C? of (X4, Jo) With the property that E., _; N U = {x € U |
z'(x) = 0}, and p = (0, 0). Define T as a small polydisc neighborhood of p by
T:={xeU||z'(x)| <C-8,|z%(x)| < C-8},suchthat T C W.

By a result of Greene and Krantz [GKS82, Theorem 1.13], there exists a
diffeomorphism v; : ¢(T) — C2, such that, |v; — Id| < €(i | §), and Vi (Jpue) =
¢, (J) on T. We can choose n = 3C-8. On the annulus A := {(z',z%) : 2C-8 <
lz1] < %C -8}, ¢ o 7; 0 ¢! converges to Id. The mapping

Gi=¢otioplov T — C* (4.18)
is biholomorphic to its image since

(&)s«Jeue = (@ o T;) (Vi © ¢);1JEuc
=@ (oY ) =du(mo [T =P = Jpue.  (4.19)
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Therefore, ¢; can be represented as a pair of holomorphic functions (¢!, ¢?), and
by the maximum principle, we have |; — Id| < €(i | §) on T. We must therefore
have

forli=viogplovlor  og (4.20)

on T, since both sides are holomorphic function which agree on ¢~!(A). By the
estimates of y;, v;, &; above, we have |f o ™! — ;| < €(i | §) onT.

Choose another point p’ # p € Eo _; N T such that the distance d, _(p, p') >
C’- 8 for some C’ > 0. Recall that f contracts Eo_; to a point, so f o7 ~' maps
E~._1 N T to apoint, therefore f(p) = f(p’). However, by the estimates above

I(f o ™) g — ool < C - ¥/ 8i — 8ol < €(i | 5), 4.21)

on T so we must have d,, (f(p), f(p’)) > (C’-8)/2 when i is sufficiently large.
This implies a contradiction, and thus there is no such (—1)-curve in X, as
assumed at the beginning of the proof. O

__We now complete the proof of Theorem 4.3. By Lemma 4.4, the mapping f :
X+ — X, which we can assume satisfies (4.11), is an isomorphism. Consider the
bimeromorphism

d=mof':X > Xu (4.22)

which satisfies wy o @ omy ™!

above, the composite

= Id on Z. By a similar argument as in the analysis

=P oY;  Xoo\ Bs(Xe) & Xoo 4.23)
converges to Id. Clearly, the estimate (4.5) is satisfied on X, \ Bs(Xx)- I

REMARK 4.5. In the case when X is asymptotic to C?>/I" and I' is a finite
subgroup of SU(2), that is, the case of gravitational instantons, by [Ban90],
the limit X, is an Einstein orbifold. It is shown that the bubble tree must be
diffeomorphic to a cyclic quotient of a hyperkédhler ALE manifold. It is a direct
consequence of this that there is no (—1)-curve in )?; This illustrates that the
singularity of ALE SFK orbifold limit could be much more complicated than in
the Ricci-flat case.

We end this section with the following direct consequence of Theorem 4.3.

COROLLARY 4.6. There are no smooth energy concentration points in X .
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Proof. Without loss of generality, assume x,, € X, is a smooth energy
concentration point and there is no other energy concentration point in X.
Then the bimeromorphism @ from X to X, is moreover an isomorphism. Then
by (2.42) and Lemma 2.11, the bubble that degenerates at x,, is C*> with the flat
metric, which is a contradiction. O

5. Compactness III. Bubbles are resolutions

Our first goal is to show that each bubble in the bubble tree is a resolution of
the corresponding singularity in the previous bubble. Here are some notations and
facts. Denote the rescaled sequence (B;s(x;), (1/ riz)g,», x;) as (Y;, gi, y;), where
Bs(x;) is a geodesic ball of radius § with respect to g;, and the scaling factor r;
is to be determined below. By Theorem 4.3, there exists a § > 0 such that Bs(x;)
contains and only contains holomorphic curves that are contracted to {x,.} in
the limit. Specifically, there exists a bimeromorphism @, which maps X onto X,
and @ o; converges to Id on X, \ Bs(x;). Then we also have ® ~'(x,,) C B;s(x;),
where @ ~!(x,,) is a union of exceptional divisors E'; U --- U E',,.

The natural scale of r; to choose is the ‘energy scale’, that is, choose r; such
that

€0

/ IRm(g)I*dVy = — (5.1)
Yi\ Bi(y)

where €, is the energy threshold introduced in Section 2.4. The naturality is in
the sense that, the ‘energy scale’ preserves the topology, that is, after gluing
the ‘bubble tree’ to the limit space, we acquire the topology of the original
manifold [Ban90]. We begin with the following lemma, which says that the
diameter of the exceptional divisors is controlled on the ‘energy scale’.

LEMMA 5.1. Let (Y;, g/, y;) be the rescaled sequence defined above, with the
scaling factor chosen to be the ‘energy scale’, that is, the property (5.1) is satisfied.
Then there exists a constant R,, > 0 independent of i, such that, when i is
sufficiently large, each holomorphic curve in Y; is contained in the geodesic ball
Bg,, (3i).

Proof. By the choice of r; as in (5.1) and the e-regularity theorem of [TV05a],
there exists a constant C > 0 independent of { when i is sufficiently large, such
that |[Rm(y)ly < C - r=2 for y € Y;\ Bi(y;). Then for i sufficiently large,
there exists a radius R > 1, such that on Y; \ Bg(y;), r? is a plurisubharmonic
function. If Lemma 5.1 is false, then there exists a holomorphic curve E that
intersects with Y; \ Bg(y;) nontrivially for infinitely many i. Let p; be the point in
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E where r? achieves its maximum value. Since r? is a plurisubharmonic function,
its restriction on E is a subharmonic function. By the maximum principle, r? is
constant on £ N Y; \ Bg(y;), which contradicts with the fact that E ¢ Y; \ Bg(y;).
Then we can set R,, = R, and the lemma is proved. L]

We next need a more precise estimate connecting the bubbles in the ‘energy
scale’ to the birational structure. Before we state and prove this, we next
summarize some results in [Lem92, Lem94] with mild modifications under our
setting which are the crucial ingredient for this step.

5.1. Summary of Lempert’s results. Let (S;/I",I) be the unit sphere
centered at {0} in R*/I"" associated with a CR-structure I, where I" is a finite
subgroup of U(2) with no complex reflection. We have the lifting of the CR-
structure in the universal cover S; C R* still denoted as I. Assume (S, I)
is embeddable, that is, there exists a diffeomorphism compatible with the CR-
structure /, that embeds S; into C” for some integer m. Let (S, Iyq) be the CR-
structure induced from the standard complex structure in C2. Denote (W, Jyq)
as the analytic compactification of C?\ B;(0) constructed by attaching a divisor
D ~ P! analytically to its end, with Jgy the analytic extension of the complex
structure Jg,. on C2. Then (W, Jyq) is a compact strictly pseudoconcave manifold.

L.1. There exist €, > 0, a positive integer k, such that if ||[I — Iyllces,) < €1,
there exist €, = €,(€; | k), 0 < k' < k, a complex structure J on W such that
IJ — Jsallew wy < €2, J|s, = I, and D is also holomorphic with respect to J. The
norm C¥ (W) is defined by using the restriction of Fubini—Study metric on W.

Since J is a small perturbation of Jy4, by [HV16, formula (4.6)], J = E,_,(¢),
where ¢ is a section of A%!' ® T'° with a small norm. Since (W, Jya), (S1, I)
are ["'-equivariant, we can have J to be I"’-equivariant by averaging ¢ € I"(W,
A% ® T19) with the I''-action.

