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Abstract

This paper provides explicit formulas for the Wall polynomials which arise in Wall’'s work on
conjugacy classes in the unitary, symplectic and orthogonal groups. From these explicit formulas are
easily derived six interesting limiting identities including the two that arise in the Lusztig-Macdonald-
Wall conjectures.
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1. Introduction

G. Lusztig in his pathbreaking paper on the representation theory of the finite
classical groups [4] found that the following polynomials and associated limits
were essential when dealing with the case of characteristic 2.

Let us define polynomials x,, = x,(@, b,g) by x_;, = a,xo, = band forn =0
(11) X2n+1 = Xan + qZ"Hin—l’
(1.2) X2n+2 = X2p+1 T+ ‘I”H(l + ‘I"H)(inﬂ +(1 - ‘12"+1)X2n-—1)-
Now define x(a, b, ¢) = lim,,_, ., X ,(a, b, q). Then it turns out that

32 _g"
(1.3) x(1,1,9) = —=—2>—,
07, (1-4¢%)
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and

00 i(i+1
(1.4) x(0, 1, ¢) = —i=0d" 2
jo=| (1 - qj)

Identities (1.3) and (1.4) were first established in [2]. Subsequently A. Garsia
and J. Remmel [3] made an extensive combinatorial study of the proof given in [2]
and provided many insights and simplifications surrounding the development.
However, both [2] and [3] tend to focus on the actual limit functions x(a, b, q)
and regard the polynomials x,(a, b, ¢) as means to this end.

The polynomials x,(a, b, g) were first defined by G. E. Wall [5], and so we
have called them “Wall Polynomials”. The object of this paper is to provide
explicit formulas for the Wall polynomials which allow one to prove not only
(1.3) and (1.4) (the L-M-W conjectures) but (3.5)-(3.8) as well. These explicit
formulas are given in Theorem 1 whose proof occupies Section 2. Section 3 is
devoted to the limiting results described above, and Section 4 discusses some
obvious open questions.

IBM’s symbolic manipulation language SCRATCHPAD was instrumental in
the discovery of (3.5)—(3.8) and in the determination of (2.4)-(2.7). Indeed the
ease with which (2.4)-(2.7) were discovered illustrates the great utility of
SCRATCHPAD in problems of this type.

The following tables (produced by SCRATCHPAD) present the first few Wall
polynomials:

TABLE 1

n xaAl: 1, )

0 1

1 1+g4

2 1+ 3¢+ 242

3 1+3¢+2¢°+4+4°

4 1+3¢+4¢>+5¢° +5¢* + 4¢° +24°

5 l+3q+4q2+5q3+5q"+5q5+5q6-|—2q7+q"1+q9

6 1+3q+4g2+ 78+ 11g* + 11¢° + 13¢° + 1447 + 11g® + 9¢° + 64'° + 44" + 24"

1+3g+4g2+7¢° + 11g* + 11¢° + 13¢5 + 15¢7 + 14¢% + 13¢° + 114"°

+9qll +7qI2+5ql3+2ql4+q15+q16

TABLE 2

x:0, 1, 9)
1
1
1+ g+ 42
1+qg+4¢2+4°
l-+-q+3q2+2q3+qu“+q5-+-q6
1+g+3¢2+2¢>+3¢* +2¢° +24°+ 4" + ¢*
1+g+3¢2+4¢° + 5¢* + 64° +7q6+6q7+6q8
+4¢° + 34"+ ¢'' + ¢
1+q+3¢2+4g>+5¢*+64° +74° + 74’ +74% + 7¢°
+5q10+4qll+3ql2+2q13+ql4+q15

L b WN—-O
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2. The main theorem

For the statement and proof of this theorem we require some simple facts about
Gaussian polynomials:

(1-¢)(1~g"")-- U—qk“ﬂ

Al _ , B=0,
ey [4]=1" G-Mi-¢ -9
0, B <0,
where A is a nonnegative integer and B is any integer.
These polynomials satisfy
Al _[4-1 ﬂA—q
(22) [4]=[4=1]+ (45
_[4—-1 A_B[A-—l]
(23) [ B ]+7 B—1)
from [1, page 35, equations (3.3.3) and (3.3.4)].
THEOREM 1.
(2.4 wra= 3 |, ]
o X2n—1\1s »q b n+21q s
j=-%
(2.5) (1,1, q) = § 2n+1 [ [ 2n ;2
: X2a\1s 35 4 LR TS Tin+2;+1]]7
2n 24
(26) XZn 1(0 1 4)_ 2 n_l_zj]q] +J3

