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Convergence criteria for Fourier series

Y. Yenu Gopal Rao

The following convergence criterion of Fourier series is due to

M. Izumi, S. Izumi and the author:

THEOREM. Let A > 1 . If

tt

(i) 4>{u)du = o{t) , and

r6

ii) \d[u aUu))\ < At~a as t •* 0
1 1 /A

let

for an a , 0 < a < 1 and for a 6 , 0 < 6 < IT , then the

Fourier series of (ji(t) is convergent at the origin.

The object of this paper is to generalize the above theorem in

the Hardy-Littlewood direction.

1.

Let <j>(t) be an even periodic function which is integrable L and

CO

<S>(t) ^ £ a cosnt .
n=l n

Sunouchi [4] generalized the Young-Pollard [3]-convergence criterion

as follows:

THEOREM A. The Fourier series of §(t) converges at the point

t = 0 to the value zero, provided that there is a A i l such that
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it

*{u)du = o(t )(1.1)

and

(1.2) |d(«fyu))| = 0(t) , 0 < t < n .
JJ 0

Recently we [2] proved the following theorem:

THEOREM B. Let A > 1 . If the condition ( l . l ) fcoZds

f5
a a(1.3)

for an a , 0 < a < l and /or a 6., 0 < 6 < TT , then the Fourier series

of 4> is convergent at the origin.

Hardy and Littlewood [/] generalized the condition (l.l) for the case

A = 1 in the form

4>6(t) = o[t
y) , as t - 0

for any 0 > 0 , where <t>o(t) is the 0-th integral of 4>(i) .
p

Corresponding to this result we prove the following theorem, which

generalizes Theorem B in the Hardy-Littlewood direction.

THEOREM. Let A = y/3 - 1 and 1 > 0 > 0 . If

(l.h) *g(t) = o{t<)

where <PR(t) is the 8-th integral of 4>(t) , and further if

(1.5)
f 0

|d(u~n((>(w)}| = 0( t" n ] ,
' ,1/A

and A > 1 , then the Fourier series of <j>(i) converges at t = 0. .

2.

Proof of the theorem. To prove our theorem we need to show that
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r6

J0

Putting n = a , we have

f6 ^( t ) i-isM dt = fa
J 0 * Jo

= I + J ,

say.

t ~ nPutting 6(t) = t~n4>(t) , then 6(t) = 0{t~n^) by (1.5). Since

0(t) = du = 0
•nt

as t •* 0 ,

we get

0{n Ja t i -n J

We shall now estimate I .

ft
Putting $(£) = <$>(u)du and integrating by parts we have

J0

ntcosnt-sinnt

= I , + J2 ,

say. Since

1+y-&) =•(t) = o{t1+y-&) = o(t)

by (l.1*), we get

= o(l) .
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F i n a l l y

r f ntcosnt-sinnt ,, f , /.w, \-6j
^2 = dt $ (t){t-u) du

>0 t2 h 6

f i / \j f ntcosnt-sinnt ,. \-Sj.$Au)du (t-u) dt
In B 1,, +2

where the inner integral becomes

tna
TCOS'

r 2

1+3 [nCL TcosT
n

>nu T

- s i n T , , - 6 j - i n i• (T-nw) C£T = 0 — .
'nw

Thus we get

Io =

This completes the proof of the theorem.

References

[/] G.H. Hardy and J.E. Littlewood, "Notes on the theory of series (VII):

On Young's convergence criterion for Fourier series", Proa.

London Math. Soa. (2) 28 (1928), 301-311.

[2] Masako Izumi, Shin-ichi Izumi and V.V. GopaI Rao, "On the convergence

criteria of Fourier series", Proa. Japan Acad. (to appear).

[3] S. Pollard, "On the criteria for the convergence of a Fourier series",

J. London Math. Soa. 2 (1927), 255-262.

[4] Gen-ichir6 Sunouchi, "Notes on Fourier analysis. XLVI. A convergence

criterion for Fourier series", Tohoku Math. J. (2) 3 (1951),

216-219.

Institute of Advanced Studies,

Australian National University,

Canberra, ACT.

https://doi.org/10.1017/S0004972700046542 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700046542