L.2. The divisor D is associated with a holomorphic line bundle L on (W, Jy,).
There exists a basis sg, 51, s, of H*(W, L), where 5|, = 0 is the defining section
of D. When ¢, is small enough, the divisor D also induces a line bundle L’ on
(W, J), which is holomorphic with respect to the complex structure J. There
exists a smooth bundle isomorphism I7 : L — L', where IT|p = Id. Since Jgq, J
are ["’-equivariant, we can require I7 to be I"’-equivariant, that is, for any y € I'"’,
y* oIl = IT o y*. (This is because, we can choose a set of open charts {U;}, <<,
suchthatU; # Uj, if j; # jp,and {o(U;):0 € I'', 1 < j <r}isacovering of W.
Applying the construction of T in [Lem94, Lemma 4.2] on each U;, and apply
the I"-action to construct /7T on other charts of the same orbit.) There exist sections
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00, 01,02 € HY(W, L), such that for each j =0, 1, 2, |[IT™"(0;) — 5, [l ¢+ () < €3
for some €3 = e3(¢ | k), 0 < k" < k.

L.3. Denote o j(]) as the first-order truncation of ¢; over D (which is the projection
of o; to the normal bundle of D). We have o}l) = s}l) e H°(D, L). Each oj is

determined by 0;1). Specifically, since sq is I"’-invariant and I7 is I"’-equivariant,
0o is I'’-invariant. Let

5O Po(s1,52), .o SO¥ Py (s1, 82) (5.2)

be generators of I"'-invariant elements in H°(W, L*), where each Pi(a,b) is a
homogeneous polynomial of degree k — d;, and specifically, ng Py(s1, $2) = S

Since sg is I''-invariant, each P;(sy, 5») is also I"'-invariant. As P; (ofl), 02(1)) =

P;(s\",si") on D, and P;(ay, ;) is determined by P;(a\", o,"), then P; (01, 0)

is I"-invariant. As a result, 0,% P; (0, 02) € H(W, L") is also I"'-invariant.

L.4. Let (v', v?) = (0,/09, 02/0y). Then v = (v!, v?) embeds (W \ D, J) into
C?, and the image of S| is close to the unit sphere centered at {0} in C2. For each
1<j<N,Let

) dj p.
wi = RO pr ). (5.3)
9
Then u = (u',...,u") embeds N' = (W\ D)/I"" into Z C CV, under which
N is biholomorphic to an open subset of the cone Z C CV, where Z ~ C*/I",
{0} € Z is the quotient singularity of the cone.

5.2. The first bubble Y, is a resolution. From now on, we choose r; as the
‘energy scale’ as defined in (5.1). Up to a subsequence (Y;, g, y;) converges to
(Yoo, 81> Yoo) in the pointed Cheeger—Gromov sense, where Yo, is an ALE SFK
orbifold with an end asymptotic to R*/I"". Without loss of generality, we can
assume y,, is the only energy concentration point in Y,,. By Lemma 5.1 above,
there exists a constant R,,, > 0 independent of i, such that each holomorphic curve
in ¥; is contained in the geodesic ball Bg,, (y;). Without loss of generality, we can
assume R,, = 1.

LEMMA 5.2. Y, is birationally equivalent to C*/I"', where C*/I"' is the

corresponding quotient singularity at xo, € X. Furthermore, there are no
smooth energy concentration points in X .
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Proof. In the following, the Cheeger—Gromov convergence always be understood
up to picking a subsequence. Consider the sequence (Y}, g/, y;) that converges
to (Yoo, 84+ Yoo) in the pointed Cheeger—Gromov sense. Denote A, ,(y;) as the
closed annulus in Y; between the geodesic balls B,(y;), By(y;), a < b. Denote
A, (0) as the annulus in C?/I" centered at the origin between the radius a < b. In
the next several paragraphs, we follow the idea of Lempert’s method in [Lem94]
to show that when the radius is large, the annulus is very close to the standard
annulus (up to a diffeomorphism that is close to the identity map).

Let R > 1 be fixed with its value to be determined later. By Lemma 5.1,
all holomorphic curves that degenerate at Y, are contained in Bg(y;) for each
i sufficiently large. Denote V;z(v;) as the image of B;g(y;) after contracting
the exceptional divisors in B;g(y;) to the point v;. Let V3z(v;) be the orbifold
universal cover of Vsg(v;) with a single orbifold point v;, which has a strictly
pseudoconvex boundary. Vig(v;) can be embedded into C?. The reason is, for i
sufficiently large, the bimeromorphism @ in (4.22) maps B;(x;) to a subdomain of
B)s(xo). By possibly shrinking § even smaller, we have Bjs(x,) is biholomorphic
to a strictly pseudoconvex domain in C?/I"". As a result of Theorem 4.3, Vg (v;)
can be mapped into Bys(x), henceforth can be mapped into C?/I"’. Then Vi (v;)
can be embedded into C?. The embeddability implies that there exists a pair of
holomorphic coordinate functions, which determines the complex structure of
Var(v;) as J/.

On the limit (Yo, 8., ¥), there is an ALE coordinate

¥ Yo\ B(l/l())R(yoo) - (R4 \K)/T"

where K is a compact subset contained in B4 z(0) with respect to ggy.. For
any 6§ > 0, we also have a diffeomorphism ¥/ : Bir(Yoo) \ Bs(Yoo) = Bsr(¥1),

!

such that ¥/"g/ converges to g, ¥/*J! converges to J., on Bir(Yeo) \ Bs(Veo)-
In order to simplify our symbols, we use J/, J., to denote complex structures
(Y] o 111’1)*][ and ¥, J/, respectively on A2 3z(0) and also on its universal
cover A r3r(0) C R*; denote S, as the boundary of B, (0). Our goal is to find
a diffeomorphism close to the identity map that perturbs the complex structure
J! to the standard one on Ag,(0). Henceforth, a sequence of the ‘perturbed’
coordinate functions will converge as holomorphic functions, which implies that
Y., is a resolution.
We define the normalized annulus

"oy 1 oy
(Aap(0), 8, ) = <AR~a,R»b(O)a 7S J,») (5.4

and similar for (A, (0), g2, J). We can choose R to be large enough, such
that for any £ > 0 and any sufficiently small e(k) > 0, when i is sufficiently
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large, ||Jo/:J - JEuc||Ck(A<1/2),3(0)) < €(k)/2, ||J,'H - Jo/;”ck(A(l/z)j(O)) < €(k)/2, and
consequently

||],~” - JEuc“C"(A(l/z)_g(O)) < e(k). (5.5)

Next we apply Lempert’s results L1-L4 on A, ,(0). We consider (A;>(0), Jeu)
as a standard annulus domain in C2. In the following paragraphs, each norm is
defined based on the standard metrics, that is, either the Euclidean metric or the
Fubini—Study metric on the ‘compactification’.

We can compactify C?> to P? by adding a divisor D = P! at the infinity
analytically. The standard complex structure Jg,. on C? extends to the standard
complex structure on P> which is denoted by J4, and C? is embedded into P* by
(z', z%) — (', 2%, 1). Denote W, = P?\ B,(0). By choosing R to be large enough,
we can assume €(k) < €|, where €, k as in L.1. Then for i sufficiently large,
1! — Jeue ”Ck(m) < €. By L.1, in the pseudoconcave manifold W,, there exists
a I"’-equivariant complex structure J;” on W, such that || J/" — Jgall o (w,) < €2, D
is holomorphic with respect to J/” and J” = J/" as CR-structures on the boundary
S,. Since J” and J!” are compatible on S,, there exists a complex structure,
denoted as J;, on the pseudoconcave manifold W,, such that, J; = J/” on W,,
Ji = J" on A;,(0), and J; is close to Jy¢ on W, under CF-norm, and is I"'-
equivariant.