@7 xa0.19)= 3 [2"+‘.]qu+f+ 3 [,2%)
j=1

20w n—2j n—2j

PROOF. We only show that the proposed representations of these polynomials
actually satisfy the recurrences (1.1) and (1.2) together with the appropriate initial
conditions. The theorem then follows by mathematical induction.

We treat (2.4) and (2.5) first. Define P(n, m) by

(2.8) P(n, m)~ ) [:_—:Z]q

Then by replacing j by —j, we see that
(2.9) P(n,m) = P(m,n),
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and

(2.10) P(n,m)= 3 ([,’,’:fj__ll}+q"”’[":f2_jl})q"2 (by (2.2))

j=-00

[= o]
:P(n—l,m)+q"‘ 2 [n +2j ](JH)2
Pl

n— - n+m-—1 2
=P(n—1,m)+q" " 3 [n+2]—2 J
j=-o0

=Pn—1,m)+q" 'P(n—2,m+ 1).
Now define
(2.11) X,,_, = P(n, n),
and
(2.12) X,,=P(n+1,n)+q"P(n+1,n-1).

Clearly X_, = X, = 1, and
(2.13)

Xy =P(n+1,n+1)
=P(n,n+ 1)+ q"P(n—1,n+2) (by(2.10))
=P(n+1,n)+¢q"P(n+2,n—1) (by(2.9))
=P(n+1,n)+q"(P(n+1,n—1)+ ¢g""'P(n, n)) (by(2.10))

=X, t+ ‘12"+1X2n—1-
Also
(2.14)

Xopio=P(n+2,n+1)+q""'P(n+2,n)
=P(n+1,n+1)+q""'"P(n,n+2)+ q"*'P(n+2,n) (by(2.10))
= X,,41 129" 'P(n+2,n) (by(2.9)and (2.11))
= X1 + 29" (P(n+ 1,n) + ¢"*'P(n, n + 1)) (by (2.10))
= Xy +2¢" 1+ " )P(n+ 1,n)  (by (2.9))
= Xppir " (1 + ¢ )P(n + 1, n)

+¢"'(1 + ¢"*")(P(n,n) + ¢"P(n— 1,n + 1))
= Xpuir T 4" (1 + g™ ) X,

+q" (1 + ¢"V"WP(n+1,n) + g"P(n+ 1,n— 1)) (by(2.11) and (2.9))
= Xpuir T 4" (1 + ¢ (X, + Xy, )
= Xonir + @1+ g7 ) ( Koy (1= g7 ) X)) (by (2.13)).
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Thus the polynomials X, satisfy the initial conditions X_, = X;, = 1 and (1.1) and
(1.2). Consequently

(2.15) X,=x,(1,1,q) foralln= -
Combining (2.15) with (2.11) and (2.12), we see that (2.4) and (2.5) are estab-
lished.
For (2.6) and (2.7) we define
n+m
(2.16) 0.(n,m) = [n + 2,]‘1’
J>a
Now
(2.17)
0.(n m)zz n+m-—1 + n—2jln+m—1 24 (by (2.2
A= L \[n-2j-1] 9 n—2j |)4 y (22))

=Q(n—1,m)+gq" 3 [,','fzm__zlj]qf

Jj=a—1

=Q,(n—1,m)+q"Q,_(n—2,m+1),

and
_ n+m—1 m2j| ntm—1 4
(2.18) Qa(n,m)—jga([ n—2j ]+q f[n_zj—al])qf j
_ +tm—11 24
XQ(n,m—1)+qm* 3 [" — ~]‘1’ v
Jj=a+l1 ntl 2J
= Qu(n,m—1)+¢"2Q,, (n+1,m —2).
Next define
(2.19) Vi1 = Qo(n— 1,n+ 1),
and .
(2.20) Yyu = Qo(n, n + 1) + q"Qy(n, n).