By L.4, we have v; = (v}, v?) on (W, \ D, J;). Restrict v; on A;,(0), then we
have a map

v 1 A,(0) - R? (5.6)

which is a diffeomorphism into its image, and where v/, v are holomorphic
functions with respect to J;, and there exists a small number A that depends on
€(k), such that

o) — 2/l vy < A (5.7)
Also by L.4, there exists a diffeomorphism defined by u; = (u}, ..., ul)
u; N =W, \D)/I" — CV (5.8)

where u}, R ulN are holomorphic functions on (N, J;), and there exists a small
number A’ > 0 that depends on €(k), such that

lu! — Pi"s 2l ev iy < X (5.9)
The geodesic ball Bg(y;) can be attached to A analytically along the boundary

Sy/I"". Denote the glued manifold as M;. Since M, is one-convex, each
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holomorphic function ul’ can be extended to a holomorphic function on M;,
which is still denoted as /. Then u; = (u!,...,u") maps M; onto Z C CV.
Each holomorphic curve in M; is mapped to {0} € CV for the reason given
below. Restrict u; on A/, it can be lifted up to a map on the universal cover
u; : W\ D — CV, which can be decomposed as

() 2 (P1(z!.22),.... Py (2! 2%)

Wi\ D cy (5.10)

where Py, ..., Py are homogeneous polynomials as in L.3 and {0} € C? is
mapped to the vertex of the cone by the latter map. Then the singularity point
of u;(M;) in C" is {0}, and holomorphic curves are mapped to {0} € C" by u;.
When i — 00, up to a subsequence, v/ (j = 1, 2) converges to v/ , and
Voo = (v, v2) 1 A1 ,(0) — C? (5.11)

o0 Yoo

is an embedding, and is holomorphic with respect to JZ.. This implies that the
inner boundary S, with CR-structure induced by J_ is embeddable.

Now we construct holomorphic coordinate functions on Aj . (0)(as the
universal cover of the ALE end of the limit space). Since (A (0), g&) has an
ALE asymptotic rate of O(r~*) for some p > 1, we can compactify A; . (0)
analytically to a strictly pseudoconcave space W; ., by attaching a divisor
D ~ CP! to its end, and extend J/. to a complex structure on W,  such that D
is holomorphic with respect to J2. By choosing the scaling factor R sufficiently
large, we have || J, — Jaallcv (w, ) < €2- Since (81, JL)) (as the boundary of W )
is embeddable as shown above, then by applying Lempert’s result L.2, L.4, there
exists a pair of holomorphic functions (w! , w2) on A =~ W, \ D, which
induces an embedding

Weo = (wéo, wgo) P Al — C (5.12)

Then (wl,, w?) is a pair of coordinate function on the universal cover of the end
of the limit space. Thus Y, is birationally equivalent to C?/I".

Smooth energy concentration points can be ruled out using the same argument
in the proof of Corollary 4.6. O

5.3. Each deeper bubble is a resolution. We are going to apply an induction
argument to show that each deeper bubble is a resolution to the corresponding
singularity in the previous bubble. By Lemma 5.2, the geodesic ball Bg(y;) is
birational to an open neighborhood of y,, € Y. As in the proof of Lemma 5.2,
A1 2(0) (associated with the complex structure (] o ¥ ~')*J/) is a subset of N.
By L.4, u; maps N to a subset of the cone Z C CV . Recall that in the proof of
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Lemma 5.2, we can obtain a manifold M; by attaching Bg(y;) to N analytically.
Each holomorphic function u; extends over M; by one-convex property. Then the
map u; : N' = Z can be extended to:

T M, — Z. (5.13)

Since u] converges and extends to a holomorphic function u/, on Y, for each

1 < j < N, there exists a map:

ul o uévo
Moy @ Yo, ot 7 (5.14)

where m;, m,, are surjective holomorphic maps that contract the holomorphic
curves. Let Y, be the minimal resolution of Y., with the projection map

~

7Y — Yo (5.15)

Following the same argument that proves (4.11), for each i, there exists a
holomorphic map

fii Yoo — M, (5.16)

which is surjective to its image, and such that 7r; o f; o (77 o s,)~! = Id on the
subset of Z where it is defined. Define

T, =mo f,-fl oyt As k(Voo) = As2r(Voo)- (5.17)

By a similar procedure as we did in the proof of Proposition 4.3, we can show
that 7; converges to the identity map from A; x to itself. Henceforth, we can

show that there exists no (—1)-curve in Br(y), and there exists a surjective
bimeromorphism from Bg(y;) to its image in By (y.). Furthermore, this implies
that, for a sufficiently small § > 0, B;(y,) is isomorphic to a neighborhood of the
singularity in C?>/I"”", where C?/I"” is type of the quotient singularity at y,,. Then
we can continue our iteration step, and analyze the next bubble as we did for the
first one. Since for each step, the energy ||Rm||i2 loses a definite value which is
>e€0/2, where ¢ is the energy threshold, the iteration could last for at most finite
steps. By doing the induction after finite steps, we can show that each bubble is a
resolution to the corresponding singularity in the previous bubble. Finally, exactly
as in the previous steps, there are no smooth energy concentration points at any
stage in the bubble tree.

5.4. Completion of proof of Theorem 1.5: ruling out bubbling. Since
each bubble is a resolution, the bubble tree is diffeomorphic to a sequence of
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resolutions. A priori, the bubble tree could have more than one branch. But
without the loss of generality, we can assume that the bubble tree has only one
branch, and is diffeomorphic to Y |#Y,#- - - #Y,, where Y is the first bubble, Y,
is the deepest bubble, each bubble Y;,; is a resolution of the corresponding
singularity in Y;. Since Y, is smooth and is a resolution, and b,(Y,) is nontrivial,
there exists a holomorphic curve E” C Y,. By Laufer’s [Lau79, Theorem 2.1], E”
is homologous to a positive cycle E'~!in Y,_;. Since ¥,_, is a resolutiorLgf the
singularity in ¥,_,, E"~! is again homologous to a positive cycle E =2 in Y,_,. By
induction, finally, E" is homologous to a nontrivial positive cycle E! in Y,. Then
there exists a rational combination [E'] = a,[E 1+ +ay,lE, ] that converges
to [E'], where a; are nonnegative rational numbers with at least one larger than
0, Ej, ..., E, C & '(x&). However, by the assumption, [,, @} > C > 0. This
implies a contradiction.

Recalling Corollary 4.6, there can be no energy concentration points in the limit,
s0 X must be a smooth manifold, and there exist diffeomorphisms

Vit Xoo > X; (5.18)

k.o k.o

such that ¥¥g; —> goo, ¥J —> Ju, Where =2 < —p < —1, k is any
nonnegative integer, 0 < o < 1. Since X, is biholomorphic to X, the gauging
map ¢ in Theorem 4.3 can be considered as an automorphism of X, which
preserves the rate of ALE coordinate. By the proof of Lemma 2.10, away
from a compact subset of X, the diffeomorphism ; is constructed by using
harmonic coordinates, and the convergence in Theorem 4.3 can be improved to
[; —Id”CI:rLlJ;olz < €(i | k). Then g; converges to g, in Cf;f (g0)-norm. Without the
loss of generality, we can choose —u < §y. Then g, is also an ALE metric with
respect to the fixed ALE coordinate ¥ of rate O (r®). By a standard bootstrapping
argument, w,, € P(X, J, wy, 8), and this finishes the proof of Theorem 1.5.

6. Existence results

In this section, we prove Corollary 1.7, Theorems 1.10, 1.11, and Corollary 1.12

6.1. Proof of Corollary 1.7. For any Kihler class « € KC(J), let g,; € P(J)
with [g,.1] = k. Consider the family of background ALE Kihler metrics g, =
(1—1)go+1gp, fort € [0, 1]. We want to construct a family of ALE SFK metrics
g fort € [0, 1], and [g,] = [gp..], With g, — go € Cg’“(go). Let S C [0, 1] be the
subset where such ALE SFK metric exists. By the openness result in [HV16], S
is an open subset. By Theorem 1.5, S is closed, so S = [0, 1] and the desired ALE
SFK metric exists, which completes the proof.
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6.2. Theorem 1.10: construction of background ALE Kiihler metrics. Let
(X, J,) be a complex surface, where J; € jkM (k > 0). Our goal is to construct
an ALE Kihler metric g; on (X, J;). Outside of a compact subset K C X, X \ K
has a universal cover X \ K, which can be compactified analytically to an open
surface S by attaching a divisor D ~ P! to its end. By Pinkham [Pin78], the
surface (S, J;) is a deformation of (S, Jyq) (which is a subset in P?), and the
deformation fixes the divisor D. The kth-order formal infinitesimal neighborhood
of D is defined as O(k) Og/T*, where 7 is the ideal sheaf of D. By [Pin78],
we know that D has the same first-order infinitesimal neighborhood in (S, J;)
and (S, Jgq), that is, (’)(Sl) is identical with respect to different complex structures.
(Indeed, (’)?) is identical with respect to different complex structures.) The divisor
D is associated with a line bundle L over (S, Jyq), and a line bundle L’ over (S,
J1). There exists a defining section of D oy € H°(S, O(L')) with oy|p = 0, and
smooth sections ¢, & € I'(S, A(L")), of which the restriction of ¢;, £, on D are
generators of H°(D, O(L)). We can use (09, 1, £,) to map S into P2, and denote
the pullback of the complex structure on P? by Jy4 on S. Since A ;7 = O(Joy]) for
j =1,2, where 9 is with respect to Jy, this implies that

Ji ~ Jaa + O(log)). (6.1)

The functions ¢, /0y, &»/0p are well-defined smooth functions on S\ D. We use

xlzRe(g>, 2 —1Im <§1>, X —Re<§2) 4 —1Im (Q) (6.2)
(o) 0o 0o 0o

as coordinate functions of X \ K. Be aware that (x' + /—1x2, x> 4+ /—1x*) are
holomorphic functions with respect to Jyy. Then

V-1 —(zl

0y

&

2
= ) (6.3)

0o

WEye = 8std astd

2

defines a positive (1, 1)-form on (S \ D, Jyq), which is the Kéhler form associated
to the Euclidean metric under the coordinate (x!, x2, x3, x*).
Moreover, by (6.1),

5 — et = O(x| ™). (6.4)
Then
2
—”aa( o'y |e ) — wpe + O™, (6.5)
2 oo (o))
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By taking |x| sufficiently large, we can assume @Bé(ml/aolz + 182 /00]?) is
positive definite, therefore a Kihler form. Averaging with the I"’-action, we can
assume |¢;/09|? + |&2/00|? is I''-invariant, and can be pushed down to X \ K.
After contracting all exceptional divisors on X, there exists a Stein space X'.
Without loss of generality, assume p € X’ is the only singular point. We also
identify X with X’ away from the exceptlonal divisors and p. Furthermore, there
exists an integer k" > 0, such that L’* can be extended to a line bundle on the
analytic compactification X (which is an orbifold), O(L’k ) is globally generated,
and there exists a basis sy, ..., sy € H° (X, (’)(L/k )) which embeds X’ into CV.

We have

¢ =+ u'’+- -+ ), (6.6)
where u’/ = s;/50, 0 < a < 1, and ¢ is a strictly plurisubharmonic function on
X'\ p.

Let K’ C X be acompact subset and K C K'. Let x be a smooth cutoff function
defined on X, such that x =0on K, and x = 1 on X \ K'. Define the (1, 1)-form
] as:

:A-«/—_laé<p+—"2_laé(x-<ﬁ

0o

2+;2

) e

0y

By choosing A to be sufficiently large, w| is positive definite on X'\ {p}. By
choosing 0 < « < 1 to be sufficiently small, w| is an ALE Kihler form with
asymptotic rate of at least O(r~"), for any 0 < v < 1, with respect to the
coordinate:

(b x2 03 x%

v X\ K —/——5 R (6.8)
By using the gluing argument used in the proof of Lemma 2.11 locally near p, we
can modify w; to be an ALE Kihler metric w, on X.
By [HV16, (4.7)], we have

]l = ]Euc + R€(¢) + Qv (69)

where ¢ € I'(X, A%' ® T'°) and satisfies the integrability condition d¢ + [¢,
¢] = 0, where Q ~ ¢ x V¢ as |¢| — 0, and ¢ ~ O(r~"). Noting that proof
of [HV16, Lemma 5.3] remains valid under the weaker assumption that § < 0,
we may use a sublinear growth vector field Y in that argument to assume that ¢
is divergence free, that is, 9*¢ = 0. Then (3*3 + 00%)¢p = 3*[¢, ] = O(r—7)
for any small € > 0. By standard elliptic estimate, we have ¢ ~ O(r~**¢) and
Ji — Jgue ~ O (r™*). Furthermore, by formula (6.7), the asymptotic rate of g, can
be improved to O(r "), —2 < —u < —1. The argument above completes the
proof of Theorem 1.10.

https://doi.org/10.1017/fms.2019.42 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.42

J. Han and J. A. Viaclovsky 48

REMARK 6.1. When (X, J) is a Stein ALE Kiéhler surface, then the Kéhler cone
K(X, J) (see Definition 1.3) is isomorphic to the entire space H?(X, R). This
can be shown by the following. Let w, be the fixed background Kéihler form.
By weighted Hodge theory, any element in H?(X, R) can be represented by a
harmonic (1, 1)-form 2 = O(r~3), as r — oo. Clearly, w, + h is a positive
(1, 1)-form outside of a compact set. As mentioned above, the function ¢ =
(I+u'*+---+]u"]*)* (0 < a < 1) is a strictly plurisubharmonic function on X,
since (X, J) is assumed to be Stein. Then there exists a constant C > 0, such that
wp,=wy+h+C- ﬁa% is a Kéhler form on X. We can choose « to be small
enough, such that w, is an ALE Kéhler metric of order O (r *), —2 < —u < —1.

6.3. Smoothing of the M-resolution. In this subsection, we construct a
deformation which will be used in the proof of Theorem 6.2 below. Following
the definition in Section 2.3, we have the deformation to the normal cone X c
Proj(R[z]) x C. Fort € A*, the punctured unit disc in C, there is a simultaneous
resolution of X’, X — A*, and we identify X, with X. Then we can apply a
C*-action such that

(505 -+ -y S8) = (50,81, ..., SN) (6.10)

which induces a map from 22,’ to X 1> which can be lifted to a diffeomorphism:
fi + & — A, which furthermore induces a sequence of ALE Kihler metrics:

(‘X‘tvgh‘ll):(‘)c'hlﬂz.fz*gl’ ﬁ*‘]l) (611)

Note that (&, J;) extends to a deformation of complex structure, with central
fiber isomorphic to C?/I", that is, C*/I" < ) — A. Without loss of generality,
assume ) — A is in the versal deformation of C? /I". Furthermore, as t — 0,
there are basepoints x, € X, such that (X, g, J,, x,) converges to (C*/TI", gguc,
JEue, 0) in the sense of pointed Cheeger—Gromov convergence with uniform ALE
asymptotic rate. After a base change

y —)

l (6.12)
A= A

we have a partial resolution 7 : Z — ), such that the central fiber Z, is a M-

resolution, and Z — A is a Q-Gorenstein deformation of Type T singularities.
By assumption Z; admits an orbifold ALE SFK metric gy, with 7 as the