Clearly Y., =0, ¥, = 1, and
(221) Yyu41 = Qo(n, n +2)
=Q(n,n+ 1) +¢"Q)(n+1,n) (by(2.18))
=Y, = 4"Q(n,n) + q"Q\(n + 1,n) (by (2.20))
Y, + ¢ 'Qo(n —1,n + 1) (by (2.17))
Yt @* 'Y, 4(q)  (by (2.19)).

{l
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Finally
(2.22)

Yoo =Qo(n+1,n+2)+q"'Q(n+1,n+1)
= Yy,01 — Qo(n,n+2) + Qo(n+ 1,n+2) + ¢"*'Q(n + 1, n,) (by(2.19))

=Y, tq¢"'0(n—1,n+3)+qg""Q(n+1,n+1) (by (2.17))

n + 2
= Y2n+l +q +l([2nn+ 1 ] +Q0(n_ 19n+3)

+Qy(n+1,n+ 1)—[2::12]) (by (2.16))

=Yy T 9" (Qo(n—1,n+3)+ Qy(n+ 1,n+ 1))
=Yt (q"H + ‘12"+2)Y2n—|
+q" (- (1+¢"")Qo(n—1,n+1)
+ Qo(n—1,n+3) + Qo(n+ 1,n+ 1)) (by(2.19))

= Yo + (" + @2 2) Yy + V)
+ qn+l(_ (1 + qn+l)Q0(n _ 1,n + 1)
= (1+q")(Qo(n, n+ 1) + g"Q\(n, n))
+Qu(n—1,n+3)+Qy(n+ 1,n+ 1)) (by(2.20))

= Y2"+l + (qn+l + anJrZ)(an_H + an)
+@" (=11 + ¢ )Qy(n = Ln+ 1)— (1 +4¢")
(Qo(n,n+ 1)+ q"Qy(n,n)) + Qo(n—1,n+2)
+q"'Q(n,n+ 1) + Qp(n+ 1,n+ 1)) (by(2.18))

=Y,nt (‘I"+l + ‘12"+2)(Y2n—1 + Y5,)
+ qn+l(_ (1 + q"+I)Q0(n _ l,n + 1)_ (l + qn+l)
(Qo(n,n+ 1) +¢"Qy(n, n)) + Qo(n —1,n+1)

+¢"Q.(n,n) + q"*'Q(n,n+ 1) +Qy(n+1,n+ 1)) (by(2.18))
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=Yyt (g7 "W (X, t )= g0 n— Ln+t 4

= Qo(n,n+1) = ¢""'Q(n, n + 1) — g*"*'Q\(n, n)

+¢""'0(n,n+ 1)+ Qy(n+1,n+1)
= Yo + (" + @) (Yo + V) — @7'Qy(n — 1,0 + 1)

— Qo(n, n+1) = g*"*'Q (n,n) + Qo(n + 1,n + 1) — q"“[z",j 1]

(by (2.16))

= Yoy ¥ (" + @2 2) (Y, + Ya,) — @7 'Q0(n — 1,0 + 1)

— @0 ) + "0 (= L+ 2) =g [ HT] (by 17))
=Y (" + )Yy, + 1,,)

—4""'Qy(n— 1,n+ 1) — ¢>"*'Q\(n, n)

+ qn+|[2nn_:-ll] + g0 (n—1,n+2) — qn+|[2n’;|- 1] (by (2.16))
=Y,nt (Q"H + 42"+2)(Y2n—1 +1,,)

+q" N (Qo(n— 1,n+2) — Q(n—1,n+ 1) — ¢"Qy(n, n))
= Yprr T (¢"' + @2 2) (Vg + V) (by (2.18))
= Yo (@™ + g2 ) Yy + (1= ¢ )Yy, ) (by (2.21)).

Thus the polynomials Y, satisfy the initial conditions Y_; =0, Y, =1 and (1.1)
and (1.2). Consequently

(2.23) Y, =x,(0,1,9q) foralln= -1.
Combining (2.23) with (2.19) and (2.20), we see that (2.6) and (2.7) are estab-
lished.