ALE coordinate, and of ALE asymptotic rate O (r~*). Without loss of generality,
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assume that there is only one orbifold point in zy € Z,. By the convergence above,
for each 0 < ¢ < 1, there exists a diffeomorphism

¥, : C*/I'\ B,(0) > X, (6.13)

where B, (0) is with respect to the Euclidean distance, such that ;" g, converges to
geue under C f,‘f (C?*/I" \ B,(0), grue)-norm for any integer k > 0,and 0 < o < 1.
Let U, = 7~ !(B,(0)) C Z, be the lifting of the unit ball of C*/I". Then the map
Y, can be lifted to a map

Ui 20\ U, — &,. (6.14)
We can assume that U, is contained in the unit geodesic ball B (z¢, o) in Z,. We
have

107y = Joll gty ~ 011 (6.15)

where the norm is taken on the domain on Zy \ B;(z) as |t| — 0. This is because,
the family JJ — A is a deformation of ALE Kihler metrics. By a standard
argument (normalizing each annulus A 5+1(zp) to unit size), it is not hard to
see that along this deformation, away from the singularity, the complex structure
has a convergence rate of O(|¢|¢ -r~*). The power d comes from the base change.
Exactly as is [BR1S, Lemma 15], the estimate (6.15) will be needed below to
control the perturbation of the Kéhler form and complex structure. Moreover,
since our base space is noncompact, we also need to control the asymptotic
behavior as r — oco.

6.4. Smoothing of ALE SFK orbifold metrics. In [BR15], Biquard—Rollin
use a gluing method to construct the smoothing of a CscK orbifold along a one-
parameter nondegenerate (Q-Gorenstein deformation. We adapt their proof under
the ALE setting, which will produce a family of ALE SFK metrics that degenerate
to an orbifold metric at the central fiber.

THEOREM 6.2. Let Z — A be the Q-Gorenstein deformation from above, where
the central fiber Zy a M-resolution (or a P-resolution), and p € Z, is the only
singularity in Zy, which is of type Ty (of type T ). Assume there exists an ALE SFK
orbifold metric (2y, Jy, go). Then along this deformation, there exists a smooth
family of ALE SFK metrics (Z,, J;, g;) of order O(r—") that degenerates to the
orbifold metric (Zy, Jo, go) ast — O.

Proof. Without loss of generality, assume that ¢ real, and let €(¢) = t%/. Denote

(Ay, g4,) as a Z,-quotient of a A,_-type gravitational instanton (A, gx,) that
associated to the type Tj singularity {p} € B of the form niz(l, na — 1). For the
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family of gravitational instantons (A,, gx,)» Kronheimer’s construction gives the
expansion

Fl 8%, = 8ruc +&(s5) (6.16)

where £(s) = O(s> - R™), and F is a diffeomorphism from A, to the
minimal resolution of C?/ %(1, n — 1) (see more details in [Kro89] and [BR1S,
Section 2]). In the current setting, s = t¢. The C ’i,‘f (A, g4,)-norm is defined as in
Definition 2.1 for the weighted Holder norm on ALE manifolds. Let U C Z, be an
open neighborhood of p, which is isomorphic to an open neighborhood of {0} €
C?/L(1,na—1).Letr € C°(Z,) N C®(Z,\ {p}) be a function such that r (p) is
the Euclidean distance to p in U and coincides with the radius of the ALE metric
8o outside of a compact subset. Define the weighted Holder norm Cf‘,‘f (20, g0)
as in Definition 2.1, where 7 is defined as above. For any u € Cf’,‘f (2, go), when
r— O0orr — oo, u = O(r *). We can define Cf’,‘j (Z2,, g;) in a similar way.

Define the gluing scale b(t) = e(¢)?, where B =2/2+ ), —2 < —u < —1
is the ALE asymptotic rate of the metric constructed such that  is close to % Let
x : RT — R* be a smooth nondecreasing function

_Jo <12
x(t)—{l — (6.17)

Let H.-1 be the homothety that identifies b < r < 4b in 2, with b/e < R <
4b/e in A,. Attach A, and Z; together by H,-: to obtain a manifold A}, which is
diffeomorphic to Z;. Define a Riemannian metric on X;

€ H* | (gpuc + € %£(e?) r<b
ho= 18 r>4b (6.18)
€
€ H*, (gEuc + (1 - X(ER - 1))6—25(62)) b <r <2b.

Define the Hermitian metric , = %(ﬁ, —|—}~z,(J,~, J;-)). Note that as € — 0, the limit
of gpu + € 2£(€?) is called the tangent graviton to the deformation in [BR15].
The weighted Holder norm C f,‘f (&X,, h;) can be defined by using x to separate a
function on &; into functions supported separately on A, and Z;, and adding the
corresponding norms together. See more details in [BR15, Section 3.3.3]. Denote
w, as the (1, 1)-form corresponding to the Hermitian metric /,. By the same
calculation as done in [BR15, Section 3.4], when S is close to % using (6.15),
it follows that

m

(6.19)

2
k
€. (6.20)

“dwt”c‘jﬁ()q,h,) C
Ci

LC
IV=*J, ”C'i';f,l(Xx,hx) :

<
<
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We next employ these estimates to perturb /, into to a Kihler metric. As in [BR15,
Section 3.5], there is a map of spaces of harmonic (1, 1)-forms

1,1 1,1 1,1
Hy ®@Hz — K,

where elements in K,*' are very close to harmonic elements in H'!(X}). This
implies an L>-‘almost orthogonal’ decomposition for 2-forms on X;. The ;-
Laplacian OJ, = 9, 51* + E_);‘ d, is defined by using the background hermitian form
w,, which is a Fredholm operator with respect to the C f,‘f -norm. Then H"' (X)) is
represented by d,-harmonic forms in H_,. (X, A1) Since A&, is Kihler outside
of a compact subset, by a similar proof as in [HV16, Proposition 3.5], H_, (X,
AN ~H _5(X,, ANV, so that the L?-orthogonal decomposition still makes sense
under the ALE setting.

By the perturbation argument in [BR15, Section 3.5], there exists a (1, 1)-form
¥, which is ‘almost orthogonal’ to Ktl’l, such that w, — y, is [J,-closed, and

”yr”(:ftzv“(‘xr) < G- |||:|tat||cﬁ~572()(l)- (6.21)

Exactly as in [BR15, Lemma 26], w, — y; can then be perturbed to a d-closed
(1, 1)-form, whose real part w,, is a Kihler form. The adaptation of Biquard—
Rollin’s argument to the ALE case is entirely analogous to [HV16, Section 7].
By an implicit function type argument as in [BR15, Section 4] adapted to the
ALE case in [HV16, Section 8], we can solve the equation R(w,) = 0 (t > 0)
where each w, is a small perturbation of w;. It should be emphasized here that,
in the compact case, there is an obstruction to the smoothing of a CscK orbifold
which is given by holomorphic vector fields on & for # > 0 small. However, under
the ALE setting, the scalar curvature defines a 4th-order nonlinear PDE
R:CH*(X) — Ci2i"(X) (6.22)

a

¢ = R(wy, +/—100¢) (6.23)

where 0 < a, < 1, k > 4, t > 0 is sufficiently small. The cokernel of the
linearization of R corresponds to the space of decaying holomorphic vector fields
on A, which is trivial as proved in [HV16, Proposition 3.3]. As a result, there is
no obstruction in the ALE case. We have therefore obtained a family of ALE SFK
metrics w,, which, by construction, degenerate to the original ALE SFK orbifold
metric on the M-resolution as ¢t — 0. O

REMARK 6.3. In case of a P-resolution, for Theorem 6.2, we require the
direction of the deformation Z — Apg to be away from the discriminant locus
(the subset of 7, where the Weyl group does not act freely). See more details
in [BR15].
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6.5. Completion of proof of Theorem 1.11. For the proof of (a), over the
Artin component 7y, an initial ALE SFK metric (X, Jy, go) on the minimal
resolution of C?/I" can be constructed by using [CS04] in the cyclic case,
and [LLV19] in the general case. By [HV16, Theorem 1.4], there exists an open
neighborhood of Jy in Jy, such that for any complex structure J in this open
neighborhood, there exists an ALE SFK metric on (X, J). We then apply the C*-
action on Jy. As in (6.11), by the pullback under the C*-action, and a rescaling
of metrics such that the ALE coordinate is fixed, we can construct an ALE SFK
metric in K(J) for any J in J,.