3. The limiting identities

It should be pointed out that Wall polynomials possess other striking limits
that are neither addressed in [2] and [3] nor are obviously amenable to the
techniques developed there. In order to consider these new limits we must reverse
the Wall polynomial. That is, define

(31) R2n(171’ q) = q"2+nX2n(1’l’ q—l)’
(32) RZn—l(l’la q) :q"ZXZn#l(l’l’ q_l)’
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(3.3) R,,(0,1,9) = 4"*""x,,(0,1,47"),
(3.4) R,, (0,1, q) :‘I"Z_IXZn—l(l’l,q'l)-

Inspection of the recurrence relations (1.1) and (1.2) shows that the R’s are all
polynomials in ¢ with nonzero constant term. Furthermore the empirical ex-
amination of extensions of Tables 1 and 2 leads one directly to conjecture the
following results:

00 32425
i=-00 4
3.5 lim R,,(1,1,q) = —2—"——
(3.5) Jlim Rao(1.1.0) = LT
H (1 _q6n)(l +q n— l)
(1+q"" N1 —-q")’
2 0q”
(3.6) lim R,, ,(1,1,q) = ==
EEE 2 (1= ¢)
_ i Uoamar )
n=1 (1 - q") ’
zm__ooq3j2+j
(3.7) hm R,,(0,1,9) =
? _/—l(l - qj)
H (1 — qén)(l + ‘12")
St (T+g*)(1—~qm)°
qu=1q3j2+3j
3.8 lim R,,_,(0,1,9) = =—{———
( ) nl'n:o 2n l( q) H:Q:I(l __q,,)
- (1—4¢%)

o (=g (1 g7

In order to deduce the six limiting identities we need only two observations:
First, for fixed integers a and b:
= 1

. 2n+a) _
(3.9) ,,li’f.‘o n+b —"I;Ill—q

Second if g is replaced by ¢! in the Gaussian polynomial [ 4], the result is

(3.10) q-W—B)[’;].
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No difficulties arise when we pass limits inside the summation signs as long as
|g}<<1 for then the quadratic exponent on g dominates all convergence questions.

PROOF OF (1.3). Clearly by (1.1) x,, and x,,,; converge to the same limit (if
any). Hence

(@3 x(L1.9)= imxy,(1,1,q) = lim z [,,Hj]qf

2 wq’
T, 0-79 (by (2.4)).

PROOF OF (1.4). As above

(4'4) X(O, 1’ q) = lim in_,(o,l,q) = lim 2 [ —2;1— _}qj2+j
n—o0 n— oo j=0 h 7]

zw oqj e

= WT) (by (2.6)).

PROOF OF (3.5).
(4.5)

lim R,,(1,1,q) = lim ¢" *"x,,(1,1,47")
n— o0 n— o0

o0
- 1 n?+n “(nt+2j+ixn—2p 20t 1
lim g ( 2 (‘1 [n+2j+l

n— o0 j=-o

_ . o 2n 2
~n—(n+2j+1}n—-2—-1) -
tq [n 2+ 1])‘1 )

- 2n+ 1 2 2n 2
— 5 3242 324+4j+1
,,lfgj}_:w((n+2j+1}q j+(n+2j+1Iq ’ )
(EJ——oo qaj +2j 4 s q3j2+4j+1)
I, (1 —q")

25 32425
—j—aﬁ—") (whcre j— —j — lin second sum).
- 4q

The second portion of (3.5) follows directly from an application of Jacobi’s triple
product identity [1, page 21} to the numerator above.
Identities (3.6), (3.7) and (3.8) follow in precisely this manner.
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4. Conclusion

The most obvious questions arising from this work are:

1. Is there a reasonable combinatorial interpretation of Theorem 1? In particu-
lar can the “lattice path” setting of Garsia and Remmel [3] be used to prove
Theorem 1?7

2. Are equations (3.5)—(3.8) relevant in group theory? As previously noted, (1.3)
and (1.4) are.

3. Since

P(n, m)t"u™
4y 3 :
nm=0 (1= ¢)(1—¢%)--- (1 —¢q""")
2n+2)(1 + t2u—2q2n+l)(1 + uZt—2q2n+l)
(1 —ug")(1 —1q") ’

can one deduce properties of the x,(1, 1, g) from this result?

:ﬁ (1-gq
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