For the proof of (b), take J € JkM . By the assumption of (b), there exists an
ALE SFK orbifold metric on the associated M-resolution Z. Then there exists
an open neighborhood U C JM of Z,, such that for any complex structure J €
U \ {0}, there exists a ALE SFK metric on (X, J), by applying Theorem 6.2. By
the pullback of the C*-action, and a rescaling of metrics to fix the ALE coordinate,
we can also construct a ALE SFK metric for some Kihler class in /C(J), for all
J e JM\{0}.

For the proof of (c), denote "' C J;” as the subset away from the discriminant
locus, with 7" " is open and dense in JF. Following exactly Case (b), we can
construct an ALE SFK metric for some Kihler class in KC(J), for all J € jkp ",

6.6. Proof of Corollary 1.12. The Artin component follows from Case (a)
in Theorem 1.11. Next, assume J € jk"” with £ > 0. We can obtain an ALE
SFK orbifold metric on the corresponding M -resolution X, using the Calderbank—
Singer construction. To see this, notice that the M-resolution of C?/I" is toric. Let
T 5(7) — X, be its minimal resolution. In the corresponding moment polygon
of )70, each segment in the boundary represents an exceptional divisor in 5(7).
By using Joyce’s construction as done in [CS04], there exists a family of ALE
SFK metrics on X, which is parameterized by lengths of boundary segments. By
decreasing the lengths of segments that correspond to the exceptional divisors
contracted by 7 to 0, the Gromov—Hausdorff limit will be the desired ALE SFK
orbifold metric on X,. Equivalently, these orbifolds can be directly constructed by
choosing the lengths of the corresponding boundary segments to be exactly zero,
in which case the Calderbank—Singer metrics are ALE SFK metrics with orbifold
singularities. Corollary 1.12 is then a consequence of this observation and Case
(b) in Theorem 1.11.

7. Examples

In this section, we give the details of the examples in Section 1.2 from the
Introduction. Namely, we prove Theorems 1.13 and 1.16. First we recall some
important details of cyclic quotient singularities.
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7.1. Cyclic quotient singularities. Let1 < g < p be relatively prime integers.
For a type %(1 , ¢)-action, let X be the minimal resolution of C2 /T (g, p). Integers
k and e;,i = 1---k, are defined by the following Hirzebruch—Jung modified
Euclidean algorithm:

p=eq—a, qg=eda —dy,...,q3= €103 — 1,

Ax—r = exay_| = ey, (7.1

where the numberse; > 2and 0 < a; <a;_1,i = 1---k, see [Hir53]. The integer
k is called the length of the modified Euclidean algorithm. This can also be written
as the continued fraction expansion

q 1
—:—E[e],eg,...,ek]. (72)
p

e —_—

1 1

62 —_ e e —

€k
Recall that exceptional divisor in Xisa string of rational curves, E; for i =
1---k with E; - E; = —e;, and each curve has intersection +1 with the adjacent
curve, where it has a simple normal crossing singularity. This is represented by

the following graph.

—ey —e —€k—1 —€
which we also denote as (e, ..., e;). For details on cyclic quotient singularities
see [Rie74].
For I = i(l, q), the following formula is proved in [AI08, LV15]

k —1;
n(S*/T) = %(Z e + W%) — k. (1.3)
i=1

where the ¢; and k are as defined in (7.1), and ¢~ denotes the inverse of
g mod p.

7.2. Artin component examples. In these cases, we next discuss the
topological condition C(X) > 0. First, we consider the case that I' C SU(2),
and X is diffeomorphic to the minimal resolution of C? /T". In this case, we have
equality in Nakajima’s Hitchin—Thorpe inequality [Nak90], so we have

2x(X) +37(X) = % +3n(S3/ ). (7.4)

https://doi.org/10.1017/fms.2019.42 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.42

J. Han and J. A. Viaclovsky 54

The left hand side is equal to 2 — b,(X), so we obtain

C(X) 4 0 (7.5)
= — > . .
||
Next, consider the cases in Theorem 1.13. For the Artin component, if I is
cyclic it follows from (7.3) that

2 1 : 2—glr—g
C(X)=2—bhy(X)+ = — 3n(—(1,q)) =2-Y -+ —9
p P — p

(7.6)

For I' = %(1, 1), wehave p=3,g=1,¢,=3,k=1,1"" = 1. If X is in
the Artin component of I", then (7.6) yields C(X) =1 > 0.

For I' = é(l, 2), the dual graph is (3, 2), and we have p = 5,q = 2,k = 2,
2715 = 3. If X is in the Artin component of I", then (7.6) yields C(X) = % > 0.

For I = %(1, 3), the dual graph is (3,2, 2), and we have p =7,q = 3,k = 3,
3717 = 5.If X is in the Artin component of I', then (7.6) yields C(X) = 1 > 0.

Below, we consider various non-Artin components of cyclic quotient
singularities. For these, we have b,(X) < k. The modification to the formula for

C(X) is simply the following

k o p
C(X) =2+ (k — by(X)) —Z(e,- —-2)+ 26]#. .7)

i=1

7.3. Type T cyclic quotient singularities. We recall the main definition
from [KSB88].

DEFINITION 7.1. If I = %(1, rsd —1)wherer >2,s > 1,(r,d) = 1,then I”
is said to be of type T;_;.

We also denote this action by T'(r, s, d). For type T singularities, there exists
non-Artin component such that the corresponding space X satisfies b,(X) = s —1.
Note that this group is covered by the group I = %( 1,rs — 1), quotiented by
a Z,-action. The spaces X in the non-Artin component admit Ricci-flat metrics
which are isometric quotients of an A,; | hyperkédhler metric [Suv12, Wril2].
We also note that the embedding dimension is r + 3, and the base of the non-Artin
component has dimension s [KSB88, BC94]. The following Proposition gives a
useful description of the type T singularity in terms of their dual graphs.
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PROPOSITION 7.2. If (ey, ..., e) is of type T,_,, then the graphs (2, ey, e, .. .,
er—1,er+ 1) and (ey + 1,e,, ..., €1, e, 2) are also of Type T;_,. Type T, are
those obtained starting from (—4). Type T are those obtained starting from (3, 3).
In general, for s > 2, type T,_, are those obtained starting from (3,2, ...,2,3)

s—2
and iterating the above procedure (r — 2) times.

Using this characterization, we can prove the following.
PROPOSITION 7.3. Let I be of type T(r,s,d), £ denote the total number of

exceptional curves in the minimal resolution of C*/T", and —e; denote the self-
intersection number of the ith curve,i = 1---£. Then

L=r+s—-2 (7.8)
¢
D e =3r+2s—4 (7.9)
i=1
Furthermore, we have
() = ! 3 2 (7.10)
7 3 r '
4
C(X) = - (7.11)
r2s

Proof. The first two formulas follow easily from the description in
Proposition 7.2. Without loss of generality, assume that 1 < d < r — 1. Then the
inverse of rsd — 1 modulo 725 is given by rs(r — d) — 1. To see this,

(rsd — D(rs(r—d) — 1) — 1 = —r*’s(1 +d*s —rsd) =0mod r’s. (7.12)

Therefore, letting p = r2s, and q = rsd — 1, and using (7.3), we have

/< qg " +gq 1 2
r=- i+ ——— ) —k==(3—-5— = ). 7.13
n(I") 3<§e+ p ) 3( s r2s> (7.13)

Finally, by (7.7), we have

2 2
r<s

rls
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REMARK 7.4. Note that C(X) = 4/|I"|, something that we already knew had to
be true from the Nakajima—Hitchin—Thorpe inequality, similarly to (7.5).

REMARK 7.5. Without loss of generality, we can assume that | < d <r —1. We
showed above that

1 1
—(,rsd — 1)~ —(1,rs(r —d) —1). (7.15)
rls rls

This means that T (r, s, d) ~ T(r, s, r — d) are equivalent singularities, but note
that the ordering of the self-intersection numbers e; is reversed in each case.

7.4. Add a single (—2)-curve to a type T. Given (e, ..., ¢) of Type T;_1,
we consider the graph (2, ey, .. ., ¢;). Note that, we could also put the (—2) curve
on the right hand side. However, this would give an equivalent singularity taking
the conjugate Type T singularity (from Remark 7.5), which reverses the order of
the self-intersection numbers, and still putting the (—2) curve on the left. So let
us write the type T string as T'(r, s, r — d), and attach the (—2) curve on the left.
For this type T singularity, we have

rs(r—d)—1

2 :[81,...,€k]. (716)
r<s

So to determine what the new cyclic singularity is, we have

4 _ _ 1 B r’s
; _[ ’ely--'aek] — 2_ rs(r—d)—1 1—|—drs—{—r25' (717)

r2

So this singularity is of type (1/(1 4+ drs + r%s))(1, r2s).

PROPOSITION 7.6. We have

g " =dsr+d*s — 1 (7.18)

1 1Ls(—=14+d>+2dr +2r* —r(d +r)s)
~q, = _ . 7.19
n(p( q)) 3 1+drs+r2s (7.19)

Proof. A simple computation shows that
r2s(dsr +d*s — 1) — 1 = (=1 +drs)(1 +drs + r%s). (7.20)

Note also that 1 < dsr +d?s — 1 < r2s +drs + 1.
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Next, using Proposition 7.3 we have

r’s +dsr +d*s — 1
1+drs +r3s

_ Is(=14+d*42dr +2r* —r(d +r)s)

~3 1+drs+r2s '

1 ~ -
77(1“)=§<3r+2s—4+2+ )—(r+s—2+1)

(7.21)

Note that the 2 and 1 terms are there because we added a single (—2) curve. [

Next, we blow down the Type T singularity, and let X denote the corresponding
Q-Gorenstein smoothing, which exists by [BC94, KSB88].

PROPOSITION 7.7. We have
4 — d%s

CX)=———.
X 1 +drs+r3s

(7.22)

Proof. The n-invariant was determined in the previous proposition, since the
group at infinity is the same. Note also that b,(X) = s — 1 + 1 = s, since the
smoothing of the type T singularity contributes s — 1 and the (—2) curves donates
another 1 to this. We then have

2 s(=14+d*+2dr +2r* —r(d +7r)s)
CX)=2- —
X s+1+drs+r2s 1 +drs+r2s
4= (723)
Cl+drs+ris’ '
I

Clearly, for this to be positive, we require d = 1, in which case we have
4—s

CX)y= ——,
X 14+rs+r2s

(7.24)

which is positive for s = 1, 2, 3. Note that from Proposition 7.6, the group at
infinity is equivalent to

1

= ——————7(1, 1)—1), 7.25
1+rs+r2s( sr+ =1 (7.25)

which yields the following.

THEOREM 7.8. Let I' C U(2) be any of the following groups forr > 2

1
r=——(, 1
el W
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Fr=——  (1.2r+1 2
EIE e LS @

r=——(1,3r+2). 3

3r2+3r+1( r+2) ©)
There is a non-Artin component J; of the versal deformation space C*/I" with
by =i in Case (i), i = 1,2, 3 which has C(J;) > 0.

Note the first case is a M-resolution, but the second and third cases are P-
resolutions, but not M -resolutions. The dual graphs of the minimal resolutions in
these cases look like the following.

r—1

——
Fors=1,r>2:12,...,2,r +2).
1

,,
Fors=2,r>2:@2,...,2,3,r+1).

r—1

—
Fors =3,r>2:(2,...,2,3,2,r+ 1).

7.5. Add two (—2)-curves to a type . We write the type T string as T (7, s,
r — d), with dual graph (e, ..., ¢;), and attach the two (—2) curves on the left.
To determine p and ¢, we have

1 _l+drs+r’s
= -
5 1 2+ 2drs +r?s (7.26)
) rs(r—d)—1

ris

22[2,2,@],...,3](]:
P

So this singularity is of type (1/(2 + 2drs + r%s))(1, 1 +drs +rs).

PROPOSITION 7.9. We have

g P =dsr +2d* — 1 (7.27)

1 1s(=242d>+2dr +r?> —r2d +r)s)
2q, S . 7.28
n(p( Q)) 3 2+ 2drs +r3s (7.28)

Proof. A simple computation shows that

(1 +drs+r2s)dsr +2d’s — 1) — 1 = (=1 +d>s + drs)(2 + 2drs + r2s).
(7.29)

Note also that 1 < dsr + 2d%s — 1 < r2s 4+ 2drs + 2.
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Next, using Proposition 7.3, we have

1 P pdrs+ 14 drs+2d% — 1
U(F)=§<3r+25—4+4+rs+ A e )

24+ 2drs +r2s

—(r4+s—2+2)
_ ls(—2+2d2+2dr +r? —r(2d+r)s)' (7.30)
3 24+ 2drs +rs
Note that the 4 and 2 terms are there because we added a two (—2) curves. ]

Next, we blow down the Type T singularity, and let X denote the corresponding
Q-Gorenstein smoothing, which exists by [BC94, KSB88].

PROPOSITION 7.10. We have

4 —2d%s

CX)y= ———.
X) 24+ 2drs +r2s

(7.31)
Proof. The n-invariant was determined in Proposition 7.9, since the group at
infinity is the same. Also, b,(X) = s — 1 + 2 = s + 1, since the smoothing
of the type T singularity contributes s — 1 and the (—2) curves donate another 2
to this. Then

C(X)=2- 1 _—
X) (s + )+2+2drs+r2s

s(=242d> +2dr +r* —r(2d +r)s)
B 2+ 2drs +rs
4 —2d%s
T 24 2drs +rs

(7.32)

Clearly, for this to be positive, we require d = 1, in which case we have

4 —2s

CX)= ————,
X) 2+ 2rs +ris

(7.33)
which is only positive for s = 1. Also, by Proposition 7.9, the group at infinity is
r=—(1, 1), 7.34
2+2r+r2s( r+1 (7.34)

which yields the following.
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THEOREM 7.11. Let I' C U(2) be any of the following groups forr > 2

1
I'=—7:(1, ). 7.35
e UL (735)

Then there is a non-Artin component J; of the versal deformation space C*/I"
with by, = 2 which has C(J;) > 0.

The dual graph of the minimal resolution of the M-resolution in these cases
looks like the following.

e
Forr >2:(12,...,2,r +2).

7.6. Add three (—2)-curves to a type 7. We write the type T string as 7 (,
s, — d), with dual graph (e, ..., e;), and attach the three (—2) curves on the
left. To determine p and ¢ we have

1 _ 2+ 2drs + r’s

1 T 34 3drs +r2s’
2 — (7.36)

2 —

12[2,2,2,61,...,6](]:
p

2 _ rs(r—d)—1

rZ.Y

So this singularity is of type (1/(3 + 3drs + r%s))(1,2 + 2drs + r?s).

PROPOSITION 7.12. We have

g " =dsr +3d*s — 1 (7.37)

1 1 -2—s53—=3d>+r@Bd+r)s)
-, = _ . 7.38
77(p( q)> 3 34 3drs +r’s (7.38)

Proof. A simple computation shows that

(2 4 2drs + r?s)(dsr +3d*s — 1) — 1 = (=1 +2d%s + drs)(3 + 3drs + r’s).
(7.39)

Note also that 1 < dsr + 3d%s — 1 < r2s + 3drs + 3.
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Next, using Proposition 7.3, we have

24 2drs +r?s +dsr +3d?s — 1
3+ 3drs + ris

1 -
n(]")=§<3r+2s—4+6+

—(r+s—2+3)
1-2—s(3—3d? 3d

_1 s( + r( +r)s)' (7.40)
3 3+ 3drs +r2s

Note that the 6 and 3 terms are there because we added a three (=2) curves. [J

Next, we blow down the Type T singularity, and let X denote the corresponding
Q-Gorenstein smoothing, which exists by [BC94, KSB88].

PROPOSITION 7.13. We have
4 —2d%s

XN)=—————.
CX) 24+ 2drs +r2s

(7.41)

Proof. The n-invariant term was determined in Proposition 7.12, since the group
at infinity is the same. Also, b,(X) = s — 1 + 3 = 5 + 2, since the smoothing of
the type T singularity contributes s — 1 and the (—2) curves donate another 3 to

this. Then
2 —2—5(3B=3d>+rBd +r)s)
CX)=2- 2 -
X) (s + )+3+3drs+r2s 34+ 3drs +ris
4 — 3d%s
- = (7.42)
3+ 3drs +r3s
O

Clearly, for this to be positive, we require d = 1, in which case we have
4 — 3s
3+ 3rs +r2s’

which is only positive for s = 1. By Proposition 7.12, the group at infinity is
equivalent to

C(X) = (7.43)

which yields the following.

THEOREM 7.14. Let I' C U(2) be any of the following groups forr > 2

- (.r+2). 7.45
a2 (7.45)
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Then there is a non-Artin component J, of the versal deformation space C*/I"
with by = 3 which has C(J;) > O.

The dual graph of the minimal resolution of the M-resolution in these cases is
the following.
r+1

——
Forr >2:(2,...,2,r+2).

7.7. Completion of proof of Theorems 1.13 and 1.16. All of the groups in
Theorems 1.13 and 1.16 are cyclic groups. By Corollary 1.12, there exists an ALE
SFK metric in some Kihler class, for any J € J M) away from the central fiber.
By Section 7.2, and Theorems 7.8, 7.11, and 7.14, all cases in Theorems 1.13
and 1.16 satisfy C(J™(i)) > 0. By Section 2.4, assumption (1.6) is satisfied. By
Corollary 1.7, it follows that there exists an ALE SFK metric in any Kéhler class.

8. Conclusion

In this section, we give a family of examples which shows that smoothings
of nonminimal orbifolds can occur as limits of minimal ALE scalar-flat Kédhler
surfaces. In particular, the moduli space of SFK ALE metrics exhibits new
phenomena which do not occur in the hyperkdhler case I C SU(2).

THEOREM 8.1. There exists sequences g; of SFK ALE metrics on Ocpi (—n) with
respect to complex structures J; in the Artin component of C*/I", where I’ = %(1,
1), such that

(OCP](_n)a 8is Ji’ )C,') — (Xooy 8005 Joov -xoo) (81)

in the pointed Cheeger—Gromov sense to a limiting SFK ALE orbifold (X,
8oos Joo) such that the limit (X, Js) is birational to (C?*)Z,, J...), but is not
dominated by the minimal resolution.

Proof. Forn > 3, take O(—n), perform the iterated blowup which obtained from
(n — 2) blowups starting on the (—n)-curve then blow down all curves except for
the (—1)-curve on the end, which yields a type Tj singularity. The dual graphs are
as follows.
Forn =3: (-1, —4).
Forn =4: (-1, =2, -5).
n—3

——~—
Forn >5:(-1,2,...,2,n+1).
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For each n > 3, denote the blowdown space with a type Tj singularity as Z.
Notice that Z is not an M -resolution. However, we show next that the smoothing
of the type T singularity is unobstructed. The smoothing has », = 1, and must lie
in the Artin component. This is because there are no non-Artin components for
n # 4, and for n = 4, the non-Artin component has b, = 0.

Note that Z is obtained by blowups of O¢pi(—n), and then blowdowns. Since
Ocpi(—n) is toric, and each blowup is at a point fixed by the torus action, it
follows that Z is toric. As in Section 7.7, by Calderbank—Singer’s construction,
there exists a SFK ALE orbifold metric g, on Z. We to apply the smoothing
construction as we did in Section 6.4 to find the desired smooth SFK ALE metrics
near this orbifold metric.

First we want to show that there is no local-to-global obstruction for the
deformation of the quotient singularity. Let X = Z U D be the analytic
compactification of Z, where D is a (4n)-curve. We want to smooth out the
type Ty singularity in X while fixing the divisor D. Denote Tx = #omo, (£2',
Oy) as the dual sheaf of the (1, 0)-form sheaf on X, and denote Tx(—log(D)) as
the subsheaf of T X where near each point of D, Tx(—log(D)) is generated by
(1, 0)-vectors tangent to D. We have the following exact sequence

H'(X, Tx(—log(D))) — Ext(2' (log(D)), Ox)
— H(X, &xty (2'(log(D)), Ox)) — H*(X, Tx(—log(D))). (8.2)

Following the proof of [LP07, Theorem 2], the obstruction to the deformation
we want lies in H*(X, Tx(—log(D))) =~ H*(X, Tg(=log(D + E))) ~ HO(X

Kz ® 2L z(log(D + E))), where X is the minimal resolution of X, E = U i—0 E

is union of the exception divisors resolved from the 7j-singularity, and the last
isomorphism is due to Serre duality. The E; is ordered from the right to the left
in the graph above, with Ey - Eg = —(n + 1), E; - E; = —2for1 < j <n — 3.
Note that X is obtained by blowups of the Hirzebruch surface F,. Denote F as
the generic fiber, and E’ as the (—1)-curve in the dual graph above The canonical
divisor can be represented as Ky = (n —2)F — 2D + Z, l(JE )+ (n—2)E,
and the divisor D = nF + Z;:o E; + E’. By the definition of QX(log(D + E)),
it is a subsheaf of £2§(D + E). Then

h(X, Kz ® 2z(log(D + E))) < h°(X, Kz, Ky ® 2L(D + E))
n—3

= ho()?, <(n —)F —2D+ ) (E)+ (n— Z)E/)
j=1
n—3
9§<D+ZEJ->>
Jj=0
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n—3
= h°<f(, 9§<—2F + Z(jE,-) +(n— 3)E’>)

j=1

<RA(X\(EUE'), 25(=2F)) = 0. (8.3)

The last equality holds because F can be a generic fiber, so the holomorphic
section vanishes generically and thus vanishes everywhere. This implies that there
is no local-to-global obstruction for deformations of X which preserve the divisor
D. The fixed divisor D can be used to construct the deformation to the normal
cone. As a result, there exists a deformation Z — A, where Z, >~ Z and A C C,
and each smooth fiber Z, is a Stein manifold diffeomorphic to O¢pi (—n). Then
by using the argument as in Section 6, we can construct a family of SFK ALE
metrics which degenerates to the orbifold metric on Z. O
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